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Understanding the correlation effects in unconventional topological materials, in which the fermion excitations
take unusual dispersion, is an important topic in recent condensed matter physics. We study the influence
of short-range four-fermion interactions on three-dimensional semi-Dirac semimetal with an unusual fermion
dispersion that is linear along two directions and quadratic along the third one. Based on renormalization group
theory, we find all of 11 unstable fixed points including five quantum critical points, five bicritical points,
and one tricritical point. The physical essences of the quantum critical points are determined by analyzing the
susceptibility exponents for all of the source terms in particle-hole and particle-particle channels. We also verify
phase diagrams of the system in the parameter space through numerically studying the flows of the four-fermion
coupling parameters and behaviors of the susceptibility exponents. These results are helpful for us to understand
the physical properties of candidate materials for three-dimensional semi-Dirac semimetal such as ZrTes.
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I. INTRODUCTION

In the past 15 years study about topological materials has
become one of the most important fields in condensed matter
physics [1-10]. Topological materials have wide potential
implications as electronic devices due to their fascinating
physical properties. In some topological materials, such as
Dirac semimetal (DSM) including Cd3As, and Na3zBi and
Weyl semimetal (WSM) including TaAs, TaP, NbAs, and
NbP, the low-energy fermion excitations are Dirac fermions
or Weyl fermions, which resemble the elementary particles in
high energy physics. Thus these materials provide a platform
to verify some important concepts in high energy physics.

Besides Dirac and Weyl fermions, there could be uncon-
ventional fermions with unusual dispersion in topological
materials. In double (triple) WSM, the fermion dispersion
is quadratic (cubic) along two directions and linear along
the third one [11,12]. Semi-DSM emerges at the topologi-
cal quantum critical point (QCP) between DSM and band
insulator [13,14]. For two dimensional (2D) semi-DSM, the
dispersion of fermion excitations is linear along one direc-
tion and quadratic along another one. For three dimensional
(3D) semi-DSM, the fermion dispersion is linear along two
directions and quadratic along the third one as shown in
Fig. 1. Higher spin fermions with multiband crossing have
also attracted a lot of interest recently [15-17]. Spin-1 chiral
fermions characterized by a combination of a Dirac-like band
and a flat band with three-bands crossing and spin-3/2 chiral
fermions displaying a birefringent spectrum with two distinct
fermion velocities have been observed recently [18-22].
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The correlation effects in Dirac and Weyl fermion systems
are extensively studied and are well understood relatively
[23-34]. The influence of many-body interaction on uncon-
ventional fermion systems also attracted much interest and is
an important topic. There have been studies about influence
of long-range Coulomb interaction [35-51], short-range four-
fermion interaction [52-57], and quantum fluctuation of order
parameter [58—61] on some unconventional fermion systems.
These studies revealed many novel behaviors, such as vari-
ous quantum phase transitions, non-Fermi liquid behaviors,
anisotropic screening effect, etc. These studies also showed
that the correlation effects in unconventional fermion systems
depend on the fermion dispersion subtly. For 2D semi-DSM,
Isobe et al. showed that long-range Coulomb interaction re-
sults in non-Fermi liquid behaviors in a wide intermediate
energy range and marginal Fermi liquid behaviors in the low-
est energy regime [39]. However, for 3D semi-DSM, it was
revealed that long-range Coulomb becomes irrelevant in the
lowest energy regime and the system exhibits Fermi liquid
behaviors [37,38].

There are still some important open questions about the
correlation effects in unconventional fermion systems. An in-
sightful study about the influence of short-range four-fermion
interactions on 2D semi-DSM was performed by Roy and
Foster [54]. However, the effects of short-range four-fermion
interactions in 3D semi-DSM is an urgent question, which is
yet to be resolved. In this article, we provide a comprehensive
study for this question through renormalization group (RG)
theory.

II. MODEL

The free action for 3D semi-DSM can be written as

/ do d’k

So =

P 2y U(w, K)ylio + HK) ¥ (w, k),

ey
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FIG. 1. Energy dispersion of fermions in 3D semi-DSM.

where the Hamiltonian density H (k) is given by

H(K) = y(ivyiki + ivkys + iAK y3), )
with v and A being model parameters. W is a four compo-
nent spinor and ¥ = W'y,. The gamma matrices are defined
A WW=138000, Y1 =T2Q0], n=TaQ02, 3 =17, 03,
and ys = 11 ® 0y, where 73 and o, 3 are Pauli matrices.
It is easy to verify that ys = y5y1y2y3. The gamma matri-
ces satisfy the anticommutation relation {y,, y,} = 28, for
u,v=0,1,2,3,5. The gamma matrices have the following
properties:

Vi = Yur 3)

* *
Yoo.5 = Y025, Vi3 = —Vi3» @
V()T,z,s = Y0.2,5, VlT,3 = —V13- 5)

The energy dispersion of fermions takes the form E(k) =
+,/v2k? + A%k3, where k3 =k +kj. Density of states

(DOS) is given by p(w) x w*/2/(v+/A), which vanishes at the
Fermi level.

The fermion action S is invariant under the discrete trans-
formations including parity (P), time reversal (7°), and charge
conjugation (C). Under parity transformation, the fermion
spinor fields satisfy

PP = iy, 6)
P\i’kP_l = _‘Ij_kiJ/Q)/[. (7)
Utilizing time-reversal transformation, we have
TWT ' = —inysVoi, (3)
TWT ' = U_iiysyr. &)
It should be noted that 777 ~' = —i. The realization of charge
conjugation on spinor fields reads as
Cu ™! = —ivy Vg = —(Win), (10)
ChlC" = —(inW)". (1D

The fermion action Sy remains invariant under a continuous
global U (1) chiral rotation

Uy — 950 (12)

Uy — Uy, (13)

The fermion action Sy is also symmetric under a discrete Z,
chiral transformation

\Pk — )/5\I’k, (14)

Uy — —Wgys. (15)

The O(2) rotation about the z axis is generated by

ipT3

R(p)=e>, (16)

where I'p; = 190 ® 03. We notice that I'g3 can also be ex-
pressed by I'gs = iys5y0y3. Under the O(2) transformation,

R()h(R: () = h(K'), (17
where
ki = ki cos(¢) + ka sin(¢), (18)
ki = —k; sin(¢) + ka cos(¢), (19)
K = k. (20)
Thus Sy is invariant under the O(2) rotation. For ¢ = 7,
R(3) =" 21)

which is just the C4 rotation about the z axis.

If the four-fermion interaction is weak, it is irrelevant in
3D semi-DSM, due to the vanishing DOS. However, if the
four-fermion interaction is strong enough, the system could
be driven to a new phase. As shown in Appendix A, there are
12 kinds of four-fermion interactions. Due to the constraint by
Fierz identity, five of them are linearly independent. Here, we
consider the interacting Lagrangian as follows:

Lin = g1(Tp¥)? + g2(TW)? + g4(Uypys W)
+g5(WiysW)* + g3, (Ppoys W)°. (22)

In this article, we study the influence of four-fermion interac-
tions on 3D semi-DSM through the RG method [62].

III. MEAN-FIELD RESULTS

In this section, taking the four-fermion interaction
2>(PW)? as an example, we first show the results of mean-
field analysis.

Under the influence of short-range four-fermion interaction
22(WW)?, the expectation value

Ay = (TW) (23)

could become finite. According to the derivation shown in
Appendix B, we obtain the free energy density

d’k Ex A A2
=—4T | —— In|2 cosh | —=2 —2 (24
! (2n)? n|: o ( 2T )] " 2¢ 24

where Ex 5, = \/v2ki + A% + A2

Through

aF _

-0, 25
5, (25)
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FIG. 2. Mean field results. (a) Dependence of A, on g, at zero
temperature; (b) dependence of 7, on g,; (c) dependence of A, on
g» at different finite temperatures 7 /A; (d) dependence of A, on
temperature 7" with different values of g,/ga..

we get the self-consistent equation for A, as follows:

d’k Ex. , 1
1=2g, tanh ; . (26)
(2n)3 2T ) Ex.a,
At zero temperature, the equation becomes
1=2 / LI 27
~ ) @ny s

Based on analytical calculation for Eq. (27), we find that
A, is given by

2
— 3
1 (&2 2gzc)

NS S (28)
8
if g, is close to g»., where
3n2viVA
8= —5— (29)
2A2

and c¢; =~ 0.662596. Taking A, = 0 for Eq. (26), we notice
that the critical temperature 7, satisfies

2
(82 — 820)3
2

T. = oA ; (30)

&

if g, is close to go., where ¢; = 1/(2«/§a)§ ~ (0.622863.

Numerical results are shown in Figs. 2(a)-2(d). In
Fig. 2(a), dependence of A, on g, at zero temperature is
depicted. Dependence of critical temperature 7, on g; is dis-
played in Fig. 2(b). The behaviors of A, at finite temperature
are shown in Figs. 2(c) and 2(d).

IV. RG RESULTS
As shown in Appendix C, we first calculate all of the
corrections from the one-loop Feynman diagrams, by em-
Akt + A%k} < A, where
b= et with £ being the RG running parameter. Then, we

consider these corrections and perform RG transformations
to restore the original form of the actions. Accordingly, we

ploying a momentum shell bA <

obtain the RG equations for g,, which can be written as

dg, 3
= —38a F(l ) ) ) ) ) 31
T 78t (81, 82, 84 &5, 832) (€19}
where a = 1, 2,4, 5, 3z. The concrete expressions of F, can
be found in Appendix C.
Solving the equations
dga
=0, 32
70 (32)

(81,82,84,85,83:)=(8}.85.83.85.85.)

we get 12 fixed points, including the trivial Gaussian fixed
point (g}, &5, &%, g5, &5,) = (0,0,0,0,0) and 11 nontrivial
fixed points

FPi: (gTv g>§7 g)i4<7 g?’ ggz) = (gT,i’ g;,i’ gj,i’ g;i’ ggz,i)’ (33)
withi=1,2,...,11.
Expanding the RG equations of g, in the vicinity of a fixed
point, we obtain
d8g. _
de

> Muysgs, (34)
b

where 8g, = g, — g5. M is a five dimension square matrix
and the matrix elements are expressions of g7, g3, g3, &5, &3,
From eigenvalues of M at a fixed point (g7}, g5, g4, &5 83,), W€
can get the properties of the fixed point. A negative (positive)
eigenvalue is corresponding to a stable (unstable) eigendirec-
tion [32,34]. There is one unstable direction for QCP, and
there are two and three unstable directions for bicritical point
(BCP) and tricritical point (TCP), respectively. Substituting
the values of g¥ at each fixed point into the expression of
M, we calculate the corresponding eigenvalues of M. We find
that FP1, FP2, FP3, FP4, and FP5 are QCPs, FP6, FP7, FPS,
FP9, and FP10 are BCPs, and FP11 is a TCP. The detailed
calculations are presented in Appendix E.

For a QCP, the correlation length exponent v is determined
by the inverse of the corresponding positive eigenvalue of M.
For the five QCPs, v always satisfies

v =15 (35)

In order to determine the physical essences of the QCPs,
we analyze the RG flows of all the fermion bilinear source
terms in particle-hole and particle-particle channels. The
source terms in particle-hole channels can be written as

Sy=A / do &K & o ). (36
s = — — V¥ (w, w, K).
ST 2y X

There are 12 choices for the matrix 'y, which corresponds to
12 different order parameters in particle-hole channels. The
source terms in particle-particle channels take the form

do d’k N .
Ss = Ay/ 7 (271)3\IJ (0, K)I'y ¥ (w, k). 37
There are six choices for the matrix I'y, which are correspond-
ing to six different superconducting pairings.

As presented in Appendix D, we calculate the one-loop
order corrections to the source terms as shown in Egs. (36)
and (37) induced by the four-fermion interactions as shown
in Eq. (22). Then, we include these corrections and perform
RG transformations to restore the original forms of the source

155125-3



WANG, LI, AND ZHANG

PHYSICAL REVIEW B 107, 155125 (2023)

terms. Accordingly, through the RG transformations, we ob-
tain the equations

Bxy = Hx y(g1, &2, 8- &5+ 83:) (38)
where
- dIn (AX Y)
= — " 1. 39
Bx.y T, (39)

Bx.y are termed as susceptibility exponents or anomalous
dimensions for the fermion-bilinear source terms. Hy y are
functions of g, with a =1,2,4,5,3z. The concrete ex-
pressions of Hyy are shown in Appendix D. For a QCP,
substituting the values of g, at the QCP into Eq. (38), and
finding the largest one among all of By y, we can determine
the physical meaning of the QCP.

For FP1, B, takes the largest value. It represents that this
fixed point is corresponding to the QCP to a state in which the
order parameter A, = (VW) acquires finite value. The phys-
ical meaning of A, is scalar mass. A, breaks the continuous
U (1) chiral symmetry, but preserves P, 7, C symmetries. If
A, becomes finite, the fermion dispersion becomes Ex A, =
\/ v2k3 + A2 + A2, which is gapped.

For FP2, Bs is the largest one. It means that this fixed point
stands for the QCP to a state in which the order parameter
As = (UiysW) becomes finite. The physical meaning of As
corresponds to pseudoscalar mass. As breaks continuous U (1)
chiral symmetry and C symmetry, but preserves P and 7 sym-
metries. Once As becomes finite, the corresponding fermion
dispersion can be written as Ex a, = \/vzki + A%k§ + A2

For FP3, B, and Bs are largest simultaneously. It indicates
that the fixed point corresponds to the QCP to a phase in
which both A, and As become finite. The parameter of this
phase can be written as (¥[cos(6) + iys sin(9)]¥). In the ax-
ionic insulating phase, the continuous U (1) chiral symmetry
is broken. This phase represents an axionic insulator [33]. In
this case, the fermion dispersion takes the form Ex a, A, =
SV A+ A3+ AL

If the order parameters A, and As are generated by four-
fermion interactions, the continuous U (1) chiral symmetry is
broken. There will be a gapless Goldstone boson accompanied
with breaking of continuous U(1) chiral symmetry. In real
solid-state materials, some higher-order gradient terms such
as Wk?14,4W, Wk*14,4V, etc. could appear in the action
of free 3D semi-DSM. In this case, the action of free 3D
semi-DSM breaks the continuous U (1) chiral symmetry, but
still satisfies the discrete symmetries including P, 7, and C
symmetries. Correspondingly, if A, and As are generated by
four-fermion interactions, we notice that the discrete symme-
try C is broken. Breaking of discrete symmetry will not lead
to a gapless Goldstone mode.

For FP4, B;, takes the largest value. It signifies that this
fixed point is corresponding to the QCP to a state in which
the order parameter A;, = (Wiysy;3 W) becomes finite. A7,
stands for axial magnetization along the z axis. A7, breaks
T symmetry, but preserves P, C, and U(1) chiral symme-
tries. If A7, > 0, the original fermion dispersion becomes
two dispersions Elf which can be written as Eki A =

Ay

TABLE I. There are five QCPs among the 11 nontrivial unstable
fixed points. The corresponding order parameters for the five QCPs
are shown in the second rows.

FP1 FP2 FP3 FP4 FP5

Order parameter A, As Ay/As A, Ag;

\/ v2k3 + (Ak3 & A7,)2. It is easy to find that one dispersion

El:’ Ane is gapped, but another dispersion Ej A is gapless

at two points k, = (0,0, /2%) and k, = (0,0, —/ 2%). At
these two gapless points, the fermion dispersion takes the form

Ek A, = /V2K? + v2K2, with v, = 2,/AA7; and K being
the momentum relative to the point k,, or k. It is obvious that
this fermion dispersion is linear within the xy plane and also
linear along the z axis.

For FP5, Bg. is the largest one. It suggests that this fixed
point represents the QCP to a state with finite order param-
eter Ag, = (Uiy3W). Ag. does not break the symmetries of
the free semi-DSM. The physical meaning of Ag, is current
along the z axis. If Ag, > 0, the fermion dispersion becomes
Ex py. = \/vzki + (Ak? + Ag;)?, which is gapped.

For convenience, we summarize the corresponding order
parameters for the five QCPs in Table .

For general given initial conditions that are decided by
(81,05 82.05 84.0- 85.0- §3z.0), We determine the corresponding
phase through the flows of four-fermion coupling parameters
g, and flows of susceptibility exponents By y. We show the
flows of g1, g2, g4, &5, and g3, under several initial conditions
in Fig. 3. If g, with a =1, 2,4, 5, 3z approaches zero, it
represents that the system is still in SM phase. If |g,| flows to
infinity at a finite running parameter £., the system becomes
unstable to a new phase.

107 10*
(a) (b)
1072 102
& -10° & 10°
-10? 1072
-10* 107
0 2 4 6 0 2 4 6
14 L
-4 4
10 / ( 10
c) (d)
-102 102
S -10° & 10°
102 102 (\
-10* : : : 107 :
0 2 4 6 0 2 4 6
l l
4
10 Z
0 (e) —3,,=0.5
2 100 907"
> g, =15
_2 2,0
—— 02
4 —9%,0”
10 25
0 2 (4 6 —8,072:

FIG. 3. (a)-(e) Flows of g, g, g4, &5, and gz, with different
initial conditions g, ¢: 0.5 (blue), 1.0 (red), 1.5 (green), 2.0 (black),
and 2.5 (magenta). g10 =0, g40 =0, gs50 =0, and g3, o =0 are
taken.
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FIG. 4. Flows of Byy which approach to positive infinity and
ratios between Byy. (a),(b) g1.0=0.15, g20 = 1.3, g40 = 0.46,
850 = —0.56, and g3, o = 0.055 are taken; (c),(d) g0 = 0.14, g2 0 =
—0.59, g40 =0.42, gso = 1.36, and g3, = 0.07 are taken; (e),(f)
810=0,80=14,80=0,gs50=0.2,and g3, = 0 are taken.

In order to determine the physical essence of the new
phase, we calculate the flows of the susceptibility exponents
BX,y and compare them. For three general initial conditions,
the flows of BX’Y and the ratio between them are presented
in Figs. 4(a)-4(f). Here we only show the susceptibility ex-
ponents that approach positive infinity in Figs. 4(a), 4(c),
and 4(e), respectively. For the initial condition corresponding
to Figs. 4(a) and 4(b), we find that B, approaches positive

95,0 95,0

2 0 2 2 0 2
g1,0 94,0

infinity most quickly. It means that scalar mass A, is gener-
ated in the new phase. For the initial condition corresponding
to Figs. 4(c) and 4(d), Bs flows to positive infinity with the
largest speed. It indicates that pseudoscalar mass As becomes
finite in the new phase. For the initial condition corresponding
to Figs. 4(e) and 4(f), we notice that B, and s approach pos-
itive infinity most quickly and Bs/B, — 1. It represents that
the system becomes a new phase where A, and As acquire
finite values simultaneously. Namely, the system becomes an
axionic insulating phase.

The phase diagrams on the planes composed by initial
values of two four-fermion coupling parameters are shown
in Fig. 5. Different phases are marked by different colors. In
Figs. 5(a)-5(j), we show all 10 phase diagrams on the planes
composed by initial values of two coupling parameters chosen
from the five linearly independent coupling parameters. The
initial values of rest of three coupling parameters are taken
as zero. Taking Fig. 5(a) composed by g> ¢ and gs ¢ as an ex-
ample, we can notice that there are five phases: SM, insulator
with scalar mass A,, insulator characterized by pseudoscalar
mass As, axionic insulating phase, and a phase with current
along z axis Ag;. In Fig. 5(k), we present the phase diagram
composed by g5 and g3, 0. In this phase diagram, g 9, 2.0,
and g4 o are taken as proper values so that the phase with axial
magnetization along z axis A7, appears in the phase diagram.

The behaviors in the vicinity of a QCP are generally
consistent with those indicated by Sur and Roy [60]. In 3D
semi-DSM, the Yukawa coupling between quantum fluctu-
ation of order parameter and fermion excitations becomes
irrelevant in the low energy regime. Thus the fermions should
take Fermi liquid behaviors in the vicinity of a QCP between
SM phase and a symmetry breaking phase in 3D semi-DSM.

-2 0 2
95,0 91,0
Semimetal Scalar Mass

Pseudoscalar Mass
Axionic Insulator

2 (k)

2 0 2
95,0

FIG. 5. Phase diagrams on the planes of two initial values of four-fermion coupling strength. (a) 2,0 and gs o; (b) g2.0 and g;.0; (c) g2,0 and

84,05 (d) 82,0 and g3, 0; (e) gs,0 and g1,0; (f) g50 and g4.0; (8) &s,0 and ga;0; (h) g1,0 and ga,0; (1) g1,0 and g3;05 () 84,0 and g3;,0; (k) g5,0 and g3, 0.
In (a)—(j), the initial values of rest four-fermion coupling parameters are taken as zero. For example, g1 = 0, g4.0 = 0, and g3, o = 0 are taken

in (a). In (k), g10 = —2.3, 820 = 0, and g4 o = —0.61 are taken.

155125-5



WANG, LI, AND ZHANG

PHYSICAL REVIEW B 107, 155125 (2023)

Concretely, the residue of fermions Z; approaches a finite
constant value in the lowest energy limit and the Landau
damping rate of fermions I'(w) satisfies

. w)
Iim — —

w—0

0. (40)

Additionally, under the influence of quantum fluctuation of
order parameter, the observable quantities DOS p, specific
heat C,, compressibility «, and optical conductivities within
the xy plane and along z axis o, and o, should respectively
still take the behaviors

p(@) ~ & C(T)~T? «(T)~T",
oL@ ~ o', og(w)~ o, (41)

which are qualitatively the same as the ones for free fermions.

V. INTERPLAY WITH COULOMB INTERACTION

In 3D semi-DSM, the long-range Coulomb interaction
becomes irrelevant in the low energy regime [37,38]. Con-
sidering the interplay of short-range four-fermion interactions
and long-range Coulomb interaction, we find that the flow
of Coulomb interaction is not changed and still becomes
irrelevant in the low energy regime, whereas the flows of four-
fermion interactions are modified by Coulomb interaction.
It is shown that Coulomb interaction tends to enhance the
instabilities in particle-hole channels. For the case that all the
initial values of four-fermion coupling strength vanish, if the
Coulomb interaction is strong enough, the four-fermion inter-
actions are generated and become divergent finally driven by
the Coulomb interaction. We notice that the system is driven
into an axionic insulating phase in this case. The detailed
derivation and numerical results are shown in Appendix F.

VI. SUMMARY

To conclude, we perform comprehensive studies about
the influence of four-fermion interactions on 3D semi-DSM
through RG theory. We find 11 unstable fixed points and show
that five of them are QCPs, five are BCPs, and the remaining
one is a TCP. The physical essence of the QCPs are deter-
mined by analyzing the scalings of fermion bilinear source
terms. The phase diagrams for general initial conditions are
also presented through detailed numerical calculations of
flows of four-fermion couplings and susceptibility exponents.

According to the theoretical study by Yang and Nagaosa
[14], the 3D semi-DSM state can be realized at the topo-
logical QCP between 3D DSM and band insulator. Through
magneto-optics and magnetotransport, Yuan et al. observed
the evidence of a 3D semi-DSM phase in ZrTes [63]. The
subsequent study about magnetotransport properties of ZrTes
under hydrostatic pressure also supports the existence of a
3D semi-DSM phase [64]. Recent measurements of optical
spectroscopy in ZrTes are also consistent with a 3D semi-
DSM phase [65,66]. A 3D semi-DSM state was also realized
in pressured Cd3;As, [67]. Recently, Monhanta et al. showed
that nonmagnetic tetragonal perovskite oxides with I4/mcm
symmetry, e.g., StNbO3, CaNbOs, and SrMoO;, host 3D
semi-Dirac fermions which are protected by a nonsymmor-
phic symmetry [68]. The present RG calculation results are

helpful for understanding the physical properties of these can-
didate materials for 3D semi-DSM.
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APPENDIX A: FIERZ IDENTITY
1. Fierz identity for 3D DSM

The four-fermion interactions can be generally written
as form (UMW)(UNWY), where M and N are four di-
mensional matrices. There are 16 independent four-by-four
matrices. Accordingly, there are a possible 16 + 16 x 15/2 =
136 kinds of four-fermion interactions. However, the num-
ber of four-fermion interactions can be drastically reduced
by the symmetries of the system [31-34,52]. The action
of free fermions satisfies the symmetries including parity
symmetry, time-reversal symmetry, charge conjugation sym-
metry, rotation symmetry, etc. We could reduce the number
of four-fermion interactions by these symmetries of action
of free fermions [31-34,52]. The four-fermion interactions
(UMY)(WNW) with M = N respect these symmetries, but
the four-fermion interactions (VMW)(WUNW) with M # N
cannot fulfill these symmetries. Therefore, we do not consider
the four-fermion interactions (VM W)(WNW) with M # N
which are not allowed by the symmetries.

For 3D DSM, the interacting Lagrangian density can be
written as [33]

3
Lin = 1(Pyo W) + g2(PW) + g3 Y (Uypy; W)
j=1
+ 84(Wyoys)” + gs(Wiys W)’
3
+86 ) (Wiyn ) + g1 > (Wiysy; Wy’

(1k) Jj=1
3
+gs Y (Wi W), (A)
j=1
where
Y Wiy ) = [(Vipays W) + (Viysn W)
(lk)
+ Wiy, W)’ (A2)

There are eight kinds of four-fermion couplings. However, not
all of them are linearly independent, due to the constraint by
Fierz identity [31,33,34].

The Fierz identity indicates that [31,33,34]

[P OM PO (INE()]
= — g TIIMTNT][W ()T YWIP ()W) (A3)
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For local interaction, we have x = y. Thus

(W (MW ()N W (x)]

= — e TrMT N[ )T W)W )T (x)]. (A4)
Repeat of indexes a and b in Egs. (A3) and (A4) repre-
sents summation. Substituting each four-fermion coupling in
Eq. (Al) into Eq. (A4), we could get eight equations, which
can be compactly expressed by

FX =0, (AS)
where
Ty W)
(Pw)?
> (W 0)?
(Tyoys )
X = B (AG)
(Wiys\W)
Z(;@(‘I’il/n/k‘l’)z
Y (Wiysywy?
Y (Wiy;wy?
and
5 1 1 1 1 1 1
1 5 -1 -1 -1 1 1 -
3 =3 3 =3 3 1 -1
I -1 -1 5 -1 -1 1 1
F=11 -1 1 21 5 -1 1 —1|f @D
3 3 1 -3 =3 3 -1
3 3 -1 3 3 -1 3 -1
3 -3 1 3 -3 1 -1 3
It is easy to verify that rank of F is 4, namely
Rank(F) = 4. (A8)
Then, the number of linearly independent couplings is
8 — Rank(F) = 4. (A9)

For convenience, we take the four couplings

(T, (BW),  (Tpps®)’,  (FiysP)* (A10)

as linearly independent couplings. The other couplings

3
D Tny Wy, Y (Wippwy,
Jj=1 (lk)

3 3
D (Wiysy; Wy, Y (Wiy;v)

=1 j=1

(A11)

can be expressed by the four independent couplings shown
in Eq. (A10). In order to obtain the concrete expressions for

other couplings, we define

> (Tyoyw)?
ng)(‘i’i)/t YeW)?

Y (Biysy; 0)?
Y Wiy W)

X = 1 (A12)
Ty
(Pw)?
(Pyoys W)
(Wiysw)®
It is easy to find that
FX =0, (A13)
where
1 1 1 1 5 1 1 1
-1 1 1 -1 1 5 -1 -1
1 -1 1 3 -3 =3 3
~ -1 -1 1 1 -1 5 -1
F= -1 1 -1 1 -1 -1 5
3 -1 3 3 -3 -3
-1 -1 3 -1 3 3 3 3
1 -1 3 3 -3 3 -3
(A14)
Performing a series of similarity transformations for F,
F—F, (A15)
we obtain
F'X =0, (A16)
where
1 0 0 0 1 -1 -1 2
0 1 0 0 1 2 -1 -1
0o 0 1 0 2 1 1 1
~ |0 0 0 1 1 -1 2 -1
F= 0 0 0 0 O 0 0 0 (A7)
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
Equation (A16) can be equivalently expressed by
3
> (Tny vy = —(IpW) + (PW)
j=1
+(Uyops W)’ —2(WipsW)%,  (AL8)
D iy ¥y = —(yW)* — 20wy’
(lk)
+(Pypoys W)’ + (Wiys W), (A19)
3
D (Wiysy; Wy = —2(Fp¥)* — (VW)
j=1
— (Pypoys¥)* — (Wiys W)’ (A20)
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TABLE II. Transformation properties of various fermion bilinears under parity (P), time-reversal (7), charge conjugation (C), Z, chiral,
U (1) chiral, and O(2) ration transformations. Notice that j = 1,2 and /k = 23, 31. Here, + (—) represents that the fermion bilinear is even
(odd) under a transformation. In the sixth column, v* represents that the bilinear is a scalar under the U (1) chiral transformation. Fermion
bilinears which transform as components of a chiral U (1) vector under the U (1) chiral transformation are marked by circles with the same
color. The colors red, green, and blue correspond to three different chiral U (1) vectors. In the seventh column, O (1) stands for the fact that the
bilinear transforms as a scalar (vector) under the O(2) rotation about the z axis.

Bilinear P T C Z, U(l) 0oQ2)
Ty + + - + v 0
VA + + + - o 0
Uyyy; ¥ - + - - 1
Uyoys ¥ + - + - . 0
Wiys W + + - — o 0
Viyp ¥ - + + - 1
‘i/iyl W + — — — ° 0
Wiysy; - + - + v 1
iy, ¥ - - - - v 1
Wiy, W + + + v 0

time-reversal (7"), charge conjugation (C), and Z, chiral, U(1)

S ) ) - ) s, chiral, and O(2) rotation transformations. We reduce 136 pos-

Z(W’)’f\p) = —(Up¥)” + (VW) sible four-fermion interactions (VM W)(WN W) by imposing

j=1
—2(Tyys W)’ + (DiysW)>. (A21)
2. Fierz identity for 3D semi-DSM

For 3D semi-DSM, the interacting Lagrangian density is
described by

2
Lin =g1(TyoW) + g2(PW) + g3, Y (Iyoy W)
j=1

+ g3 (T3 W) + ga(Uyoys V) + gs(Wiys V)
+861 Y (Wiyn¥)’ + ge:(in1 2 W)

(L))
2

+g11 ) (Viysy; W) + g7:(Viysys W)
j=1

2
+gs1 ) (Viy; W) + gs.(Wiys W),
j=1

(A22)

where

> (Wiyn W)’ = [(Viyys W) + (Wiysy W],
({Ik))

(A23)

As shown in Eq. (A1), there are eight four-fermion couplings
for 3D DSM. However, we consider 12 kinds of four-fermion
couplings as shown in Eq. (A22) for 3D semi-DSM, due to
the anisotropy of the fermion dispersion.

After careful derivation, as shown in Table II, we obtain
the properties of each fermion bilinear under the parity (P),

discrete transformations including P, T, C, and Z, chiral
symmetries. It is easy to find that both (PM¥) and (INW)
should be either even or odd under P, 7, C, and Z, trans-
formations, such that the four-fermion interaction is invariant
under all these four individual discrete symmetries. We can
find that there are no two identical rows under these four
symmetry transformations in Table II. Therefore, there exists
no interaction term (VM W)(WNW) with M # N that mixes
any two different fermion bilinears.

Substituting each four-fermion coupling in Eq. (A22) into
Eq. (A4), we could get 12 equations, which can be compactly
expressed by

FX =0, (A24)
where
(TpWw)®
(W)
Z§=1(‘i’yo7/j\1’)2
(Tyoys W)
(Tyoys W)
(WiysW)*
>y Wiy ¥)?
(Tiyy, ¥y
> (Wiysy; ¥)?
(Viysy; ¥)*
Yo Wiy, wy?
(Wiy;w)*

(A25)
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and
5 1 1 1 1 1 1 1 1 1 1 1
1 5 -1 -1 -1 -1 1 1 1 1 -1 -1
1 -1 2 -1 -1 1 0 1 0 -1 0 1
I -1 -1 5 -1 1 I -1 -1 1 1 -1
1 -1 -1 -1 5 -1 -1 -1 1 1 1 1
1 -1 1 1 -1 5 -1 -1 1 1 -1 -1
F=11 1 o 1 -1 =1 2 -1 0 -1 o 1 (A26)
1 1 I -1 -1 -1 -1 5 -1 1 1 -1
1 1 0 -1 1 1 0 -1 2 -1 0 -1
1 1 -1 1 1 1 -1 1 -1 5 -1 1
1 -1 0 1 1 -1 0 1 0 -1 2 -1
1 -1 1 -1 1 -1 I -1 -1 1 -1 5
[
It is easy to find that can be expressed by the five independent couplings shown
in Eq. (A29). In order to obtain the concrete expressions for
Rank(F) =17. (A27) other couplings, we define
=
Then the number of linearly independent couplings is Zj:l (W VOVJ‘I')Z
(Viy v )
12 — Rank(F) = 5. (A28) Z“”‘_”. W’;
Wiy, W)
For convenience, we take the five couplings Z?=1 (Wiys )/j\I')z
Ty, (PW?, (s, (WiysysW)?
Tiys0)?,  (UyppsW)? A29 8 2 (Wiy;wy?
(WiysW)”,  (WroysW) (A29) % — Z]:_]( iy; V) (A31)
. . . . (Viy;W)?
as linearly independent couplings. The other couplings ]
, (Ty¥)
- - - )2
Y @y 9P, Y @iy, (TinyW), o)
=1 (o) (Pyoys W)’
S By 0P, iy (wiyswr
YsYi¥) 1Y5v3¥) ", -
pr ! (Wyops 0’
It is easy to get that
2
D Wiy w2, (Biys Wy (A30) FX =0, (A32)
J=1 where
J
1 1 1 1 1 1 1 5 1 1 1 1
-1 1 1 1 I -1 -1 1 5 -1 -1 -1
2 0 1 0 -1 0 1 1 -1 -1 1 -1
-1 1 -1 -1 1 1 -1 1 -1 -1 1 5
-1 -1 -1 1 1 1 11 -1 5 -1 -1
~ 1 -1 -1 1 I -1 -1 1 -1 -1 5 1
F=10o 2 -1 0o -1 0o 11 1 -1 -1 1 (A33)
1 -1 5 -1 1 1 -1 1 1 -1 -1 -1
0 0 -1 2 -1 0 -1 1 1 1 1 -1
-1 -1 1 -1 5 -1 1 1 1 1 1 1
0 0 1 0 -1 2 -1 1 -1 1 -1 1
1 1 -1 -1 1 -1 5 1 -1 1 -1 -1
Carrying out a series of similarity transformations for F,
F—> F, (A34)
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we arrive
F'X=0, (A35)
where
1 0 0O 0o 0o 00 1 -1 -1 2 1
O 1 0 O 0 0 o0 1 1 -1 0 1
O 0 1 0 O 0 0 O 1 0 -1 -1
0O 0 01 0 O o0 1 1 1 0 -1
0O 0 0 0O 1 0 0 1 0 0 1 1
=~ 000001 01 -1 1 0 1
F=10 0000010 0 1 -1 -1 (A36)
O 0 0 0 O 0 o0 o 0 0 0 0
0O 0 0 0 0 0 o0 o 0 0 0 0
O 0 0 0 O 0 o0 o 0 0 0 0
O 0 0 0 O 0 o0 o 0 0 0 0
O 0 0 0 O 0 o0 o 0 0 0 0
Equation (A35) can also be written as
2
D Eny ¥ = —(FpW)’ + (B0’ + (Troys ¥) = 2(Tips®) — (Trops VY, (A37)
j=1
D (Wiyn W)’ = —(Ip®)’ — (B0 + (Tpps¥) — Ty ¥y, (A38)
((lk))
(Tiy1n¥)* = —(VW)? + (Tiys¥)* + (Uypys )7, (A39)
2
D (Wiysy; ) = —(Ip®)’ — (B0 — (Tyys¥) + (Fyoys W), (A40)
j=1
(Tiysys W) = —(Upe®)* — (PiysW)? — (Fyoys W), (A41)
2
D Wiy 9) = —(Tp W) + (FW)’ — (Fyoys W)’ — (Pyoys W), (A42)
j=1
(Viys0)? = —(Uyoys V) + (Piys W) + (Tyoys0)°. (A43)

APPENDIX B: MEAN-FIELD ANALYSIS

Here taking the short-range four-fermion interaction
22(UW)? as an example, we give the details of the deriva-
tion and calculation for the mean-field analysis. Analysis for
other kinds of four-fermion interactions could be carried out
similarly.

1. Derivation of the self-consistent equation

Under the influence of short-range four-fermion interaction
22(UW)?, the expectation value

Ay = (UW) (B1)
could become finite. Considering the order parameter A,, the
fermion propagator can be written as

Gliw, k, Ar) = [iwyy + iv(kiyi + kay2)
+iARys + A (B2)

For finite temperature, we employ the propagator in Matsub-
ara formalism as follows:

Gliwn, K, Ay) = [iwnyo + iv(kiyr + kayn)

FiARys + A] (B3)

(

where w,
temperature.
The partition function is given by

Z:/D\IJD\IIeS

(2n+ )T with n being integers and 7 the

- . a2
= 1_[ H / DY DY ¥en kG (0n k. A Wu i o= [ AT X35

w, k
(B4)
where 8 = % Using the functional integral formula
/ D7) Dy ™8 = det K, (B3)
we get
A2
z=[]]]#" detlG™"(iwn. k., Ale T4 x5; - (Be)
w, Kk
which leads to
InZ = Z Zln{ﬂ“ det[G™ ' (iwn, k, A)]}
ok
AZ
- /dt/d3x—2. (B7)
2g>
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It is easy to obtain

det[G™ (in, K, A1 = (0} + EZ )", (BS)

where

Eiae = \Jvk2 + A% + AL (BY)
Thus we arrive at

Iz =3 n[g e+ E )]
w, k

AZ
- /dt/dSX—z.
2¢
Carrying out the summarization of frequency, we get
Ex.a A3
InZ=4) In|2 cosh 22 ) | - BY—=, (BII
Sun[peon(Gr)] v o

where V is volume of sample.
The free energy density f and free energy F are defined as

(B10)

; F Ly
= — = ——1n
v p
1 E A3
= —4T= Y In|2cosh [ —==2 ) [+ 2. (BI2)
V k 2T 2g2
Taking the continuous limit by using the replacement
1 d’k
2 , B13
p2 / Qn)} ®B13)
we obtain
&’k E A2
f= —4T/—1n 2cosh [ X42) |4 22 (Big)
2r)3 2T 2g>

The self-consistent equation for A, is determined by

Ba_gz =0 (B15)
Concretely, the self-consistent equation is given by
1 =2g / (Z:Tl; tanh (E;?)ESAZ' (B16)
At zero temperature, the equation becomes
=g [4K 1 (B17)
(27)3 Ex a,

2. Solving the self-consistent equation
a. Zero temperature

At zero temperature, the self-consistent equation can be
written as

L / &k 1
= 282 3
@r) Jo2e + a2 + A3

(B18)

= & [ dkuditat,
” o+ A%+ A

We employ the transformations

A 2
E = Jvlq + A%, 5= vﬁ, (B19)
q.1
which are equivalent to
E = YE )
9= —F7— @Bl=—=—7-
w1+ 62 VA + 82
The integration measures satisfy the relation
E
dqid|q;| = vE ~dE dé. (B21)
20V/AVS(1 + 82
Utilizing the transformations Eqgs. (B19)—(B21), we obtain
A E3 +00 1
e [ as———
2m202V/A Jo \/m 0 V(1 + 82)3
E:
(B22)

82 A
:_/ aE—E
71’2112\/; 0 /E2+A%

It can be further written as

3 1 3
&2 X2 2
= —n2v2ﬁ|:A dx(—2 ~ 5 — X >+§:| (B23)
x4 (%)

Taking A, = 0, we can get the critical coupling strength g,
which satisfies

I—

37202/A
82 = — 5 - (B24)
2A2
In the limit A, < A, we have
3
L 2t [, T a0y
372v2V/A JT A
3
& L(HrG) (A2):
= 1 — (B25)
82¢ ﬁ A
Thus A; is given by
2
Ay~ o 8282 (B26)
&
where
2
c = (%) ~ 0.662596. (B27)
r(3)ra)

b. Finite temperature

At finite temperature, the self-consistent equation can be
written as

1 1
== = [ dhudiiai,
& T

1

o+ A%+ A3

o+ A%+ A
X tanh .
2T

(B28)
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TABLE III. Energy dispersions of fermion excitations considering different order parameters.

Order parameter Expectation value

Energy dispersion

A (TyW)

A, (W)

A3l ijl,z@l/o)/j‘l’)
As; (Wyoys V)

Ay (Tyoys W)

As (Wiys W)

AgL (W(iyays + iysy)¥)
Ag; (Wiy, )

Aqy ijlvz(\fli;@yj\ll)
As; (Wiysy; W)

Agy 2_:_;=1_2<‘in1‘1’>
Ag; (Wiys W)

Efy, = VR + Ak £ A

Exa, = \/m

Eg,, = \/ 1020k + k)? + 2[As1 £ 32 (ky — k1)? + 2A%K5)?
El(i,A3z = (vky + A3)? + A%

Efy, = V0 + A% £ Ay

Exas = \/m

B, =10+l + 200, £ 10 — k) + 2P
EI:L.A@; = /(ky £ Ag.)? + A%}

Eip, = \/%(kl —ko)? + A%kS 4 (ki + kp 204, )?

El:fmz = v + Ak £ A7)

Exag, = 0k + Ag1)? + (vky + AgL 2 + AKS

Ex ag. = VV2k2 + (AK? + Ag,)?

Employing the transformations, Egs. (B19)—(B21), and carry-
ing out the integration of §, we obtain

3

1 E2

1 /A
- dE ———
2,2
& 72viJA Jo /Ez—}—A%
JE?+ A2
xtanh | ——— ).

B29
T (B29)
T, is determined by
1 1 A E
LA dEﬁtanh( )
& miJA /o 2T,
3
22T (20 AN A
=—"—"""|Z(=] tanh
n2v2V/A | 3\ 2T, 2T,
2 / o drxs — (B30)
—= xx2————|.
3/ cosh? (x)

If 7. <« A, the equation can be approximated by

3 _
1 2V2T 2(1\)3 2/+°° s

—_ N —| = =) - = dxx> ———
g m2u2J/A| 3\2T. 3o cosh? (x)

3
1 1 (T.\>
=——2ﬁa—<—) ,

(B31)
82¢ 82¢ A
where
+o0 s 1
a= f dxx? ——— ~0.719227. (B32)
0 cosh” (x)
Then T, satisfies
( )i
T, ~ ey A 828207 (B33)

I

where ¢, = 1/(2+/2a)3 ~ 0.622863.

3. Dispersion of fermions with finite order parameter

Mean-field analysis for other four-fermion couplings can
be performed through similar procedures as subsections B 1
and B 2. For convenience, we show the fermion dispersions
with various finite order parameters in Table III.

If Ay >0, the original fermion dispersion FEx =

VA + A%k

Ey IAI. E]:’ A, is gapped, whereas, E, . is gapless when

becomes two dispersions El;" A, and

vkt +A%3 = Ay, It indicates that the gapless nodal
point becomes gapless on a surface. If A, > 0, the fermion
dispersion becomes Ey_ a,, which is gapped. If Az, > 0, there
are two fermion dispersions E,’, ~and E,_, . We find that
Ek+ A, 18 gapped, but E_", | is gapless along a nodal line
which is determined by

ki +ky =0, (B34)

%\/ v2(ky — ki)* + 2A2k% = As). (B35)

If Az, > 0, one dispersion El:“ As is gapped, but another dis-
persion E, As. is gapless along a nodal line which is decided
by vk, = Ajz; and k3 = 0. If A4 > 0, the dispersion Elim is
gapped, whereas E_, = is gapless on the surface which satisfies

VA3 + A%k = Ay If As > 0, the corresponding fermion

dispersion E A, is gapped. If Ag; > 0, the dispersion Elj AL
is gapped, but the dispersion Ey_, is gapless along a nodal
line which satisfies

ki +ky =0, (B36)

L0 — k) 4 24% = Ay (B37)

If Ag; > 0, we can find that one dispersion El:r A, 18 gapped,

but another dispersion Ey_, is gapless along a nodal line
which is determined by vk, = Ag, and k3 = 0. If A7, > 0,
there are two fermion dispersions Elj A, and E L Itis easy

to verify that E]:Au is gapless at the point (—A7,, —A7,,0)
and E];Au is gapless at (A7., A71,0). At these two gapless
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FIG. 6. Feynman diagrams for the self-energies of fermions in-
duced by four-fermion interactions. Solid line represents the fermion
propagator and wavy line stands for the four-fermion interaction.

points, the fermion dispersions are still linear within the xy
plane and quadratic along the z axis. If A7, > 0, we can find
that one dispersion E," a,, 1 gapped, but another dispersion

Ega,. is gapless at two points

0,0, A7 k, = (0,0 ﬂ) B38
O

At these two gapless points, the fermion dispersion can be

written as
_ 2
Ex.ar. =/ VKT + vZKZ,

with v, = 2,/AA7, and K being the momentum relative to
the point k, or k;. It is clear that this fermion dispersion is
linear within the xy plane and also linear along the z axis. If
Agy > 0, the fermion dispersion Ex a,, is gapless at the point
(—Agy /v, —Agy /v,0). If Ag, > 0, the fermion dispersion
Ex a,, > 01is gapped.

(B39)

APPENDIX C: DERIVATION OF THE RG EQUATIONS FOR
THE STRENGTH OF FOUR-FERMION COUPLINGS

1. Self-energy of the fermions
The fermion propagator reads as

ioyy + ivlkiyr + kaya) + iAK3 3

Go(iw’ k) = - (,()2 +El%

. (CD

= ,/vik3? + A% with k3 =k} + k3. The self-
energy of fermions resulting from Fig. 6(a) takes the form

+oo da) " d’k
o = Zgaf Gy eGo(@ WL,

where Ex

(€2

where

2= 2

a=1,2,4,5,3z

(C3)

" represents that a momentum shell will be properly taken.
P properly
Figure 6(b) induces the self-energy of fermions as follows:

+oo do (' d 3’k
%= Zga / Gy THG@ KTl (C4)
Substituting Eq. (C1) into Egs. (C2) and (C4), we obtain
2 =0, (C5)
3, =0. (Co6)

Sy

(@) (b)

(c) (d)

FIG. 7. One-loop Feynman diagrams for the corrections to the
four-fermion couplings.

It should be noted that a generated constant term in X; has
been discarded. The generated constant term in self-energy
is also discarded in the study about long-range Coulomb
interaction in 3D semi-DSM [38]. According to Egs. (C5)
and (C6), the fermion propagator is not renormalized by the
four-fermion interactions to one-loop order.

For the five independent four-fermion interactions shown
in Eq. (22), there is not a constant term in ¥, and X, al-
ways equals zero. If we consider the four-fermion interaction
(Tiy3W)?, we can find that there is a constant term in X,.
This constant term is actually a correction for the chemical
potential p. This constant term could modify the chemical
potential u from zero to finite and thus drive the Fermi level
away from the node. In this case, we assume that the system
parameters (for example, gate voltage, pressure, etc.) are fine-
tuned in such a way that effective chemical potential is zero.
This way we can study the influence of interactions on 3D
semi-DSM with zero chemical potential.

2. One-loop corrections for the four-fermion couplings

Figure 7(a) leads to the correction

v = 22 (UT, W) /ﬂo do [* d’k
b @ny
x Tr[Ty Gy (iw, K)I', Gy (iw, K)]. (CT)
Figure 7(b) results in the correction
Ve = Zvjjl (C8)
where
V(2) 4 (qjl_, w)/+oo dw ! d3k
ab — *8a8b (2 )3
x [¥T,Go(iw, K)T,Go(iw, K)[,W]. (C9)
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Figures 7(c) and 7(d) induce the correction

YO = 3Oy,

a a<b

where

G)+@) do " dk
Vi =4g.8» PSS ——[UT,Go(iw, KW {[T,Go(iw, K)T,; + T',Go(—iew, —K)T,]} W

Substituting Eq. (C1) into Eq. (C7), we obtain
VD =8¢ (I, W),
where

sg =0,

2A2
(1)
8g2 g% 2 2\/—
8gy) =0,
2A2
(1)
agj gg 2 2\/—
a _ g ZA 2 '
3z 3z 51 2v2\/—
Substituting Eq. (C1) into Egs. (C8) and (C9), we find that the contribution from Fig. 7(b) can be written as
V2 =8¢ (T W),

dg

where
8¢ =0,
.
552 = (—g281 — £ + 8285 + 5285 + 8283:) — .
7202/A
8¢y =0,
A3
585 = (8581 + 8582 + 8584 — &5 — g5g3z)T~\/—Z9

58(32; = (—83:81 + 8382 + 83:84 — 8385 — &3.) ———

5 2v2 f
Substituting Eq. (C1) into Eq. (C11), the contribution from Figs 7(c) and 7(d) can be written as

A2
V(3)+(4) g2 Z(\Illyg\IJ)

572 2[
3)+4)
V22 355 > 2[5(W1y3W)
Vo = Al ——— Wiy )2,
g 57 B 2\/— V3
(3)+(4)
=& zfemnysw)
G+ _
Vi g%zs > 2\/— Wiy v)?,
2A2
G+ _
Vi =g —— fz Z(\vyoy,\m
B+ Al
Vie ' = &g 2\/_2(%;/57/3\11)
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(C12)

(C13)

(C14)

(C15)

(Cl16)

(C17)

(C18)

(C19)

(C20)

(C21)

(C22)

(C23)

(C24)

(C25)

(C26)

(C27)

(C28)

(C29)

(C30)
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2A2
B)+4) _
Vst = s fe Z(wzmw)
3)+4)
Vl 3z 0’
A3 _ A3 _
G+ _ _ o ; 2 B . 2
Vou = gzg4n2v2ﬁ€(\l'lys‘lf) +gzg45nzvzﬂ€(‘lfly1yz‘lf),
AS ] 2 2A3 _
VOTD — _ooi 0 p(TyysW)? + ———((Viysy; W),
2,5 gzgsnzlﬂ\/Z YovYs gzgs;Sn%Zﬁ VsV
A3 _
G+ _ _ o . 2
Vo3 = gzg3zn2v2ﬁﬁ(WlV3W),
3 3
A2 - A2 _
Ve = —@(W)M — (U3 0),
—8485 2 \/Z 848557121)2\/Z YoY3
2 A* Ai
(3)+(4) T+ 2
Vi3 —8483; = 2\/—5(‘1”3/1)/2‘1/) +g4g3125 5 zfz(WVOVJW) +g4g3zmﬂ(‘I’lV5W),
2 3 3
2A2 A2 _
v;;i“‘”—gsgszz serrg Vi +gsg3zm5(‘l‘)/07/s‘l’)2~
Using the relations shown in Eqgs. (A37)—(A43), we further get
Vi =g Al — = (Tyys W) + (Fiys W) + (Fyops )2,
5 2 2\/_
v =g fe[ (s ) + (Wips W) + (Byops )],
VoY =g Al = (Tyoys W) + (Fiys W) + (Fyoys )2,
5 2 2\/_
Vis ™ = g o = (s W) + (Biys W) + (F70739)°),
57 f
yO+® A: —(Typys ¥ Uiys ¥ Typys W
323z 831522¢—[(V0V5)+( iys0)? + (Uyoy3 W),
2A3 - _
Via™ = s1gr e () (P (Fyoys ) = 2Wips b) — (yors 97,
A3 . ;
VY = gig s St (W) = (WiysWy” = (Froys0)’),
B3)+4) _ 2A 2 2 2 _
VT = g1gs———— [~ (U ®)* — (P + (Tpoys¥)* — (T )],
: 5772 2[
3)+4)
Vl 3z 0’
VAT = g — fe[ (IW)? — 4(Tiys W) + (FyopsW)°,
V3t = gzgsLZ[ — (UypW)* — (PW)* — z(\TJJ/oJ/s‘IJ)2 - (‘Tfyoyslllf],
' 572024/A 2
A3 - o _
Vit = —g g3zv—f5[—(WV0V5W)2 + (Diys9) + (Tyop3 )7,
VT = s fe[ S(PW) + (Fyoys )],
Vot = gugs iz C @y W + LB 4 By ) — A Biys WY — L (B0
432 S5m0 J/A 2 2 ’

2A3 i} _ 1 . ]
G+ _ _ 2 » 1 2 2
Vs, = 8583 5n2v2ﬁ£[ (W) + (YY) 2(‘1’)/0)/5‘1’) Wy W) ]
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Thus the contribution from Figs. 7(c) and 7(d) is given by

v = 3 Ny = 3 5T, wy, (C54)
a=1,2,4,53z a<b a=1,2.4,5,32
where
1 2A2
8g(13)+(4) = < — 8182 — §g184 — 8185 — 8285 — 8483z — 8583z) mev (C55)
58y = <glgz 185 — 28288 — 8285 — 2485 + Lgags + 858> )21\—23 (€56)
2 2 2 2878 ©) sn2VA
1 1 1 7 5 1 2A2
§g0T = <—§g21 - Eg% gﬁ 2832 + 8182+ 8185 — 58285 + 58283 F 8483 — 2g583z)m57 (C57)
1 1 1 5 2A2
5gIT® = (Egzl + Eg% + Egﬁ + Eg% + Egéz — 28182~ 58184 — 28284 — 58283 — 4g4g3z> m& (C58)
o (1o 1, 1, 1, 1, 1 1 5
883, = S8t 58% + 5831 585 58~ 8182~ 58184 — 8185 + 58284 + 8285 — 58285
! 7 288, C59
+ 58485 — 58483 ~ 8583 m : (C59)

As shown above, the one-loop corrections are proportional to A2. This characteristic actually is easy to see from the
expressions of the one-loop corrections to four-fermion interactions. From Egs. (C7) to (C11), we can find that the one-loop
corrections should be proportional to

L
+z3

-
e

A

3
= A2, C60
A 2 (C60)

2.1 . .
where z;, = 1 and z3 = 2. The numerator A:L *5 = A3 comes from the integral measure f " d3k. The denominator A results
from the expression of integrand after the integration of energy w is carried out.

From the above results, we obtain

8gq = 38 + 887 + 8507, (c6D)
Concretely,
1 2A2
0g1 = | —g182 — 58184 = 8185 — 8285 ~ 8483 — 858% mﬂ, (C62)
ser= (28— 2 2804+ Dgags + 2 2 g4gs + Lgagn. + 20, (C63)
& = 282 28182 8185 8284 28285 Zgzgsz 28485 28483z 8583z 5n2v2\/X )
1 1 7 5 1 2A3
884 = <——gl g% gi — Eg%— — Egéz + 8182+ 8185 — 58285 + 78285 + 8483 — §g533z> mﬁ, (Co4)
Y S ST B S R ! > 29084+ 2 >
85 = 58I 282 T 58 5T 583 8182 2glg4 28185 8284 2gzg5 28283z
> 4 > 24 £ C65
+§g4gs — 48483 — 58583 Ser A (C65)
1 1 1 1, 1 1 1
883 = 5821 + 58% + 58% + 585 +83, — 818 — 58184 = 8185 — 8183 + 78284 + 8285 — 28283:
! 3 3 207 £ C66
+§g4g5 — 38483 — 58585 m . (C66)
3. Scaling transformations
The free action of fermions is
do d°k
Sy = ——U(w, k) (ioy + ivkiyr + ivkyys + iAK3y3) ¥(w, K). (C67)
2 2r)3

155125-16



CORRELATED INTERACTION EFFECTS IN THE ... PHYSICAL REVIEW B 107, 155125 (2023)

The fermion self-energy induced by four-fermion interactions to one-loop order vanishes. Thus the form of action Sy is not
changed. Employing the transformations

w=awe", (C68)

ki = kje ", (C69)

ky = ke ™, (C70)

ks = Khe 7, (C71)

v="1, (C72)

A=A, (C73)

U= Weil, (C74)

the action becomes

Sy = / ‘;—j%ﬁz’(w’, K)(io'yo + iv'k;y1 + iv'kyys + iAKS y) W (oK), (C75)

which has the same form as the original action.
The original action of four-fermion interactions takes the form

da)1 d3k1 da)2 d3k2 da)g, d3k3 - -
Sy = Z 8a V(wr, k)FaW(w2, k)W (ws, k3)FaW(wr — wr + w3, ki — ko + K3).

- 27 ) 2w ()3 2w (27 )3

a=1,2,4,5,3z
(C76)
Including the one-loop order correction, the action becomes
da)1 d3k1 da)z d3k2 da)3 d3k3 - -
Sys = at88) | 5= — — U(wp, k)W (02, ko)W (w3, k3)T,
" aZI;S et )/ 27 @ny 2m Qay 2n @ny O KOTa e ke)Wes k)
X W(w; — wy + w3, kK1 — ko + k3). (C77)
Utilizing the transformations Eqgs. (C68)—(C71) and (C74), we get
3 do’ d°K, do!, d°K, do, d°K, - -
Syn = . 5[1 -5t -1 | hee’] 2 3 3‘IJ/ /,k, Fa‘lﬂ’/ ,,k, NG /,k/ Fa
P PR | 5 G 2 oy 2 ¥ T 0 )T 5
x W'(w] — o) + o}, k] — K + Kj). (C78)
Letting
g0 = (8a +88a)e > ~ g4 — 384l + 82, (C79)
we obtain

do, d°k} do), d°k, dol d°K; - _
_ / 1 1 2 2 3 3 reo ’ Lo ’ PR [YPREPN, / I 1! /
Sqn = u_lzusgzga/ et E(zn)?y (), KT W (0, KW (), k)T W' (0] — o) + o, K| — K + k),

(C80)

which recovers the original form of the action.
From Eq. (C79), we get the RG equation for g, as follows:

dg, 3 dég,
d8a _ 3, , C81
de 28 (8D
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Substituting Egs. (C62)—(C66) into Eq. (C81), we find

dg; 3 2 1 2
70 = 28 T 38l & + 84 +8s5)— 5(8285 + 8483 + 8583:), (C82)
dg, 3 3 4 3 2 7 2
70 = % +8+8& <_§gl + 584 + 38 + g3z> — 3818 + g4 (—gs + ggzz) + 585832 (C83)
dga 3 1, 1,5, 5, 5, 5. 2 2 7 1
TRt - e TR SR R RS R R F SRS —ggs +g5: ) = cgsgx (C84)
dgs 3 6 1 2 4 8
=gt gt (gt tg) Fes(—g+ g8 —g)— sei( 28+ Lod) = oo 2eu+gn) - Sgugn.
dl 2 5 5 2 5 5
(C85)
dg 3 1 3 2 1
== g+ g2,+ (g2 +S+a+g) - —g1+28+38+ 358 | — zail g2+ 584 + 85
de 2 2 2 5 2
2 1 1
+ 382|584 +8s5 )+ 58485 (C86)
The redefinition
Adg,
1202 /A -8 (C87)
has been employed.
[
APPENDIX D: SUSCEPTIBILITY OF SOURCE TERMS The one-loop correction for the source term Ay resulting from
We consider the Lagrangian for the source terms as fol- Fig. 8(b) can be written as
lows: +o00 d " BBk
D D e
. . 2 a=1,2,4,53z @m)
Ly =AWy + AW+ Asy 21: Yroy¥ x [T, Go(i, k)Tx Goliw, K)T, W], (D3)
]:
F ATy + AaByoys W 4+ AsWiysW Substituting Eq. (C1) 1nt(zfq. (D2), we find
7 T w =0, D4
+ AgL Z(‘I’zy;yklll)+A6leJzyly2\IJ A (D4)
(1)) W 2A2
5 W = Apgy——— (W), (D5)
+ 870> Wiysy, W + Ag Biysys® ' VA
7L ysVj 72X 1Y5V3
= ! ¢ W =0, (D6)
2 3
- _ (1 2A
+As1 Y Wiy W+ Ag Wiys W+ AsWliyysy, W, = A323325 > 2f€(Wyoy3W) (D7)
j=1
s * T * i * WA(? =0, (D8)
+ AppWiyoya W + Ay Wy W + Ay Wiy ys W
t t 203 .
+ Ay Ty W 4 Ay oWy s BT (D1) WA(L) = ASgSTj/ZK(WiVS\D)’ (D9)
’ w2

1. One-loop order corrections for source terms
in particle-hole channels

There are two one-loop Feynman diagrams leading to the
corrections for source terms in particle-hole channels. The T N DG
one-loop correction for the source term Ay from Fig. 8(a) is
given by

1 +oodw
W = 2Axex(Irxw) Y /

a=1.2.45.32 FIG. 8. (a),(b) One-loop Feynman diagrams for the corrections

to the source terms in particle-hole channels. (c¢) One-loop Feynman
diagram for the corrections to the source terms in particle-particle
channels.

" d’k , ,
X f ——Tr[I"'xGy(iw, K)I',Gy(iw, K)]. (D2)
(2m)3
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(1)
WAGL =0,
Wl =0,
(1)
WAu =0,
Wi —o.
(1)
WASJ_ =0,
Wi =0
Substituting Eq. (C1) into Eq. (D3), we obtain
W =0,

1 3 i}
WA(? = EAz(—gl — & t+gi+g+ g3z)m£(‘l"l’),
3 2

WY = Asi(-g1+g+gi—gs+ g3z)L£ Z(q”’oyf‘y)’
3L 57[21)2\/; j=1

3
Wi = As(—g1+ 82+ 84— g5 — gsz)mnjz\—vzzﬂﬂ(‘i’yom‘l’),
W o
3
WD = As(—g1 + g2 + 81 — 85 — 83)——L(Biys ),
> 27202/A

3

W = Aei(—g1 — g2+ 84+ 85— 83Z)LE > (Winn ),
o StPvAVA (g

A3 .
2 _ .
Wi, = Be(—81—82+84+85+ g3z)—10n2v2\/x€(‘~1’13/1)/2‘~1’),
3 2

W = Ari(—g1— 8 — 84— g5+ g3z)Le >_(Wiysy; ),
7L 10m202/A =1

@ 2N
Wi = —A72(81 + 82+ 84 + 85 + 83) =Lt (Viysys V),
: Sm2v24/A

v2V/A

3A2 2
@ _ _ _ B -
Wy, = Bsi(—g1+8 — g4+ &s ggz)—lonzvzﬁe12:1(\11;;/,\1:),
3

?) 2A2 -
Wy, = Ag(—8g1+ & — 84+ &5 + 83.) ——~t(Viys V).
* Sm2u24/A

v2VA

From
Wa, =W+ W,
we arrive at
Wa, = §Ax(WTxW).
The parameters § Ay are given by
A =0,
3
2
-,
27202/A
A3
—'g,
572v2V/A

8Ny = Ap(—g1 + 382+ 84+ 85 + 832)

3Nz = A3 (—g1+ 82+ 84— 85+ 832)
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3

A2
Az, = As(—g1+ 82+ 84 — 85 +383;) o2 2[ (D33)
5A4 =0, (D34)
3
A2
dAs = As(—g1 + g2+ g4 + 385 — 832)27121)2\/26’ (D35)
5As. = Ag,( )—A% ¢ (D36)
= Noi(—g1— g2+ 84+ 85— :
6L 61(—81 —82 T84 1785 — 832 Snzvzﬂ
A2
8Ag; = Ag(—g1 — 82+ 84+ 85+ g3z)m€, (D37)
3A3
A7, = A71(—g1— 8 —8+— & + 83z)m5, (D38)
2A3
3A7, = A7 (—81— 82— 84— & — gk)mﬁ, (D39)
3A2
dAg = Agi(—g1+ 8 —g4++85— g3z)m£, (D40)
2A3
0Ag, = Ag(—g1 + 8 — g4+ g5+ g3z)mﬁ- (D41)

2. One-loop order corrections for source terms in particle-particle channels

In particle-particle channels, to one-loop order, there is one Feynman diagram as shown in Fig. 8(c) resulting in the corrections
to source terms. The correction can be expressed as

+00 d / d3k
Wa, =2Ay f @ Y [¥'TL G (iw, k)Ty Go(—iw, —k)T,¥*], (D42)
a= 1,2,4,5,3

where T represents transposition. Substituting Eq. (C1) into Eq. (D42), we get

Wa, = 8Ay (W Tyw*), (D43)
where
SAg = Ag( + g4 + ) 204 £ (D44)
s = A58 — & T84 785 — &3¢ 57t2v2«/Z ,

2A2
8Aop = ANpp(81 + 82+ 84 — g5+ &Jmﬁ, (D45)

3

2
SAv1 = Avi1(g1 + & —g4+85+g3z)m3, (D46)

A3
SAyy = Ayp(g1+8 — 8+ g5+ g3z)mﬂ, (D47)

A3
0Ay3 = Ays(g1+ 82 — g4+ 85— g3z)m£, (D48)

A3
JAyo = Ayo(gr — 82— 84— & + g3z)mﬂ~ (D49)

3. Derivation of the RG equations for source terms
In particle-hole channels, the bare action for the source terms is
dow d

Sy =A Y(w, K)I'y¥(w, k D50
X/2(2)3(w)x(w> (D50)
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Considering the one-loop order corrections, we obtain

do d’k -
Sy = (Ax +8Ax) 27 O V(w, K)I'x¥(w, k). (D51)
7 (2w
Using the transformations Egs. (C68)—(C71) and (C74), we can get
do' d°k’ -
5= (B + om0’ [ TSV @ KON @ K)
2w (2m)3
do' d’k’ -
~ (Ax + Ayl + SAX)/ 2—“’ oy V(o KTy W' (o, K). (D52)
T 2w
[
Letting
2 2
op = 5(81 + 82+ 84 — &5+ 832), D70
Ay = Ay + Ayl + 87y, (D53) Bop = 5(81+ 8+ 84— 85+ 83 (D70)
B, = L _
the action can be further written as Pra =581+ 82— 84 + 85+ 83:). (D71)
S = A/ / d_w/ d?’k/ \I//(a)/ k/)l"X\I//(w/ k/) (D54) BV,Z = %(gl +8 — 84185 +g3z)s (D72)
PTY ) om 2n)? ’ T . 1
= 1(g1+ 82— 84 + 85 — g3), D73
which recovers the form of the original action. We can easily Pra =381+ —8i+es—gx) (073)
find that the RG equation for Ay is ,Bv,o _ % (81 — g2 — 84 — 85+ 83.), (D74)
dAx dSAx
= —_— D55
dar x+ dar ( ) where
Performing similar rescaling transformations, we can get the
RG equation for source terms in particle-particle channels -~ dIn(Axy) B
Bxy = — L. (D75)

dAy dsAy
= Ay
de de

Substituting Egs. (D30)-(D41) into Eq. (D55), and substitut-
ing Egs. (D44)—(D49) into Eq. (D56), we get the RG equations

(D56)

p1 =0, (D57)
Bo=1(—g1+3g+gs+gs+g3). (D58)
BiL=1(—g1+8& +8& —8& +8) (D39)
Bs: = 75(—81 + &2 + 84 — g5). (D60)

Bs =0, (D61)

Bs = 1(—g1 + & + g4 + 385 — g3.), (D62)
BoL = 1(—g1 — g2+ 84+ 85 — 832, (D63)
Bo: = 15(—81 — g2 + g4 + g5 + 832, (D64)
Bri= (=81 —8 — g — 85+ &) (D65)
Br-=2(—81 — 8 — 8 — 8 — 832)» (D66)
BsL= (-8 +8 —gi+85—gx)  (D67)
Bs: = 2(—g1+ 8 — g4+ 85+ 83, (D68)
Bs = 2(g1 — g2+ 84+ 85 — 83), (D69)

For convenience, we show the physical meaning of differ-
ent order parameters and corresponding fermion bilinears in
Table IV.

TABLE IV. Physical meaning of different order parameters and
the corresponding fermion bilinears.

Order

parameter Fermion bilinear Physical meaning

A Wy W Chemical potential

A, WA Scalar mass

Azl > =12 Uypy, W Spin-orbit coupling within xy plane
Az, Pypys W Spin-orbit coupling along z axis

A4 Wyyys ¥ Axial chemical potential

As \Diys v Pseudoscalar mass

AgL U (iy,y3 + y3y1)¥ Magnetization within xy plane

Ag; Viyy, ¥ Magnetization along z axis

Aql > =12 Wiysy; U Axial magnetization within xy plane
A7, Wiysys W Axial magnetization along z axis
Agy Y1 iy W Current within xy plane

Ag, Wiy, W Current along z axis

Ag Wiivyysy, W* s-wave pairing

A,y Wiy, U* Odd-parity pairing

Ay Wiy, Vector pairing along x axis

Ay, Wiy ysW* Vector pairing along y axis

Ay Wiy e Vector pairing along z axis

Av.o Wiiyyy ys W Temporal vector pairing
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APPENDIX E: NUMERICAL RESULTS

1. Fixed points and their properties

Solving the RG equations for g, as shown in Egs. (C82)—(C86), we obtained the real roots as follows:

FPO:

FP1: (g7, &5 &) &5, &5.) = (0.152019, 1.25444,0.459247, —0.561711, 0.0551435),

FP2: (g7, &5, &4 &5, &3,) = (0.140905, —0.585585, 0.418385, 1.34668, 0.06996),

FP3: (g7, &5 & &5, &5,) = (—0.100015, 0.575751, —0.61003, 0.775675, 0.199924),

FP4: (g}, gh & &5, &5.) = (—2.33263,0, —0.610178, —1.72246, —1.72246),

FP5: (g7, &5, & &5, &5,) = (0.126936, —0.463077, —0.854005, 0.769245, 1.23232),

FP6: (g7, &5 &4» &5 &3.) = (0.0860014, 1.37623, 0.236822, —0.304132, 0.0941005),

FP7: (g, &5 & &5, &5,) = (0.103947, —0.465334, 0.29293, 1.43995, 0.0944817),

FP8: (¢!, gh, & &%, &5.) = (—3.33745, —1.22097, —1.28072, —1.32395, —0.102973),

FP9: (g7, 83, &4 &5, &3,) = (—2.68181, 1.06255, —1.97657, —1.35604, —2.41859),

FP10:

FP11:

FPO is the trivial Gaussian fixed point. FP1-FP11 are nontrivial fixed points.

Expanding the RG equations (C82)-(C86)

vicinity of a fixed point (g7, g5, g}, &5, g5,), we find

that
dG
— = MG,
de

where

381
382
G=|dg |,
3gs
8832

with 8g, = g, — g The matrix M is given by
My My Mz My M
My My My My Ms
M= |M; Mz Mz Mz Mss
My My Miz My My
Ms; Msy, Msz Msy Mss

where
My = —(3 + 385 + 385 + 385),
M, = —§(87 +g5),

Mz = —(%gT + %é’;z)’
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(81 &5 &40 85 85.) = (0,0,0,0,0), (E1)
(E2)
(E3)
(E4)
(E5)
(E6)
(E7)
(E3)
(E9)
(E10)
(81> &> &4 85» &3.) = (0,0, —1.25,1.25,1.25), (E11)
(g%, &5, &5, &5, &5.) = (=5.16737,0, —4.38982, —0.777544, —0.777544). (E12)
[

in the
My = —%(gf + g5 +g5.). (E19)
Ms = —%(gz +£5), (E20)

(E13)
My = -3¢ — 385 (E21)
My =—3+2g5 — 3¢t + tgi + g5 + &5, (E22)
(E14) Mo = 185 — &5 + 185, (E23)
Moy = 3¢5 — 38 — &5 + 385, (E24)
Mas = g5 + 1gi + 3¢5, (E25)
My = —3g} + %g5 + 245, (E26)
(E15) Mz = —3g5 + 38} — 18t + gb.. (E27)
My = —3 — 3¢5 + 385, (E28)
Msy = —3¢5 + 381 — 185 — 385, (E29)
(E16) Mss = —385, + 384 + 85 — 385, (E30)
(E17) My = %gT — 85— %83 - %82’ (E31)
(E18) Mo =3 +85— 58— 38— g% (E32)
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TABLE V. Eigenvalues of matrix M at different fixed points.

FPO FP1 FP2 FP3 FP4 FP5 FP6 FP7 FP8 FP9 FP10 FP11
—1.5 —3.12277 —-3.05426 —2.11269 —4.19874 —2.50996 —2.98441 —2.99224 —-5.70333 —5.29866 —2.25 —-9.30126
—1.5 —2.7634  —2.48233 —1.42791 —2.79748 —2.05542 —2.77106 —2.49091 —3.26902 —-3.36509 —2.25 —1.69424
—1.5 —1.77432 —1.76197 —1.26511 —2.46863 —1.41052 —1.80787 —1.77301 —1.46547 —1.38636 —1.47474 1.5
—1.5 —0.412398 —0.231803 —1.18664 —0.848268 —1.06884  0.390411  0.224733 1.5 1.5 0.974745  3.33999
—-15 15 1.5 1.5 1.5 1.5 1.5 1.5 247601  2.17557 1.5 5.46863

* 8

My = 3¢5 +85— 581 — 18 — 3¢5 (E33)
Myy= -3+ 58— +&+8i— 8. (B34
Mys = 3¢5, — 85 — &5 — Sgi, (E35)

Ms; = 3¢} — 185, — 3¢5 — 184 — 345, (E36)
Ms; = g5 — 3¢5, — 3¢} + 18 + 35, (E37)
Ms; = 3¢5 — 385, — 38 + 58 + 385, (E38)
Msy = 385 — 385 — 381 + 583 + 385, (E39)
Mss = =3 + 383 — 581 — 385 — 381 — 3¢5 (E40)

From eigenvalues of M at a fixed point (g7}, g5, &%, &5, &3,), We
can get the properties of the fixed point. A negative (positive)
eigenvalue is corresponding to a stable (unstable) eigendi-
rection [32,34]. For quantum critical point (QCP), bicritical
point (BCP), and tricritical point (TCP), there is/are one, two,
and three unstable direction(s), respectively. For a QCP, the
correlation length exponent is determined by the inverse of
the corresponding positive eigenvalue.

Substituting the values of g¥ at each fixed point into the
expression M, we calculate the corresponding eigenvalues of
M. The eigenvalues for the fixed points are shown in Table V.
For FPO, the eigenvalues of M are always negative; thus FPO
is a stable fixed point. We can find that there is one positive
eigenvalue for FP1, FP2, FP3, FP4, and FP5, and there are
two positive eigenvalues for FP6, FP7, FP8, FP9, and FP10,
and three positive eigenvalues for FP11. Thus FP1, FP2, FP3,
FP4, and FP5 are QCPs, FP6, FP7, FP8, FP9, and FP10 are
BCPs, and FP11 is a TCP.

It is easy to find that the correlation length exponents at the
QCPs FP1, FP2, FP3, FP4, and FP5 all satisfy

vl =1.5. (E41)

Substituting the values of g with i =1,2,4,5,3z into
Egs. (D57)-(D74), we can get values of Bx,y for different
Ay y, which are shown in Table VI. For a QCP, the largest
value of By y is marked by the bold style. It represents that
the fixed point is a QCP to the new state in which Ay y ac-
quires finite value. FP1, FP2, FP4, and FP5 are corresponding
to QCPs to a state in which A, As, A7, and Ag, acquire
finite value, respectively. For FP3, it stands for a QCP to a
state in which both A, and As become finite generally. This
state represents an axionic insulator whose order parameter
can be written as (¥[cos(@) + iys sin(8)]¥) [33].

APPENDIX F: INTERPLAY OF FOUR-FERMION
INTERACTION AND LONG-RANGE COULOMB
INTERACTION

The Coulomb interaction between fermions can be de-
scribed by the coupling between fermion field ¥ and boson
field ¢ as the following action:

S . /da)l d3k1 d(,()z d3k2 \il( K ) \I—’( Kk )
=1 — VY (w, wy,
Ve 2r Qny 2w @my b rPeEen
X p(w) — w2, ki — k), (F1)
where A = \iﬁ with e the elementary charge and € the dielec-
tric constant. The free action of ¢ is given by

do d’k 1
SO = | ——¢(w, k)| —k + /nk? |p(w, k). (F2
p /2ﬂ(2n)3¢( )<«/ﬁL kI (o, k). (F2)
1. Interaction corrections related to Coulomb interaction
a. Fermion self-energy induced by Coulomb interaction

As shown in Fig. 9(a), the fermion self-energy induced by
long-range Coulomb interaction is given by

+o00 dQ / d3
Selio, k) = —A2/ —/ d

YGo(iL2, Qyo

oo 2T 2m)3
x Dy(iow — i,k — q), (F3)
where
. N
Dy(i2, q) = ——. (F4)
7 +nq3

Substituting Egs. (C1) and (F4) into Eq. (F3), we obtain
Yc(io, K) = —ivtkiy1 + koy2) 2,1

— A3 T, (F5)
where
)\‘2 n i q2
Tc1 = 4—;/2_/ dqid|gs|q ———=
viq] +A%;
S (F6)
x 5,
(4% +n4?)
W20t [ A(=F +3ng
Tcs = m/ dq.dlqslq. it d

Yvial +A%;
1

— (F7)
(@ +ngd)’
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TABLE VI. Byy at different fixed points. The largest value at a QCP is marked by the bold style. Notice that FP1, FP2, FP3, FP4, and FP5

are QCPs.

FP1 FP2 FP3 FP4 FP5 FP6 FP7 FP8 FP9 FP10 FP11
Bi 0 0 0 0 0 0 0 0 0 0 0
B> 1.78199 —0.0313166 1.09642 —0.861228 —0.184302  2.03474 0.163708 —1.51656  0.0591369 0.625 —0.388772
BiL 0435705 —0.316965 —0.102003 0.344491 —0.196188 0.385057 —0.324365 0.411346 0.141049 —-0.25 0.155509
Bs. 0.212338  —0.165478 —0.070994 0.344491 —0.221326 0.183119 —-0.171631 0.21597 0.312383 —0.25 0.155509
B 0 0 0 0 0 0 0 0 0 0 0
Bs  —0.0893033 1.83099 1.09642 —0.861228 —0.184302 0.260278 1.97451 —1.51656 0.0591369 0.625 —0.388772
Bs. —0.312814 0.427957 —0.102003  0.344491 —0.196188 —0.324729  0.399958 0.411346 0.141049 —0.25 0.155509
Bs. —0.145378 0.227971 —0.0110167 —0.172246 0.14837  —0.143544 0.218875 0.185078 —0.413193 0.125 —0.0777544
Br1 —0.374656  —0.375128 —0.132437 0.882843 0.495967 —0.390247 —0.383104 2.11804 0.759982 0.375 2.86716
Br. —0.543656  —0.556138 —0.336522  2.55509 —0.324568 —0.59561 —0.586391 2.90643 294818 —0.5 4.44491
Bsi  0.00789679 0.0395537 0.558464  0.882843 —0.0597252 0.196553  0.144978 0.652867 2.03504 0375  2.86716
Bs: 0.0546439 0.108706 0.904558 —0.20084 0.906224 0.337352 0.26889 0.788112 0.778521 1.5 3.20084
Bs —0.504013 0.968638 —0.284018 —1.17712 —0.290828 —0.580657  0.883073 —1.84727 —1.86335 —0.5 —3.82288
Bopy 0993025 —0.521206 —0.284018 —1.17712 —0.290828  0.838916 —0.565572 —1.84727 —1.86335 —0.5 —3.82288
By 0.0881294 0.110715 0.412273 —1.03347 0.503886 0.203076 0.176024 —0.940925 —0.683464 0.75 —0.466527
Byo 0.0881294  0.110715  0.412273 —1.03347 0.503886  0.203076  0.176024 —0.940925 —0.683464  0.75 —0.466527
Bvi 0.16518 0.206828  0.830758 —0.861228  0.027394  0.41359 0.345578 —2.24934  0.709928  0.625 —0.388772
Bv.o —0.0472408 —0.0484308 —0.0320743 —0.0861228  0.0953547 —0.0564411 —0.053456 0.019261 —0.141517 0.0625 —0.0388772

A constant term that does not depend on energy and momenta
has been discarded.

Utilizing the transformations, Eqs. (B19)—(B21), and car-
rying out the integrations of £ and § within the ranges bA <
E < Aand 0 < § < 400, we get

Ye1~Cil, Xc3=0Cl, (F3)

where

+00 1 1

ds 1 1,27
V(1 +682)% (¢ +8(1 +82)2)
(F9)

+00 _ 2\1
/ ds/s(1 +52)%( ¢ +34d H, )g ),
0 (¢ +8(1+82)2)

(F10)

ere:

C=—
"7 872 0

A2r3
872v

G =

with ¢ = %.
(a) (b)

FIG. 9. (a) Feynman diagram for the self-energy of fermions in-
duced by long-range Coulomb interaction; (b) Feynman diagram for
self-energy of the boson field. The solid line represents the fermion
propagator and the spiral line stands for the boson field which is
equivalent to the long-range Coulomb interaction.

b. Boson self-energy
As depicted in Fig. 9(b), the boson self-energy is given by

d " d3k
(i, q) = —A> f 2 L2 T nGolio. Ky
2 2m)3

x Golio + i, k + q)]. (F11)

Substituting Eq. (C1) into Eq. (F11) and expanding to
quadratic order of 2 and ¢;, we arrive at
vk
E

g L[ a4
q3 2 1 | 3| 1 5
7 Ep

I 2
n(iQ,q)=,\2v2qi—/ dkidlkslky | —
872 E}

(F12)

Employing the transformations, Egs. (B19)-(B21), and per-
forming the integrations of E and §, IT can be expressed as

(iR, q) = C.q £ + C.q3¢, (F13)
where
332
- Fl4
L= o JAVA (19
IVEN/VE
C, = A NARE F15
< 2172p? (F15)

c. Corrections to fermion-boson coupling

As displayed in Fig. 10(a), the correction to fermion-boson
coupling induced by Coulomb interaction takes the form

v = 13/, dQ d’q Go(i2, Q)10Go(i€2, q)
= — — 182, ,
C l . (zﬂ)ﬂ/o 0 QYoGoliis, 4)yo

x Do(i2, q). (F16)
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(a) (b)
FIG. 10. Feynman diagrams for the vertex corrections to

fermion-boson coupling due to (a) long-range Coulomb interaction
and (b) four-fermion interaction.

Substituting Eqs. (C1) and (F4) into Eq. (F16), we find

" o dQ —Q° +Eg
o / 3
(27) (22 + E2)
—~T =0, (F17)
qj_ + UCIZ
which means
sath = 0. (F18)

As presented in Fig. 10(b), the correction to fermion-boson
coupling generated by four-fermion interactions can be writ-
ten as

VP =it Y ga/ o (2 )3r Goi, @)y

a=1,2,4,5,3z
x Go(i€2, Q)T .. (F19)
Substituting Eq. (C1) into Eq. (F19) one can obtain
v = i} / B /*“’ dQ
a=1, 2 4,53z
-Q*+E;
—Fa = (F20)
(@ +E)
Thus 61 is given by
sA? =o. (F21)
The total correction to fermion-boson coupling is
S =8 +60@ =0, (F22)

d. Corrections to four-fermion couplings induced by long-range
Coulomb interaction

The correction from Fig. 11(a) is

"do d’k
2r (2m)3

X Go(iw + i2, K + q)]1Do(i2, q).

Figure 11(b) leads to the correction

VO = 22%g, (T, W) / Tr[yoGo (iw, k)T,

(F23)

3

2 2n )3
x Go(i€2, Q)yoW1Dy(i€2, q).

VO = —43%g,(¥T, \1/)/ —— [ UpGo(i2, Q)T

(F24)

IS0,
A0 q 2,

O
& 3

/\\
N
AVAVAVAVA
00000000

(a) (b) ()

=] 75 S
oD C

& (O Q7

Is4 - O

= N

d AL

g &,

&) & @)

=] oF )

@ T (e ()

FIG. 11. Feynman diagrams for the vertex corrections to four-
fermion interaction induced by long-range Coulomb interaction.

The correction from Figs. 11(c) and 11(d) takes the form
dQ dq

21 2n )
X (W[yGo(i€2, )T,
+ TaGo(—i2, —q)yolW}Do(i€2, q).

!
VIH® = —4)%, / ——[UT,Go(iR, q)yo¥]

(F25)

Figures 11(e) and 11(f) generate the correction

dQ d3q
27 27)3
x Do (i, ){ ¥ [1Go(i€2, )0
+ 10Go(—i2, —q)IYoW}Do(i€2, Q).
Substituting Egs. (C1) and (F4) into Eq. (F23), we get

v = g4 f (¥ 10Go (i€, q)yo V]

(F26)

Vy? =g (W0, (F27)
where
580 = —2¢, (\/ECL + &)e, (F28)
N

8¢5 =0, (F29)

5gd) =0, (F30)

8¢ =0, (F31)

8¢5 = 0. (F32)

Substituting Egs. (C1) and (F4) into Eq. (F24), we arrive at

VO = 5800, w), (F33)
where
889 =0, (F34)
88y = g:2G5¢, (F35)
88 =0, (F36)
8¢5 = gsCst. (F37)
88 = —g5:Cat, (F38)
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with

)\’2 400 1 1

C; = “f ds 1 -
2= Jo V(1482 ¢ +8(1 4 82)°

(F39)

22 +oo 83 1

S L R L —. (F40)
2m%v Jy (14682 ¢ +8(1+68%)?

Substituting Egs. (C1) and (F4) into Eq. (F25), V"*® can
be written as

V1(7)+(8) = —(Viy; W)’ g Cat, (F41)
V(7)+(8) Z(‘I’VOVJ‘I’) g:Cst, (F42)
j=1
VS = —(Wiysys )2 gaCal, (F43)
V5(7)+(8) =— Z(\Pyzyk‘l‘)zgscsﬂ’ (Fa4)
({lk))
yr® _ g, (F45)
where
)»2 +o0 1 1
‘o NG s : —. (F46)
472y J, V(146825 ¢ +8(1 +82)°

Through the relations Eqs. (A37), (A38), (A41), and (A43),
we obtain

VOH® = [(Bypsw)? — (WiysW)? — (Tyops W) 1g1Cal,
(F47)

VIO = [ (D) + (DW) + (T )

—2(ViysW)? — (Tyys0)*1gaCse,  (F4A)

VTS = [(UyoW)? + (Wiys W) + (Tyoy3 W) 1g4Cal,
(F49)
VIO = (D) + (B0) — (Fyys )
+ (Tyoy3 W)’ 1gsCst. (F50)

Thus the total correction from Figs. 11(c) and 11(d) can be
expressed as

yD+®) _ Z v (D+®)

a=12.453;
= Y sy, (EsD)

a=12,4,53;

where

8877 = (—g2Cs + 82C4 + g5Cs)L. (F52)
Sg(7)+(8) (g2Cs + g5Cs)L, (F53)
8g(7)+(8) (g1C4 + g2Cs — gsCs)e, (F54)
Sg(7)+(8) (—81C4 — 282Cs + g4Ca)e, (F55)
(Sg<7>+(8) = (—g1Cys — 82Cs5 + g4C4 + g5Cs)L.  (F56)

Substituting Egs. (C1) and (F4) into Eq. (F26), one can get
7202

i} A
VORI — (§jys w2t Col, (F57)

where
e [t 83 1
ds : —- (F58)
(1482 [¢ +8(1+82)°]

Using Eq. (A43), we can get

Co =

4,2
2r*v? J

V(9)+(10) [ (\IJVOVS\p)z‘i‘(\Ijl'}/s\IJ)Z
2,245
- n202A3
+ (Fpys W) ———Cel.  (F59)
2
It indicates that
3¢y =0, (F60)
8¢y =0, (F61)
2A7
5y 1 = VA (F62)
2
2 ZAl
Bg(59)+(10> _ T ji; 2 Cot. (E63)
2 2A%
5g<39z)+(1o> _Tv Col. (F64)

3
2

2. RG equations

Considering the correction of interactions, the action of
fermions becomes

s _/da) d’k ¥
L 2m)3

+iAk3ys — Zelio, k) | W(w, k)

/da) d’k -

~ — )\
2w (2m)3

x €91 + iAk;y3e©") W(w, k). (F65)

Employing the transformations, Eqs. (C68)—(C71), (C74), and
(F66)

(o, K)[iwyo + ivkiyr + ivkyy,

(o, K)(ioy + ivkiyr + ivkays

v=ve G,

A=Ae (F67)

the action becomes
Sy = / d_w/ﬂ\p
2w (2m)3
+iA' K ys) ¥ (@, K),
which recovers the original form of the fermion action.

Including the correction of boson self-energy, the action of
¢ can be written as

(@, K)(io'yo + Vkiy + V'K ys

(F68)

B do d°k 2 ’
Sd,—/gmqb( k)<fk + /nk; +H(k)>¢(a) k)

do &k 1 <,
~ f 2w rp @ k)<ﬁkieﬁw ke )

X ¢(w, K).

(F69)
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Utilizing the transformations, Egs. (C68)—(C71), and

(6]
5 ﬁCL+W )z

p=¢eli—

n = n/e(fwﬁcp%)e

(F70)

(F71)

the action can be expressed as

S _/dw’ &’k (K 1
e S MW T

0+«W&)dem
(F72)

which has the same form as the original action of boson.
Including the correction of one-loop Feynman diagrams,
the action of fermion-boson couplings can be written as

S dw; d°k; da)zdkz_
v = ’(“”m/ @n)y 27 2ny
X W(wy, ko)p(w) — w2, ki — ko)
=ix/@ ki dan &k,

2 27)3 2w (2nw)?
x (w1 — @2, k1 —Ky),

V(wi, ki)yo

(w1, k) yo V(w2 k)
(F73)

since A = 0. Employing the transformations, Eqs. (C68)—
(C71), (C74), (F70), and

(")

r=2Ne 4 , (F74)
the action becomes
S [da)l d3k’ dw2 d3k’ VoK)
;= wr,
Ve 2w Qn) 2n (Qm)s o Cr RPN
X W' (), Ky (0] — )y, K] —K)), (F75)

which recovers the original form of the action of fermion-
boson coupling.

Including the corrections of one-loop Feynman diagrams,
the action of four-fermion interaction becomes

d(x)l d3k1 dw2 d3k2
Sys = 45g,) [ den
P4 a=1;5 N (g + 8 )/ 27_[ (27.[)3 27.[ (27.[)3

da)3 d3k3
271 2m)3
x V(w; — wy + w3, K

——U(wy, k)W (w2, k)W (w3, k3)T,

—ky + ks).

Using the transformations, Eqs. (C68)—-(C71), (C74), and

(F76)

€ = (g0 + 8¢ 3 ~ gy — 3g.l + 880, (FT7)

we get

s Z /da)1 d3k/ de dzk’ da)3 d3k’
v = 2r 1)} 27 2n) 27w (2m)3

a=1,2,4,5,3z
X W (), KT W' (@), k)P (0}, k5T,
-k +k3),

X W'(0] — o) + 0}, K| (F78)

which recovers the original form of the action.

From the transformations as shown in Eqgs. (F66), (F67),
(F71), (F74), and (F77), we can get the RG equations

v _ ¢ (F79)
ac ~ Y
A _cal (F80)
de 2
dn
— =(- , F81
10 (I=B+y)m (F31)
dg B+vy
@“e__rrr, F82
e 5 (F82)
aa_ (11, a+ip-L)a 3
dae T2 Ty TRk T
o _ (- lp] (F84)
e\ TP T v
g /1 1
b _ (L Yo _g)s F85
T, (2 2C2 .3>l3 (F85)
dy 1 1
Y (il 20—y )y, F86
T, (2+2C2 C V)V (F86)

= —Z81 — Z481

dg 32
de 2175

1 2
g+ 584 + 85) - g(gzgs

+8483; + 8583.) —281(B+y) + ( —281Cy

1
- _gICZ — 82Cs + g2C4 + gscs), (F87)

dor _ 3 o (343
ar 282 2 T &2 581 584 585 83z
2 L1, 2
5 8185 T 84| —85 5g3z SgSgSZ
+ ( 28,Cy — —ngz + 82G5 + §2C5 + 85C5>
(F88)
degs 3 1, 1
20 - 8T 58— 5(821 +&+8+8)
2 2 7
+ 58483 + 38 (g2+g5)+g —38 + g3,
1 1
— 5858 + | 81Cs + 82Cs — 2g4C1 — §g4C2
2
—85Cs | — §C67 (F89)
dgs 3 6, 1, 2 2 2
W = _585 + ggs + 5(81 + g + & +g3z)

2 1
+85(—g1+ 8+ 84+ —83:) — g1<282+2g4)

4 8
- gz<§g4 + 83z> — 5848t ( — 81C4 — 282Cs

1 2
+ 84Cy — 2g5Cy — Egscz + g5C3> + gCG» (F90)
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(@) (b)

FIG. 12. One-loop Feynman diagrams for the corrections to
the source terms in particle-hole channels induced by long-range
Coulomb interaction.

dg3 3 2 1
d—; =58t §g§z+ 5(8% +g+8+8s)

2 1 +2g,+3 —l—3
583z 281 &2 84 285

1
=84+ 85

2 1 2
— 81l 8+ -8 +8 )+ -8 >

5 2 5
1

+ 58485 + < — 81C4 — 82Cs + g4Cy + g5Cs

1 2
—2g3.Ci — §g3zC2 - g3zc4> + gcs, (F91)

where
)LZ
= —, F92
« dmv ( )
_ AV A
A= VA , (F93)
v/n
B = Jic, = 2 (F94)
=Nl = ST A
C, 16 .
= — = —0A, (F95)
Jno 21m
and redefinition
A%g
o4 Y Fo6
7202V/A & (56)

has been employed.

3. Source terms

The one loop correction for the source term Ay in particle-
hole channels induced by long-range Coulomb interaction as
shown in Fig. 12(a) can be written as

+0o0 / d3k
W = ZAXAZ(\PI‘X\II)f do | ——
X —0 Qr)
x Tr[[x Go(iw + i2, k + @)y Golio, K)]

x Do(i2, q). (F97)

In particle-hole channels, the one-loop correction for the
source term Ay from Fig. 12(b) is given by

+0o0 K9 / d3 B
w@=—mvﬁ/1 22 | S [yGoiin, @y

o 2n ) @n)p

X Go(i€2, )yoW1Do (i€2, q). (F98)

It should be noted that long-range Coulomb interaction does
not induce correction for the source terms in particle-particle
channels.

Calculating the corrections for source terms in particle-
hole channels induced by long-range Coulomb interaction
through Eqgs. (F97) and (F98), and rederiving the RG equa-
tions for Ay, we finally obtain

Ba, = —2(B + ), (F99)

Ba, = 3(—g1 + 382+ g4+ 85 + 83:) + 5C3.  (F100)
Bas, = 3(—g1+ 8 + 8 —8 +83)+3Cs,  (F101)
Ba,. = 15(—81 + 82 + 84 — g5+ 383) + 3C4, (F102)
Ba, =0, (F103)

Bas = 3(—g1 + 8> + g4 +3g5 — g3) + 1G5, (F104)
Bag, = 3(—81 — g2+ 84+ 85 — g3.) + 3Cst,  (F105)
Bas. = 75(—81 — g2+ 84 + &5 + g3:) + 3Cal,  (F106)

Ba,, = 55(—81 — 82 — 84 — &5 + g3:) + 3(Cs + Cs),
(F107)

Ba, = 2(—g1 — g — g4 — g5 — g3) + Cs, (F108)

Bag, = 35(—81 + 8 — 84+ 85 — 83:) + 2(Cs + Cs),
(F109)

Bay. = 2(—g1+ 8 — 84+ g5+ g3) + Cs, (F110)

where B and y are given by Eqs. (F94) and (F95) and Cs, C4,
and Cs are given by Eqs. (F39), (F40), and (F46), respectively.
The RG equations for source terms in particle-particle chan-
nels are still given by Egs. (D69)-(D74).
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FIG. 13. Flows of «, §, v, and A with different initial values of
Coulomb strength « : 0.02 (blue), 0.05 (red), 0.1 (green), 0.5 (black),
and 1.0 (magenta). By = 0.1 is taken.
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FIG. 14. Flows of g1, g2, g4, &5, and g3, are shown in (a)—(e) with
different values of Coulomb strength «: 0.1 (blue), 0.2 (red), 0.3
(green), 0.4 (black), and 0.5 (magenta). (f),(g) Flows of Bxy which
approach positive infinity and ratios between By y. In (a)—(g) g1.0 =
0, 820 = 14, 840 = 0, 850 = 0, 83,0 = 0, and ﬁ() = 0.1 are taken.
oy = 0.5 is taken in (f) and (g).

4. Numerical results

The flows of &, B, v, and A are shown in Figs. 13(a)-13(d),
respectively. We can find that « approaches zero quickly in
the lowest energy limit. It represents that long-range Coulomb
interaction becomes irrelevant in the lowest energy regime. As
shown in Fig. 13(b), 8 — % which indicates the anisotropic
screening of Coulomb interaction. According to Figs. 13(c)
and 13(d), v and A approach constant values in the lowest
energy limit. Thus the fermion dispersion is not changed
qualitatively by long-range Coulomb interaction.

According to Fig. 14, the four-fermion interactions be-
come divergent more quickly with the increase of the initial

3
0 —00=0.1 —ao=5 2 (b)
& 1 —a,=1 —ao=10 §1
=2
% () 0

FIG. 15. Flows of g1, g2, g4, &5, and g3, are shown in (a)—(e)
with different initial values of Coulomb strength «q: 0.1 (blue), 1
(red), 2 (green), 5 (black), and 10 (magenta). (f),(g) Flows of Bx,y
which approach positive infinity and ratios between By y. In (a)—~(g)
810=0, 220=0, g40=0, g50=0, g3:0=0, and B = 0.1 are
taken. oy = 10 is taken in (f) and (g).

value of Coulomb strength. This result reveals that the
long-range Coulomb interaction can enhance the instabilities
in particle-hole channels, although it becomes irrelevant in
the low energy regime. As shown in Figs. 15(a)-15(e), if the
initial value of the Coulomb strength is large enough, we can
find that, even if the initial values of the four-fermion interac-
tions all vanish, the four-fermion interactions can be generated
and become divergent finally at a finite energy scale. Accord-
ing to Figs. 15(f) and 15(g), the axionic insulating phase is
generated if the initial value of Coulomb interaction is strong
enough.
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