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Spin susceptibility of nonunitary spin-triplet superconductors
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The spin susceptibility is an important probe to characterize the symmetry of the order parameter in uncon-
ventional superconductors. Among them, nonunitary triplet superconductors have attracted a lot of attention
recently in the context of the search for topological superconductivity. Here, we derive a general formula
for the spin susceptibility of nonunitary triplet superconductors within a single-band model of nonmagnetic,
centrosymmetric materials with strong spin-orbit coupling. We use it to critically assess experimental claims of

nonunitary triplet superconductivity in some materials.

DOLI: 10.1103/PhysRevB.107.134520

I. INTRODUCTION

Unconventional superconductors exhibit exotic properties
related to the unusual symmetries of the complex order pa-
rameter that describes the Cooper pair wave function [1-4].
In centrosymmetric crystals, pairs have either a spin-singlet
or spin-triplet wave function. A further distinction exists
between unitary and nonunitary spin-triplet states. In the
nonunitary case, the contributions from opposite spins are
unequal. As a consequence, time-reversal symmetry is broken
and the excitation spectrum consists of two nondegenerate
bands. Inversely, chiral triplet superconductors [5], in which
Cooper pairs bear an orbital magnetic moment, belong to
the class of topological superconductors with broken time-
reversal symmetry [6] and are generically nonunitary in the
presence of spin-orbit coupling (SOC) [7].

The spin susceptibility is a common probe of the order
parameter symmetry, and can be inferred from Knight shift
or polarized neutron scattering measurements. While it allows
for a clear distinction between spin-singlet and unitary spin-
triplet states, surprisingly, so far the case of nonunitary states
has not been fully explored. Here, we provide a theory of the
linear spin susceptibility of nonunitary spin-triplet states and
apply it to group theoretically admissible nonunitary phases
of specific crystal symmetries in the presence of strong SOC.

So far, nonunitary pairing was only firmly established in
the field-induced A; phase of 3He [1,8] and the 8 phase of ’He
in nematic aerogels [2,9]. It is also strongly suspected to occur
in ferromagnetic superconductors UGe,, UCoGe, and URhGe
because of the large mismatch of the spin bands, which favors
parallel-spin pairing [10]. Nonunitary triplet superconduct-
ing phases have also been discussed in various nonmagnetic
materials, such as U;_,Th,Be;s [11], UPt3 [12], Sr;RuOy4
[13], and UTe, [14]. Our theory provides a unifying frame
to interpret the spin properties of any triplet superconductor.
We discuss spin susceptibility measurements in the above-
mentioned nonmagnetic compounds in light of our results.

II. MODEL

We consider a single-band model of a centrosymmetric and
nonmagnetic metal, such that one can distinguish between
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singlet and triplet superconductivity. Within the quasiclassical
theory of superconductivity [15-18], the components of the
magnetization carried by the spins of the conduction electrons,
M = (M, M, M), are [19]

i
My =M, + mvousgaT Y Trioatdiolk (D
w

(a = x,y, 7). Here, the first term is the normal-state contribu-
tion, MY = xNH,, which is induced by an external magnetic
field H = (H,, H,, H;) with components H, along the princi-
pal axes of the magnetic susceptibility tensor. It is determined
by xN = (g2/4)xp, where xp = 2vou? is the Pauli suscepti-
bility, vy is the density of states per spin in the normal state,
wup is the Bohr magneton, and g, are (possibly anisotropic)
Landé€ factors [20]. The second term in Eq. (1) is induced
by superconducting correlations. It is expressed in terms of
the quasiclassical Green’s function gk, at momentum k on
the Fermi surface and Matsubara frequency w = 2n + 1)aT
(integer n), where T is the temperature. The quasiclassical
Green’s function gk, is a 4 x 4 matrix in spin and Nambu
spaces with associated Pauli matrices oy, . and 1, ., respec-
tively. Furthermore, (- - - )k denotes averaging over the Fermi
surface and we take units with i = kg = 1.
To evaluate Eq. (1), we need gk ., that solves

[a)TZ + Ak —ih- o, gk.w] = 0’ (2)

together with the normalization conditions gf( » =1 and
Tr gk..» = 0. Equation (2) accounts for the Zeeman field, h =
(hy, hy, h;) with h, = % gasH,, and the spin-triplet order pa-
rameter dy that enters the gap matrix

< 0 A . A
Ak=<A£ 0“) with Ay =dy - 0. 3)

According to the symmetry analysis of unconventional su-
perconductivity [3,4], a nonunitary phase may appear when
the superconducting transition occurs in an irreducible repre-
sentation (IR) I" of the crystal’s point group with dimension
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dr > 2. The order parameter then factorizes as

dr dr
de = A Y naVias ) Inal* =1, )
a=1 a=1

where A(T) is a common, T-dependent factor, and the 7,
coefficients are weights in front of the basis functions of T.
At strong SOC, the spin-momentum structure is described by
the vectors ¥y ,, such that

(Vio " Vi plk = Sap, (5)

which are locked to the same principal axes as for the mag-
netic response in the normal state. In the following, we will
assume that this locking is sufficiently strong such that a
weak magnetic field does not modify the direction of ¥y ,,’s.
The set of complex coefficients A(T )n, should satisfy the
self-consistent gap equations,

AnT .
AT)Na = —— Tr(¥i o - 0T-8ko)k: (6)

lw|<&

where we introduced 7_ = (7, — ity)/2, and A is the effective
pairing amplitude taken constant within an energy window &
around the Fermi level.

III. SPIN SUSCEPTIBILITY

To find the linear response for the magnetization, we need
to solve Egs. (2)—(6) perturbatively in the field with g , =
gﬁfi} + gﬁjju + - - -. In zeroth order in the field, we find

1. 1 Jx
< (0) . .
S = 78k (I+xqk-07), Gv=—, (1
ko ™2 Xi: Qi+ lqx|

where Qi = wt, + Ax and Q-+ = (0 + |di|? £ |qi])"/?
with qx = idk x dy real.

Nonunitary phases are characterized by qx # 0. Thus
their (angle-resolved) quasiparticle density of states at energy
E, w(E) = (vo/4)Re[Tr 7.8k ] after analytic continuation
iw — E +i0", displays a two-gap structure with gaps
Ax.+ = (Jdg|® £ |qk])"/>. We further distinguish nonunitary

J

phases with di =0 from the generic case, di # 0. In the
former case, Ax,_ = 0 and the gap vanishes over the whole
Fermi surface [23]. It reflects that electrons with spins
(anti)parallel with qk are (un)paired.

In general, to find which combination of the basis functions
is favored below the critical temperature 7, ~ 1.13 ¢~ /% in
the weak-coupling regime A < 1, and what is the associated
gap A(T), one should minimize the energy functional whose
saddle point is given by the gap equation (6). Identifying
which pairing state is stabilized for a given system requires
the knowledge of microscopic details. A Ginzburg-Landau
analysis [26,27] has shown that, within weak-coupling theory,
a nonunitary phase may be favored within some IR. The
feedback of spin fluctuations on the order parameter (akin
to strong coupling) is usually invoked for stabilizing them
globally [28]. In this work, we assume that these effects allow
fixing T -independent [29] weights 7, such that qx # 0. Then
the self-consistent Egs. (6), together with Eq. (7), reduce to a
single equation,

lzﬂ |'ﬁk|2i|'ﬁkx'ﬁ| C®)
o2 S\ Vel AP E W x D [,

Here, ¥y =) , NV, such that dy = A(T)yy and
(PP = 1.

Note that (qx)x is the spin carried by the Cooper pairs’
condensate. (It may vanish even in nonunitary phases.) How-
ever, in the absence of a magnetic field, the total magnetization
remains zero [1], as readily shown inserting Eq. (7) into (1)
[30]. To find the contribution of superconductivity to Eq. (1),
we thus need the first-order correction in the field,

1 v v
(1) .
kw — —iQk[h - o1, A]
ko ™ O Qi (Quer + szk,>{ )
Qs — 1) }
—| k-0, + = xh-o);. O
<Qk,+ T Qk’f‘lk e+ 5 (ak ) )

Inserting gﬁ(” into the right-hand side of Eq. (6) does not yield
additional contributions. Thus A(T) does not depend on the
field in linear order in h. We then insert Eq. (9) into (1) to find
the linear susceptibility, be = oM, /0H, [31],

4 N
&zgab_zjﬂ"2<

8a8bXP

evaluated with A(T) obtained from Eq. (8). Reference [32]
derives a formula that is equivalent to Eq. (10) for two com-
ponents of the spin susceptibility tensor only in the case of
the point group D,;,, which we discuss below. In the fol-
lowing, we analyze our main result, Eq. (10), in different
regimes.

At qx = 0, Eq. (10) reduces to the textbook formula for
unitary triplet phases [1,2,4],

4X5b

g ngP = (Yk(T)dAk,adAl:b + (5ab —_ jk,ad,\l;k,b»ks (1 1)
a

(Qu.+ + Q) Re(didy dif ) + (@0 4+ Qu Q) (A58as — Gk.adi.) (10)
|di |2k, + R, (4 + 2, )° k’

(

with d = dy/|d|, and the angle-resolved Yosida function,

|di >

—_—, 12
(@ + |4 P) 2 2

Yk(T)zl—nTZ

which also appears in the spin susceptibility of spin-singlet
superconductors [33], replacing dx with the singlet order pa-
rameter. In particular, Y, (0) = 0 and ¥ (7;.) = 1. In the unitary
case, d is the direction along which the spin projection of
the Cooper pairs associated with a given k vanishes. Thus,
as discussed in the literature, Eq. (11) describes that both
Cooper pairs and unpaired electrons contribute to the magne-
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tization when H L dy: The susceptibility is the same as in the
normal state. However, only unpaired electrons contribute to
the magnetization when H || dix: The susceptibility vanishes
asT — 0.

At qx # 0, Eq. (10) contains interference effects from the
two bands with different gaps. Thus it cannot be reduced
to an expression similar to (11). This is clearly seen in the
nonunitary case with d} = 0,

4x5 . L
b = (G adis + Xu(T)Sap — Gkadip)ys  (13)
8a8bXP
where
2|qx|

Xx(T)=1—nT X

; Vo? +2|qil(jo] + @? + 2|qk|)?
(14)

In particular, Xx(0) = % and Xx(T,) = 1. As g is the Cooper
pairs’ spin direction associated with a given k, Eq. (13) de-
scribes that all paired and unpaired electrons contribute to the
susceptibility when H || gk, as in the normal state. However,
only unpaired electrons contribute to the magnetization when
H L qx: As T — 0, the susceptibility is reduced to half of its
normal-state value, which is the susceptibility of the unpaired
electrons in the “—”" band. In particular, if qx keeps a constant
direction in space, then the susceptibility tensor gets sup-
pressed along two directions, while it keeps its normal-state
value along a third one. This is in contrast with the unitary
case, where the susceptibility tensor keeps its normal-state
value along two directions and is suppressed along a third
one, if dix keeps a constant direction in space. In general, the
direction of q (or di) varies with k and the average over the
Fermi surface mixes the behavior of the three directions.

Considering the generic case, we use qi = |dx|* — |dZ|* to
find that Eq. (10) simplifies at zero temperature,

L’szl(gb-Fl(qu dx.b)
agoxp 2 2 TTRK
B <m (Ak,+)Re[di<|dk|2d.t,a - d.tzdk,a>d.’:.b]> ‘
Ax - lax|? .

5)

Here, the first line is the same as Eq. (13) with dlz( =0atT =
0. Near T, we use Eq. (8) to find

2Re(¢k,aw]t ;,)k ( T)
— . 1——1). 16
W+ e < ) 49

Finally, we find at any temperature that the trace of the spin
susceptibility takes a rather simple form,

Qk,_;,_Qky_ — a)2 >
k.

4 S
I X!
~ 8aXP — \ Q1 S0, (i + + Qx -)
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It reduces to 2 4 (Yx(T))x in the unitary case [34] and 1 +
2(Xx(T))k in the nonunitary case with dlz( =0 AtT=0it
equals 2 for any (unitary or nonunitary) triplet state.

TABLE 1. Possible nonunitary states and representative basis
functions for the cubic (O,), hexagonal (Dg), and tetragonal (Dy;)
point groups with strong SOC [3]. In Dg;, and Dy, we allow for the
superposition of two basis functions with real coefficients ¢, (k) and
[e5) (l:{) that are invariant under all symmetries of the point group [7],
such that the phases are unitary if ¢; = 0. Furthermore, & = £2™/3
and I€+ = IEX + ilgy.

Point group IR Pairing state ¥, (qK )k X
Oy E, (ky, eky, e2k.) 0
Fi, (ky + ik, —ko, —ik,) (1,0,0)
Flu (Sk_\' - 82]22’ kz - 812:(7 82]2)( - ]2)) (l,l,l)
Fu  (cky + %k, k. + ek, %k, + k) (1,1,1)
F2u (]2\ + il%za i%xs ll%x) (1’0’0)
Dg, En  c(Rk(1,i,0)+ c2(k)ky (0,0, 1) (0,0,1)
Es iRk (1,1,0) 4 c2(K)kk2 (0,0, 1) (0,0,1)
Dy, E, ca®k(1,i,0)+ Kk (0,0,1)  (0,0,1)

IV. DISCUSSION

Possible nonunitary phases have been studied experimen-
tally in various crystals belonging to different symmetry
classes. Below we analyze the properties of the susceptibility
tensor, Eq. (10), for the nonunitary phases that can appear in
cubic (Op), hexagonal (Dgy), and tetragonal (D) symmetry
classes [3], which are listed in Table I together with a selection
of representative basis functions for the pairing state [3,4,7].
We put the results in relation with the experimental findings.

A. Cubic symmetry

In Oy, the normal-state susceptibility tensor is isotropic:
8x.yz = & Among possible nonunitary phases, we first con-
sider the first line in Table I, where (qx)x = 0. Thus, there
is no preferential direction and we find an isotropic suscep-
tibility [cf. Fig. 1(a)]. In particular, be(O)/Xp = (g2/6)8ab at
T = 0; the point nodes along the direction k=1 / \/§(1, 1, 1),

a

1 \()\

= -
=<
~

>~ N
0 L L

0 T/T. 1

FIG. 1. Temperature dependence of the principal values of the
spin susceptibility tensor, in units of xy = (g%/4)xp, for various
nonunitary triplet phases in O, with pairing functions in Table I:
(a) line 1, where the susceptibility is isotropic; (b) lines 2, 3, and
5 in solid and line 4 in dashed. The doubly and singly degenerate
components x; and y; are for principal axes perpendicular and
parallel to (q )k, respectively.
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FIG. 2. (a) Temperature dependence of the principal values of
the spin susceptibility tensor, in units of yy = (¢°/4)xp, assumed
isotropic for simplicity, for nonunitary triplet pairing states in Dgy,
and Dy;,. The first lines in Table I for D¢, and Dy, yield the same
result shown in solid, whereas the second line for Dg, is shown
in dashed, all with ¢, = 0. Here, x, and x; are for the principal
axes perpendicular and parallel to qx o Z. (b) Dependence on ¢,
of the principal values of the spin susceptibility tensor at 7 =0
for the triplet pairing state \/3/72[c1121(1, i,0)+ c212+(0, 0, 1)] with
¢} +c% =1 [solid lines in (a)]. At ¢, = 1, the phase is unitary,
yielding the characteristic vanishing of one component of the sus-
ceptibility tensor, while the other two retain their normal-state value.

as well as equivalent ones, result in x5 (T) — x3,(0) o T?
asT — 0.

Next, we consider the second line in Table I, where {qx)x
(1, 0, 0). Therefore, the susceptibility develops an anisotropy
along the direction X. The T dependence of the susceptibility
tensor’s principal values is shown in solid lines in Fig. 1(b).
At low temperature, the deviation from the 7 = 0O result is
again proportional to 72 because of point nodes at ky =
k,; = 0. The third and fifth lines of Table I give the same
result, with different principal axes determined by (qk)k. The
fourth line in Table I yields a different temperature depen-
dence, shown in the dashed line in Fig. 1(b). Note that the
hard/easy axes are reversed compared to the three previous
cases.

The symmetry group O applies to the cubic crystal
U;_.Th,Be;3, which exhibits two superconducting phases
at finite doping ratio x. The lower one in temperature was
suspected to be nonunitary [35]. However, since Ref. [36]
reported a constant Knight shift in at least one direction, it
does not match the reduction with temperature that we found
in all considered nonunitary phases.

B. Hexagonal symmetry

Assuming ¢, = 0 in Table I for D¢, we find two examples
of nonunitary phases with dlz( =0 and qx « (0,0, 1). The
susceptibility tensor’s principal values are then determined
by Eq. (14). The presence of a line node at k, =0 and
point node at k, =k, = 0 yield dependences T and T2,
respectively, at T — 0O for the deviation of the two principal
values that are affected by superconductivity with respect to
their T = 0 value [cf. Fig. 2(a)]. However, we recall that the
property d2 = 0 is fragile when more general basis functions
are considered. In particular, it is lost for nonunitary phases
with ¢; # 0. In Fig. 2(b), we plot the dependence of the

principal values . = Xyy = x1 and x,;, = xjatT =0asa
function of ¢,, taking constant ¢; = ¢ (k) and ¢; = ¢»(k) with
normalization C% + c% =1, and using Eq. (15). Note the re-
versal of hard/easy axes similar to the one shown in Fig. 1(b)
for Oy,

The symmetry group Dg;, applies to UPts;. Based on the
presence of three superconducting phases in the (H, T )-phase
diagram as well as the anisotropy of the upper critical field,
a strong case was made for a chiral triplet order parameter in
a two-dimensional IR, with dy || Z [37,38]. This corresponds
to the pairing states indicated in Table I with ¢; = 0, making
them unitary. The weak suppression of the Knight shift in
a single direction within the basal plane [39] is not in line
with this scenario, nor with the nonunitary ones with ¢; # 0.
Alternative scenarios rely on the assumption of weak SOC and
the rotation of di with H [40]. Thus the question of the order
parameter remains unsettled.

C. Tetragonal symmetry

From Table I, we see that the nonunitary phase that may
occur in Dy, bears a resemblance with one of the possible
nonunitary phases in Dg;,. Recent Knight shift measurements
for H in the basal plane of the tetragonal Sr,RuOj crystal
revealed a suppression that was not observed in earlier ex-
periments [41-43]. They ruled out the long-discussed chiral
(unitary) triplet phase, corresponding to the one that appears
in Table I with ¢; = 0, and lead to suspect a singlet (rather
than triplet) phase. Alternative nonunitary triplet scenarios
would rely on ¢; < ¢, as one expects the k, dependence to
be suppressed because of the layered (quasi-two-dimensional)
crystal structure of Sr,RuQy,. That constraint would be relaxed
in a three-dimensional scenario [44], with the suppression of
the spin susceptibility in the basal plane at ¢y # 0, which is
illustrated in Fig. 2(b). Note also the multiband character of
SrpRuOy [45], which is not taken into account in our theory.

D. Orthorhombic symmetry

All IRs are one dimensional in the group Dy;, that applies
to UTe,, in which superconductivity was recently discovered
[14,46]. Thus scenarios of nonunitary superconductivity that
have been proposed to interpret signatures of time-reversal
symmetry breaking in the Kerr effect [47] require that two
IRs have accidentally close 7;’s. Indeed, a recent microscopic
study found evidence of such a near degeneracy [48]. Var-
ious proposals result in dg o (0, 1, i§) with § real and thus
gk « (1,0,0) [14]. Our theory can be easily extended to
almost degenerate IRs. In particular, the expression for the
spin susceptibility, Eq. (10), keeps its form, while the gap
equations have to be generalized. Our results for the proposed
form of dy are consistent with the observed suppression of x,,
and y., below T, [49], also predicted in Ref. [32], while y,,
remains normal [50].

V. CONCLUSION

Even though the spin susceptibility plays an important role
in identifying the order parameter symmetry, it had not been
calculated for general nonunitary phases. Here, we filled this
gap and analyzed various experimental results in light of our
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findings. It paves the way for future studies on nonunitary
superconductivity, including the role of multiple bands [51],
impurities, ferromagnetism in the normal state [10], as well
as finite field effects, in particular the paramagnetic limit of
triplet superconductivity.
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