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Magnetic skyrmion Walker breakdown in cylindrical nanotubes
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As topological spin textures, magnetic skyrmions in chiral magnets show a universal current-velocity relation
when driven by spin transfer torques. In general, the skyrmions in chiral magnets do not exhibit Walker
breakdown—a phenomenon that domain walls’ motion modes will change from steady to precessional motion
when the driving forces are sufficiently large. In this work, we studied the dynamics of magnetic skyrmions
in cylindrical nanotubes numerically and analytically. The skyrmion performs a helical motion in the nanotube
without external fields. However, we show that the skyrmion exhibits the Walker breakdown phenomenon when
an external field is applied to the nanotube perpendicularly. A steady skyrmion motion is observed in the low
current regime, while the skyrmion moves forward and back when the current is larger than a critical density.
Our findings reveal a new way to tune the skyrmion dynamics beyond planar geometries.
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I. INTRODUCTION

Walker breakdown [1] is a well known phenomenon that
the domain walls’ motion modes will change from steady
to precessional motion when the driving forces are more
significant than a threshold, accompanying a sudden drop
in the propagation velocity [2]. The Walker breakdown of
domain wall has been observed in ferromagnets [1], ferri-
magnets [3], antiferromagnets [4,5], and multilayered systems
[6,7] for various driving forces such as the external fields
[1], spin transfer torques [2], and spin-orbit torques [8]. As
an emergent phenomenon, the Walker breakdown does not
typically occur in narrow cylindrical nanowires because a
nanowire can be simplified as a uniaxial anisotropy system
[9]. Therefore, a minimal model to reproduce the Walker
breakdown phenomenon is a ferromagnetic system with two
effective anisotropies, for instance, a Permalloy nanostrip in
which the two anisotropies originate from demagnetization.
In such a system, one anisotropy stabilizes the domain wall,
and the other forms a potential that limits the precessional
motion in the low driving force regime. It thus shows a steady
motion, as shown in Fig. 1(a). As the driving forces (such
as current density j or external fields) increase, the potential
fails to suppress the precessional motion, resulting in a drop
in velocity.

Like domain walls, the magnetic skyrmions [10,11] are
topological solitons with particlelike properties [12]. The
domain walls and skyrmions are considered promising can-
didates for spintronic applications [13–16]. The magnetic
skyrmions show fascinating dynamics in nonequilibrium en-
vironments. For example, a skyrmion moves towards the
high-temperature region in the presence of temperature gradi-
ents [17,18], whereas an interstitial skyrmion will move from
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the hot area to the cold area [19]. However, the skyrmion
dynamics driven by currents are pretty simple–it shows a uni-
versal current-velocity relation [20,21]. Therefore, the Walker
breakdown of magnetic skyrmions in chiral magnets has not
been observed.

In this work, we investigate the dynamics of a magnetic
skyrmion in cylindrical nanotubes driven by spin trans-
fer torques. We show that Walker breakdown of magnetic
skyrmion emerges when an external field perpendicular to the
cylindrical nanotubes is applied.

II. MODEL

The cylindrical nanotubes are curved shapes. In this situa-
tion, a common approach is to use the finite element method
to discretize the (continuum) micromagnetic energy [22,23].
Instead of using classical micromagnetic simulations [24,25],
we follow the idea of mapping the micromagnetic energy into
the classical Heisenberg model on a regular cylindrical mesh
[26], which is valid as long as the tube radius is much larger
than the thickness of the tube. A typical cylindrical mesh
along the z axis is shown in Fig. 1(b). Based on the cylindrical
mesh, we consider the nearest-neighbor exchange interaction,
the bulk-type DMI, a uniaxial anisotropy, and an external
field perpendicular to the tube. Accordingly, the system’s
Hamiltonian can be written as

H = − J
∑
〈i, j〉

mi · m j +
∑
〈i, j〉

Di j · [mi × m j]

−
∑

i

K (er · mi )
2 −

∑
i

μsmi · H, (1)

where 〈i, j〉 represents a unique pair of lattice sites i and j, mi

is the unit vector of the magnetic moment μi = −h̄γ Si with Si

being the atomistic spin, and γ (> 0) the gyromagnetic ratio.
The bulk-type DMI vector Di j can be written as Di j = Dr̂i j ,
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FIG. 1. (a) Schematic illustration of Walker breakdown of mag-
netic domain walls where j represents the current density. The
domain wall shows a steady motion in the low current regime and
changes to the precessional mode when the current density is larger
than the critical density, accompanying the velocity dropdown. (b) A
regular cylindrical mesh with nz = 40 and nl = 30 where nz and nl

are the number of nodes along the z and tangential direction. The
lattice spacing along the z axis is a, and the radius R = 5a. Spins are
located in each mesh site, and θ is the angle between ex and er .

where D is the DMI constant and r̂i j is the unit vector between
Si and S j . The anisotropy K (> 0) denotes the easy-uniaxial
anisotropy along the radial direction and the external field is
applied in the x direction, i.e., H = Hex. The dipolar interac-
tion has not been included in Eq. (1) explicitly since it can be
cast into the local anisotropy K for thin shells [26].

We consider a FeGe cylindrical nanotube with a radius
R = 40 nm and thickness of 2 nm. To describe the nan-
otube, we use a cylindrical mesh with nl = 128 and R = 20a
with a = 2 nm. The cell size along the azimuthal direction
is �l = 2πR/nl = 1.96 nm, which is close to a = 2 nm.
The typical parameters of FeGe are used [24]: the saturation
magnetization Ms = 3.84 × 105A/m, the exchange constant
A = 8.78 × 10−12J/m, the DMI strength D is determined by
L = 4πA/D with helix period L = 70 nm. Therefore, we
obtain the simulation parameters J = 2Aa, D/J = 2πa/L ≈
0.18, μs = Msa3. We have used JuMag [27] to perform the
simulations.

Similar to the planar system, a magnetic skyrmion can be
stabilized in a nanotube using external fields or anisotropy.
Fig. 2(a) shows the phase diagram with various external fields
(H) and anisotropy (K), which is obtained by minimizing the
system energy that starts from the skyrmion state at θ = π .
The isolated skyrmion can be stabilized by the anisotropy
alone, as shown in Fig. 2(b), where K/J = 0.06 is used. The
diameter of the skyrmion is close to the helix period 70 nm.
The skyrmion number is Q = −1, which is defined as

Q = 1

4π

∫
m ·

(
∂m
∂l

× ∂m
∂z

)
dldz, (2)

where l = Rθ . Moreover, the skyrmion is tilted due to the
curvature of the nanotube [25,28]. For a specific skyrmion in
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FIG. 2. (a) The phase diagram in the cylindrical nanotube as a
function of H and K . The phase diagram is obtained by minimizing
the system energy starting from the skyrmion state. Possible states
are (b) isolated skyrmion, (c) stretched skyrmion, (d) multidomain
state, and (e) uniform domain. The isolated skyrmion with skyrmion
number Q = −1 is emphasized in (f). A coolwarm colormap is used
for plotting mr .

the nanotube, the stabilized region of the external field is not
symmetric. In the low anisotropy region, the distorted states
such as stretched skyrmion [25] [Fig. 2(c)] or multidomain
state [Fig. 2(d)] may be formed. As the strength of anisotropy
increases, the background becomes a radical state [Fig. 2(e)],
which corresponds to the ferromagnetic state in the planar
system.

In the presence of currents, the magnetization dynamics
is govenered by the extended Landau-Lifshitz-Gilbert (LLG)
equation with spin transfer torques, which reads [29,30]

∂m
∂t

= − γ m × Heff + αm × ∂m
∂t

− (u · ∇ )m + β[m × (u · ∇ )m], (3)

where m is the unit vector of the magnetization, Heff =
− 1

μs

∂H
∂mi

is the total effective field, α is the Gilbert damping,
and β represents the strength of nonadiabatic spin transfer
torques. The parameter u is defined as

u = −gPμB

2eMs
j = −Pa3

2eS
j, (4)

where g is the Landé factor, μB is the Bohr magneton, e(>0)
is the electron charge, Ms is the saturation magnetization, P
is the polarization rate of the current, S is the amplitude of
atomistic spin, and j is the current density. We have used
P = 0.5 in this work.

III. RESULTS

We first consider the skyrmion dynamics without the ex-
ternal fields, i.e., H = 0. The skyrmion moves towards the
+z direction under a current u = 8 m/s, as illustrated in
Fig. 3(a). Meanwhile, the skyrmion rotates clockwise due to
the skyrmion Hall effect, forming a helical trajectory. The
corresponding skyrmion displacements are shown in Fig. 3(b),
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FIG. 3. (a) A skyrmion moves towards the +z direction when
a current u = 8 m/s is applied. Its trajectory shows a helical motion
due to the skyrmion Hall effect. (b) The corresponding displacements
of the skyrmion as a function of time. (c) The skyrmion velocity as a
function of applied current u. The parameters α = 0.05 and β = 0.3
are used.

where parameters α = 0.05 and β = 0.3 are used because
a large ratio of β/α is reported [31]. The z and l compo-
nents change linearly under the current, which is the same as
that in the planar films [20]. The trajectories are calculated
using the guiding center (l∗, z∗), which is defined as l∗ =∫

lqdzdl/
∫

qdzdl and z∗ = ∫
zqdzdl/

∫
qdzdl , where q =

m · (∂lm × ∂zm) is topological charge density. The skyrmion
velocity as a function of current density is shown in Fig. 3(c).
A simple linear relationship is observed, the same as the
planar film scenario.

The dynamics of skyrmion motion in the nanotube can
be understood using the collective coordinate approach [32].
Assuming that the skyrmion is rigid, only two degrees of
freedom, i.e., the skyrmion position (l∗, z∗), are used to de-
scribe the skyrmion dynamics. In this situation, one obtains
the Thiele equation

G × (v − u) + D(αv − βu) = F, (5)

where v = (vl , vz ) is the skyrmion velocity, and G =
Ger with G = 4πQ describes the Magnus force. The
second term denotes the dissipative force with the ten-
sor Di j = 4πηi j associated with the shape factor and ηi j =
(1/4π )

∫
(∂ im · ∂ jm)dldz. For a standard skyrmion without

distortion, ηi j = δi jη and η is close to unity. The force F
is directly related to the external field, which is given by
Fi = ∫

γ m · [∂im × (m × H)]dz dl = ∫
γ ∂im · H dzdl . For

the situation that H = 0 and current applied in the z direction,
i.e., u = uez, the Thiele equation gives

vz = 1 + η2αβ

1 + α2η2
u, vl = (α − β )η

1 + α2η2
u, (6)

where F = 0 and Q = −1 are used. Clearly, both vz and
vl scale linearly with u, agreeing with the numerical results
shown in Fig. 3(c). The clockwise motion is related to vl ,
which depends on α − β and the skyrmion number Q.

We then study the skyrmion dynamics in the presence
of perpendicular external fields, i.e., μsH/J = 0.003. The
skyrmion trajectories for u = 2 m/s and u = 6 m/s are shown
in Fig. 4(a) and Fig. 4(b), respectively. For the current den-
sity u = 2 m/s, the second half of the skyrmion trajectory
is simply a straight line. The z component of the skyrmion
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FIG. 4. The skyrmion dynamics in the presence of a perpendic-
ular external field. (a) A steady skyrmion motion is observed when
a current u = 2 m/s is applied. (b) The skyrmion moves forward
and back when the current is increased to u = 6 m/s, indicating
the applied current is in the Walker breakdown regime. The corre-
sponding displacements of the skyrmion as a function of time for (c)
u = 2 m/s and (d) u = 6 m/s. (e) The calculated skyrmion velocity
vz as a function of u. For u > 2 m/s, the average velocity 〈vz〉 is
used. The analytical velocities are plotted using blue lines. (f) The
extracted potential of the skyrmion from the simulation.

position has an acceleration process in the first stage (<50 ns)
and eventually reaches a steady motion, as shown in Fig. 4(c).
Meanwhile, the l component of the skyrmion position ulti-
mately arrives at a saturated value.

However, for the current u = 6 m/s, the skyrmion shows a
distorted helical trajectory. The displacement of the skyrmion
quickly increases to 1143 nm at t = 103 ns, then decreases
to 1077 nm at t = 130 ns. Meanwhile, its l component goes
back to the initial position. This motion pattern repeats as time
continues, corresponding to the precessional motion for the
magnetic domain wall. The calculated velocity as a function
of current density is shown in Fig. 4(d). The skyrmion velocity
shows a sudden drop around u = 2 m/s, indicating the Walker
Breakdown of magnetic skyrmions.

We return to the Thiele equation to understand the observed
Walker breakdown phenomenon. The force F can be defined
as F = −∇U where U = U (l, z) is a potential that acts on
the skyrmion. Considering the translating symmetry, we have
Fz = 0 and Fl = −∂lU (l ). The potential originates from the
Zeeman energy. However, we use the total micromagnetic
energy E to compute the potential because the skyrmion size
varies in different positions. The calculated potential using
U = γ E/(μ0Mst0) is shown in Fig. 4(f), where t0 is the tube
thickness. As expected, it is not a standard sinusoidal function.

As an approximation, we ignore the changes in skyrmion
size and use a sinusoidal potential U (l ) = U0[1 + cos(l/R)],
we arrive at

vl = u1 + U1 sin(l/R) (7)
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vz = β

α
u + 1

αη
vl (8)

where U1 = (1/4πR)αηU0/(1 + α2η2) and u1 = (α −
β )η/(1 + α2η2)u. For a low current density u < uc, the
skyrmion can not move freely in the tangential direction due
to the potential U . In this situation, the solution of Eq. (7) is
vl = 0 and

vz = β

α
u. (9)

The critical current density uc is given by

uc = αU0

4πR|α − β| . (10)

From Fig. 4(f), the parameter U0 is established as U0 = 5.15 ×
10−6m2· s, which gives uc = 2.05 m/s. For a high current
density u > uc, the solution of Eq. (7) is

u1 tan

(
l

2R

)
+ U1 = B tan

(
Bt

2R
− c

)
, (11)

where B =
√

u2
1 − U 2

1 = [|α − β|η/(1 + α2η2)]
√

u2 − u2
c

and c is a constant. The period is T = 2Rπ/B and thus the
average velocity is computed as 〈vl〉 = �l/T = sgn(u1)B =
[(α − β )η/(1 + α2η2)]

√
u2 − u2

c . Therefore, the average
velocity of the skyrmion for u > uc can be established as

〈vz〉 = β

α
u +

√
u2 − u2

c

1 + α2η2

(
1 − β

α

)
. (12)

The analytical velocities [Eqs. (9) and (12)] are plotted in
Fig. 4(f) using blue lines, where η = 1.2 is used. It is found
that the analytical velocities agree with the simulation results
well.

IV. SUMMARY

In summary, we have studied the skyrmion dynamics
driven by currents in a cylindrical nanotube. Without the
external fields, the skyrmion shows a helical motion in the
nanotube. A steady skyrmion motion is observed under a
low current density in the presence of a perpendicular ex-
ternal field. As the current density increases, the skyrmion
moves forward and back, indicating the Walker breakdown
motion pattern. Our work reveals a new way to tune the
skyrmion dynamics beyond planar geometries. Moreover, the
observed skyrmion Walker breakdown may occur in other
magnetic systems, such as cylindrical multilayers driven with
Slonczewski spin transfer torques.
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