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Fixed points on band structures of non-Hermitian models: Extended states in the bandgap

and ideal superluminal tunneling
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Space-time reflection symmetry (PT symmetry) in non-Hermitian electronic models has drawn much attention
over the past decade mainly because it guarantees that the band structures calculated under open boundary
conditions be the same as those calculated under periodic boundary conditions. PT symmetry in electromagnetic
(EM) models, which are usually borrowed from electronic models, has also been of immense interest, mainly
because it leads to “exceptional” parameter values below which non-Hermitian operators have real eigenvalues,
although PT symmetry is not the sole symmetry that allows such exceptional parameter values. In this work, we
examine one-dimensional PT-symmetric non-Hermitian EM models to introduce novel concepts and phenomena.
We introduce the band-structure concept of “fixed points,” which leads to “bidirectional” reflection zeros in
the corresponding finite structures, contrary to a common belief about the EM structures with PT symmetry
(and without parity inversion and time-reversal symmetries). Some of the fixed points manifest themselves as,
what we name, “extended states in the bandgap” on the band structure while some other fixed points are the
“turning points” of the band structure. The extended states in the bandgap are in fact the dual of the well-known
“bound states in the continuum,” while the turning points allow us to observe “ideal” superluminal tunneling
in the corresponding finite structures. By “ideal” superluminal tunneling, we mean the case where not only the
transmission coefficient has an almost uniform phase over a broad bandwidth, but also the magnitudes of the
transmission and reflection coefficients are almost equal to unity and zero, respectively, over the bandwidth.
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I. INTRODUCTION

Spinless electronic systems without time-reversal (T) sym-
metry are allowed to support protected edge states [1-3] with
whose electromagnetic (EM) counterparts can be realized in
structures made of materials with a nonreciprocal EM re-
sponse [4]. Spinful electronic systems with T symmetry are
also allowed to support protected edge states [5—7], with EM
counterparts that have been realized in structures made of ring
resonators [8] and bi-anisotropic elements [9], where the role
of spin is played by the EM wave’s propagation direction and
polarization, respectively.

Strictly speaking, parity inversion (P) is the reversal of
either one spatial coordinate axis or all three spatial coordinate
axes. Sometimes the reversal of two spatial coordinate axes is
also called parity inversion, although it is in fact a 7t rotation.
Unlike T, which is always non-Hermitian, always antiunitary
(leading to TiT~! = —i), and sometimes noninvolutory (T~!
and T are sometimes different), P (as well as the 7t rotation
operator) is always Hermitian, unitary, and involutory.

The composition of P and T symmetries is especially im-
portant in non-Hermitian systems. For instance, the Hermitian
Su-Schrieffer-Heeger (SSH) model [10] has two well-known
non-Hermitian versions: one that respects PT symmetry
[11,12] and the other that does not [11,13]. Non-Hermiticity
in the latter, which does not respect PT symmetry, completely
changes the topological character of the original SSH model

*amir@ucf.edu

2469-9950/2023/107(14)/144302(8)

144302-1

[11,13] and leads to a fundamental difference between the
energy spectrum calculated under periodic boundary condi-
tions and the one calculated under open boundary conditions
[11,13] however large the length of the open sample chosen.

Another well-known consequence of PT symmetry in
non-Hermitian systems is that all the eigenvalues of a PT-
symmetric non-Hermitian Hamiltonian can be real in a
parameter range [14]. The parameter value at which some
(or all) of the eigenvalues start to become complex is called
an exceptional point. However, we should emphasize that PT
symmetry is not the sole symmetry that allows non-Hermitian
Hamiltonians to have real eigenvalues. For instance, the non-
Hermitian version of the SSH model, which does not respect
PT symmetry, does have real energy spectra in certain pa-
rameter ranges; but, due to lack of PT symmetry, its energy
spectrum and exceptional points depend on the choice of
boundary conditions.

The PT-symmetric non-Hermitian EM structures reported
in the literature are usually borrowed from tight-binding
electronic models, and are realized by parallel waveguides
weakly coupled to each other, where the role of energy in
the electronic models is played mathematically by the EM
momentum along the waveguides [15-18]. As the correspon-
dence is solely mathematical, a certain physical property of
such an EM structure does not correspond to the same physical
property of its corresponding electronic model. In particular,
the EM band structure, which shows the relationship between
the photon’s energy and momentum along the waveguides
(or quasi-momentum perpendicular to the waveguides), does
not correspond to the electronic band structure, which shows
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the relationship between the electron’s energy and quasi-
momentum.

The PT-symmetric non-Hermitian EM models to be exam-
ined in this work do not have any tight-binding electronic
counterparts. Furthermore, the regions of EM gain and loss
in the to-be-examined EM structures are so thin in compari-
son with the photon’s wavelength that we approximate them
by negative and positive surface conductivities, respectively.
We can consider the to-be-examined models as “generalized”
Kronig-Penney models. Unlike the delta functions in the po-
tential profile of the well-known Kronig-Penney electronic
model [19], the delta functions in the permittivity profiles of
the to-be-examined EM models are not real-valued and are
not necessarily equally spaced. The purpose of this work is
to introduce certain novel concepts and phenomena, but it
is worth noting that “negative” surface conductivity can, for
instance, be realized by using an optically pumped monolayer
of graphene and transition-metal dichalcogenides when the
EM frequency is in the THz [20,21] and optical range [22],
respectively.

II. PT-SYMMETRIC NON-HERMITIAN EM MODELS
A. Revisiting a well-known model and phenomenon

A well-known PT-symmetric EM structure, which was
first examined in Ref. [23], is based on a one-dimensional
complex refractive index profile ny + n.cos(2mx/A) +
ing sin(27tx/ A), where ny, n., and ng are positive numbers at
the excitation frequency, and n., ny < n,. Let us consider a
finite-length structure based on this refractive index profile
withinx = 0 and x = w = MA in a background of a refractive
index n,, where M is a positive integer. It is evident that such
a finite structure is asymmetric when ng is nonzero, because
the left side of the structure starts with a region imposing EM
loss while the right side starts with a region yielding EM gain.
Let us write the reflected and transmitted electric field phasors
as

YEoRL exp(—inpkox) and $EgTig exp [inpko(x — w)], (1)

respectively, when the structure is illuminated from the left
(at x = 0) by an incident plane wave with the electric field
YEo exp(inpkopx), and as

YEoRR exp [inpko(x — w)] and §Eo7rL exp(—inpkox), (2)

respectively, when the structure is illuminated from the right
(at x = w) by an incident plane wave with the electric field
VEo exp[—inyko(x—w)]. We have denoted the wavenumber in
free space by kg, which reads w/c in terms of the speed of light
in free space (c) and the excitation angular frequency (w).
For ng = 0, we know that at the Bragg frequency [when
o = wp = nic/(nyA)], the structure is a symmetric Bragg
mirror, and the reflection coefficients R and Ry are equal,
and approach unity when M — oco. However, for ng = n,
Kulishov et al. [23] observed that at the Bragg frequency, Ry
is zero while Ry is an unbounded and increasing function of
M. The fact that for any nonzero ng, the reflection coefficients
Ry, and Ry are unequal was termed a “nonreciprocal” behavior
in Ref. [23], but it should be noted that the structure is in fact

reciprocal (i.e., obeys Lorentz reciprocity), and the transmis-
sion coefficients 7T{ g and Tgy are always equal. These equal
coefficients will hereafter be denoted by 7.

The structure was later reexamined by Lin et al. [24]. For
ns = nc, they observed [24] that at the Bragg frequency, the
magnitude of T is almost unity, and its phase can be approx-
imated by nyww/c in terms of w. Therefore, for ny = n., the
structure is almost “invisible” (i.e., acts as a medium of the
refractive index ny) when it is illuminated from the left by
an incident wave packet with a frequency content around the
Bragg frequency.

To the best of our knowledge, the structure has only
been examined from the scattering-matrix viewpoint in the
literature. Therefore, it is worth looking into the band dia-
gram of its underlying periodic refractive index profile [i.e.,
np + 1 cos(2mx/A) + ing sin(27tx/ A), where n¢, ng < ny] so
we can later contrast its features with the band diagrams
of the EM models to be introduced in this work. However,
instead of working with the “refractive index” n(x) defined
earlier, we work with the “relative permittivity” e(x) defined
as €p + €. cos(2mx/A) + ieg sin(27x/ A), where €y, €., and &
are positive numbers. The relative permittivity n”(x) corre-
sponding to the refractive index n(x) is a special case of e(x)
when ¢, €5 < €p; in this case, the coefficients of e(x) can
be written as ¢, = nﬁ, £ = 2npn., and &, = 2nyng in terms
of the coefficients of n(x). However, by using the standard
Fourier expansions of the EM fields [25], we can calculate
the band structure of €(x) without necessarily assuming that
€, & K Ep.

We only plot the band structure for 0 < kx < 7t/ A, because
the band structure is symmetric with respect to kx = 0. As is
seen in Fig. 1(a), for &5 < &, the band structure has bandgaps.
The frequencies located in each bandgap correspond to com-
plex quasi-momentums whose real parts are identical (either
zero or 7t/ A). The bandgap-center frequencies, at which the
imaginary parts of the complex quasi-momentums are maxi-
mized, happen at the multiples of the Bragg frequency wg =
mic/(/epA) if and only if e, €, K €1, because in this case,
the sine and cosine parts of e(x) can be considered small
perturbations added to the constant e,.

As is seen in Fig. 1(b), the bandgaps all narrow when ¢
increases, and they all close when ¢ becomes equal to e..
This confirms that €, = ¢, is in fact an exceptional parameter
value. The band structure for ¢, = ¢, is the same as the band
structure for a uniform medium with the relative permittivity
€p. This simply explains the “invisibility” reported in Ref. [24]
for a finite structure with &5 equal to ¢, and excitation frequen-
cies around wg. It is worth noting that the band crossings for
€s = €. all happen at the multiples of wg whether ¢ is small
or not.

As is seen in Fig. 1(c), bandgaps appear again when ¢ >
.. These bandgaps are in fact thanks to a nonzero & and
remain open even if ¢, = 0. However, a more obvious sig-
nature of the spontaneously broken PT symmetry for ¢ > €,
is the emergence of k-jumps. In the range between any two
consecutive bandgaps, the Bloch wave propagating parallel to
+X (or —X) has a positive (or negative) k-jump from &, to
21/ A=k, (or from 27t/ A—kg to k) at some frequency, where
0 <k, <m/A.
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FIG. 1. Band structure of the PT-symmetric relative permittivity profile €, + €. cos(27tx/A) + ie, sin(2mx/A) for €, = 5, e = 4, and (a)
es =2, (b) e, =4, and (c) &, = 6. In (a) and (c), the centers of the bandgaps are not at the multiples of wg = 71c/(/€, A) because €. and &
are not much smaller than ¢,. In (b), the band structure is the same as the band structure of a uniform medium with the relative permittivity ey,

B. Novel models, concepts, and phenomena

Let us now focus our attention on the PT-symmetric struc-
tures depicted in Fig. 2, each of which consists of surface
conductivities og and —og, a medium of a relative permittivity
em, and length w = MA, where the values of og and ¢, are
real and positive at the excitation angular frequency w, M is
an integer, and A denotes the period of the corresponding
infinitely long periodic models. The structures are placed in
a background of a positive relative permittivity €. A surface
conductivity og at a position x = a is in fact a volume conduc-
tivity o (x) in a region so thin in comparison with the photon’s
wavelength that we approximate o (x) by osé(x—a), where
8(x) denotes the Dirac delta function. From an EM viewpoint
in the frequency domain, a conductivity o is in fact equiva-
lent to a complex relative permittivity ¢ equal to io /(ggw),
where the time variation e’ has been assumed. Positive
conductivity (or, equivalently, a positive imaginary part for
permittivity) imposes EM loss while negative conductivity (or,
equivalently, a negative imaginary part for permittivity) yields
EM gain.

Given the geometries of the structures depicted in Fig. 2,
we use the standard transfer-matrix method [26] to analyze
them at any excitation frequency w. A transfer matrix is a
matrix that relates the EM fields E, and H. at a position x; to
the EM fields at another position x;. The scattering-matrix ele-
ments [i.e., R, Rr, and T', defined in Egs. (1) and (2)] for each
of the structures depicted in Fig. 2 can be built based on the
transfer matrix relating the EM fields at x = O to the EM fields
at x = w = MA. We can also use the transfer-matrix method
to derive the band structures of the corresponding infinitely
long periodic models. For an infinitely long periodic model,
the eigenvalues of the transfer matrix relating the EM fields

Os

(a) (b)
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€i€ml €m | Em Emi€ &b €mlE€ml Em
N B W T . P

0 MA  x 0
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at x = Xg + A to the EM fields at x = X can be written as
exp(ikx A) in terms of the quasi-momentum ky corresponding
to w, where Xx¢ is an arbitrary point that does not coincide
with the positions of the surface conductivities. The numerical
values of ¢, and €, will hereafter be assumed to be equal to
1 and (1.7)?, respectively. Also, we will always normalize @
and oy to the Bragg angular frequency (wg) and the free-space
admittance (Y(), respectively. It should be noted that, unlike
the periodic model examined in the previous subsection, wg
is now equal to 7ic/(/emA) [not 7ic/ (/ep A)].

For o5 = 0, the EM structure in Fig. 2(a) reduces to a
uniform medium of the relative permittivity ¢,. As is seen
in Figs. 3(a) and 3(b), the band structure of the corresponding
infinitely long periodic model has k-jumps for any nonzero
value of og. At any odd multiple of wg, the Bloch wave
propagating parallel to +X (or —X) has a positive (or neg-
ative) k-jump from —kg to kg (or from kg to —kg), where
0 < kg < m/A. The k-jumps enlarge and approach 27/A
(i.e., kg increases and approaches 7t/A) when oy increases
and approaches a threshold oy equal to 3.4Y. For o5 > o1y,
a bandgap covering the whole frequency space, excluding all
even multiples of wg, appears. For og > ory, we name the
states corresponding to the even multiples of wp “extended
states in the bandgap” (ESIBs). These discrete points in the
bandgap are in fact “fixed points” of the band structure and
appear as Dirac points for os < ory. The presence of the
fixed points is an important feature that is absent in the band
structure examined in Fig. 1.

As the fixed points of the band structure have quasi-
momentums equal to 7t/A, we expect the electric field
amplitude within the finite structure depicted in Fig. 2(a) to
be “fully” periodic regardless of the value of og when it

(©
-0 o5 -0y Os -0g
Emi€ EpEm| Em | Em mi€b
WY 8 . -
MA X 0 MA X
-« “«>r ——> —> -«
N3 N6 2M/3 N3 N6

FIG. 2. PT-symmetric EM structures consisting of positive and negative surface conductivities and a medium of a real relative permittivity
&m and length w = MA, where M is an integer and A denotes the period of the corresponding infinitely long periodic models. The structures
are placed in a background of a relative permittivity €,. The structures in (b) and (c) correspond to one periodic model. For the numerical

analysis, we will assume that ¢, = 1, ¢, = (1.7)%,and M = 6.

144302-3



AMIR M. JAZAYERI

PHYSICAL REVIEW B 107, 144302 (2023)

0
A4 5A/4 9A/4  13A/4  17TA/4 21M/4
X

0 .
A4 5A/4 9A/4  13A/4  1TAI4 21A/4

X

FIG. 3. (a), (b) Band structure of the infinitely long periodic model corresponding to the finite structure in Fig. 2(a) for o5 = 0.50ry and
os = 207y, respectively, where the threshold value oy is equal to 3.4Y. The fixed points, which appear as Dirac points for o5 < ory, and
ESIBs for o5 > oy, are located at the even multiples of wg = 71c/(\/eémA). (c), (d) Electric field amplitude within the finite structure for
os = 0.50ry and os = 2071y, respectively, when it is illuminated by a y-polarized plane wave with w = 2wpg and amplitude E, from the left

(solid lines) or right (dashed lines).

is illuminated by a plane wave with an angular frequency
equal to an even multiple of wg. This prediction is confirmed
by the numerical results presented in Figs. 3(c) and 3(d).
More interestingly, the peak field amplitude within certain
regions of the finite structure is fixed and equal to the incident
field amplitude regardless of the value of og. Furthermore,
as is seen in Figs. 4(a) and 4(b), the reflection coefficient
is zero at the even multiples of wpg regardless of the value
of os, whether the structure is illuminated from the left
or right. These “bidirectional” reflection zeros contrast with
the common belief that the reflection zeros of a structure
with PT symmetry (and without P and T symmetries) are
unidirectional [27].

The existence of the fixed points at the “even” multiples of
wp is not the sole interesting feature of the band structure.
As is seen in Fig. 3(a), for os < oy, the group velocity

FIG. 4. Frequency response of the (a) magnitude of R, (b) mag-
nitude of Rg, (c) magnitude of 7', and (d) phase of T for the finite
structure in Fig. 2(a) for o5 = 0.50ry (solid lines), os = oy (dashed
lines), and o5 = 2oty (dotted lines), where the threshold value oty
is equal to 3.4Y,.

dw/0ky of the Bloch wave propagating parallel to +X (or
—X) approaches +oo (or —oo) when w approaches any “odd”
multiple of wg. Therefore, for og < oy, we expect a diver-
gent light transmission velocity (i.e., superluminal tunneling)
in the finite structure, with excitation frequencies around any
“odd” multiple of wg. Figure 4(d), which depicts the phase
¢ of the transmission coefficient versus w, confirms that, for
os < ory, ¢ is almost uniform around w = wg, and there-
fore, the light transmission velocity, defined as w(d¢/ dw)7 !,
diverges around w = wg. The interesting point about this
superluminal tunneling is that the bandwidth over which ¢ is
almost uniform becomes very broad and almost equal to wg
when oy increases and approaches ory.

Despite the obvious superiority of the superluminal tunnel-
ing discussed here over the schemes reported in the literature
[28-32], two imperfections still make it nonideal. First, when
os is close to oty (and therefore the bandwidth of the su-
perluminal tunneling is maximum), none of the reflection
coefficients (i.e., neither Ry nor RR) is close to zero around
the odd multiples of wg. Second, and more importantly,
the magnitude of the transmission coefficient is not close to
unity. These two imperfections can be explained based on the
band structure of the periodic model. As og increases and
approaches oty, the states corresponding to the frequencies
around any “odd” multiple of wyg approach “localized” states
in the bandgap. Consequently, Ry and Ry depart from zero,
and |T'| departs from unity when oy increases and approaches
oth. As we will see, these two imperfections are absent in the
EM structures depicted in Figs. 2(b) and 2(c).

The two finite structures in Figs. 2(b) and 2(c) correspond
to one periodic model. The periodic model reduces to a uni-
form medium of the relative permittivity €,, when os = 0. The
band structure of the periodic model has been plotted in Fig. 5
for different values of og. For any nonzero value of og smaller
than a threshold o7y | equal to 2.9Y, the band structure has
two types of k-jumps. In the case of any k-jump of the first
type, the Bloch wave propagating parallel to +X (or —X) has
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FIG. 5. Band structure of the infinitely long periodic model corresponding to the finite structures in Figs. 2(b) and 2(c) for (a) os <
o1, (b) os = o1, (€) orh,1 < 0s < ol 2, and (d) o2 < os, where the threshold values oty and ory» are equal to 2.9Y and 3.6Y,,
respectively. The fixed points located at the multiples of 3wy manifest themselves as Dirac points for o5 < o1y 2, and as ESIBs for o5 > oy 2.
The fixed points located at the odd multiples of 1.5wp are the turning points of the band structure.

a positive (or negative) k-jump from —ku to ks (or from ku
to —ka), where 0 < kp < 7t/A. In the case of any k-jump
of the second type, the Bloch wave propagating parallel to
+X (or —X) has a positive (or negative) k-jump from kg to
27t/ A—kg (or from 27t/ A—kg to kg), where 0 < kg < 71/A.
The k-jumps all enlarge and approach /A (i.e., ka and kg
both increase and approach 0.57t/A) when og increases and
approaches oty 1. However, at the same time, something in-
teresting happens. For the sake of clarity, let us only consider
the Bloch waves propagating either parallel to +X or —X. For
any k-jump of the first kind with a start point S and an end
point E, on the band structure, there is a k-jump of the second
type with a start point Sg and an endpoint Eg with the property
that E5 and Ep approach Sg and Sp, respectively, when og
increases and approaches oty 1. As a result, the two k-jumps
make a loop, and cancel out each other when og becomes
equal to oy, ;. This is why the band structure plotted in Fig. 5
has no k-jumps when og is equal to or larger than oty ;.
This feature of the band structure contrasts with the common
belief that some or all eigenvalues of a non-Hermitian oper-
ator become complex when non-Hermiticity becomes large
enough.
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The fixed points located at the multiples of 3wp on the
band structure in Fig. 5 manifest themselves as Dirac points
when oy is smaller than a threshold o7y 2 equal to 3.6Y, and
as ESIBs when o5 becomes larger than oy 2. As is expected,
and seen in Figs. 6(a) and 6(b), the electric field amplitude
within the finite structure is “fully” periodic regardless of the
value of o when it is illuminated by a plane wave at a multiple
of 3wsg. Also, the peak field amplitude within certain regions
of the finite structure is fixed and equal to the incident field
amplitude regardless of the value of o5.

Apart from the fixed points corresponding to the multiples
of 3wy on the band structure, there exist other fixed points
that are located at the odd multiples of 1.5wp and are in fact
the “turning points” of the band structure. The existence of the
turning points on the band structure in Fig. 5 is a feature that
is absent in the band structure in Figs. 3(a) and 3(b). As the
turning points have quasi-momentums equal to +0.57t/ A, we
expect the electric field amplitude within the finite structure
to be “fully” periodic regardless of the value of og when it is
illuminated by a plane wave with an angular frequency equal
to an odd multiple of 1.5wsg. This prediction is confirmed by
the numerical results presented in Figs. 6(c) and 6(d).

(b) 7

4 \
L ' \ ’ ' '
— . . ‘ I \
' v .’ . I ‘

' ' M \

10A/3 13A/3 16A/3
X

0
A3 4AI3 TARB

FIG. 6. Electric field amplitude within the finite structure in Fig. 2(b). In (a) and (b), the excitation frequency is equal to 3wsg. In (c) and
(d), the excitation frequency is equal to 1.5wg. In (a) and (c), o is equal to 2.7Y, and is therefore smaller than the threshold value oy ;. In
(b) and (d), o5 is equal to 3.8Y, and therefore larger than the threshold value oy ». The structure is illuminated by a y-polarized plane wave

with amplitude E, from the left (solid lines) or right (dashed lines).
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w/wB

FIG. 7. Frequency response of the (a) magnitude of Ry, (b) mag-
nitude of Ry, (c) magnitude of 7', and (d) phase of T for the finite
structure in Fig. 2(b). Solid lines are for the case where oy is equal to
2.7Y, and therefore smaller than the threshold value oy ;. Dashed
lines are for the case where oy is almost equal to oy ;. Dotted lines
are for the case where oy is equal to 3.8Y, and therefore larger than
the threshold value ory 5.

As is seen in Figs. 7(a) and 7(b), the reflection coefficient
is zero at all the frequencies corresponding to the fixed points
(i.e., at all the multiples of 1.5wg) regardless of the value of
os, whether the finite structure is illuminated from the left
or right. These “bidirectional” reflection zeros contrast with
the common belief about the reflection zeros of PT-symmetric
structures [27].

The turning points are especially interesting when og ap-
proaches oty 1. At any odd multiple of 1.5wg, the group
velocity of the Bloch wave propagating parallel to +& (or
—X) approaches 400 (or —0o) when og approaches oty -
Therefore, we expect superluminal tunneling in the finite
structure with excitation frequencies around any odd multiple
of 1.5wp when oy approaches ory ;. Figure 7(d) confirms that
the phase of the transmission coefficient is almost uniform
around w = 1.5wp over a very broad bandwidth when og
approaches oty ;. This superluminal tunneling is superior to
the one discussed earlier for the structure depicted in Fig. 2(a)
for two reasons. First, as is seen in Figs. 7(a) and 7(b), the
reflection coefficients (i.e., Ry, and RgR) are both zero at the
odd multiples of 1.5wg. Second, and more importantly, as is
seen in Fig. 7(c), the magnitude of the transmission coefficient
is equal to unity at the odd multiples of 1.5wg. We note that
this superluminal tunneling is bidirectional because Ry and
RR are both zero at the odd multiples of 1.5wg. However,
we probably prefer illuminating the structure from the left
because Ry, remains small over a broad bandwidth around the
odd multiples of 1.5wsg.

Finally, we note that the value found for oy, by using
the band structure of the infinitely long periodic model is
almost the same as the value found by using the phase of the

transmission coefficient of the finite structure with six periods
(i.e., M = 6). However, if we reduce the length of the finite
structure, we will see that the two values start to become
slightly different.

III. CONCLUDING REMARKS

We introduced the band-structure concept of “fixed points”
by examining one-dimensional PT-symmetric non-Hermitian
EM models. The fixed points are the points on the band struc-
ture that remain intact when a certain parameter value of the
model changes.

Two important EM phenomena occur in the finite struc-
tures corresponding to the periodic models when the exci-
tation frequency is equal to the eigenfrequency of a fixed
point. First, we observe “bidirectional” reflection zeros, which
contrast with the common belief that the reflection zeros of
structures with PT symmetry (and without P and T symme-
tries) are unidirectional [27]. Second, the peak field amplitude
within certain regions of the finite structures remains fixed
and equal to the incident field amplitude, regardless of the
parameter value.

Some of the fixed points manifest themselves as what
we name ESIBs, which can be considered the dual of the
well-known “bound states in the continuum” [33-37]. Similar
states in non-Hermitian systems have recently been reported
in Ref. [38].

Some other fixed points are in fact the “turning points”
of the band structure. The turning points allow us to ob-
serve “ideal” superluminal tunneling. It is noteworthy that
superluminal tunneling [28-32,39,40] is in fact a combination
of two phenomena that do not necessarily accompany each
other: tunneling as the energy transmission through barriers
[41] and superluminal behavior as unusually small group de-
lays [28-30,42—45]. By “ideal” superluminal tunneling, we
specifically refer to the case that is also accompanied by
zero reflection and unit transmission over a broad bandwidth.
In the cases reported in the literature [28-32], the reflection
coefficient is not zero and the magnitude of the transmission
coefficient is usually very small.

The band-structure concepts introduced in this work
might be useful in designing EM and electronic structures.
Quantum-optical treatment of the phenomena reported in this
work as well as the inclusion of nonlinear effects remain
subjects for future work. Finding the electronic counterparts
of the EM structures and phenomena examined here is another
interesting problem.
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