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Real-time nonequilibrium Green functions (NEGFs) have been very successfully used to simulate the dynam-
ics of correlated many-particle systems far from equilibrium. However, NEGF simulations are computationally
expensive since the effort scales cubically with the simulation duration. Recently, we introduced the G1-G2
scheme that allows for a dramatic reduction to time-linear scaling [N. Schliinzen ef al., Phys. Rev. Lett. 124,
076601 (2020); J.-P. Joost et al., Phys. Rev. B 101, 245101 (2020)]. Here we tackle another problem: the rapid
growth of the computational effort with the system size. In many situations where the system of interest is
coupled to a bath, to electric contacts, or to similar macroscopic systems for which a microscopic resolution of the
electronic properties is not necessary, efficient simplifications are possible. This is achieved by the introduction
of an embedding self-energy—a concept that has been successful in standard NEGF simulations. Here, we
demonstrate how the embedding concept can be introduced into the G1-G2 scheme, allowing us to drastically
accelerate NEGF embedding simulations. The approach is compatible with all advanced self-energies that can
be represented by the G1-G2 scheme [as described in J.-P. Joost ef al., Phys. Rev. B 105, 165155 (2022)] and
retains the memoryless structure of the equations and their time-linear scaling. As a numerical illustration, we
investigate the charge transfer between a Hubbard nanocluster and an additional site which is of relevance for

the neutralization of ions in matter.

DOLI: 10.1103/PhysRevB.107.155141

I. INTRODUCTION

The nonequilibrium properties of correlated many-particle
systems following a rapid excitation have recently attracted
much interest. This applies to many fields such as atoms in
optical lattices [1,2], correlated electrons in solids [3], fem-
tosecond laser pulse excited atoms and molecules [4,5], or
dense plasmas [6]. Understanding the nonequilibrium behav-
ior is the basis for potential applications such as ultrafast
light-driven electronics [7] or novel material diagnostics using
highly charged ions [8].

A theoretical description of correlated fermions far away
from equilibrium is very challenging. Among the tools
available are wave-function-based methods, e.g., Ref. [9],
time-dependent density functional theory (TD-DFT), density
matrix normalization group (DMRG) simulations, reduced
density matrix theory, and nonequilibrium Green function
(NEGF) theory. Here, we focus on NEGF simulations because
they have undergone a dramatic development during recent
years; for an overview, see, e.g., the monographs [10,11] and
the recent reviews by Schliinzen ef al. [12] and Ridley et al.
[13]. At the same time, NEGFs are not plagued by many
of the restrictions of other methods and do not exhibit the
exponential scaling with the system size known from wave-
function-based approaches.
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However, NEGF simulations exhibit a very unfavorable
cubic scaling of the computation time with the number of time
steps, N, which restricts the simulations to very short times.
With the restriction to the time diagonal, which is achieved
with the generalized Kadanoff-Baym ansatz (GKBA) [14], the
scaling improves to O(Ntz), but only for the low-order self-
energies such as the second-order Born approximation. For
more accurate approximations (7 -matrix, GW, etc.), the cu-
bic scaling remains. The situation radically changed with the
introduction of the G1-G2 scheme by Schliinzen et al. [15],
which exactly reformulates the GKBA into coupled time-local
equations for the one-particle and two-particle Green func-
tions, G<(t) and G(¢). This scheme eliminates all memory
integrals and, therefore, scales linearly with ;. Interestingly,
this favorable scaling is already achieved after a small number
of time steps and for all common self-energies, including
the second-order Born approximation, the 7 -matrix approx-
imation, and GW, as was demonstrated by Joost et al. [16].
The G1-G2 scheme was recently applied to the photoioniza-
tion of organic molecules [17] and ultrafast electron-boson
dynamics [18]. In particular, G1-G2 simulations with the
GW self-energy were reported for the simulation of ultrafast
carrier and exciton dynamics in two-dimensional (2D) mate-
rials by Perfetto er al. [19]. Despite the importance of GW
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simulations, they apply only to weakly and moderately cou-
pled many-particle systems. At the same time, recently, many
moderately or strongly correlated materials came into the
focus of research, including transition-metal dichalcogenides
(TMDCs) and twisted bilayers of graphene or TMDCs, e.g.,
[20-23]. Such systems can be treated more accurately via a
self-consistent combination of GW and T-matrix diagrams,
which leads to the dynamically screened ladder approxima-
tion (DSL) that has recently been realized within the G1-G2
scheme by Joost et al. [24].

In G1-G2 simulations, now the memory consumption is
the main bottleneck due to the need to store the two-particle
Green function G. Recently, a novel quantum fluctuations
approach was presented that eliminates the need to store G and
allows one to drastically reduce the memory requirements of
nonequilibrium GW simulations [25]. An alternative approach
to reduce the basis dimension is to restrict the simulations to
a small number of “active” orbitals or degrees of freedom, as
also done in time-dependent restricted active-space methods
in atomic and molecular physics, e.g., Refs. [9,26] and refer-
ences therein.

An alternative idea to reduce the dimensionality of the
problem is an “embedding” approach: here, the (sub)system of
interest is treated with full microscopic detail, whereas its en-
vironment, the dynamics of which are of minor importance, is
computed in a suitably simplified fashion. Such schemes have
been developed in many fields, including quantum chemistry,
e.g., the hybrid quantum mechanics/molecular mechanics
approach [27], condensed matter, e.g., within dynamical
mean-field theory [28], the statistical theory of open systems
[29], and plasma-surface interaction [30,31]. In NEGF simu-
lations, the embedding concept has been successfully applied
as well and allows, in particular, for an efficient treatment
of nonequilibrium problems and ultrafast electron dynamics.
This includes quantum transport in nanoscale junctions cou-
pled to macroscopic leads [32,33], the excitation dynamic
of excitonic insulators [34], the photoionization of atoms in
strong laser fields [4], or the Auger decay in molecules [35];
for a textbook overview, see Ref. [10].

In this paper, we extend the NEGF embedding concept to
the G1-G2 scheme. We derive explicit general expressions for
the embedding self-energy and the embedding collision inte-
gral, allowing for interaction effects in the environment and
the system-environment coupling on the mean-field (Hartree-
Fock) level. Compared to the standard G1-G2 scheme, the
embedding self-energy gives rise to an additional equa-
tion for the system-environment coupling Green function,
G®*=, which is time local as well. Thus, the resulting equa-
tions of motion retain the time-local structure of the equations,
for any correlation self-energy, and thus the favorable time-
linear scaling. As a numerical illustration, we consider the
time-dependent charge transfer between a finite Hubbard nan-
ocluster and an additional site which mimics the neutralization
of highly charged ions in matter [8,36]. We verify good
agreement with previous NEGF simulations, as long as the
charge transfer is weak. In contrast, for strong charge transfer,
deviations arise. We demonstrate how the G1-G2 embedding
scheme has to be modified in order to restore complete agree-
ment with full two-time NEGF (embedding) simulations.

II. NONEQUILIBRIUM GREEN FUNCTION THEORY
A. Keldysh-Kadanoff-Baym equations (KBEs)

Nonequilibrium Green function theory is formulated in
second quantization (for textbook or review discussions, see
Refs. [10,37,38]). For an arbitrary single-particle basis with
orbital |{) and spin projection o, one defines creation and
annihilation operators, 6; and ¢;,, that obey the known an-
ticommutation rules. These operators are time dependent via
the Heisenberg representation of quantum mechanics. The
central quantity of the theory is the one-particle NEGF (we
use i =1),

Gijo(t.1") = —i(Tolis (1)), (1)), (1

where the expectation value is computed with the equilibrium
density operator of the system. Furthermore, times are run-
ning along the Keldysh contour C, and 7¢ denotes ordering
of operators on C; for details, see Ref. [11]. Referring to
observables, for example, the time-dependent electron density
in orbital i follows from G via (i, )(t) = —iGj,s(t,tT), where
tT =t +e€,withe > 0and e — 0. If the orbital indices differ,
i # j, the Green function describes time-dependent transi-
tions of electrons between two orbitals. In a similar manner,
one computes the density matrix, currents, mean energies,
optical absorption, or electrical conductivity from G.

The NEGF obeys the two-time Keldysh-Kadanoff-Baym
equations (KBEs) [37],

> [0 — high ()] Gjo (1, 1)

k

=5c(t,t')5ij+2/dt_Eika(t,t_)ija(f, ), (2
—Je

where AMF contains the one-particle kinetic, potential, and
mean-field (Hartree-Fock) energy contributions, and correla-
tion effects, on the other hand, are included in the self-energy
Y [we do not consider spin changes and omit the second
equation, which is the adjoint of Eq. (2)].

Without the right-hand side (r.h.s.), Eq. (2) would be equiv-
alent to a Vlasov equation or its quantum generalization
[time-dependent Hartree-Fock (TDHF)]. The r.h.s. contains
correlation effects that are responsible for relaxation and dissi-
pation and include scattering of electrons with electrons, ions,
or lattice vibrations (phonons). Notice the time integral on
the r.h.s. which incorporates memory effects that are impor-
tant to correctly treat correlations. The standard Boltzmann
equation is recovered by evaluating this time integral approx-
imately via a retardation expansion (Markov limit) [39,40].

The NEGF formalism is formally exact if the self-energy
is known exactly. The approach is internally consistent, obeys
conservation laws, and is applicable to arbitrary length and
timescales. Its accuracy is determined by the proper choice
for a single function—the self-energy. For an overview of the
treatment of weak and strong correlations in solids and optical
lattices, see Refs. [12,38].

B. Embedding self-energy approach

In this section, we briefly summarize the nonequilibrium
embedding self-energy approach of NEGF theory following
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the presentation of Ref. [30], generalizing the methods de-
scribed in Sec. IIA to open systems. We start from the
second-quantized many-body Hamiltonian for the electrons in
the entire many-body system and separate it into a “central”

system (s) and its “environment” (e) [we denote Q2 = {e, s}
and do not write the spin index explicitly],
y _ apf yaat Aﬁ
Hioa®) = Y Y Hi] 006
afe ij
aBy8 pat aBt av o8
+ 5 2 e, o)
aﬁy&eQ ijkl

Here, the operator 6;’”L (¢¢) creates (annihilates) an electron in
the state |i) of part «. The one-particle Hamiltonian, i(t) =
T + V(¢), contains the electron’s kinetic and the (in general,
time-dependent) potential energy, whereas w accounts for all
possible electron-electron Coulomb interactions within and
between the two parts. We underline that “environment” is
only a notation for a part of the total system that is going to
be treated approximately. In most cases of practical interest,
the environment is much larger than the system, but it does
not necessarily completely enclose the system as a heat bath.
Aside from a “bath,” this part can also describe leads in
quantum transport, atomic or molecular energy levels that are
not participating in a certain excitation (such as continuum
states), or the gas or plasma phase surrounding atoms or a
solid. At the same time, this part of the system can be very
complex and heterogeneous, consisting of many subparts, so
the index “e” can be a multi-index describing many baths
[30,36]. In thls paper, we focus on short-time phenomena. For
long-time effects such as thermalization and the emergence of
irreversibility in the NEGF formalism, see, e.g., Refs. [41,42].

We describe the total system (3) by a one-particle nonequi-
librium Green function (NEGF) Gf}ﬂ (t,t), as introduced in
Sec. I A, but here with an additional 2 x 2 matrix structure
(a, B € ),

Gl (@, 1) = =i(Te&f e (1), )

pif (1) = —iGh .1, )

e.g., Refs. [10,11], and the time-diagonal elements provide
the density matrix (5), as discussed in Sec. Il A. The diagonal
elements ,0 (,oee) refer to the system part (to the environment
part). Moreover the density matrix component p;; is related
to charge and energy transfer processes between system and
environment and will be of special interest in the following.
The equations of motion for the NEGF are the gener-
alization of Eq. (2) to the total system (we use Einstein’s
convention and imply summation over repeating orbital
indices k),
0GP )= hg(F’“’S(t)G,‘i‘f (t,1)

§=e,s

=o87lsct. )+ ) /dt SR DGEE. ). (6)

S=e,s

In many cases, a full quantum mechanical treatment of the en-
tire system, including the many degrees of freedom of the en-
vironment, is neither possible nor necessary. In the following,

we show how it is possible to derive approximate equations for
the dynamics of the electrons in the system that still incor-
porate the leading-order influences of the environment. While
this “embedding” approach is based on a formal decoupling of
the system and the environment parts of the KBEs, it retains
one-electron charge and energy transfer in the single-particle
Hamiltonian #HF5¢; cf. Eq. (12).

Let us start with the key approximation that correlations
in the environment part are negligible, i.e., we will assume
¥ = (. We still retain interaction effects on the mean-field
level. Furthermore, for a macroscopic environment, it is rea-
sonable to expect that the coupling to the system is irrelevant
for the dynamics of the environment, which allows us to ne-
glect the Hamiltonian /), *** in the equation for G and to set
Y% = 3% = 0. Then, the KBEs (6) for the system, the envi-
ronment, and the cross parts simplify to (we denote G* — G®,
G®*¢ — g° [we reserve the notation G* for a different quantity;
see Sec. IV B], hiFee s pHF.¢ and e, 50

{1080 — hiy > (O}Gy (1. 1) = WS (OGE (1, 1) + 8¢ (1, 1)
+/dt_2fk(t,t_)G‘Zj(t_,t’),
g .
(7
{1081 — hiy S(D)GF,t. 1) = hp-S (G (. 1), ®)

{081 — M ()} gg (1.1 = 8;;8¢ (1. 1"). ©9)

Here and in the following, we will use underlined indices for
the orbitals in the environment for a better distinction.

The NEGF g° fulfills a simple isolated Hartree-Fock
dynamics, whereas G*°, in addition, is affected by the Hartree-
Fock renormalization of the system-environment coupling.
We immediately recognize that the equations for g° and G**
contain the same term on the left-hand side (parentheses),
which is simply the inverse Green function g5, !, Thus, mul-
tiplying Eq. (8) by g5,(t,#') and integrating over the time
contour, we obtain an explicit solution for G*:

B0 = [ g DI OG, . 10
) :

Equation (10) allows us to eliminate G** from the equation for
G* and to rewrite this term in the form of an additional self-
energy, X°m°,

{1080 — hy > (O} Gy, 1)

:8,~j5c(t,t/)+/ P, D + =30, D)Gy . 1.
‘ an
This embedding self-energy is given by
S, 1) = Byt 0gy, Ol TEE),  (12)

h,‘.*fse(r)=fd3r¢§*(r)[f+VHF(t)]xj(r;t), 13)

and involves the system-environment coupling Hamiltonian
KAFse which is renormalized by the Hartree-Fock mean field.

The KBE (11) shows how the many-body description of
an isolated (but correlated) system is altered in an open sys-
tem, i.e., by the presence of the environment: the electronic
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states of the environment give rise to an additional self-energy,
¥emb(¢,¢'), that renormalizes the energy spectrum of the sys-
tem. While, for ™ = (), Eq. (11) conserves the particle
number (assuming a conserving approximation for X°, such
as Hartree-Fock, second-order Born, or GW), the inclusion of
the embedding self-energy, in general, explicitly gives rise to
time-dependent changes of the particle number and energy in
the system. This issue is discussed in more detail in Sec. [V B.

For the practical solution of Eq. (11), the coupling Hamil-
tonian AHF-%(¢) has to be computed by selecting the relevant
electronic transitions between system and environment and
computing the matrix elements of the kinetic and HF-
renormalized potential energy operators, 7 and V¥, with the
electronic single-particle wave functions ¢° (x°) in the system
(environment).

C. Energy and particle transfer between system
and environment

While the equation of motion for G* approximately in-
cludes the overall influence of the environment via the
embedding self-energy, there is no visible information as to
how different orbitals of the environment contribute. This
information is contained in the two-time structure of the em-
bedding self-energy, given by Eq. (12). However, it enters
the equation for G* in such a way that all orbitals of the
environment are traced out. Nevertheless, our approach allows
for reconstructing orbital-resolved properties by analyzing the
Green function G*, given by Eq. (10). From this equation, we
get the correlation function

G (t.1) = / et DRSO G (1)

— g DRSO GE ), (14)

and can compute orbital-resolved expectation values of a
single-particle observable that couples system and environ-

ment, A = Z JATE Af" ¢%, by tracing over the system states,

(t)-:l:zZA G (1,1). (15)

III. TIME-LOCAL HF-GKBA EQUATIONS
(G1-G2 SCHEME)

A. General equations

To derive the form of the embedding self-energy in the
HF-GKBA of the Green function theory, we start from the
two-time equation of the system part, given by Eq. (11), and
take the “less” component which involves the retarded and
less component of the two self-energy contributions [10,11]
(we also skip the superscripts “s” in the following),

{i0:8u — hiF (D)}GE . 1)
:/df{zﬁ(t,f)G;j(f, 1) — Zp. DGYE. 1))

+fdf{szmb-R(t,f)G,jj(f, 1) = BE S, DG 1))
(16)

Computing the difference of this equation and its adjoint,
the equation of motion for the single-particle Green function
G=(t) = G>=(t, t) on the time diagonal (first equation of the
G1-G2 scheme) becomes
i0,G5;(t) — [, G713,

ij,t

=[I@t)+ 1", (A7)

L) = I (6) + I (1), (18)

t
I9°(0) = / di{S; (0. DG E. 1) — Bt DG . 1),

fo

(19)

t
IS (1) :/m di{Sg™ > (1, GG, 1) — ™= (t. DG, (. 1)},
(20)

where we introduced the short notations

[A, B]Y., = (AB)},, — (BA)? o =s,e, (21)

ij,t ij,t ij,t?
(AB);, = Y Ai(t)By;(0), (22)
kes
(AB);j, = Y Aix(t)Bi (1), (23)
kee

where the superscript indicates the subspace over which the
internal summation is performed.

Note that Eq. (17) is not closed for G=(¢), but still involves
two-time functions under the integral. This problem will be
solved via the generalized Kadanoff-Baym ansatz (GKBA) in
the next section.

B. HF-GKBA approach to the embedding self-energy

Applying the Hartree-Fock GKBA [14,43] allows us to
eliminate the two-time functions in Eq. (19) away from the
time diagonal, according to

G5 (t.1) = i[Gh(t.1)GL() — GLOGH (. 1)), (24)

where the retarded and advanced Green functions are approx-
imated by Hartree-Fock Green functions of the system (note
that there are different versions of the GKBA possible. This
issue will be addressed in Sec. IV B, where we discuss an
extension of the embedding scheme). With the above ansatz,
the correlation part of the self-energy, X% 2, can be eliminated,
giving rise to an equation of the time-local correlation part of
the two-particle Green function G(¢) [15,16],

i0,Gijua (1) — (R (@), GOiju = V5 (@), (25)

RO () = W (081 + R (06 (26)

”kl(t) _,Zzwfw(z) g;‘p;g”k, - (o9}, @D
pqrs

Gt (1) = GR(t.0)GH (1. 1), (28)

where we introduced the (anti)symmetrized interaction,
w;fq” = Wpgrs = Waor (the tlme dependgnce a.rises.from. the
preparation of the correlated initial state via “adiabatic switch-
ing”). Furthermore, Eq. (25) is given for the case of the
second-order Born self-energy. The extension to more ad-

vanced self-energies has been presented in Ref. [24]. The
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equation, however, is not affected by the embedding self-
energy which appears as an additional contribution to the
collision integral, on the r.h.s. of the equation for G=, i.e.,
Eq. (17). Thus, our results for the embedding self-energy are
compatible with any correlation self-energy.

We now demonstrate that, exactly as in the case of the
collision integral /°°", the non-Markovian embedding collision
integral 1°™, Eq. (20), can be transformed into a time-local
expression. First, using the definition of the embedding self-
energy (12), we write the embedding collision integral as

t
70 = [ a0 g D065 6

4]

— b @) g (6 D I S (DG E DY, (29)

where g2 are Hartree-Fock Green functions of the envi-
ronment that are explicitly known from Eq. (9). Second, we
separate the Hartree-Fock Hamiltonian that is not under the
time integral,

) = i ()G @), (30)

t
G (1) = / di ()] g5 (1. DG, 1)

— g (t, DG (T, 1)]. €29}

Differentiating G*> = with respect to time results in two terms.
The first is due to differentiation of the upper integration
boundary,

. d €s, < .7 HF, e,> <
z[EGi,- (t)L = ihg, (O]&l ¢, )G, 1)

— g (t.0G (. 1)]
— (hHF,eSG< Ej,l _ (ge’<hHF’eS)§j,,’
whereas the second arises from the time dependence of the
integrand in Eq. (32),

. d < ! b S T > b < /7
l[acfj: (t)l:fm di Iy (D[ (g5 (1, DG (F 1)

— &5 €. DGR (E DRy (1)

— B (g, DG, 1)

+ &5, DG, (F, DRy ()]
= (WPG™7), =GRy, (32)
where, in the differentiation of G=, the HF-GKBA was used.
Collecting the two terms together, we finally obtain

d .
i—ij’<(t) _ {(hHF,eGes,<)e

dt S — (GCS,<hHF)S }

L)t

— (hHF,eSG<)S

ijt

< S
_ (ge, hHF,es)ij’t. (33)
Here, the Lh.s. contains the single-particle (Hartree-Fock)
dynamics of G*, whereas the r.h.s. can be understood as
inhomogeneity, which is a consequence of the coupling of
G*® to the Green functions of the system and the environment,
respectively.

With this, we have succeeded in deriving a time-local equa-
tion of motion for the Green function that couples our system
to the environment. Inserting the solution of this equation into
Eq. (30), the embedding collision integral can be computed
and inserted into the equation of motion for G=, given by
Eq. (17), which closes the G1-G2 scheme for the case of an
embedding self-energy.

IV. NUMERICAL EXAMPLE AND FURTHER
IMPROVEMENT OF THE G1-G2 SCHEME

A. Time-dependent charge transfer model between a finite
Hubbard cluster and its environment

We consider a finite Hubbard nanocluster which is coupled
to external sites or orbitals that represent the “environment.”
This can be considered as a prototype model for current
flow between a correlated material and external leads or for
resonant charge transfer between a correlated target and an
impacting ion. In fact, a NEGF embedding self-energy ap-
proach was recently presented for the latter case for finite
graphene clusters in Ref. [36] and extended to monolayers of
graphene and MoS, in Ref. [8]. Here, we use the same model
and apply it to the present G1-G2 scheme. This allows us to
compare the G1-G2 results to known NEGF benchmark data.

To simplify the model, we consider interactions on the
Hartree-Fock level, i.e.,

1
hEF’S(l) = —J(S(i,j) + (Sij U((ﬁls>(t) - 5)5 (34)

where J is the nearest-neighbor hopping constant (8 jy = 1
for nearest neighbors and zero otherwise), U denotes the
on-site Hubbard interaction strength, and (71}) (1) = —iG}; = (1).
Note that we drop any spin indices as the system is assumed
throughout to be in the paramagnetic state. Furthermore,
the nanocluster couples to one additional environment site
(with index “0) via the lattice site “1,” and for the system-
environment coupling, we apply the model of Ref. [36],

hig(1) = 8uy (1), (35)

y() =yexp[ — (¢ —1,)*/(27))], (36)

which was found to reproduce the charge transfer between a
highly charged ion impacting graphene monolayers very well.
In the case of highly charged ions, this charge transfer can
be very intense (depending on the ion charge) and rapid (de-
pending on the ion velocity). Both properties can be directly
controlled by the amplitude )y and the pulse duration 7. In
the numerical simulations, we measure energies in units of J,
and times in units of f, = AJ .

To simplify the situation even further, here we concentrate
on a finite Hubbard chain of length L, which is prepared in the
ground state at half filling [(7})(0) =05 withi=1,...,L;
coupling to the environment site at the chain’s one end], and
choose h§,(t) = € and n§ = (75)(0) to be the energy and ini-
tial occupation of the environment site “0,” respectively. We
performed extensive simulations for various system sizes and
excitation conditions. The main results can be summarized
as follows: for weak charge transfer (small yy), the present
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T@ 1 ]
1 two-time NEGF —
0.8 [ Ue :_% one-time G1-G2 (g°(¢) = const) ----- B
0.6 r ;l%) ;05] one-time extended G1-G2 (G°(¢)) === 1

t—ty (to)

FIG. 1. Strong charge exchange between a six-site Hubbard
chain and a single site with index “0.” Shown are the time-dependent
electron densities on the three sites “1,” “2,” and “3” of the chain
that are adjacent to the external site. Initially, the chain is at half
filling. (a),(b) The lattice electrons are noninteracting (U = 0) and
the additional site is empty, n§ = 0. (c) Interaction of the electrons
is treated on the Hartree-Fock level with U = 4J and n§ = 0.3. The
black solid lines indicate the function y (¢) (scaled by a factor 1/3)
with the pulse width 7, = 1¢y in all panels. The amplitude equals
(a) yo = 0.5J and (b),(c) yo = 3J. Three sets of results are shown:
two-time NEGF embedding results (full lines), the G1-G2 model
of Sec. III (dots), and the extended embedding model, given by
Egs. (40) and (41) (dashes).

G1-G2 embedding scheme exhibits very good agreement with
the previous NEGF embedding results. However, for yp 2>
0.5J, noticeable deviations are found that increase with .
Charge transfer may even lead to negative site occupations
which is, of course, unphysical. No such behavior is observed
in the two-time simulations, for identical model parameters.

B. Analyzing and fixing the problems of the
G1-G2 embedding scheme

Let us analyze the problems of the G1-G2 scheme in more
detail. To this end, we study the case of just L = 6 Hubbard
sites. We vary the intensity and duration of the charge transfer
in broad ranges so that the model covers realistic situations
of highly charged ion experiments [8]. Three examples are
shown in Fig. 1. Figures 1(a) and 1(b) refer to the simplest
case of a noninteracting Hubbard chain (U = 0) coupled to
an initially empty site, nj = 0. Consider first part (a), where
the amplitude is moderate, yp = 0.5J. During the pulse y (¢)

(cf. the black lines peaking at time ¢ =1,), the density at
site “1” (red) decreases, followed by a delayed and weaker
depletion of sites “2” and *“3.” Simultaneously, the occupation
of the external site (“0”, yellow) increases, reaching about
half filling. Notice that there are two sets of curves: full lines
refer to two-time NEGF embedding simulations, whereas the
dotted lines refer to the present G1-G2 embedding scheme.
In Fig. 1(a), there is overall good agreement between both
simulations. The largest deviations are observed in the density
(fg) (), which are of the order of 20%.

The situation dramatically changes in Fig. 1(b), where we
increase the amplitude to yy = 3J. Consider first the two-time
NEGF simulations (full lines). Already before the peak of
y(t), the site nearest to the external one (i.e., site “17) is
almost completely depleted, whereas the external site exceeds
half filling. After the pulse has passed, the density (75)(r)
remains almost constant, whereas the site occupations of the
chain continue to exhibit nonlinear oscillations. Note that the
two-time embedding simulations are easily tested: to this end,
we have performed NEGF simulations for the total system, in-
cluding the additional site, i.e., for a seven-site chain (avoiding
the embedding concept). The agreement is perfect in all cases
that we considered.

Consider now the G1-G2 results (dotted lines). Initially,
for small y (¢), the densities are in good agreement with the
two-time results. However, when the excitation reaches about
half of the maximum value, the two results start to differ quali-
tatively: the density on site “1” becomes negative, whereas site
“0” is more than doubly occupied. Such unphysical behavior
persists for the entire duration of the simulation. Similar be-
havior was observed in many other situations of strong charge
transfer (large yy). For illustration, another example is shown
in Fig. 1(c). There, we kept the same y;, but considered an
increased initial occupation, n§ = 0.3, and also included inter-
action effects in the chain on the Hartree-Fock level (U = 4J).
While the problem of densities outside the allowed range is re-
duced, the deviations from the two-time results are striking as
well. We verified that the observed problems are not numerical
artifacts, but must be rooted in the present G1-G2 embedding
model.

So what is wrong? The answer is simple: when solving
Eq. (34), the present model does not take into account the time
evolution of the density on the additional site “0”; this density
is assumed to be constant [cf. Eq. (9)]. This assumption is
certainly justified in typical “embedding” situations where the
central system is coupled to a very large environment with
many degrees of freedom which is not modified by the system.
In the present case, however, we considered a completely
different situation where the environment is represented by
a single orbital (site “0”), the occupation of which changes
significantly during the interaction with the system which is
very strong. In this case, obviously, Pauli blocking and “pop-
ulation inversion” of sites “0” and “1”” should be expected to
become relevant. Since the latter situation of very strong and
spatially localized excitation is a case of direct experimental
relevance in the interaction of highly charge ions with matter
[8], it would be desirable to extend the G1-G2 embedding
scheme to the case of very strong coupling. In the following,
we present the solution to this task and demonstrate how to
eliminate the observed problems.
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To this end, we return to Egs. (7)—(9) and replace Eq. (9)
by

{881 — iy *O)GE 0, 1) = i (G, 2., 1)
+3£'1'80(l‘,l‘/), 37

where the Green function of the environment that obeys
Eq. (38) is now denoted by G°. In contrast to the former
system that involved the environment Green function g° that
obeys Eq. (9), the new system, obviously, conserves the total
particle number. It is easily seen that when computing the total
particle number, the charge transfer terms in the equations for
G* and G° compensate each other. We now use Eq. (37) and
rederive the equations for the G1-G2 embedding scheme. We
proceed exactly like in Sec. I1I, so it is sufficient to sketch the
main steps. Details of the derivation are given in Appendix A.

(i) One easily verifies that the solutions of Egs. (9) and (37)
are connected by

G (t.t) =g ;(t. 1)+ / di g5 ,(t, DS (DG E. 1.
i i g i i
(38)

(i) The solution for G*%, given by Eq. (10), remains un-
changed.

(iii) The embedding self-energy, given by Eq. (12), remains
unchanged. The same applies to all two-time embedding
results.

(iv) A crucial modification occurs upon the transition to
the time-diagonal expressions of the G1-G2 scheme: The HF-
GKBA has to be modified to

G2 (.t = i[GR . G R () = Gy (G . 1)]
+i[GR (.G - GG e,
(39)

and also includes contributions from the retarded and ad-
vanced functions that couple the system parts, G*>R/A,

(v) With this, the time derivative of G*<(¢) can be com-
puted as described in Appendix A.

We summarize the final set of equations for the charge
transfer and environment Green functions, which we refer to
as the extended embedding scheme,

_ (Ge,<hHF,eS)e

1.t

_ (Ges,<hHF,S)S (40)

Lj.t’

. d €s, < HFEes /s, <\s
ZZG” (1) =Hh"2G67),

4 (hHF,eGes,< fj.t

d < € €, <€
i G0 =", G71,

+ (hHF,esGse, <\S

iji

_ (GCS’</’ZHF'SS)?L[. (41)
Note that the equation for G** <, given by Eq. (40), remained
formally the same as before, except for the replacement
&&= — G*=. The main new ingredient is, of course, Eq. (41)
for the time evolution of the environment density matrix.
Equations (40) and (41) are the main result of this sec-
tion. They constitute the extension of the G1-G2 embedding
scheme to situations of strong system-environment coupling.
To verify the correctness of these equations, we apply them
to the charge transfer model studied above and, in particular,

to the cases that were presented in Fig. 1. The new results
are also depicted in this figure by dashed colored lines. In all
cases, these lines exactly coincide with the two-time NEGF
embedding results.

C. Charge transfer simulations for larger systems

After verifying the correctness of the extended embed-
ding scheme, given by Egs. (17), (40), and (41), we now
take advantage of the time-linear scaling behavior of the
G1-G2 approach and apply it to significantly larger systems.
We choose the same charge transfer model as introduced in
Sec. IV A, but consider a one-dimensional Hubbard chain
of L = 50 sites, which is sufficiently long such that density
reflections at the other end do not influence the charge trans-
fer results for the considered parameters. We underline that
this system is already challenging for full two-time NEGF
simulations but, based on the comparisons presented above,
we expect that our G1-G2 simulations have predictive power.
Moreover, we study the resonant charge transfer in more de-
tail. In particular, we analyze the dependence of the charge
transfer on the value of the energy € of the external site.

In the trivial case of n§ = 0.5 and € = 0, no dynamics, in
particular no charge transfer, will be triggered in the system,
independently of the ratio U/J and the form of y(¢). In the
following, we set nj = 0.3 and consider four cases, where
the energy € is located either within or outside of the chain’s
density of states, which has a bandwidth W = 4J; cf. Fig. 2(a).
Moreover, we vary the coupling parameter U of the chain
and the pulse parameters yy and t,. As a quantity of primary
interest, we consider the total transferred charge from the
chain to the attached site,

AN®~¢ = N5(0) — N3(t — 00), (42)

Ny =D (m)) = =i Y Gy~ (), 43)

i

as well as the densities on sites “0” and “1.”

For fixed parameters, there exist different regimes which
lead to characteristic responses of the system: (a) 7, > o
(adiabatic regime), (b) 7, — 0 (perturbative regime), and (c)
7, ~ fo (intermediate regime). In our simulations, we have
studied the full range between 7,, = 0.02¢y and 10z, for dif-
ferent values of U, yy and €. In Fig. 2, we concentrate on the
most interesting case of the intermediate regime. The general
trends are as expected: the charge transfer is strongest when
the energy level € is inside the Hubbard band (red and green
curves) and is significantly lowered in the opposite case (blue
and yellow curves). Note that the short pulse duration plays a
significant role. In contrast, for very broad pulses (slow pro-
jectiles in an ion impact scenario), we would approach Fermi’s
golden rule, and the overall charge transfer for the blue and
yellow curves would approach zero. This is fully confirmed
in Fig. 3, where we show the behavior for a broad range of
pulse durations and three interactions strengths. Indeed, for
sufficiently long pulses, the charge transfer to the additional
site practically vanishes for the off-resonant cases.

In addition to the finite interaction time, electron-electron
interactions inside the chain play an important role also. In
the present model, the Hartree-Fock term in Eq. (34) acts as
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FIG. 2. (a) Density of states of the 50-site Hubbard chain and
four cases of the position of the energy € of the additional site
(for better visibility, all discrete states were Gaussian broadened).
(b),(c) Time evolution of the density on the attached site “0” and
on the first site “1” of the chain, respectively. Parameters: y, = 2J,
nS = 0.3, and 1, = 1.311f. The line styles distinguish different
Hubbard interaction strengths U, given in the inset of (c).

an additional local potential. Thus, depending on the time evo-
lution of the local density (})(r) = —iGY;" (¢), the resonance
situation with the energy level € may change as a function of
time. In the intermediate regime, this should have an essential
influence on the charge transfer ANS~¢, particularly for larger
Hubbard interactions. This is exactly what we observe: for
the off-resonant cases (yellow and blue lines), increase of
U “tunes” the energy ¢ into the renormalized band, and the
charge transfer increases. While a similar interaction-induced
enhancement is observed for the resonant case of €, also, in
the second resonant case (red curve) interactions lead to a
partial detuning of the energy €3 away from the resonance,
and the charge transfer is slightly reduced. The analysis of
the interaction dependence is extended to a broad range of
pulse durations in Fig. 3. For long pulses, interaction effects
have the strongest influence, whereas for short pulses with
7, < 0.3, interaction effects have no time to build up and do
not practically affect the charge transfer.

V. DISCUSSION

In this paper, we have extended the NEGF embedding con-
cept to the time-local HF-GKBA model: the G1-G2 scheme.
Any two-time embedding result that was reported previously
can now be translated into a time-local version. This has

FIG. 3. Total charge transfer AN*~¢ as a function of the pulse
length 7, for the system of Fig. 2: (a) yp = 0.5/, (b) % = 2J, and
(¢) Yo =4J. In the numerical simulations, we used ¢, = 50t and
extracted the value of AN*~¢ at time r = 150¢y. For very large yy,
reflections at the other end of the chain influence the adiabatic results
around 7, ~ 10ty; cf. the red lines in (c). Furthermore, the thin black
curves are functions of the form f(z, ) = a exp(—bt, ) and denote fits
to the tails of the blue solid lines for 7, — 10¢.

the benefit of time-linear scaling and the possibility of long
simulation times. We have demonstrated the G1-G2 embed-
ding scheme numerically for the example of charge transfer
between an interacting Hubbard cluster and a single external
site and observed excellent agreement with two-time NEGF
simulations for the case of weak system-environment cou-
pling. However, in cases of strong coupling, the time-local
embedding equations drastically deviate from the two-time
results, and we have shown how they can be generalized to
properly account for the dynamics of the environment. An
interesting observation is that our starting point—the two-
time embedding self-energy formulation—has a remarkable
advantage: it does not require an update of the state of the
environment and works for weak and strong coupling.
Moreover, higher-order correlation self-energies, such
as the T-matrix, GW approximation, or the dynamically
screened ladder approximation [24], that were too costly or
not accessible in two-time calculations or earlier GKBA sim-
ulations can now be used for embedding simulations. Aside
from the choice of the self-energy, our scheme involves two
approximations which we briefly discuss. The first is the
choice of Hartree-Fock propagators in the GKBA (i.e., HF-
GKBA). Our previous tests showed that for finite systems, this
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approximation is of the same quality as two-time NEGF re-
sults, e.g., Ref. [44], regardless of the chosen self-energy. On
the other hand, for macroscopic systems such as the electron
gas or electron-hole plasmas, the HF-GKBA is not always
as accurate as two-time NEGF simulations, and it may, fur-
thermore, exhibit instabilities for long times. This was shown
to be due to aliasing effects which can be mitigated using
a small damping of the propagators [45]. A more system-
atic approach would use correlated propagators, as proposed
in Refs. [39,46]. The second approximation is the use of
the Hartree-Fock approximation for the environment Green
function G¢, as well as for the coupling function G**. While
this is already a significant improvement over most previ-
ous embedding calculations (which used noninteracting Green
functions), the validity, of course, depends on the strength of
the interactions in the system parts. In fact, the embedding
approach is not limited to the Hartree-Fock approximation, as
we will show in a forthcoming paper.

Our results can be straightforwardly applied to a broad
variety of embedding problems, including electronic transport
in nanoscale systems, where macroscopic leads are treated as
an “environment,” e.g. [32,33], to photoionization of atoms
and molecules where the continuum states are regarded as
“environment” [4], to the dynamics of excitonic insulators
[34], or to the charge transfer during the impact of a projectile
onto a solid [36].

Let us summarize the resulting time-local equations of
our extended NEGF embedding scheme using the notations
(22) and (21). The equation of motion of the time-local one-
particle Green function is now coupled to the equations for
three auxiliary quantities—one for the correlated part of the
two-particle Green function G(¢), one for the environment-
system coupling single-particle Green function G*=(t), and
one for the environment Green function G*=(¢),

d
i—G5(t) — W', G=];

‘dt it
— (hHF’SeGeS’<)?j,t _ (Gse’<hHF’es)?j.z
Lin Z{wimnp(t)gnpjm(t) - gimnp(t)wnpjm(t)}a (44)
mnp
d
i=- G (1) = (A2 Gl = Wi, (), (45)
. d < e es, <\e es, < S
IEG;S} () = {(hW"G™7)g ;, — (G==hTT);, . )
— (hHF,esG< ;j,t _ (Ge,<hHF,GS);jJ’ (46)
. d ,< HF, ,<
i Gy (0 — A, GOl
— (hHF,CSGse,<);Lt _ (Ges.<hHF,Se);Lt’ (47)

where the indices i, j, k, [, m, n, p refer to the system orbitals
¢°, and the underlined indices ¢, j correspond to the environ-
ment functions x°©. B

It is characteristic for the G1-G2 scheme that the place of
the two-time self-energies is taken over by a set of time-local
functions: X" gives rise to G, whereas semb Jetermines G <
and G® <. Note that the apparent asymmetry between the cor-
relation and embedding self-energies, which are associated to

a two-particle correlation function and single-particle Green
function, respectively, is due to the special embedding ap-
proximation imposed during the derivation. Going back to the
Keldysh-Kadanoff-Baym equations (6), the interaction terms
(self-energies) originally appear in a fully symmetric way with
respect to parts (s,e) of the total system. If we were to treat the
environment part on the same level of accuracy as the system
part, the components given by Egs. (8) and (9) would have
the same structure as the system equation (7), containing full
correlation self-energies. Such a symmetric treatment of all
system parts has been successfully applied to multiband or
multilevel systems, e.g., [39], and has been extensively used
in semiconductor optics in the frame of the semiconductor
Bloch equations [47], for a two-time NEGF version of these
equations; see, e.g., Refs. [48]. In the context of a two-band
system (containing, e.g., one valence and one conduction
band, “v”’ and “c”, respectively), the present coupling function
G* corresponds to the interband polarization function G.y.

In contrast, the present embedding approach aims at a
simplified treatment of the environment and the system-
environment coupling, on the Hartree-Fock level. The re-
sulting equation for the coupling Green function is easily
recovered from the full multiband equations. Obviously, the
neglect of the correlation self-energy for the environment
part leads to single-particle (Hartree-Fock) equations for G**
and G°. They follow straightforwardly by considering the
time-dependent Hartree-Fock equation for the operator Green
function (we suppress the orbital indices), G = G*#, given by
Eq. (5),

i0,G — [KF, G] = 0,

and by computing the “matrix elements,” G* = (e|G|s) and
G® = (e|Gle), of this equation [39],

l-alGeS _ Z {hHF,eﬂGﬂS _ GeﬁhHF,ﬁS} — 0’

p=e,s

i9,G° — Y (WP GP — GPRT Yy = 0.
B=e,s

One readily verifies that these are exactly the operator
versions of the above equations for the matrix functions
G;7~ and Gj;7, respectively. In fact, the present extended
set of time-local equations that is equivalent to the NEGF
embedding equations can be derived directly from the
Keldysh-Kadanoff-Baym equations without introducing an
embedding self-energy. This is shown in Appendix B.

In this paper, we have focused on short-time phenomena in
correlated quantum systems. The equations under considera-
tion are time reversible. It is an interesting question for future
research to connect this approach to the long-time asymptotics
that are governed by irreversible equations and to the ther-
modynamics and stationary transport of open systems, e.g.,
[13,41,42,49] and references therein.
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APPENDIX A: DERIVATION OF THE EXTENDED EMBEDDING SCHEME, EQS. (40) and (41)

For the extended embedding scheme, we start from the set of Egs. (7), (8), and (37) and use the modified HF-GKBA, given
by Eq. (39), to evaluate the time derivative of G* =(¢) [Eq. (33), time-diagonal element of Eq. (14)]:

d es, < d ! - s N[ e,> NS < (7 e,< NS> 7
zEGi‘j’ (t):lE/ di by ()] &5 (1, DG (F, 1) = g5,7(t, DGy (7, 1)]
fo

d d
=i| -G~ (t | —G =) . Al
l|:dt iy ()]ﬁ’[dr 0 ()]t (A1)
The first term is due to differentiation of the upper integration boundary,
. d es, < . S e,> S, < e, < S, >
z[EG,ﬁj’ (t)} = il SO & @ N0GT ) — g @60 G (1]
s ki ik ik
=—idixgy (1.1) =—i8;+G);"(1,1)
— (hHF,esGs,< Ej,t _ (ge,<hHF,eS)§,j’t. (A2)

The second term arises from the time dependence of the integrand,

. d < ! by e . > e </7 > Y 5 </7 . < e > =
I[EG;’@* (t)] Z/, di ;O [ingsy (1, DG @, 1) + g5 (@, D[ia Gy (7, 0)] — [i9, g5, ]G} (1)
t 0

— g @, f)[ia,G;f @n]}

t
Eq. 3D b b > by </(7F < b >z > s <(7
= / di by = O (k) (O8] @€ DG E 0 = B (057 . DG (.0 + 85 (. D18 Gy~ (7. 1)]

— g, z‘)[ia,G;f @ n]}. (A3)

In the first two terms of the integral on the r.h.s., we can factor out 27F¢(¢) and identify the definition of G*><(¢). Furthermore,
the partial derivatives of the two-time quantities G>= and G>~ with respect to time can be evaluated using the following property
of the HF-GKBA ansatz (39) (cf. Ref. [16]):

. S, =
10,G~

8,2 s se, 2= es
ij @, t/)|HF-GKBA =—Gy=(, t/)hlljjf’ ) - Gik<(t’ t’)hl;f’ ). (Ad)

Thus, we obtain
d o o e X _ _
i[EG;’j-‘(r)} — (WG = f di by O] = g €. DGy, T Oy (1) + 537 (€. DG Oy, (1)
t 0
— & (DG T Dy () + &5 (1, DG~ (F, DRy (1)

t
Eqé3l) _(Ges,<hHF,S)s +/ dl—{ _ g?}f(t, ZT)GSS’<(ZT, l)hzl;’es(l‘)

it Im
ty

+ 85y (6 DG, Ol T Oy (0

Im
— _(Ges,<hHF,S)§Lr _ [(Ge,< _ ge.<)hHF,SS]§j,t’ (AS)
where, on the last equals sign, we have identified the difference G>=< — g*= from Eq. (38),
t
CTNORS FNORS / di (g5 (1. D (DG~ (F.1) = g5 (. Dl (DG . 1)} (A6)
0
Collecting all terms together, we observe that the terms involving g = cancel. The final result is given by
IEG;;,<(I) — (hHF,esGb,<)zj,t _ (Ges,<hHF,b)zj,t + (hHF,eGeb,<)§j’t _ (Ge,<hHF,eb)§:j,l’ (A7)

which is the result presented in Eq. (40).
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APPENDIX B: ALTERNATIVE DERIVATION
OF THE EXTENDED EMBEDDING SCHEME
FOR HARTREE-FOCK SELF-ENERGIES

Starting from Eqgs. (7), (8), and (37) on the Keldysh con-
tour, where we drop the collision term (putting ¥° — 0), we
take the “<” component of all equations:

i0,Gy=(, 1) = by SOGyT(t,1) = kTG (1, 1),

(BI)
i0,G5 =, 1) — by SOOGS0, 1)) = By S (OGT(1,1),

(B2)
18, Gy7 (1) — th*e(r)G;f (t,1)= h;*kF'“(t)fo(z, ).

(B3)

To derive the equations on the time diagonal, we first com-
pute the complex adjoint of these equations and then use the
symmetries,

[Gy7 . ] = =Gy @, (B4)
[stj<(tf t/)]* — —Gj'ek’<(t/v t), (BS)
[hg(F,es(t)]* — h]l(—[;,se(t). (Bé)

The adjoint of Eq. (B3) is given by
0= i [G (. ] =[Gy @, O] [ )] — -
= i, G (1 1) + G (0 Dl (1) —

= iy Gy~ (1,1) + G~ (1, 1) (@)

-Gt t’)h,‘j;’se(t’), (B7)

where, in the last line, we exchanged i <> j and ¢t <> ¢’. Now,
we add Egs. (B3) and (B7), taking into account that 9, + 9, =
dr, where T = (¢t +1')/2. On the time diagonal, we obtain
(we also add the terms from the r.h.s.)

19, Gy;~ (1) — (e, GO i

— (hHF,es<Gse.< S

es, < 7,HF se<\s
T (G*™~h

iji

(B8)

In a similar manner, we compute the adjoint of Eq. (B1).
The Lh.s. of this equation is transformed exactly as before
(replacing the superscript e — s), so we concentrate on the
r.h.s.,

[h?kF’Se(l‘)GzS}<(t,t/)]* — [st)<(t’ t/)]*[hil:,se(t)]*
— —G;ek’<(l/, t)hlk-llf,es(t)
— =G @, O, (BY)

where, in the last expression, we exchanged i <> j and ¢ <
t'. Adding this to the r.h.s. of Eq. (B1) and taking the time-
diagonal limit, we obtain

latGle(t) _ [hHF,s’ Gs,<]5

ijt
_ HF,se ~es,<\e
= (h G it

_ (Gse, <hHF,es )e

ij

(B10)
Finally, we turn to the adjoint of Eq. (B2) and transform it,
. S, < Nk S, < /N1 1, HF, *
—i,[ G}y (t. )] - [igj @, f*)] [y @]

= [GISJ;(” )] [hjk (0]

= i0,G5; (', )+ G D)

= =G5, Oy @).
The final step is to again exchange i <> j and 7 <> ¢’. But, in
order to obtain an equation for G**= on the time diagonal, we

also need to exchange s <> e (in the case of products, only for
the outer superscripts),

i0, G5~ (t, 1) + G5~ (@, t/)hg*“(t/)
= =G, G (),
Now, we again add this equation to its adjoint, given by
Eq. (B2), and take the time-diagonal limit,
181G§;<([) _ (hHF,eGes,<)s + (Ges,<hHF,s e

ijt iyt

— (hHF,eSGS,< ls'j![ (Bll)

This is the final result. The three Egs. (B10), (BS), and (B11)
exactly agree with the extended G1-G2 equations derived in
the main text (cf. Sec. IV B), starting from the embedding
self-energy formulation.

_ (Ge,<hHF,es )e

ijee
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