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New (α β γ)-incommensurate magnetic phase discovered in the MnCr2O4 spinel at low temperatures
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The nuclear and magnetic structure of the spinel MnCr2O4 is reinvestigated by magnetization, specific heat,
and neutron diffraction experiments at different temperatures. Four samples of this spinel synthesized under
different atmospheres are analyzed. Through these experiments, a new magnetic phase, with propagation vector
�kI2 = (0.6597(1) 0.5999(1) 0.1996(2)), not previously reported, is identified below 18 K when the sample is
synthesized under a reductive atmosphere. A possible explanation for the different magnetic ground states
observed is given based on the competition among the main exchange interactions present in the system. Using
the magnetic superspace group formalism, the symmetry of the nuclear and magnetic structures is determined.
The presence of transverse conical magnetic structures in the lower-temperature phases allows for multiferroicity
in this compound, and the electric polarization direction is determined for each magnetic phase.
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I. INTRODUCTION

Nowadays, chromium-based normal spinel oxides ACr2O4,
where A is a divalent cation, are among the most stud-
ied materials in the condensed matter community due to
the interplay between their magnetic, electric and structural
properties as well as to their potential application to dif-
ferent key industry sectors, such as magnetic refrigerators,
supercapacitors, solid oxide fuel cells, lithium-oxygen bat-
tery electrodes, catalytic materials, and magnetic devices
[1–8]. In these compounds, several physical behaviours have
been observed, which include magnetostriction, colossal mag-
netoresistance, multiferroicity, spin frustration, and others
[5,9–24].

These chromium spinel oxides crystallize with the normal
cubic spinel structure, space group (SG) Fd 3̄m, at high tem-
peratures. In this structure, the tetrahedral A sites are occupied
by A2+ cations forming a diamond sublattice, while the octa-
hedral B sites are occupied by Cr3+ (S = 3/2) cations forming
a pyrochlore sublattice (see Fig. 1). The local crystal field
produced by the oxygen anions O2− splits the 3d orbitals of
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the Cr3+ cation into a low-lying t2g triplet and a higher-energy
eg doublet, while the orbitals of the A2+ cations are split into
a lower eg doublet and a higher t2g triplet [19,25,26].

In these systems, the main magnetic interaction is the
strong JCrCr antiferromagnetic direct exchange between the
nearest-neighbor cations [19,25,27,28]. This interaction leads
to a highly frustrated ground state on the pyrochlore sublat-
tice. This frustration can only be released by the so-called
spin-Jahn-Teller effect for compounds with nonmagnetic A
cations, where lattice distortions induce differences between
the exchange coefficients originally uniform for each Cr3+-
Cr3+ pair. In contrast, if A cations are magnetic, the coupling
of Cr3+ spins to the A cations spins on the bipartite diamond
lattice removes the magnetic frustration, and the system ap-
parently maintains the nearly cubic structure even in its low
temperature magnetic state [12,15,19,22,23,26,29–32]. In this
case, the Curie-Weiss temperatures (�CW) in ACr2O4 were
found to be significantly higher than the long-range mag-
netic ordering (LRO) temperature (TN) for the non-Jahn-Teller
magnetic cations (A = Mn, Co) [12,19]. This ratio |�CW|/TN

measures the degree of magnetic frustration. An schema of the
nuclear structure of MnCr2O4 is depicted in Fig. 1.

For the cubic spinel systems (AB2O4), a theory of the
ground state spin configuration was presented by Lyons, Ka-
plan, Dwight, and Menyuk (LKDM) almost 60 years ago [33]

2469-9950/2023/107(14)/144401(14) 144401-1 ©2023 American Physical Society

https://orcid.org/0000-0002-5234-0504
https://orcid.org/0000-0002-6799-8421
https://orcid.org/0000-0003-3844-0602
https://orcid.org/0000-0002-8173-1846
https://orcid.org/0000-0002-7210-8374
https://orcid.org/0000-0002-5542-3700
https://orcid.org/0000-0002-4480-4137
https://orcid.org/0000-0003-4347-7565
https://orcid.org/0000-0002-3600-1721
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.144401&domain=pdf&date_stamp=2023-04-03
https://doi.org/10.1103/PhysRevB.107.144401


M. PARDO-SAINZ et al. PHYSICAL REVIEW B 107, 144401 (2023)

FIG. 1. Nuclear structure of MnCr2O4 showing the octahedral
(CrO6), in blue, and tetrahedral (MnO4), in purple, positions.

describing complex magnetic orders. In this theory, the de-
gree of magnetic frustration is represented by the parameter
u = 4JBBSB/3JABSA, where JBB, JAB are the nearest-neighbor
exchange interactions between spins SB and SA on the A and
B sites. The possible values of u describe different magnetic
structures, ranging from a Néel collinear configuration for u �
u0 = 8/9, to a LRO spiral structure, which is locally stable
for u0 < u < u′′ ≈ 1.298, but unstable if u > u′′. In particular,
for MnCr2O4 , where the A2+ ions are Mn2+ (S = 5/2), the
values reported for u are 1.6 [29] and 1.5 [12]. However, the
importance of the JAA exchange interaction in determining the
spiral order has also been highlighted [19,25,27,34,35], since
the LKDM theory does not take it into account.

Neutron diffraction studies reported that MnCr2O4 shows
a ferrimagnetic LRO (FIM), with an easy axis parallel to
the 〈11̄0〉 direction, below TN ∼ 41 K. When the temperature
decreases below TI ∼ 18 K, this ferrimagnetic phase coexists
with a spiral short-range order (SRO) given by a propagation
vector parallel to the 〈110〉 direction [12,29,34,36]. Elec-
tron paramagnetic resonance (ESR) experiments were also
compatible with the neutron scattering experiments [19,37].
However dielectric measurements, in addition to the anoma-
lies found at TN and TI in other reports, showed signatures of
a lock-in temperature at TF ∼ 14 K [38].

Recently, Lin et al. [32] with magneto-electric, heat capac-
ity and Raman spectroscopy studies on MnCr2O4 claimed for
the existence of a first order magnetic phase transition from
an incommensurate to commensurate state below TF ∼ 17 K
anticipating that the oxygen content could be a key factor de-
termining the magnetic ground state. These “unconventional”
proposed magnetic orders at low temperatures also induce
ferroelectricity, as has been reported in Refs. [23,32].

However, there is not a definitive answer yet on the range
of the measured incommensurate spiral phase appearing be-
low TN neither the existence of a new commensurate phase
at the lowest temperatures as proposed [32]. Moreover, no
systematic study has been reported on the role of the synthesis
conditions on the magneto-structural properties in MnCr2O4 .

Therefore, in this paper, we reinvestigate the nuclear and
magnetic structures of the MnCr2O4 as function of the tem-
perature (T ) in powder samples synthesized under different
conditions by using magnetization, specific heat, and neutron
powder diffraction (NPD) experiments. Our results confirms

the existence of three LRO magnetic phases; a FIM with
propagation vector �kN = (0 0 0), an incommensurate spiral
phase with �kI1 = (δ δ 0), and a new one, never reported, with
�kI2 = (α β γ ). The transition temperatures of these phases
depend on the oxidizing or reductive atmosphere in which the
samples were synthesized.

The magnetic superspace group (MSSG) formalism
[39–41] used in this work allows for the complete determi-
nation of the global symmetry of the system (both of the
magnetic and nuclear contributions) expressed with crystal-
lographic rules. An explanation of these transitions based on
experimental and theoretical results is also discussed.

II. SAMPLE PREPARATION
AND EXPERIMENTAL DETAILS

Four different batches of microcrystalline powder of
MnCr2O4 were prepared under different synthetic conditions.
All samples were obtained by the solid phase reaction method,
in which powder of MnO and Cr2O3 with molar ratio 1:1 were
mixed and heated up to 1200 ◦C for a time, t , under a reductive
atmosphere, with Ar and H2 with ratio 20:1, (samples S1R
and S2R) or oxidizing, in atmospheric air conditions, (samples
S1A and S2A). The annealing time t was 48 hours for samples
S1R and S1A and 24 hours for samples S2R and S2A.

Preliminary structural characterization at room tempera-
ture (RT) indicated that reductive samples (S1R and S2R)
included only MnCr2O4, while for the oxidizing samples
(S1A and S2A) also a minority impurity phase of Cr2O3

appeared.
An additional single crystal of MnCr2O4, with a mass of

2.8 mg and labeled SC1R, employed in the heat capacity
and some magnetization measurements, was prepared by a
laser-diode-heated floating zone furnace (equipped with five
200 W lasers, Crystal Systems Corporation). To minimize
evaporation of MnO in the crystal growth, the crystal growth
was performed under 0.6 MPa of Ar atmosphere, and traveling
speeds of feed and seed rods were set to be 20–22 mm/h. To
compensate for the evaporation, the polycrystalline feed rod
composed of MnO and Cr2O3 in the molar ratio of 1.25:1.

The specific heat of SC1R at zero field and the magnetic
properties of all the samples, were measured, respectively, in
a physical properties measurement system (PPMS-9T) and a
magnetic properties measurement system (MPMS-XL5), both
manufactured by Quantum Design.

NPD experiments in S1R were performed at different tem-
peratures (1.6 K � T � 300 K), on the two-axis spectrometer
G.4.1, installed at the cold neutron guide G4 of the Labo-
ratoire Léon Brillouin in Saclay, France. The wavelength of
the incident neutrons was fixed at λ = 2.419 Å. A pyrolytic
graphite filter efficiently eliminated higher-order contamina-
tion. The diffractograms were collected in an angular range
from 5.0◦ � 2θ � 85◦.

For S1A, S2R, and S2A samples the NPD experiments
were performed at different temperatures (5 K � T � 300 K)
on the High Intensity Total Diffractometer NOVA, installed
at the thermal guide BL21 of the Materials and Life Facility
(MLF) in Tokai, Japan. We focus our analysis on the data set
corresponding to the bank at 2θ = 90◦, at which it is possible
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FIG. 2. Temperature dependence of the magnetization with an
applied magnetic field H = 200 Oe measured after zero field cooling
(ZFC) (black dots) and field cooling (FC) (red dots) procedures for
samples S1R (a), S1A (b), S2R (c), and S2A (d). TN is showed with
a purple line, while TI1, TI2, and TL are showed with blue, pink, and
grey lines in the inserts.

to observe the magnetic satellite peaks with the highest resolu-
tion possible. Additional measurements in S1R and S1A were
also performed at S-HRPD (Super High Resolution Powder
Diffractometer), installed at the thermal guide BL08 of MLF.

III. RESULTS

A. Magnetization and heat capacity experiments

Magnetization versus temperature measurements have
been done for all the four samples under the zero field cooling
(ZFC) and field cooling (FC) modes with applied magnetic
field H = 200 Oe, as it is depicted in Fig. 2. In all cases, a sud-
den increase in the magnetization as the temperature decreases
is observed at around TN = 41 K, indicating a transition from
the paramagnetic (PM) to a FIM state. The transition temper-
ature TN for each sample is shown in Fig. 2 with a purple
vertical line.

In S1R and S2R two anomalies at TI1 ≈ 20 K and TI2 ≈
18 K are observed [see the insert in Figs. 2(a) and 2(c)].
The magnetization curves for S1A and S2A show also two
anomalies at lower temperatures at TI1 ≈ 19 K and TL ≈ 16 K,
this one more visible in the ZFC curves. TI1, TI2 and TL are
showed in the insert of Fig. 2 with vertical blue, pink and grey
lines.

The inverse susceptibility at high temperatures was fit-
ted to a characteristic expression for ferrimagnetic ordering
[19,42,43], given by

1

χ
= T − �CW

C
− η

T − θh
, (1)

where C is the Curie constant, �CW is the Curie-Weiss tem-
perature. The first term is the high-T asymptote that has a
Curie-Weiss form, and the second term is the hyperbolic low-

FIG. 3. Temperature dependence of heat capacity CP (blue dots)
at zero field and ZFC (black dots) and FC (red dots) magnetization
curves at H = 200 Oe for SC1R sample. The heat capacity curve
shows clearly three transitions temperatures TN = 40 K, TI1 = 20 K,
and TI2 = 18 K.

T asymptote in which η and θh are functions of the molecular
field coefficients defining the interactions between the A and
B sub-lattices. The fitted χ−1(T ) for S2R by Eq. (1) gives
the values C = 7.79(3) emu K mol−1, �CW = −427(3) K,
η = 1707(16) mol K emu−1, and θh = 26.8(2) K. The effec-
tive magnetic moment is determined to be μeff ∼ 7.89(3) μB

(μeff = μB
√

3kBC/NA), which is close to the theoretical value
(μtheo = 8.04 μB) expected for high-spin Cr3+ (S = 3/2) and
Mn2+ (S = 5/2). The ratio of |�CW|/TN ∼ 10 indicates a
significant magnetic frustration due to competing JCrCr, JMnMn,
and JMnCr exchange interactions at low temperatures.

Following the same analysis as was carried out by
Winkler et al. [19], we can use a Weiss mean-field (MF)
model and relate the fitted parameters from Eq.(1) with the
AFM exchange constants between sublattices, thus obtain-
ing: JCrCr = −38.0(5) K, JMnMn = −8.4(2) K, and JMnCr =
−13.9(2) K. From these values, we can calculate the ratio
R ≈ JCrCr/JMnCr ∼ 2.74(4), which is slightly different to the
reported values R ≈ 3 [28] and 3.02 [19].

The temperature-dependent magnetization with an applied
magnetic field H = 200 Oe under ZFC and FC protocols
together with the heat capacity for the SC1R single crystal is
depicted in Fig. 3. The ZFC and FC magnetization curves fol-
low similar behavior as in its powder counterpart. However the
heat capacity curve CP(T ) shows at TN = 41 K an anomaly,
that corresponds well with the FIM transition temperature,
followed by two sharp peaks at TI1 = 20 K and TI2 = 18 K,
signaling that two phase transitions take place at these temper-
atures. Heat capacity curves for MnCr2O4 synthesized under
air conditions reported by other authors [23,35,44] only devel-
oped a single anomaly at low temperatures. For temperatures
below TN, it is noticeable the different behavior of the magne-
tization and heat capacity curves depending on the atmosphere
under which the sample was synthesized.

B. NPD experiments

Some representative powder diffraction patterns collected
between 1.6 and 300 K are shown in Fig. 4 for all samples.
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FIG. 4. Low Q part of diffraction patterns obtained at different temperatures for S1R sample at G.4.1 (a), S2R sample measured at NOVA
(b), S1A sample at S-HRPD (c), and S2A sample at NOVA (d). Reflections due to the Cr2O3 impurity in (c) and (d) are labeled with a yellow
diamond. The satellite reflections due to �kI1 and �kI2 are, respectively, indicated in the upper part of each figure with red and blue symbols
(asterisk and circles). The reflections mentioned in Fig. 5, (2 2 0) + �kN, (0 0 2) + �kI1 and (1 1̄ 1) + �kI2 are, respectively, marked with black, red,
and blue circles.

In this section, we will focus in a qualitative analysis of these
patterns and for that reason only the low-Q part is plotted.

The first remarkable issue is the presence of an impurity
phase for the oxidizing samples, S1A and S2A, which is
clearly visible as a reflection at Q = 1.74 Å−1 detectable at
all the temperatures with constant intensity. These reflections
are showed in Figs. 4(c) and 4(d) with an asterisk. In the next
section we will see that this impurity correspond with Cr2O3

and amounts for around 3%.
In all four samples it is possible to observe an increase

in the intensity of the reflection at Q = 2.1 Å−1 below TN ∼
40 K. This is related with the phase transition from the para-
magnetic state to an ordered magnetic state with propagation
vector �kN = (0 0 0) and it is associated to the ferrimagnetic
state already reported. Also a bump in the background around
Q = 1.46 Å−1 for temperatures in the vicinity of TI1 � 20 K
is observed in all the samples. This bump is related with
some magnetic SRO that anticipates the appearance of a set
of new satellite reflections, indexed with an incommensurate
propagation vector �kI1 = (δ δ 0), for T � TI1 = 20 K. This
propagation vector is in agreement with other NPD experi-
ments done in MnCr2O4 [12,29,34,36]. In Fig. 4, the satellite
reflections associated to �kI1 are signalled with red symbols
(asterisk and circles) for each sample.

For sample S1R [Fig. 4(a)], a different set of satel-
lite reflections develops for T � TI2 = 18 K, being the new
incommensurate propagation vector �kI2 = (α β γ ). For this
sample, at these temperatures, the simultaneous presence of
�kI1 and �kI2 vectors is not detected. However, for sample S2R
[Fig. 4(b)], the same propagation vector �kI2 appears for T �
TI2 = 18 K but some reminiscence of the reflections coming
from �kI1 still survive until the lowest measured temperatures.
Satellite reflections due to the �kI2 propagation vector are
shown with blue symbols (asterisks and circles) in Fig. 4.

The diffractograms for S1A [Fig. 4(c)] collected at T �
TI1 = 19 K show reflections which can all be indexed with
a unique �kI1 till the lowest measured temperature. For the
sample S2A [Fig. 4(d)] at T � TI1 = 19 K, also both prop-
agation vectors survive but in this sample the minority phase
correspond to �kI2.

The evolution with the temperature of the intensity for the
(2 2 0) nuclear reflection, which also has a magnetic contribu-
tion indexed with �kN (in black), the satellite (0 0 2) + �kI1 (in
red) and the satellite (1 1̄ 1) + �kI2 (in blue) for the different
samples is shown in Fig. 5. For samples S1R and S2R, we
clearly observe a sharp decrease in the intensity for the reflec-
tion (2 2 0) at TI2 = 18 K, when the new �kI2 propagation vector
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FIG. 5. Evolution with temperature of the intensity of some
magnetic reflections; (2 2 0) + �kN in black, (0 0 2) + �kI1 in red and
(1 1̄ 1) + �kI2 in blue for each sample. The transition temperatures
determined from the magnetization measurements TN, TI1, TI2, and
TL are showed with purple, blue, pink, and grey lines.

appears. However, in sample S1A or S2A, no sharp decrease
in the (2 2 0) nuclear reflection intensity is observed because
the new �kI2 does not appear, like in S1A, or its intensity is
small, like in S2A, and therefore its relative effect in the
high intensity (2 2 0) line is imperceptible. The evolution of
these intensities together with Fig. 4 allows to quantitatively
distinguish between the different magnetic phases that are
present, as will be discussed later in Sec. V B.

IV. ANALYSIS OF THE NPD EXPERIMENTS

In this section, the Rietveld refinement and symmetry
analysis of the diffractograms collected for all the samples
at different temperatures will be presented in detail. For it,
different tools were used, which include the FULLPROF SUITE

[45], the ISODISTORT SUITE [46,47], and several utilities within
the Bilbao Crystallographic Server [48–51]. The magnetic su-
perspace group (MSSG) formalism [39–41] will be employed
to describe the different magnetic and nuclear structures.

A. Paramagnetic phase

The diffractograms at room temperature for all the sam-
ples were refined within the magnetic space group (MSG)
Fd 3̄m.1′ in which the Mn, Cr, and the O occupy, respectively,
the Wyckoff positions (WP) 8a, 16d , and 32e. Moreover for
samples synthesized in oxidizing atmosphere (S1A and S2A)
an impurity phase of Cr2O3, with structural parameters given
by Ref. [52], was refined to account for some extra peaks. For
samples S1R and S2R, the impurity was not detected.

An improvement in the refinements for samples S1A and
S2A was made by supposing that there is a relatively small
defect, ε, of Mn2+ replacing the lack of Cr3+ on the B sites.
Since they were synthesized under air, we can suppose that
a reaction like the following takes place in the synthesis

process:

MnO + Cr2O3 + 3
2ε O2→Mn1−2ε[MnεCr1−ε]2O4 + ε Cr2O3,

where the excess ε of O2 (from the air) produces the impurity
phase. No improvement was made by refining the occupancy
of the O2− ions, which suggests that no oxygen diffusion
process takes place. At these temperatures, the main free
structural parameters refined for MnCr2O4 were the lattice
parameter a and the atomic position x of the O atom, which
were in good agreement with Ref. [25]. The amount ε of Mn
detected at the site 16d was 0.19(2) and 0.07(5) for, respec-
tively, S1A and S2A. The weight percentage of impurity was
2.94(5)% for S1A and 3(1)% for S2A. All these parameters
are listed in Table I for the sample S1A.

It was considered that the amount of the impurity phase
determined in the paramagnetic phase is keep constant in
the subsequent refinements done for each sample (S1A and
S2A) at lower temperatures. Moreover, when the symmetry
decreased, and therefore the WP split, as lowering the tem-
perature, the occupancy ε of Mn at the site of the Cr 16d has
been considered homogeneously shared among the new WP
(e.g., 4b and 4d at Imm′a′ at T = 35 K).

B. (0 0 0) - ferrimagnetic phase

As the temperature decreases below 298 K, the diffraction
patterns show no substantial changes. However, depending on
each particular sample, below ∼41 K a magnetic intensity
appear superimposed with some nuclear Bragg reflections
indicating the presence of a �kN = (0 0 0) propagation vector.
This behavior is common to all the four samples.

As mentioned before, the paramagnetic structure is de-
scribed by the Fd 3̄m.1′ MSG, regardless of the impurity
presence. Using Irreducible Representations concepts, we can
decompose the magnetic representation for each of the WP 8a
and 16d as direct sum of Irreducible Representations (irreps)
of Fd 3̄m.1′, which is the little group of �kN = (0 0 0), as
follows:

m�8a = 1m�+
4 (3) ⊕ 1m�−

5 (3),

m�16d = 1m�+
2 (1) ⊕ 1m�+

3 (2) ⊕ 2m�+
4 (3) ⊕ 1m�+

5 (3),

which shows that the common irrep for both sites is m�+
4 (3),

according the notation of the Bilbao Crystallographic Server
(BCS) [48–51]. This magnetic order could be described by 9
free parameters, 6 for the Cr site and 3 for the Mn one.

In order to obtain more information about the real
symmetry of this magnetic phase we employed the k-
SUBGROUPSMAG tool of the BCS which provides with the
isotropy subgroups of the parent group Fd 3̄m.1′ that are com-
patible with the m�+

4 (3) as a primary irrep. Following this
procedure, six isotropy subgroups appeared (R3̄m′, I41/am′d ′,
Imm′a′, C2′/c′, C2′/m′, and P1̄) each of them with a different
order parameter direction. For each one of them, we split the
parent WP for Mn(8a), Cr(16d), and O(32e) accordingly to
the lower symmetry of each isotropy subgroup.

We were successful at fitting the data of this phase, in
all the samples, with the centrosymmetric magnetic subgroup
Imm′a′, which allows an order parameter direction along
〈a ā 0〉. In this case the parent Mn(8a), Cr(16d), and O(32e)
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TABLE I. Structural refinement for sample S1A at T = 298, 30, and 9.1 K obtained from the patterns collected at S-HRPD. The forth
column (I∗

1) shows the results obtained considering the values that reproduce the parent WP as fixed parameters [i.e., u = 0.73593(2)].

S1A: S-HRPD

Phase PM FIM I1 I∗
1

T (K) 298 20 9.1 9.1

MSSG Fd 3̄m.1′ Imm′a′ Im′a′2(0 0 γ )0ss Im′a′2(0 0 γ )0ss

# 227.129 74.559 46.1.12.4.m245.1 46.1.12.4.m245.1
�k (0 0 0) (δ δ 0) (δ δ 0)

δ 0.62730(5) 0.62725(5)

irreps m�+
4 (3) m�+

4 (3) ⊕ m2(1) m�+
4 (3) ⊕ m2(1)

a (Å) 8.43673(1) 5.96069(1) 5.96062(2) 5.96061(2)

b (Å) 5.96069(1) 8.42567(5) 8.42568(5)

c (Å) 8.42566(4) 5.96062(2) 5.96061(2)

Mn 8a( 1
8

1
8

1
8 ) 4e(0 1

4 z) 4b( 1
4 y z) 4b( 1

4 y z)

y 0.88(1) 0.875

z 0.128(1) 0.0(1) 0.000

Cr 16d ( 1
2

1
2

1
2 ) 4b(0 0 1

2 ) 4a(0 0 z) 4a(0 0 z)

z 0.5(1) 0.500

4d ( 1
4

3
4

1
4 ) 4b( 1

4 y z) 4b( 1
4 y z)

y 0.250(6) 0.250

z 0.2(1) 0.250

O 32e(u u u) 8h(0 y z) 8c(x y z) 8c(x y z)

u , x 0.73593(2) 0.527(5) 0.528 = −2u

y 0.476(2) 0.735(4) 0.736 = u

z 0.736(1) 0.0(1) 0.000

8i(x 1
4 z) 4b( 1

4 y z) 4b( 1
4 y z)

x 0.222(2)

y 0.486(5) 0.486 = u − 1
4

z 0.515(1) 0.8(1) 0.778 = −2u − 3
4

4b( 1
4 y z) 4b( 1

4 y z)

y 0.015(4) 0.014 = −u − 1
4

z 0.7(1) 0.722 = 2u − 3
4

ε Mn(16d) 0.19(2) 0.19 0.19 0.19

% wgt. Cr2O3 2.94(5) 2.94 2.94 2.94

RBragg 1.74 4.30 4.11 4.17

became Mn(4e), Cr(4b), Cr(4d), O(8h), and O(8i) in the new
MSG. The results of our Rietveld refinement of the S-HRPD
diffractograms for S1A at 20 K are listed in the second column
of Table I and show that the tetragonal structure is a quasi
cubic one. Figure 6 shows the evolution of the lattice param-
eters with temperature for samples S1R and S1A. The values
are referred to the standard setting of the paramagnetic group.
Table I shows the atomic coordinates in the standard setting
of each MSG. In this magnetic structure the magnetic mo-
ments of each Cr and Mn sublattices order ferromagnetically
along the 〈1 1̄ 0〉 axis and are coupled antiferromagneti-
cally, in accordance with the results from previous studies
[12,19,29,34,36,37,53].

The observed and calculated diffractograms for selected
temperatures of S1R, emphasizing the low Q part where
magnetic signals are more visible, are depicted in Fig. 7 and

the numerical values for the magnetic moments obtained from
such refinements in sample S1R are also listed in the Table II,
where the atomic coordinates, lattice parameters and magnetic
moments are referred to the standard setting of the paramag-
netic group. For all the samples, these values are similar.

A schema of the (0 0 0) - FIM phase happening in all the
samples can be found in Fig. 9.

C. (δ δ 0) - incommensurate phase

As decreasing the temperature below TI1 = 20 K, for the
reduced samples, and TI1 = 19 K for the oxidized ones, new
magnetic satellite reflections, indexed with a incommensurate
propagation vector �kI1 = (0.6233(4) 0.6233(4) 0), the same
for all the samples, appear. However the magnetic contribution
at the nuclear Bragg reflections indexed with �kN = (0 0 0) is
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FIG. 6. Temperature-dependent changes in the lattice parameters
for samples S1R and S1A. To enable easy comparison at lower tem-
perature values, the temperature axis is presented on a logarithmic
scale. The lattice parameters are referred to the standard setting of
the paramagnetic group.

still present and it even continues increasing. This can be
observed in Fig. 5.

Thus the magnetic structure in this phase is described by
two irreps at least, one for each propagation vector. In this
case, the decomposition of the magnetic representation of the
space group Fd 3̄m.1′ and �kI1 = (δ δ 0), with δ = 0.6233(4),
for the WP 8a and 16d shows that the same four 1-d irreps are
present at both sites according to

m�8a = 1m1(1) ⊕ 2m2(1) ⊕ 1m3(1) ⊕ 2m4(1),

m�16d = 2m1(1) ⊕ 4m2(1) ⊕ 3m3(1) ⊕ 3m4(1).

Therefore the irreducible representations theory, does not help
to restrict the number of free parameters to unambiguously
describe the magnetic structure.

In this magnetic phase, it is not possible to use the Shub-
nikov magnetic groups, since the propagation vector implies
an incommensurate structure, but we have to make use of the
magnetic superspace group (MSSG) formalism [39–41].

In this general formalism, the magnetic structure is
described by a basic structure, related to the nuclear param-
agnetic cell, in addition to a series of d-magnetic modulation
functions with propagation vector �ki, and its n-harmonics,
that describes the variation from the basic structure of the
magnetic moments. These modulations are given by addi-
tional internal coordinates x3+i (i = 1, 2, . . . , d), one for each
propagation vector, where x3+i = (�ki · �rl j ) and �rl j represents
the position of atom j in the lth unit cell. If we consider only
one propagation vector, then the magnetization �Ml j can be
expressed in a real Fourier series as

�Ml j = �Mj,0 +
∞∑

n=1

[ �Mn
j,s sin(2πnx4) + �Mn

j,c cos(2πnx4)
]
. (2)

In our case, the sum has one term (n = 1) because of the
presence of only one propagation vector �kI1, with only one
harmonic, so Eq. (2) reads

�Ml j = �Mj,0 + �Mj,s sin(2πx4) + �Mj,c cos(2πx4),

FIG. 7. Representative Rietveld refinements at selected temper-
atures for sample S1R. In red are shown the observed points and
in back continuous line the calculated pattern with the parameters
shown in Table II. The blue continuous line and the green ticks indi-
cate the difference between the observed and calculated profile and
the nuclear and satellite peaks generated by the magnetic superspace
group, respectively.

where x4 = �kI1 · �rl j . The sine and cosine modulation waves
�Mj,c cos(2πx4) and �Mj,s sin(2πx4) must comply with the sym-

metry constraints imposed by the MSSG. This formalism
has been very recently implemented in FULLPROF [45], in
combination with the ISOTROPY SUITE [46] to allow for the
refinement of neutron diffraction data.

Several MSSGs are compatible with the combination be-
tween Fd 3̄m.1′ and magnetic distortions for the Mn and Cr
atoms, given by 2 superposed irreps: m�+

4 (3) for the prop-
agation vector �kN = (0 0 0) (� point) and depending on the
irreducible magnetic representation chosen for �kI1 = (δ δ 0),
( point). From all the possible isotropy subgroups, we fo-
cused our analysis on the ones described by the irrep m�+

4 (3)
with the order parameter direction along 〈a ā 0〉.

After a systematic analysis by trial and error, the best fit,
shown in Fig. 7(c), was obtained for the noncentrosymmetric
Im′a′2(0 0 γ )0ss MSSG, described by a combination of the
irreps m�+

4 (3) and m2(1). Similarly to the �kN-FIM phase,
the nuclear structure of this MSSG is a tetragonal one, and
the WP are further split from Mn(4e), Cr(4b), Cr(4d), O(8h),
and O(8i) in FIM-phase to Mn(4b), Cr(4a), Cr(4b), O(8c),
O(4b), and O(4b) in the new I1 phase. The quality of the
refinement can be appreciated in the Fig. 8, where the full
diffractogram measured in S-HRPD for S1A at T = 9.1 K
is shown together with the Rietveld fit and the difference
between the calculated and observed profiles. The results of
the Rietveld refinement for S1A at 9.1 K can be found in the
third column of Table I. A comparison with the fourth column
of Table I, in which the values that reproduce the parent WP
were fixed [i.e., u = 0.73593(2)], shows that the tetragonal
distortions are practically negligible.
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TABLE II. Structural and magnetic refinement for sample S1R at T = 298, 30, 20, and 1.6 K obtained from the patterns collected at G.4.1.
The atomic coordinates, lattice parameters, and magnetic moments are referred to the standard setting of the paramagnetic group.

S1R: G.4.1

Phase PM FIM I1 I2

T (K) 298 30 20 1.6

MSSG Fd 3̄m.1′ Imm′a′ Im′a′2(0 0 γ )0ss P1(α β γ )0

# 227.129 74.559 46.1.12.4.m245.1 1.1.1.1.m1.1
�k (0 0 0) (δ δ 0) (α β γ )

δ , α 0.6233(4) 0.6597(1)

β 0.5999(1)

γ 0.1996(2)

irreps m�+
4 (3) m�+

4 (3) ⊕ m2(1) m�+
4 (3) ⊕ mK(1)

a (Å) 8.4355(2) 8.4297(6) 8.4297(5) 8.4271(7)

b (Å) 8.4297(6) 8.4297(5) 8.4306(2)

c (Å) 8.426(1) 8.425(1) 8.426(7)

�M0 〈1 1̄ 0〉 〈1 1̄ 0〉 〈1 0 0〉
�Ms 〈1 1 0〉 〈0 0 1〉
�Mc 〈0 0 1〉 〈0 1 0〉

Mn 8a( 1
8

1
8

1
8 ) 8e( 1

8
1
8

1
8 ) 8b( 1

8
1
8

1
8 ) 4a( 1

8
1
8

1
8 )

M0 (μB) −2.92(3) −3.35(3) −3.11(4)

Ms = Mc (μB ) 0.88(8) 2.8(2)

4a( 7
8

7
8

7
8 )

M0 (μB) −3.11(4)

Ms = Mc (μB ) 2.8(1)

Cr 16d ( 1
2

1
2

1
2 ) 8d ( 1

2
1
2

1
2 ) 8b( 1

2
1
2

1
2 ) 4a( 1

2
1
2

1
2 )

M0 (μB) 1.20(8) 1.35(7) 1.12(7)

Ms = Mc (μB ) 0.88(3) 3.43(7)

4a( 1
4

3
4 0)

M0 (μB) 1.12(7)

Ms = Mc (μB ) 2.24(7)

8b( 3
4 0 1

4 ) 8a( 3
4 0 1

4 ) 4a( 3
4 0 1

4 )

M0 (μB) 1.00(4) 1.15(4) 1.03(6)

Ms = Mc (μB ) 0.42(8) 0.66(8)

4a(0 3
4

1
4 )

M0 (μB) 1.03(6)

Ms = Mc (μB ) 1.58(8)

RBragg 0.696 0.627 1.17 1.62

RBragg (Mag.) 1.80 3.94 3.22

Regarding the magnetic structure of this phase, the Cr
and Mn sublattices remain coupled antiferromagnetically with
a net magnetic moment �Mj,0 pointing along 〈1 1̄ 0〉, while
the propagation vector �kI1 induces a cycloidal order where
the modulated components �Mj,c and �Mj,s are in the plane
perpendicular to 〈1 1̄ 0〉. The magnetic parameters of the
Im′a′2(0 0 γ )0ss MSSG obtained from the refinements in
sample S1R are listed in the third column of Table II. The
amplitude of the modulation waves �Mj,c, �Mj,s was constrained
to the same value, since no improvement in the refinement was
observed if they acted as independent parameters.

A schema of the (δ δ 0) - incommensurate phase happening
in all the samples can be found in Fig. 9(b).

D. (α β γ ) - incommensurate phase

For the sample S1R, a different set of satellite
reflections appear below TI2 = 18 K, which are in-
dexed with the incommensurate propagation vector �kI2 =
(0.6597(1) 0.5999(1) 0.1996(2)). For this phase the magnetic
contribution at the nuclear Bragg reflections (�kN = (0 0 0)) is
also present, although its intensity slightly decreases, as can be
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FIG. 8. High-resolution diffractogram collected at T = 9.1 K
for sample S1A at the instrument S-HRPD. In red are shown the
observed points and in back continuous line the calculated pattern
with the parameters shown in Table I. The blue continuous line and
the green ticks indicate the difference between the observed and
calculated profile and the nuclear and satellite peaks generated by the
magnetic superspace group, respectively. The insert shows a zoom of
the low-Q part, where the scale is the same as in Fig. 7.

observed in Fig. 5. As it was previously mentioned, for S1A
no satellite reflections which could be indexed with �kI2 were
found down to the lowest temperature measured. Meanwhile,
all �kN, �kI1 and �kI2 vectors are detected below TI2 = 18 and
19 K, for, respectively, samples S2R and S2A (see Fig. 5). The
simultaneous presence of �kI1 and �kI2 in these samples suggests
the existence of microcrystallites with different magnetic
ordering.

The magnetic structure in this phase is also described by
two irreps. The decomposition of the magnetic representation
of space group Fd 3̄m.1′ and �kI2 for the WP 8a and 16d gives
m�8a = 6mK(1) and m�16d = 12mK(1), where the 1-d-irrep
mK(1) stands for a general point of the Brillouin zone. Never-
theless, the irrep mK(1) does not impose any constraint to the
symmetry of the magnetic structure, which can be described
by 18 free parameters, 12 for the Cr site and 6 for the Mn one.

Two MSSGs are compatible with the combination between
the MSG Fd 3̄m.1′ and magnetic distortions for the Mn and
Cr atoms, given by 2 superposed irreps: m�+

4 (3) for the
propagation vector �kN (� point) and mK(1) for �kI2 = (α β γ )
(K - general point). However, only in the case of the noncen-
trosymmetric P1(α β γ )0 MSSG a good fit is obtained, as can
be observed in Fig. 7(d).

At this point the only symmetry operations that remain
for the nuclear structure are the centring of the faces, which
implies that the WP are further split to 4a for all the atoms
(see Table II). Although the nuclear space group is triclinic,
only the cell parameters were fitted independently, since no
improvement in the refinement was observed if the cell angles
were allowed to vary from 90◦. In fact the deviation of the cell
parameters respect the cubic case is quasi-imperceptible, as
can be read from Table II.

The magnetic structure described by the P1(α β γ )0
MSSG is also a transverse conical ferrimagnetic structure,

but the net magnetic moment �Mj,0 is reoriented along 〈1 0 0〉,
while the modulated components �Mj,c and �Mj,s of the propa-
gation vector �kI2 remain in the yz plane.

In the same way as in the previous (δ δ 0) phase, the am-
plitude of the modulation waves �Mj,c, �Mj,s was constrained to
the same value, since no improvement in the refinement was
observed relaxing this constraint. Also the values of �Mj,0 were
constrained to be the same for the split atoms that belonged to
the same WP in the Imm′a′ MSG. The nuclear and magnetic
parameters obtained from the refinements in sample S1R are
listed in the fourth column of Table II.

A schema of the (α β γ ) - incommensurate phase happen-
ing in S1R, S2R, and S2A samples can be found in Fig. 9(c).

V. DISCUSSION

A. Temperature evolution

Figures 10(a), 10(b) and 10(c) show the evolution of the
magnetic moment modulus Mj , the half-cone angle α and the
net magnetic moment Mj,0, respectively, extracted from the
Rietveld analysis of sample S1R. A visual representation of
these parameters is depicted inside Fig. 10(b). The number in
the name of each j atom follows the order of appearance in
Table II.

Below TN ∼ 41 K, where the �kN = (0 0 0) ferrimagnetic
phase is developed, Mj and Mj,0 are equivalent, and an in-
crease in these values followed by a plateau is observed. The
split in the WP of Cr is easily observed in Figs. 10(a) and
10(c), since one of the Cr sublattices (B1: Cr1 and Cr2) has a
slightly higher value than the other one (B2: Cr3 and Cr4).
Below TI1 = 20 K, �Mj,0 remains at almost the same value
as in the previous phase. However, a sudden increase for all
the atoms in both the magnetic moment modulus Mj and
the half-cone angle α signals the development of a conical
magnetic structure in the (δ δ 0) phase [see Figs. 10(a) and
10(b)].

The half-cone angle values obtained at 20 K for the A,
B1, and B2 sublattices are, respectively, 26◦, 41◦, and 34◦.
Previous works reported for the same set of angles the values;
24◦, 62◦, 14◦ [29] and 28◦, 85◦, 11◦ [12]. However, in those
studies the magnetic moment of both Mn2+ and Cr3+ was
fixed to its spin-only value, and in this work it were consider
as fitting parameters.

Below TI2 = 18 K the (α β γ ) phase is developed, and the
Mn are split into two different sublattices, which display a
nearly identical behavior [see Figs. 10(a) and 10(b)]. Mean-
while, the four Cr sublattices are further split into 4, and in
both cases, the split is divided into a sublattice with values for
Mj and α that follow the previous tendency (Cr2 and Cr3),
and another sublattice with a steep increase for these values
(Cr1 and Cr4). As the temperature is decreased, all the sublat-
tices values remain constant down to the lowest temperature
measured. The saturation value for the Mn2+ is close to the
calculated value of 4.3 μB [36], while in the B sublattices
none of the Cr3+ ions reach its theoretical saturation value
of 3.87 μB. As it was mentioned before, the values of �Mj,0

in the (α β γ ) phase were constrained to be the same for the
split atoms that belonged to the same WP in the Imm′a′ MSG.
A small decrease in �Mj,0 can be observed in Fig. 10(c), in
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FIG. 9. Views of the magnetic structures determined for each phase: (a) (0 0 0), (b) (δ δ 0), and (c) (α β γ ).

agreement with the evolution of the nuclear intensities ob-
served in Fig. 5(a).

By plotting the component of the net magnetic moment
Mj,0 which is parallel to the 〈1 1̄ 0〉 direction, a good agree-
ment is observed between the values obtained from the

FIG. 10. Temperature evolution of the parameters defining the
magnetic structures: Mj (a), α (b), and Mj,0 (c) extracted from
the Rietveld analysis of sample S1R. A comparison between the
magnetization obtained from the fits to the NPD data (red) and the
susceptibility measured at ZFC (black) is shown in (d).

analysis of the NPD data and the net magnetization calculated
from the ZFC susceptibility, which is shown in Fig. 10(d).

B. Sample dependence

Taking into account both the results from the magnetiza-
tion and heat capacity experiments and the analysis of the
NPD experiments, a summary of the magnetic phases that
are observed in each sample is presented in Fig. 11. The

FIG. 11. Magnetic phases observed for each sample together
with their phase transition temperatures. Green: paramagnetic order,
purple: (0 0 0) - FIM phase, pink: (δ δ 0) - incommensurate phase,
blue: (α β γ ) - incommensurate phase. For samples S2R and S2A,
the percentages of each incommensurate phase present at the lowest
temperature measured is given.
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differences observed in the transition temperatures of these
phases suggest a strong dependence between the magnetic
ground state and the atmosphere in which the samples
were synthesized. This idea was already pointed out in
Refs. [32,54]. In particular, it seems that the synthesis of
a sample under an oxidizing atmosphere prevents the full
development of the (α β γ ) phase at the lowest temperatures
reached. The annealing time t also plays a role, since for
samples S2R and S2A, where this time is smaller, we observe
the simultaneous presence of the (δ δ 0) and (α β γ ) phases.
From the analysis of the NPD experiments, we can estimate
the contribution of each magnetic phase in these samples to be
22(5)% of (δ δ 0) and 78(5)% of (α β γ ) for S2R, and 74(4)%
of (δ δ 0) and 26(4)% of (α β γ ) for S2A.

An explanation for the different magnetic ground states ob-
served can be given in terms of the main exchange interactions
competing in this system, which we have derived from the
analysis of the magnetization data to follow JCrCr > JCrMn >

JMnMn. Previous works [19,27,55] suggested that the interac-
tion between nearest neighbors in B sites, JCrCr, results from
the competition between a strong antiferromagnetic direct
exchange between d-d orbitals and an indirect 90◦ ferro-
magnetic interaction mediated by O2−-p orbital. Meanwhile,
the coupling between A and B sites, JCrMn, can be explained
by a superexchange Cr3+-O-Mn2+ path. For Cr3+ ions, with
empty eg orbitals and half-filled t2g orbitals, the 120◦ JCrMn

interaction is antiferromagnetic and weaker relative to the
direct overlapping mechanism of the JCrCr interaction. The
interaction between A sites, JMnMn, can be associated with a
superexchange mechanism mediated also by oxygen anions,
which gives rise to a weakly antiferromagnetic interaction.

If the JCrCr interaction is dominated by the antiferromag-
netic direct exchange term, then magnetic frustration on the B
sites is produced due to their spatial arrangement (pyrochlore
sublattice). This frustration can be partially released through
the JCrMn interaction, which prevents the Jahn-Teller distortion
[19,22], in agreement with the almost negligible tetragonal
and monoclinic distortions observed in our NPD experiments.
The interplay between both interactions is expected to pro-
duce the transverse conical structure observed in the (δ δ 0)
phase. As the temperature is decreased, the small JMnMn in-
teraction plays a role in destabilizing the (δ δ 0) magnetic
ground state and a new distorted transverse conical structure
is developed in the (α β γ ) phase.

The impact of the synthesis conditions on the magnetic
structure can be understood by considering the high depen-
dence of JCrCr, JCrMn and JMnMn on the distances between
ions, specially for the Mn-O bonds [19,23]. In the case of the
samples S1A and S2A, a small defect ε, of Mn2+ is present on
the A-sites and an excess ε of Mn2+ appears at the B-sites. In
such case, the JMnMn interaction would be weakened, therefore
preserving the magnetic ground state developed in the (δ δ 0)
phase.

By taking into account the calculated value of the ex-
change interactions, we can also deduce the parameter u =
4JBBSB/3JABSA ≈ 2.2. Previous neutron diffraction studies
obtained u = 1.6 [29], 2.1 [36], 1.343 [34], and 1.5 [12].
The wide range of values for this parameter can be due to
the different synthesis conditions. Nevertheless, all of them
satisfy u > u′′ ≈ 1.298, implying an unstable spiral LRO

propagating along 〈110〉. Tomiyasu et al. [12] proposed that
such instability is due to a weak magnetic geometrical frus-
tration causing spiral short-range order. In our case, a value
of u = 2.2, indicating that the (δ δ 0) phase is not the ground
state, is in agreement with the appearance of the (α β γ ) phase
at lower temperatures.

Although there has been an extensive research on this ma-
terial [5,12,19,21,23,29,32,34–38,44,53], it has not been until
recently that a new low-temperature phase transition has been
proposed [32]. There, an incommensurate spiral spin order to
a commensurate one (CSSO) transition is suggested, although
no hint on the magnetic structure developed in this CSSO
is given. As we have shown in this work, this transition is
rather from one incommensurate conical to another, where the
latest phase has also a incommensurate propagation vector �kI2.
The aforementioned sensitivity to the synthesis conditions can
give an explanation on why this (α β γ ) phase has not been
reported before, as in previous studies no special precaution
was taken regarding the synthesis of this compound under an
oxidizing or reductive atmosphere.

It would be interesting to perform a similar systematic
study for the CoCr2O4 spinel, where some studies have re-
ported the existence of an incommensurate conical structure
with propagation vector (0.63 0.63 0) below 26 K, and a tran-
sition into a commensurate propagation vector (2/3 2/3 0)
plus two satellite peaks with propagation (0.035 0 0) and
(0 0.035 0) at ∼14 K [9,18,56].

C. Multiferroicity

Previous electric polarization experiments performed in
MnCr2O4 [23,32] showed that this compound is an improper
multiferroic. Those results could be explained by two models,
the inverse Dzyaloshinskii-Moriya (DM) [57–59] or the spin
current coupling mechanism [60]. In the former model, the
spiral magnetic order polarizes an oxygen through the magne-
tostriction, while in the later one the ferroelectric polarization
of the electronic orbitals is induced without the involvement
of a spin-lattice interaction. Recently, significant oxygen dis-
placements observed by x-ray powder diffraction suggested
that the inverse DM model could be more appropriate to in-
terpret the ferroelectricity observed in Ref. [23]. In our results
however, the refined structural parameters do not have enough
resolution to shed more light into this matter.

Nevertheless, for both models the spontaneous electric po-
larization is related to the canting of the spins (�Si and �S j) on
two neighboring sites (i and j), and can be mathematically
expressed by the same expression:

�P ∝ �ri j × ( �Si × �S j ), (3)

where �ri j represents the vector that connects the i and j
sites. This polarization can also be expressed in terms of
the propagation vector and the net magnetization �Mj,0 as in
Refs. [15,18]: �P ∝ �k × �Mj,0. From this expression, it can be
observed that a nonzero value of the electric polarization is
present for transverse conical (cycloidal) modulations, where
the spin rotation axis is not parallel to the propagation vector.

From the viewpoint of the magnetic symmetry, the non-
centrosymmetric Im′a′2(0 0 γ )0ss and P1(α β γ )0 MSSGs
have magnetic point groups (m′m′2 and 1, respectively) which
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allow the presence of such transverse conical structures,
which implies the existence of multiferroicity in both (δ δ 0)
and (α β γ ) phases. Furthermore, from Table II, we can
quickly estimate the electric polarization to point along the
〈0 0 1〉 direction in the (δ δ 0) phase, while for the (α β γ )
phase the spontaneous polarization vector is expected to lie
along the 〈0 1 3̄〉 direction. Such theoretical results are similar
to the ones described in [23,32] for the (δ δ 0) phase. However,
for the new (α β γ ) phase, our results should be compared
with experimental data in order to confirm that the mechanism
responsible for the multiferroicity is the same before and after
the transition at 18 K.

VI. CONCLUSIONS

The nuclear and magnetic structures of the spinel
MnCr2O4 are reinvestigated as function of the temperature
in powder samples synthesized under different conditions by
using magnetization, specific heat and NPD experiments.

Through these experiments we confirm the existence of
three LRO magnetic phases; a FIM with propagation vec-
tor �kN = (0 0 0), an incommensurate spiral phase with �kI1 =
(δ δ 0), and a new one, never reported, with �kI2 = (α β γ ).

The global symmetry of each magnetic phase was determined
using the MSSG formalism.

A possible explanation of the different magnetic ground
states observed is given based on the competition among
the main exchange interactions present in this system. The
transition temperatures of the three LRO magnetic phases
depend on the oxidizing or reductive atmosphere in which
the samples were synthesized, and a possible explanation of
these transitions based on experimental and theoretical results
is also discussed. Finally, the presence of transverse conical
magnetic structures in both (δ δ 0) and (α β γ ) phases allow
the existence of multiferroicity. Using the spin current model,
we have derived the direction along which the spontaneous
electric polarization should lie for each magnetic phase.
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