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Negative differential thermal conductance by photonic transport in electronic circuits
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The negative differential thermal conductance (NDTC) provides the key mechanism for realizing thermal
transistors. This exotic effect has been the object of an extensive theoretical investigation, but the implementation
is still limited to a few specific physical systems. Here, we consider a simple circuit of two electrodes exchanging
heat through electromagnetic radiation. We theoretically demonstrate that the existence of an optimal condition
for power transmission, well known as impedance matching in electronics, provides a natural framework for
engineering NDTC: the heat flux is reduced when the temperature increase is associated to an abrupt change
of the electrode’s impedance. As a case study, we numerically analyze a hybrid structure based on thin-film
technology, in which the increased resistance is due to a superconductor-resistive phase transition. For typical
metallic superconductors operating below 1 K, NDTC reflects in a temperature drop of the order of a few mK by
increasing the power supplied to the system. Our numerical work draws new routes for implementing a thermal
transistor in nanoscale circuits.
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I. INTRODUCTION

The development of quantum technologies is one of the
main driving forces of the current physical research [1,2].
In many implementations of this discipline, device minia-
turization and low noise requirement have motivated an
intense theoretical investigation and experimental activity on
thermal transport in nanoscale solid-state devices [3–9]. In
this direction, as a combined effect of nonequilibrium ther-
mal fluctuations and nonlinear response, physical systems in
which the heat flow Q̇ decreases by increasing temperature
gradients, i.e., dQ̇/dT < 0, can be realized. In these regimes,
the system is characterized by a negative differential thermal
conductance (NDTC) [10]. Exploring the physical meaning of
the NDTC regime defines a certainly interesting line of basic
research [11–14]. At the same time, such an effect allows one
to configure and fabricate new devices based on NDTC. An
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important case study in this context is provided by the thermal
transistor introduced 17 years ago by Casati and co-workers
[10]. Over the years, several proposals for the implemen-
tation of thermal transistors and similar devices have been
put forward, with technologies ranging from phononics [15],
superconducting junctions [16,17], and electrochemical cells
[18] to near-field devices [19–23]. Even though great efforts
have been devoted to the problem, engineering of NDTC in
physical systems is still a challenging task, with only few
experimental observations in specific systems being carried
out [24–26]. In our work, we will show how a circuit ap-
proach to photon-mediated thermal transport can provide a
general route for NDTC engineering. In our logic, we rely
on a specific “resonant” property holding for the thermal
transmission: the electromagnetic power turns out to be op-
timally transmitted between two circuital elements if a certain
impedance matching condition is fulfilled [27]. Starting from
this condition, we impart an abrupt impedance mismatch by
a temperature change. We shall see that such protocol can
lead to NDTC. After a general discussion of the mechanism,
we present a quantitative investigation in a realistic platform
in which the impedance mismatch is achieved through the
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FIG. 1. NDTC in photonic transport. (a) Circuit scheme: source
and drain electrode are connected through a lossless line. In the
presence of a thermal gradient, heat is transferred through a photon-
mediated mechanism. In the blow-up, we show the implementation
discussed in the second part of the manuscript, where the source is
given as a series of a normal metal and a superconductor. (b) Power
transfer coupling coefficient between two normal resistors RS and
RD. The transmission is maximum for RS = RD (impedance matching
condition). (c) Sharp increase of the source resistance due to a phase
change occurring at the temperature Tc. (d) Resulting NDTC in the
photon-mediated heat current.

normal-to-superconductor phase transition. We note that the
photonic heat transport between two normal metals has been
recently investigated in different experiments [28–33], where
superconducting elements are exploited to realize a tunable
coupling, both in the classical and in the quantum regime
[32,34]. Here, we investigate photon-mediated heat transport
in superconductors that, because of their impedance’s strong
temperature dependence, provide important examples of co-
herent networks in which nonlinear transport effects can take
place [23,35–38].

II. MODEL

We consider the scheme depicted in Fig. 1(a). The system
is composed of two electrodes, denoted as source (S) and
drain (D), electrically connected through wires of negligible
losses. We assume that the lead S is in thermal equilibrium
with temperature TS , while the drain resides at temperature TD.
When a thermal gradient is present, i.e., for TS �= TD, heat is
exchanged between the two elements. With a properly studied
design detailed below, the heat transfer between the source
and the drain is dominated by the photonic channel while
competing mechanisms are negligible; we comment more
extensively on this point in the second part of this work. Ra-
diative heat transfer is typically investigated in the framework
of fluctuation electrodynamics, which phenomenologically
combines quantum and thermal fluctuations with the Maxwell
equations describing the electromagnetic fields [39–41]. For
the sake of generality, we follow a lumped parameters
approach valid at low temperatures for thermal photons wave-
lengths (λT ) larger than the size of the typical circuit element.
In other words, the source, the drain, and the superconduct-
ing wires have physical dimensions much shorter than the

photon thermal wavelength λT = 2π h̄c/(kBT ) (with h̄ the
reduced Planck’s constant, kB the Boltzmann constant, and
c the speed of light), which is 1.4 cm at T = 1 K. In this
regime, we can follow the circuit approach of Ref. [42] to
determine the radiative heat transfer. Due to the quantum and
thermal fluctuations of charges, a voltage noise across the
ends of the source electrode, called the Johnson-Nyquist noise
[43,44], occurs. The power spectrum of this noise is character-
ized by the fluctuation-dissipation theorem [45] and is given
as SV (ω) = 4h̄ω Re [ZS (ω, TS )][n(h̄ω, TS ) + 1/2], where ω is
the angular frequency of fluctuation, n(ε, T ) = [eε/(kBT ) −
1]−1 is the Bose-Einstein distribution, and ZS (ω, TS ) is the
source’s impedance. The photons emitted due to fluctuations
in the source are absorbed by the drain electrode. In the
circuit approach, this effect manifests itself as joule heat-
ing of the drain electrode due to the current produced by
the Johnson-Nyquist voltage noise. Spectrum of the corre-
sponding noise current in the circuit is obtained by applying
the Kirchhoff laws and reads SI (ω) = SV (ω)/|Ztot|2, where
Ztot = ZS (ω, TS ) + ZD(ω, TD) is the total impedance of the
circuit. Hence the spectrum of power dissipated in the drain
is SP(ω) = Re [ZD(ω, TD)]SI (ω). The total power transferred
is obtained by integrating over the angular frequencies ω,
giving

Q̇S→D(TS, TD) =
∫ ∞

0

h̄ω

2π
τ (ω, TS, TD)

[
n(h̄ω, TS ) + 1

2

]
dω,

(1)

where the effective photon transmission coefficient has been
identified as [42,44,46]

τ (ω, TS, TD) = 4
Re[ZS (ω, TS )]Re[ZD(ω, TD)]

|ZS (ω, TS ) + ZD(ω, TD)|2 . (2)

The heat transfer rate in Eq. (1) represents the total power
radiated by the source and transmitted to the drain, without
accounting for the heat back-flow due to electromagnetic
fluctuations in the drain electrode. The net power transmitted
is then obtained by subtracting the heat current Q̇D→S flow-
ing from the drain to the source, i.e., Q̇γ = Q̇S→D − Q̇D→S .
Due to symmetry, Q̇D→S is simply obtained by exchanging
S ↔ D in Eq. (1), yielding the following expression for Q̇γ

[28,42]:

Q̇γ (TS, TD) =
∫ ∞

0

h̄ω

2π
τ (ω, TS, TD)[n(h̄ω, TS )

− n(h̄ω, TD)] dω. (3)

In this setting, a NDTC can be achieved, for instance, when
Q̇γ decreases by increasing TS for a fixed value of TD < TS .
To give a simplified view, we first discuss the case where the
source impedance ZS has no reactive components and does not
depend on the photon energy, i.e., ZS (ω, TS ) = RS (TS ). For the
drain, we consider here and in the rest of the manuscript a nor-
mal metal resistor, independent on the drain temperature TD,
i.e., ZD(ω, TD) = RD. In this case, the integral in Eq. (3) can
be explicitly evaluated as Q̇γ (TS, TD) = τ0(RS/RD)πk2

B(T 2
S −

T 2
D )/(12h̄), where τ0(x) = 4x/(x + 1)2. In this expression the

T 2 dependence of the heat current expresses blackbody ra-
diation in 1D, characterized by a modified Stefan-Boltzmann
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constant σ 1D
SB = πk2

B/(6h̄) [47,48]. The one-dimensional na-
ture of the transport stems from the topology of the electrical
circuit which connects the two elements, where the radi-
ated photons are transmitted. The coupling coefficient τ0

characterizes the efficiency of the power transmission, related
to the relative dissipation in each element.

The key property that we use to engineer the NDTC is the
nonmonotonous behavior of the transmission τ0 as a function
of the resistance ratio (RS/RD); in particular, τ0 results in
being maximum at the impedance matching condition, i.e.,
for RS = RD [42]. This result is also known in the litera-
ture as the maximum power transfer theorem: it expresses
a general statement on optimal power transfer between two
elements, ranging from mechanical collisions to electromag-
netic phenomena (such as the one investigated here) [49,50].
We consider a source electrode characterized by a resistance
which depends sharply on the temperature around the crit-
ical value Tc, i.e., RS = RD for T < Tc and RS � RD for
T > Tc [see Fig. 1(c)]. As a consequence, the transmission
τ0 is reduced from unity (for T < Tc, being RS = RD) to a
value much smaller than one (T > Tc, with RS/RD � 1) when
the temperature is increased from T < Tc to T > Tc, hence
making Q̇γ decrease by increasing TS in the vicinity of Tc—
Fig. 1(d). Note that at larger values of the source temperature
the heat conductance is again positive, with the transmission
being approximately constant for T > Tc.

III. CASE STUDY: SUPERCONDUCTING THIN FILMS

Now we discuss a possible scheme for the detection and
implementation of NDTC. To mimic the sharp resistance in-
crease of Fig. 1(c), we exploit a superconducting to normal
phase transition [51]. We assume the source is composed of
a series of a normal element (with resistance RN = RD to
ensure impedance matching) and a superconducting element,
connected through a clean contact of negligible resistance
[see Fig. 1(a)] [52]. The clean contact can be achieved
through electrode beam evaporation of the two films in a ultra-
high-vacuum chamber. Below the superconducting critical
temperature, the dissipation in the superconductor is negli-
gible, giving Re [ZS (ω, TS )] ∼ RD, whereas Re [ZS (ω, TS )] =
RD + R0 for T > Tc, where R0 is the resistance of the su-
perconducting element in the normal state. We choose to
operate in the sub-kelvin regime, where the photonic heat cur-
rent is more relevant to the thermal equilibration [36,38,44].
On the material side, we consider thin metallic films which
can be deposited through electron-beam evaporation, such
as titanium (Ti) as the superconductor (with typical critical
temperature in the range 0.3–0.5 K [53,54], we set Tc = 0.4 K
in our calculations) and copper (Cu) for the normal conducting
elements. The wires can be realized with superconducting
aluminum (Al) or niobium (Nb), which displays higher crit-
ical temperature than Ti [55], and therefore can account for
realizing lossless lines. Indeed, at low temperatures, the super-
conducting gap exponentially suppresses both ac losses and
the source-to-drain heat conduction by quasiparticles [56],
which may otherwise overcome the photonic transport due to
the galvanic connection between the source and drain in our
setup [see Fig. 1(a)]. At the same time, the direct conduction
of heat between the electrodes and the wire is suppressed

by Andreev mirroring [38]. As a result, the heat transfer is
dominated by the photonic radiation of Eq. (3) in the relevant
temperature range, as also experimentally demonstrated in
Ref. [56]. For simplicity, we neglect the interfacial resistance
between the wire and the two electrodes: this resistance re-
duces the transmitted heat current by increasing the real part
of Ztot , but does not significantly affect the phenomenology
discussed below. Finally, reactive contributions to the pho-
tonic transport due to the kinetic inductance of the wire can
be made negligible with a suitable geometry design; typical
phase-shift effects of long waveguides [57] are negligible due
to the size of the superconducting wire, much smaller than
the photon thermal wavelength (of the order of centimeters or
larger).

A. Complex impedance of the superconducting thin film

We start by discussing the photon-mediated heat trans-
port. In our setup, the impedance of the two leads are
ZS (ω, TS ) = RD + Z0(ω, TS ) and ZD = RD. As recently ex-
perimentally demonstrated [54], the complex impedance of
Ti can be modeled within the Mattis-Bardeen theory [58],
valid for Bardeen-Cooper-Schrieffer (BCS) superconductors.
More precisely, the complex impedance reads Z0(ω, TS ) =
R0[σ1(ω, TS ) − ισ2(ω, TS )]−1, where the real (σ1) and the
imaginary (σ2) parts of the complex conductivity (scaled to
the normal conductivity) are expressed by

σ1(ω, T ) = 2

h̄ω

∫ ∞




ν(E , E ′)[ f (E , T ) − f (E ′, T )] dE

− �(h̄ω−2
)

h̄ω

∫ −



−h̄ω

ν(E , E ′)[1−2 f (E ′, T )] dE ,

(4)

σ2(ω, T ) = 1

h̄ω

∫ 


−
,
−h̄ω

|ν(E , E ′)|[1 − 2 f (E ′, T )] dE .

(5)

Above, �(x) is the Heaviside-step function, E ′ = E + h̄ω,
and f (E , T ) = [eE/(kBT ) + 1]−1 is the Fermi function. In
Eq. (5), the lower limit of the integral is the maximum be-
tween −
 or 
 − h̄ω; in other words, the lower limit is
−
, 
 − h̄ω for h̄ω > 2
, and h̄ω < 2
, respectively. We
introduced the function [59]

ν(E , E ′) = EE ′ + 
2

√
E2 − 
2

√
E ′2 − 
2

. (6)

The superconducting gap is approximately given by 
(T ) =

0 tanh(1.74

√
Tc/T − 1) [60] for T � Tc (
=0 for T�Tc),

where 
0 = 1.76kBTc, according to the BCS theory. The
dissipative processes in the superconductor are given by
thermally excited quasiparticles [first integral of Eq. (4)] or
through pair-breaking processes due to photon absorption that
may occur for h̄ω > 2
 [second integral of Eq. (4)]. The
imaginary part of the conductivity Eq. (5) gives the kinetic
inductance of the superconducting film.

B. Temperature dependence of the heat current

Figure 2(a) displays Q̇γ as a function of the source tem-
perature TS , for TD = 30 mK and different values of the ratio
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(a) (c)

(b) (d)

FIG. 2. NDTC in the specific implementation based on low-temperature superconductors. (a) Q̇γ vs TS with TD = 30 mK for different
values of r = R0/RD. NDTC appears for source temperatures TS around (350 mK, 400 mK). (b) Energy averaged thermal transmission τ̄ vs
TS for the same values of r as in (a). (c) τmax, τmin and their relative difference as function of r showing favorable operating region to observe
NDTC. (d) Q̇γ vs TS for r = 36 and different values of TD.

r = R0/RD. Notably, the evolution is nonmonotonic with TS

and the system displays NDTC for source temperatures ap-
proximately in the range around [350 mK, 400 mK]. Upon
increasing R0, the photonic heat current decreases. Here the
reduction of Q̇γ with R0 for T > Tc arises from suppres-
sion of τ0(x) for x > 1, while for T < Tc it is related to
the imaginary part of the ZS (ω, TS ), i.e., kinetic inductance.
To analyze such a feature, we focus on the temperature de-
pendence of τ . We define an average transmission τ̄ (TS ) =
h̄(2
0)−1

∫ 2
0/h̄
0 τ (ω, TS )dω [61]. Figure 2(b) displays τ̄ as a

function of the source temperature TS , for the same values of r
as in Fig. 2(a). The transmission is monotonically decreasing
with TS , being maximum at TS 
 Tc, i.e., τmax = τ̄ (TS → 0),
and constant for TS � Tc, with τmin = 4(1 + r)/(2 + r)2. Dif-
ferently from the idealized situation displayed in Fig. 1, τ < 1
even at low temperatures. This behavior is due to the non-
negligible kinetic inductance of the superconductor, which
reduces τ [see Eq. (2)]. Hence, even though an increase of
R0 turns out always beneficial in the schematics of Fig. 1(b),
in the realistic case, an arbitrarily large value of R0 may hinder
the NDTC behavior as also seen in Fig. 2(a). Indeed, τmax and
τmin decreases monotonically as a function of r, as displayed
in Fig. 2(c) (solid curves). Notably, the relative transmission
modulation, defined as (τmax − τmin)/τmax, grows monotoni-

cally with r and it is approximately saturating to 1 − 8/π2 ∼
0.19 for r ∼ 10 [see dashed curve in Fig. 2(c)] [62]. As a
result, the phenomenology of NDTC is well displayed for
values of r in the range [10,100].

In Fig. 2(d), we display Q̇γ as a function of TS for r = 36
and different values of TD. For a given value of the source
temperature, the heat current typically decreases by increasing
TD, due to the reduction of the thermal gradient. Notably,
the NDTC phenomenology for source temperatures TS � Tc

is robust even with a sizable change of the drain temperature.
This feature is crucial for the detection of the NDTC discussed
below.

C. Thermal schematic and self-consistent calculation

In the above computations, we characterized the photon-
mediated thermal transport as a function of the temperatures
of the source for selected values of the drain temperature.
However, in an actual experiment, the temperatures TS and
TD are not directly controlled. Instead, power is injected into
the system and the temperatures TS, TD are the result of the
power balance in each electrode [9]. In experiments based on
hybrid-normal superconducting thin films, power is typically
injected by joule heating; in other words, two normal (or
superconducting) electrodes are coupled to the source through

134510-4



NEGATIVE DIFFERENTIAL THERMAL CONDUCTANCE BY … PHYSICAL REVIEW B 107, 134510 (2023)

FIG. 3. Thermal balance and source and drain steady-state tem-
peratures. (a) Schematics showing typical configuration for power
injection in the source electrode (heater) and thermometry with
additional electrodes tunnel coupled to the source and the drain.
(b) Heat flow diagram: input power is provided to the source us-
ing externally controlled voltage source providing joule heating and
losses due to electron-phonon coupling are included. (c) Steady-state
temperature of the drain TD vs input power Pin, showing negative
differential characteristics with respect to Pin. (d) Steady-state tem-
perature of the source TS vs Pin, showing a monotonic increase with
input power. Parameters: Tp = 30 mK, ρCu = 3 µ� cm [70], lCu =
2 µm, ACu = 700×30 nm2, ρTi = 30 μ� cm [71], lTi = 6 µm, and
ATi = 700×25 nm2, where ρ, l,A are the normal state resistivity,
the length, and the cross section of the films, respectively.

an insulating barrier [see schematic for the heater in Fig. 3(a)].
Applying a bias voltage Vh between the two electrodes in
the heater, power ∼V 2

h /4Rh (with Rh tunneling resistance of
each barrier) is dissipated in the source [63], locally raising
the quasiparticle temperature. The drain temperature can be
measured via tunnel junction thermometry [3,64–67]; two
superconducting electrodes are coupled to the drain elec-
trode via strongly oxidized barriers (to prevent additional
heat losses) and supplied with a bias current Ith [schematic
in Fig. 3(a)]. After calibration, the voltage drop across the
structure (Vth) gives the temperature of the (normal) drain
electrode. This measurement scheme is insensitive to the tem-
perature of the superconducting elements for TD � 0.4T th

c ; for
our parameters’ value this inequality holds for a thermometer
electrode based on superconducting aluminum (T th

c ≈ 1.2 K
is the critical temperature of the thermometer).

The thermal exchanges in our system are schematically
depicted in Fig. 3(b). Experiments based on low-temperature
superconducting thin films are typically well described within
the quasiequilibrium regime [3,6]. Namely, in each electrode,
quasiparticles and phonons can be treated as separate subsys-
tems, which may thermalize to different temperatures, since
the electron-phonon scattering rate slows down at very low
temperatures. We assume that the phonons in each part of
the device are well thermalized to the substrate temperature
(Tp ∼ 30 mK set by the cryogenic dilution fridge) due to the
vanishing Kapitza resistance between the substrate and thin
metallic films [3,9]. Thus, in our modeling, the phonons do
not contribute to the heat transfer between the source and
drain; nevertheless, the electron-phonon interaction plays a
central role in the thermalization of the two electrodes, as
detailed below. Due to the clean contact between Ti and Cu,

we neglect any potential small thermal gradient in the source
electrode, characterizing the electron (in the normal metal)
and the quasiparticle (in the superconductor) subsystem with
a single temperature TS . This approximation is valid for layers
with dimensions smaller than the thermal healing length as-
sociated with electron-phonon interaction, which we estimate
in the range of tens to hundreds of µm [3]. The electronic
temperature of the drain is given by TD. When power Pin is in-
jected in the source, the source temperature increases TS > Tp,
producing photon-mediated exchange Q̇γ with the drain. At
the same time, heat is exchanged with the phononic bath both
in the normal (Q̇N ) and in the superconducting (Q̇Sc) parts
of the device. At the steady-state condition, in each element
the ingoing heat current must be equal to the outgoing heat
current, giving

Pin = Q̇γ (TS, TD) + Q̇N (TS, Tp) + Q̇Sc(TS, Tp),

Q̇γ (TS, TD) = Q̇N (TD, Tp). (7)

The electron-phonon coupling in each Cu lead is given by
Q̇N (T, Tp) = �CuVN (T 5 − T 5

p ), where VN is the volume of
each copper electrode and �Cu = 3×109 W m−3K−5 is the
material dependent electron-phonon coupling constant [3].
For the superconductor, the electron-phonon interaction reads
[68,69]

Q̇Sc(TS, Tp) = αs

∫ ∞

0
dε ε3[n(ε, TS ) − n(ε, Tp)]F (ε, TS ),

(8)

where αs = �TiV/[24ζ (5)k5
B] and

F (ε, TS ) =
∫ ∞

−∞
dE ρ(E )ρ(E ′)

(
1 − 
2

EE ′

)

× [ f (E , TS ) − f (E ′, TS )], (9)

with E ′ = E + ε. Above, �Ti = 1.3×109 W m−3K−5 is the
coupling coefficient [3], V is the volume of the supercon-
ducting lead, ζ (z) is the Riemann-zeta function, and ρ(E ) =
|E |θ (|E | − 
)/

√
E2 − 
2 is the BCS density of states. For

given values of the phonon temperature Tp and the input
power Pin Eq. (7) is a nonlinear system of integroalgebraic
equations in the two-variables for TS and TD.

Figures 3(b) and 3(c) display the solution of Eq. (7), ob-
tained through a Newton-Raphson optimization algorithm, as
a function of the input power Pin. Notably, while TS increases
monotonously with Pin [see Fig. 3(c)], the drain temperature
TD decreases for input power around the range [1.5,2.25] pW
[see Fig. 3(b)]. This behavior is a signature of NDTC in the
photonic channel. Indeed, when TS is close to Tc ( 400 mK) the
heat exchange is reduced by increasing Pin, in agreement with
our previous discussion, resulting in a decrease of TD due to
the second equation in Eq. (7).

IV. CONCLUSIONS

In summary, we investigated the negative differential ther-
mal conductance (NDTC) in the photonic heat transport
between two electrodes, within a lumped circuital approach.
We rely on a photon resonant transmission that, in analogy
of the electronic principle of impedance matching [27], mini-
mizes the loss in the heat transmission. We demonstrated how
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such resonant transmission can be exploited as a reference
point to realize NDTC. An abrupt impedance mismatch causes
a reduction of the heat flow that can be transmitted among the
two electrodes and therefore the differential conductance is
negative. In the second part of the paper, we focus on a specific
design based on low-temperature superconductor that can be
realized with the state-of-the-art nanofabrication techniques.
Our calculations show that the effect leads to temperature
drops larger than 1 mK. Thus the predicted NDTC phe-
nomenology can be identified with well-established normal-
insulator-superconductor junction thermometric techniques,
with typical uncertainty of 40 µK [29]. Our work provides
a general protocol for engineering NDTC in electric circuits

where heat is exchanged through electromagnetic radiation.
In this respect, superconducting circuits certainly provide
a promising platform. The general nature of the maximum
power transfer condition, though, may trigger investigations
of NDTC on a wider variety of physical implementations.
Improved performance in terms of the operating tempera-
ture range or size of the temperature drop with the use of
alternative materials and phase transitions. These topics could
be the subject of future research.
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