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Umklapp electron-electron scattering in bilayer graphene moiré superlattice
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Recent experimental advances have been marked by the observations of ballistic electron transport in moiré
superlattices in highly aligned heterostructures of graphene and hexagonal boron nitride (hBN). Here, we predict
that a high-quality graphene bilayer aligned with an hBN substrate features T 2-dependent resistivity caused by
umklapp electron-electron (Uee) scattering from the moiré superlattice, that is, a momentum kick by Bragg
scattering experienced by a pair of electrons. Substantial Uee scattering appears upon p doping of the bilayer
above a characteristic threshold, and its contribution towards the resistivity grows rapidly with hole density, until
it reaches a peak value, then falling off by an order of magnitude. This rapid, nonmonotonic dependence of
resistivity, in the density range where the system is otherwise highly conductive, suggests the possibility of a
nonconventional field-effect transistor operation. We also analyze the influence of an electrostatically induced
interlayer asymmetry (and the associated band gap) in the bilayer and trigonal warping on the electron-electron
umklapp scattering.
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I. INTRODUCTION

Umklapp electron-electron (Uee) scattering is a fundamen-
tal process contributing towards the electrical resistivity of
ultraclean metals. In this process, a pair of electrons interact
via Coulomb repulsion and simultaneously transfer momen-
tum h̄g to the crystalline lattice, where g is a reciprocal lattice
vector (Bragg vector) of this lattice. Taking into account this
momentum kick, the wave vectors of the incoming (k1/2) and
outgoing (k3/4) electron states satisfy the following condition:

k3 + k4 = k1 + k2 + g. (1)

When such a process relocates a pair of electrons across the
Fermi surfaces, as illustrated in Fig. 1 (left-hand-side panel),
the resulting two-electron backscattering generates resistivity,
in contrast to “normal” Coulomb scattering, which conserves
the total momentum of the pair. The Uee contribution towards
the resistivity typically has a T 2 temperature dependence [1],
but it is difficult to otherwise vary its strength in metals, where
the electron density and a size of the Fermi surface are set by
the material’s chemistry, and the latter may not contain states
that satisfy the condition in Eq. (1).

With the availability of long-period superlattices, such as
moiré superlattices (mSLs) in incommensurate heterostruc-
tures of graphene [2–10] or twisted graphene bilayers [11–14],
it becomes feasible to vary the electron density across
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the range where Uee processes can be switched on/off
and then its strength substantially varied. In a monolayer
graphene/hexagonal boron nitride (hBN) heterostructure, it
has been observed that, above a well-defined threshold density
(which depends on the twist angle between graphene and
hBN crystals), the rate of mSL-Uee gradually increases with
doping, becoming a dominant factor in the resistivity at room
temperature [10,15]. As epitaxial graphene growth on hBN
typically results in a high alignment and therefore the longest

FIG. 1. Left: Umklapp electron-electron (Uee) scattering by a
moiré superlattice in BLG. εF and εL are the Fermi energy and
saddle point energy in the first mSL miniband on the valence side,
respectively, counted from the conduction-valence band edge. Right:
The nonmonotonic evolution of the contribution, ρUee = T 2 f (n), of
Uee scattering to the electrical resistivity against electron density n
for various twists angles θ between graphene and hBN, at T = 100 K
(Uee processes dominate when T � |εF |/kB, |εF − εL|/kB). Inset:
Peak value of the Uee resistivity, whose magnitude ρmax

Uee is shown
as a function of the mSL period λ (and θ ).
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mSL periods [16–18], the Uee effect limits such scalable
material utility in high-temperature electronics.

Here, we propose that, in contrast to monolayers, a pecu-
liar dependence of the mSL-Uee resistivity in highly aligned
bilayer graphene (BLG) on hBN has an opportunity for an
unconventional field-effect transistor operation [19–21]. The
Uee gives a contribution towards the resistivity,

ρUee ∝ |n − n∗|1/2|n|−2T 2, (2)

which features a rapid, nonmonotonic dependence on the elec-
tron density n shown in Fig. 1, and therefore a substantial
transconductance in the doping region where the heterostruc-
ture would otherwise be highly conductive [22]. In particular,
the Uee in BLG grows rapidly upon a threshold doping density
n∗, then dropping down, which results in a prominent peak
ρmax

Uee in the density-dependent resistivity. The size of this peak
increases nonmonotonically with the mSL period λ (maxi-
mum value for λ ≈ 13 nm) as a result of the interplay between
the trigonal warping of the dispersion of electrons in BLG
[23,24] and the mSL periodicity. To compare, in monolayer
graphene the Uee resistivity increases monotonically with
both density and mSL period [10,15], ρUee ∝ T 2|n − n∗|3/2

(due to the suppressed backscattering of Dirac electrons).

II. MODEL

The above predictions are derived by considering Uee scat-
tering in the BLG/hBN heterostructure sketched in Fig. 2,
enabled by the mSL at the graphene/hBN interface, whose
period is determined by a δ = 1.8% lattice mismatch between
graphene and hBN and a misalignment angle θ . Projecting
onto the low-energy bands of bilayer graphene in its Kξ val-

FIG. 2. Left: The lattice mismatch (δ ≈ 1.8%) and twist θ be-
tween BLG and hBN gives rise to a moiré superlattice with period
λ ≈ a/

√
δ2 + θ2, and unit cell of area A = √

3λ2/2. Right: The
mSL-normalized magnitude |n∗|/n0 (n0 = 4/A) of the threshold
density of holes, n∗ < 0, or electrons, n∗ > 0, at which Uee scattering
becomes possible due to a sufficiently large Fermi line. The threshold
density n∗ was calculated as a function of twist angle θ taking
into account the particle-hole asymmetry in the BLG Hamiltonian
(α = 0.15), and compared to the symmetric cases of α = 0 and the
monolayer graphene superlattice (|n∗| ≈ 0.23 n0).

ley (ξ = ±), the electronic properties of this system can be
described by a 2 × 2 effective Hamiltonian [2,4,25,27]

Ĥ = −1
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where π̂ = h̄(−iξ∂x + ∂y) and p̂2 = −h̄2(∂2
x + ∂2

y ). The first
three terms are intrinsic to BLG, representing the effec-
tive electron mass, m∗ = γ1/(2v2) ≈ 0.032 me, from the
intralayer (v) and vertical interlayer (γ1) couplings, trigo-
nal warping from the skew interlayer (v3) couplings [28],
and a parabolic shift which lifts the particle-hole (ph)
symmetry (α) [29], respectively. The fourth term rep-
resents an electrostatically controlled interlayer potential
asymmetry 
.

The final term in Eq. (3) represents the effects of the
mSL sketched in Fig. 2, with harmonics corresponding to
the first star of mSL Bragg vectors, gm ≈ δ · Gm − θ (ez ×
Gm) (m = 0, 1, . . . , 5), where Gm = 4π√

3a
(− sin mπ

3 , cos mπ
3 )

is a graphene Bragg vector. This is parametrized by u0/1/3,
corresponding to an energy shift, gauge field, and mass
term in the graphene layer closest to the hBN layer, re-
spectively [30]. Each harmonic M̂gm

couples plane-wave
states separated by gm, which reconstructs the conduction

and valence bands of isolated BLG into minibands (see
Fig. 1).

III. UMKLAPP ELECTRON-ELECTRON SCATTERING

For electrons on a superlattice, Coulomb interaction leads
to mSL-Uee processes (see Fig. 1): Two electrons from one
side of the Fermi line backscatter together to the other side,
receiving a momentum kick (g = gm) from the mSL. Such
processes only occur when the size of the Fermi contour is
sufficiently large compared to |g|, giving a threshold electron
density n∗ which decreases with the size of the mSL unit cell.
It is instructive to consider the “mSL-normalized” threshold
n∗/n0 (in the units of density, n0 = 4/A, of one filled spin-
valley degenerate miniband), which dependence on the twist
angle is shown in Fig. 2 for a gapless BLG (
 = 0). We find
that, due to trigonal warping, n∗/n0 increases with θ , which
can be tracked to the Fermi contours at the Uee threshold
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becoming less concave when |n∗| > 2m2v2
3/π . The trigonal

warping also pulls down the threshold density from the value
|n∗|/n0 = π/(8

√
3) ≈ 0.23 established for the isotropic Dirac

spectrum of monolayer graphene. Also, we analyze the effects
of a conduction-valence band asymmetry in the bilayer disper-
sion, accounted for by the third term in Eq. (3) with α = 0.15
[28]. The latter affects the concavity of the isoenergy lines,
especially in the first valence miniband, making the threshold
density |n∗| slightly different for n and p doping of BLG
mSL—see Fig. 2.

In the following, we derive the amplitudes for mSL-Uee
processes, treating the mSL and electron-electron interactions
in the lowest-order perturbation scheme. This is implemented
for densities just above the threshold n∗, where the nonper-
turbative, resonant mixing of plane-wave states is negligible,
which enables us to neglect the reconstruction of the electron
dispersion into minibands. We account for the four leading
Feynman diagrams involving Coulomb and mSL scattering of
electrons off and back onto the Fermi level via an intermediate
virtual state,

Wg =

k1 + g

k2 − k4

k1 k3

k2 k4

+

k2 + g

k3 − k1

k1 k3

k2 k4

+

k3 − g

k4 − k2

k1 k3

k2 k4

+ k1 − k3

k4 − g

k1 k3

k2 k4

.

(4)

In each diagram, the initial and final momenta are related by

Eq. (1); is the screened Coulomb interac-

tion; � ≡ M̂g is an mSL interaction harmonic which imparts

momentum kick h̄g; and is a propagator of an electron
in the virtual state [31–35]. To mention, the mSL scatter-
ing amplitudes feature a particle-hole asymmetry, generic for
graphene/hBN heterostructures, with values typically an or-
der of magnitude larger in the valence miniband as compared
to the conduction miniband [2–5].

IV. ELECTRONIC TRANSPORT

Equipped with the amplitudes in Eq. (4), we use linear
transport theory [10,36,37] [see Supplemental Material (SM)
[38]] to calculate the contribution of Uee processes to the
resistivity,

ρUee = h

6e2
(kBT )2

5∑
m=0

∫
dθ1dθ2

|k3 × k4|
k1k2k3k4

|vk1vk2vk3vk4| |Wgm
|2vx1

× (vx1 + vx2 − vx3 − vx4)

/(∫
dθ

k

|vk|v
2
x

)2

, (5)

for |n| ∼ 1011 cm−2. In this expression, ki = ki(cos θi, sin θi )
is the wave vector of each electron (i = 1, 2, 3, 4) on the
Fermi line, and vi its group velocity. In Fig. 1, the results
of this analysis are summarized for the vertically unbiased
heterostructure, 
 = 0. The Uee contribution is isotropic
(ρUee

αβ ≡ ρUeeδαβ) due to the C3 symmetry of the mSL. Also,
note that the “normal” (momentum-conserving) electron-
electron scattering suppresses higher-order harmonics in the
nonequilibrium distribution of electrons, so that accounting
for Uee becomes the same as accounting for an additional
momentum transfer from the accelerated electrons (by the
electric field) in the scattering time approximation (see SM
[38]). Here, we limit the analysis of Uee to the density range
of 0.1n0 < |n| < 0.4n0, excluding from the analysis electron-

hole scattering at the principal miniband edge and staying
away from the mSL-induced van Hove singularity, where
the perturbative treatment of the mSL interaction becomes
inaccurate [39,40].

Typically, the Uee contribution in Eq. (5), ρUee ≈ T 2 f (n),
rises rapidly above the threshold, f (n) ∝ |n − n∗|1/2. This
singular behavior originates from the rapid expansion of

FIG. 3. (a) Umklapp electron-electron (Uee) scattering with mo-
mentum kick h̄g between the three minivalleys in the valence
miniband for nonzero interlayer potential asymmetry 
 opening a
gap between the minibands. The minivalley edges are connected by
g/2 when this system is aligned (zero twist, θ = 0) and |
| = 
r

(inset). (b) The nonmonotonic evolution of the valence miniband
threshold density n∗ with 
 for various twists, θ = 0◦–0.9◦ from
top to bottom, and α = 0.15 (n∗ = 0 when θ = 0 and |
| = 
r ≈
75 meV). (c) The temperature-independent component f of the dom-
inant contribution ρUee ≈ T 2 f of Uee processes to the electrical
resistivity against electron density n, and 
, with (α = 0) and with-
out (α = 0.15) particle-hole symmetry, respectively. We exclude a
(gray, dotted) butterfly-shaped region in each panel where the contri-
butions of other processes are significant, whose wings are mirrored
by zero layer polarization (
 = 0), and charge neutrality (n = 0)
when α = 0.
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the phase space around the incoming/outgoing points in
Fig. 2, with k3 × k4 = 0 at the threshold. The exception is
an initial interval of linear scaling, f (n) ∝ |n − n∗|, found
for the mSL with a twist angle in the range of 0.3◦ < θ <

0.8◦. In both cases, the resistance subsequently falls off
according to |n|−2, as the approximately massive dispersion
gives

∫
dθkv2

x /|vk| ∝ |n| in the denominator.
We also find that the interlayer potential asymmetry 
,

which opens a homogeneous band gap in BLG [41–44], has
a pronounced effect on the Uee processes. The gap pro-
motes the formation of three well-separated minivalleys at
the BLG band edges, which persist up to the density |n| ∼
2m|
|2/(πγ1). The separation of the minivalleys increases
with |
|, thus decreasing the threshold doping density |n∗|
at which the Uee channel opens. For example, in the aligned
BLG/hBN heterostructure (θ = 0) with |
| = 
r ≈ 75 meV,
the minivalleys are separated by the 1

2 gm, so that Uee scat-
tering transfers pairs of electrons between these minivalleys
even at small doping [corresponding to n∗ = 0, as shown in
Fig. 3(b)].

The results of numerical computations of the Uee resis-
tivity contribution ρUee across a broad range of parameters
are summarized in Fig. 3(c). We highlight the regions where
the resistivity is dominated by Uee processes, excluding a
butterfly-shaped region where thermally activated electron-
hole scattering processes may dominate. The wings of this
butterfly, shown in the bottom panel, differ for n and p doping,
which reflects the particle-hole asymmetry of the BLG disper-
sion (here, we use α = 0.15 [29]), conversely being mirrored
by charge neutrality (n = 0) for α = 0 in the top panel. Re-
gardless of α, the wings are mirrored by 
 = 0, where the
wave functions feature zero layer polarization. In contrast, the
Uee contribution differs for positive and negative 
. This is
because the interlayer asymmetry gap (vertical bias) shifts
the weight of the low-energy electron states towards/away
from the bottom graphene layer, hence increasing/reducing
the mSL scattering strength determined by the hBN crystal
aligned with the BLG flake. Also, as in monolayer graphene
mSL, Uee processes are much stronger for p doping (first
miniband of holes) than for n doping, due to the particle-hole
symmetry breaking by the mSL potential [2,10].

V. CONCLUSION

Overall, we predict a strong contribution of umklapp
electron-electron scattering of moiré superlattice towards the
resistivity of highly aligned BLG/hBN heterostrucutres, with
a nonmonotonic density dependence near the Uee threshold.
While the Uee role would increase at higher temperatures,
at low densities (near the threshold) it will compete with

FIG. 4. For highly aligned BLG/hBN, a nonmonotonic depen-
dence of Uee resistivity would produce a strong response to the gate
voltage in the density range where the structure is highly conductive.

electron-hole scattering processes, promoted by electron-hole
activation across the conduction-valence band edge [22].
Hence, for a more accurate description of the Coulomb scat-
tering effect in the resistivity of mSL in bilayer graphene,
one would need to account for both Uee and electron-hole
scattering on equal footing. Also, one may want to extend
the Uee analysis onto a broader range of miniband fillings,
by calculating Uee rates using the full details of the mSL
minibads spectra and Wannier functions, as attempted for a
model graphene superlattice [45].

Finally, we note in Fig. 4 that the peak in the density depen-
dence of the Uee resistivity in the nearly aligned BLG/hBN
heterostructures, whose epitaxial growth has potential for
scalable manufacturing [16–18], makes such a material suit-
able for an unconventional field-effect transistor operation
[19–21]. Such a transistor can also be fast, as the predicted
resistivity peak occurs at the carrier densities where such
heterostructures are otherwise highly conductive (resistance
under k� at room temperature [22]).

All the research data supporting this publication are di-
rectly available within this publication and Supplemental
Material accompanying this publication [38].
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