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The bulk states of Hermitian systems are believed insensitive to local Hermitian impurities or perturbations
except for a few impurity-induced bound states. Thus, it is important to ask whether local non-Hermiticity
can cause drastic changes to the original Hermitian systems. Here we address this issue affirmatively and
present exact solutions for the double chain model with local non-Hermitian terms possessing parity-time (P7)
symmetry. Induced by the non-Hermiticity, the system undergoes a sequence of P7T -symmetry breakings,
after which the eigenenergies appear in complex conjugate pairs. The associated extended bulk states then
become scale-free localized and unidirectionally accumulated around the impurity. There exist mobility edges
separating the residual extended states until a full scale-free localization of all eigenstates. Further increasing the
non-Hermitity counterintuitively brings the system to a T -restoration regime with fully real spectra except for
a pair of complex bound states. We demonstrate that the local non-Hermiticity generated scale-free localization
is a general phenomenon and can even survive the quasiperiodic disorder. Our results indicate that the bulk
properties of the original Hermitian system can be globally reshaped by local non-Hermiticity.
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I. INTRODUCTION

An essential subject of band theory is the study of the
sensitivity of the energy spectrum and eigenstate to local per-
turbations, such as impurities or defects and various boundary
conditions. Generally speaking, a local impurity or domain
wall would only induce a few bound states for Hermitian
systems. The bulk energy spectra are insensitive to such lo-
cal perturbations, with the eigenstates’ localization properties
staying unchanged. In topological phases of matter, nontrivial
in-gap modes residing at the impurities/defects or system
boundaries may appear, governed by certain bulk topolog-
ical invariants. However, such an intuitive physical picture
breaks down for some non-Hermitian systems. As a paradigm,
the non-Hermitian skin effect (NHSE), i.e., the extreme sen-
sitivity of energy spectra and eigenstates to the change of
boundary conditions, has attracted intensive studies in the
past few years [1-23]. Without any Hermitian counterparts,
it is featured by the entirely distinct energy spectra under
different boundary conditions and the condensation of eigen-
states at system boundaries [1-23], domain walls [24-26], or
impurities [27-29].

The NHSE necessitates the extension of band theory to
its non-Bloch form by introducing the so-called generalized
Brillouin zone [1-4]. In this context, most previous studies
focused on non-Hermitian systems with either global (i.e.,
the non-Hermitian terms have support on the whole lat-
tice) nonreciprocal hoppings or gain/loss. A few exceptions
include studies on the dynamical properties of quantum sys-
tems dissipatively coupled to baths at the boundary [30] or
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subject to local loss [31-37]. Two fundamental and interesting
questions naturally arise: (i) Is there any paradigmatic and
universal phenomenon akin to the NHSE to emerge from
local non-Hermiticity? (ii) can a local non-Hermitian term
(i.e., has support only on a few lattice sites) cause dramatic
changes to the energy spectra and eigenstates for an otherwise
Hermitian system? Addressing these issues would bridge a
comprehensive understanding of both the Bloch and non-
Bloch band theory and is also experimentally relevant thanks
to the feasibility of local manipulations of non-Hermiticity
(e.g., nonreciprocity and gain/loss) in various classical and
quantum simulation platforms.

In this work, we give affirmative answers to these ques-
tions by analytically solving a P77 -symmetric double chain
model with a local gain/loss term [it equally describes a Su-
Schrieffer-Heeger (SSH) lattice with a single asymmetrical
hopping]. We show that increasing the strength of gain/loss
(y) drives the system from the P7 -unbroken regime with
entirely real spectra into a P7 -broken regime with the ap-
pearance of paired complex-conjugated eigenenergies. The
‘PT transition is through a sequence of exceptional points
accompanied by the formation of scale-free localized (SFL)
eigenstates. These SFL states, unidirectionally accumulated
near the impurity, have localization length of the order of
system size [38]. Separated by mobility edges, the SFL states
and residual extended states coexist until a full scale-free
localization of all eigenstates occurs. Further increasing y, the
complex eigenenergies gradually coalesce into real eigenen-
ergies, with their associated eigenstates changing from SFL
to extended. Last, the system enters into a P7T -restoration
regime with entirely real spectra except for a pair of complex
bound states.

We demonstrate that the local non-Hermiticity-induced
scale-free localization is a general phenomenon, regardless

©2023 American Physical Society
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FIG. 1. (a) Sketch of the double chain model described in Eq. (1).
The red and green circles represent the A and B sublattice, respec-
tively. The gain and loss terms are added only in the mth unit cell.
(b) SSH model with nonreciprocal hopping on a single bond. The
two models are related by a similarity transformation.

of the specific models, the underlying P7 symmetry, the
coalescence of eigenstates, or even a priori Bloch-band de-
scription of the underlying Hermitian systems, as verified
in the quasiperiodic Aubry-André (AA) model and a single-
impurity chain. We note the key differences between the SFL.
states and the non-Hermitian skin modes. With its localization
length proportional to system size, the emergence of SFL
states only requires local non-Hermiticity and goes beyond
both Bloch and non-Bloch band descriptions.

The rest of the paper is organized as follows. In Sec. II, we
demonstrate in details how scale-free localization is induced
by local non-Hermiticity by exactly solving the double chain
model and SSH model with local non-Hermiticity. In Sec. III,
we unveil the generality of SFL states by studying the model
of single-impurity chain with an imaginary on-site potential
and the quasiperiodic AA model with local non-Hermiticity.
Conclusions and discussions are given in the last section.

II. SCALE-FREE LOCALIZATION INDUCED BY LOCAL
NON-HERMITICITY

A. Models and solutions

We start from a closed double chain model with an on-site
gain/loss term of strength y € R residing on a single rung, as
depicted in Fig. 1(a). The Hamiltonian is expressed as

A A AT A At A
H;. =Hy + IVC,'nACmA —1YC,,gCmB> (1)

where m is the position of the impurity rung. Hy is the tight-
binding Hermitian Hamiltonian described by

Hy =1 Z(@fmeng +Hec.) 4 8@ 2us + He.)
n#m

N
5] A A R A
+ ) Z(Cﬂ_‘_l’BCnA + C}L_LAC”B + H.c.)
n=1

N
15} At o AF N
+ 5 E (lc:lH’Aan — i€,y 5Cns +He).  (2)

n=1

Here @Z A/B (Cn,a/B) 1s the particle creation (annihilation) op-
erator at the A/B sublattice of the nth cell, and N is the
number of unit cells. #; € R is the intracell hopping strength
except for the mth rung with § € R. 1, € R is the intercell
hopping. The non-Hermiticity is introduced solely through
the local gain/loss on the mth rung. For convenience, we set
y >0, > 0,6 > 0 without loss of generality and #; = 1 as
energy unit.

The double chain model possesses P7 symmetry [39]
(PT)Hue(PT)™' = Hye with P =@ 07 and T the
complex conjugate. Hy. also has a sublattice symmetry
TH; L' = —Hy,. with T = @"_, o). Here, o and o, are
Pauli matrices for the nth unit cell, € is the direct sum.
A similarity transformation § = @nNzl S2 with §) = elior
brings the Hamiltonian to the more familiar SSH model as
depicted in Fig. 1(b). The explicit form of the non-Hermitian
SSH model is written as

Hssu =1 Z(éZBénA +Hc.)
n#m

N
+ 5 Z(@ZH,A@;B +H.c.)

n=1

+ G+ s+ B — ) e (B)

Clearly, the local gain/loss term is transformed to the nonre-
ciprocal hopping term inside the mth unit cell. The symmetries
ensure that the eigenvalues of H,. and Hssy appear in quartet
of (E, —E,E*, —E™*) (see Appendix A).

In the following, we focus on the double chain model Hy.
and analyze its spectral properties. Using the method devel-
oped in Ref. [8] (see Appendix B), the eigenenergies can be
expressed as

E = :I:\/Ztltz cos@ + 12 +13, 4)
with the complex variable 6 determined by the condition
sin[(N + 1)0] + n3 sin(NO)
— nasin[(N — 1)8] — nysin6 = 0. (@)

827 2 t2_62+ 2 . .
2 = . The eigenfunctions
1

Here n; = %, N =
are W =S"1(.. ,W,LA, Y, 5 ---), taking the superposition
form:

- — iN=e7D |, = _iN—)e@
I/In,A =C1€l(N n)9¢A + Gre i(N 11)0¢A ,

- —  i(N=7 () | —  _iN-q —(2) ©)
wn,B — cle’(N n+1)9¢3 +C2€ i(N n+l)0¢B .
Here 7i is the distance from the impurity from the left side [40].
It is clear that the imaginary part of 6 determines the localiza-
tion properties of eigenfunctions. To grasp the main physics,
we first consider the f, = #; =t case where the eigenvalues
reduce to

0
E = 421 cos > @)

and leave the discussions on generic cases to the Appendix C.
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FIG. 2. (a) Phase diagram of the double chain model Eq. (1). The phase boundaries (in gray lines) between the three regimes are given
by Eq. (8). The number of complex eigenenergies is coded in colors for lattice size 2N = 40. At y = y, = +/82 — t? (pink line), there are
Nm = 2(N — 1) complex eigenenergies and all eigenstates are scale-free localized (SFL). (b) Energy spectra with respect to y for 6 = 4¢
[the brown line in (a)]. The real/imaginary parts of eigenenergies are marked in red/cyan. (al)—(el) Spectra on the complex-energy plane for
y =1, 3.2, V15, 4.3, 6.5, corresponding to dots a—e in (a), respectively. (a2)—(e2) Spatial profiles of all eigenstates for the same parameters
as (al)—(el). The inset in (c2) plots the wave function for the related SSH model Hgys. In (al)—(el), (a2)—(e2), the extended/bound/SFL states
are marked in magenta/blue/green, respectively. The impurity rung is set at m = 11.

B. Sequential breaking of P77~ symmetry
and spectral coalescence

We investigate the evolution of energy spectra and the PT
transition with respect to varying gain/loss strength y by
solving Eq. (5). The phase diagram is summarized in Fig. 2(a).
There exist three distinct regimes, dubbed P77 unbroken, PT
broken, and P7T restoration, respectively. Their boundaries
are determined by

Ve = 18—t Yo =0+1, ®)
as marked in gray lines in Fig. 2(a). As an example, Fig. 2(b)
plots the spectra versus y with fixed § = 4¢. When y < y,,,
Eq. (5) has (N — 1) real roots corresponding to 2(N — 1) ex-
tended bulk states, and a purely imaginary root corresponding
to a pair of real-energy bound states residing at the impurity
rung [see Figs. 2(al) and 2(a2)]. In this regime, all eigenval-
ues are real, and the system is in the P7T -unbroken phase.
Increasing y to exceed y,,, 6 starts to take complex roots and
the corresponding eigenvalues become complex. The system
enters into the P77 -broken phase. The number of real roots of
6 shrinks first, and reaches its minimum at y = y,, with y, =
/82 — 12 [see the pink line in Fig. 2(a)] and then increases.
The PT -symmetry breakings start from the band center at
Re(E) =0 to the band edges for y., <y < y,, through a
sequence of exceptional points where two nearby real eigen-
values coalesce. For y, < y < y,,, two complex eigenvalues
coalesce again and their eigenstates restore the P77 symmetry.
When y > y,.,, we regain (N — 1) real roots and a complex

root for 6. They correspond to 2(N — 1) extended bulk states
of real eigenvalues and two bound states of purely imagi-
nary eigenvalues, as shown in Figs. 2(el) and 2(e2). We dub
this regime the P7 -restoration phase. In the P7 -unbroken
regime with § < ¢, no bound states exist as Eq. (5) has N
real roots. Notably at § =, an arbitrarily small gain/loss
or nonreciprocity induces the P7-symmetry breakings and
drastically changes all the eigenstates as will be discussed
later.

C. Scale-free localization

We proceed to consider the spatial distributions of
eigenstates in the P7T-broken regime y., <y < y.,, where
complex eigenvalues (corresponding to complex roots of )
emerge. We start from the y = y, case. There are 2(N — 1)
complex eigenvalues and two real eigenvalues forming an oval
on the complex-energy plane [see Fig. 2(c1)]. The 6 solutions
are

2lr logp

0=9R+l.9]=7—l N

with =38/t +/ (/1)) =1, [ =0,1,--- ,N — 1. There-

fore, we have

log

IIm(E)| = (n"/@N) — =Ny sin | ~ | sin Og|.

Obviously, the local non-Hermitian term contributes a 1/N-
order correction to the imaginary part of the 6 roots as well as
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FIG. 3. (a) Rescaled spatial distributions of all eigenstates for the
SSH model in Fig. 1(b) with y = y,. (b) Rescaled spatial distribution
of the eigenstate with the largest imaginary part of eigenvalue for
various system sizes, y = 3.4. The localization lengths divided by
system sizes are equal. (c) Mobility edges (dashed lines) extracted
from the quantity x for different eigenstates, y = 3.2, 2N = 80. For
(a)—(c), § = 4t, and the impurity resides at m = N/2 + 1 for various
system sizes.

the eigenenergies. Further, all eigenstates have the same spa-
tial distributions. Formally, the moduli of all wave functions
are

X XnA +1 .
— N x<Xx
W=l o )
T X > Xpa.

Here x4 = 2m — 1, x = 2n — 1 or 2n represent the A or B
sublattice of the nth unit cell. The localization length of these
wave functions is

2N

logp’
which is proportional to the system size. As plotted in
Fig. 2(c2), the spatial profiles of all eigenstates decay away
from the impurity in a unidirectional way. The linear depen-
dence of £ on the system size suggests that such unidirectional
accumulation is the scale-free localization [38,41]. Note the
difference from the usual non-Hermitian skin modes of finite
localization length independent of N. As a striking feature, the
rescaled spatial profiles of SFL states (by the system size) stay
intact varying system sizes, as depicted in Fig. 3(a).

The emergence of SFL states is not limited to the special
parameter ¥ = y,. When y deviates from y,, the extended
states associated with real eigenvalues and SFL states as-
sociated with complex eigenvalues coexist, as shown in
Figs. 2(bl), 2(b2), 2(d1), and 2(d2). Figure 3(b) further plots
the rescaled profiles of a chosen complex-energy eigenstate
for y # y,. The scale-free localization accompanied by the
PT-symmetry breaking can be understood from the disper-
sion relation Eq. (4). Heuristically, the local non-Hermitian
term contributes a 1/N-order correction to both the imaginary
part of eigenenergies and roots of # in the wave functions,
yielding localization length of the order of system size N.

& (10)

In the P7T -broken regime, the extended and SFL states are
separated by mobility edges. They can be distinguished by an
ad hoc quantity

X = erleft |Ex|2 (] ])
erright |wx|2

where x € left/right labels lattice sites on the left/right half
side of the impurity. The positions of mobility edges can be
read out from the discontinuity of y (for extended states,
x ~ 1 and for SFL states x > 1), as shown in Fig. 3(c).
For the general case of #; # ,, SFL states appear after the
‘PT transition. A full scale-free localization of all eigenstates

occurs when y = /82 — t12 (see Appendix C).

III. GENERALITY OF SFL STATES

The above double-stranded or SSH model is for il-
lustrative purposes. Roughly, the P7 symmetry imposes
a threshold of the strength of non-Hermiticity to induce
scale-free localization. Yet, we emphasize that the local
non-Hermiticity-induced scale-free localization is a general
phenomenon. It exists in a much broader context, regardless
of the PT symmetry and coalescence of extended eigenstates
or even a priori Bloch-band description of the underlying
Hermitian system. In this section, we demonstrate that the
SFL states can be induced by a single lossy impurity and may
survive even when incommensurate lattice potential is added.

A. Scale-free localization induced by local
on-site imaginary potential
We consider the model of a closed chain with the lo-
cal non-Hermiticity given by an imaginary on-site potential
(a single lossy impurity). Explicitly, the Hamiltonian of the
single-impurity model is given by

L
A= Z[r(@zHén +He) +iyél e, (12)
n=1
This model can be analytically solved by following the same
method in Refs. [8,27]. (The detailed derivation is given in
Appendix D.) The eigenvalues are given by

E =2tcosf, (13)
where 0 is determined by
sin(LO/2)[2¢t sin 6 sin(LO/2) + iy cos(LO/2)] = 0. (14)

The wave function of the single-impurity model can be ob-
tained as W= (Y1, Y2, , Y, -, Y1, Y1)’ with the
superposition form:

i(L—m+n)o

ce
wn = { i(n—m)f

cpe

—i(L—m-‘rn)G’ 1 < n g j;

j<n<L.

+ e

+ 02e—i(n—m)0’ (15)

Obviously, the localization properties of eigenfunctions are
determined by the imaginary part of 6. There are two types
of solutions for the Eq. (14). The first type is from

sin(L6/2) = 0. (16)

The roots of Eq. (16) are 8 = ZIT” withl=1,2,--- ,L/2 -1
forevenL,and/ =1,2,---, (L — 1)/2 for odd L. Thus there

134121-4



ACCUMULATION OF SCALE-FREE LOCALIZED STATES ...

PHYSICAL REVIEW B 107, 134121 (2023)

@3
| 1
—_ E%
= =
35 0 o
a7 i
S ——
0 1 2 3 4
v/t
12 (ar) 03 1b1) 0.4/(cl) °
=
E
() |@mooooco00occam®| () (GE00000000000HD () |GE0000000000THD)|
-2 0 2 -2 0 2 -2 0 2
Re(E) Re(E) Re(E)
0.08 (32) OJQ (b2) O.IQ 0.2 (02) O.IQ
~ i w0 0.1 ' w0 w0
= | |
ppwi® = "Hiem J 0 Y\ N AT\ NN
20 40 20 40 20 40
Site Site Site

FIG. 4. (a) Energy spectra versus y/t for the single-impurity
model on a closed chain. Red/cyan curved lines represent
real/imaginary parts of eigenenergies. The dotted brown line sepa-
rates the two regions with or without a bound state. (al)—(c1) Energy
spectra on the complex energy plane for the single-impurity model
with y =1, 2, 2.05, respectively. (a2)—(c2) Spatial distributions of
the chosen eigenstates marked by green circles in (al)-(cl). The
insets in (a2)—(c2) plot the wave functions of the chosen eigenstates
marked by black circles in (al)—(cl). The parameters are chosen as
L=40,m=20,t=1.

are L/2 — 1 real eigenenergies for L € even, and (L — 1)/2
real eigenenergies for L € odd. Their corresponding eigen-
states with odd parity are all extended and unaffected by the
local on-site imaginary potential.

The other eigenstates come from the second type of
solutions:

2t sin@ sin(LO/2) + iy cos(LH/2) = 0, (17)

and the corresponding roots 8 are complex denoted as 6 =
Or + i6;. Equation (17) has a root with 6; L0 onlyif y > 2t.
Explicitly, the solution is written as

0 =2 +iarcosh( L (18)
= 5 + farcos 5 )

which is associated with a bound state. In short, there is
only a bound state with 6 = 7 + arcosh(zlt) when y > 2f, as
shown in Fig. 4. For the other complex roots of Eq. (17), their
imaginary parts satisfy 6; % In other words, the localization
length of these eigenstates (except for bound states) with
complex roots is proportional to the system size & o L, and
these eigenstates are SFL states.

In Fig. 4(a), we show the energy spectra of the single-
impurity model as y /¢t varies. A bound state appears when
y > 2t as expected. The energy spectra and spatial profiles of

the eigenstates with y = 1, 2, 2.05 are plotted, respectively,
in Figs. 4(al)-4(cl) and 4(a2)-4(c2). Clearly, nearly half of
all eigenstates are SFL or extended, consistent with our exact
solutions. Almost all of the SFL states accumulate around
the impurity, except for a pair of states with a very small
imaginary part of eigenvalue, as displayed in the insets of
Figs. 4(a2)-4(c2). Therefore, for the single-impurity model,
only half of all eigenstates determined by Eq. (17) are affected
by the impurity, and the other half determined by Eq. (16)
are irrelevant to the impurity strength due to their odd parity.
Except for a bound state, the other even-parity states become
SFL states.

B. Non-Hermitian AA model with local nonreciprocal hopping

Now we demonstrate that the SFL states can survive even
when incommensurate lattice potential is added. To be ex-
plicit, we consider the one-dimensional (1D) quasiperiodic
lattice described by the non-Hermitian AA model with a local
non-Hermitian term. The Hamiltonian is

H = Haa + Ayn, (19)

with

L
Ay =Y [1(e], 80 + He.) + 24 cosman)éfé,],  (20)

n=1

here & = (v/5 — 1)/2 is an irrational number. In the follow-
ing, we discuss the case with different forms of the local
non-Hermitian term separately by using examples such as
nonreciprocal hopping or imaginary on-site potential.

Here, we consider the non-Hermitian AA model of
(19) with the local non-Hermiticity given by nonreciprocal

hopping
Hyp = @ +y — 0w+ @ —y =08 16n. 21

The case of A = 0 has been studied in Fig. 2. Note that the
AA model Hy4 undergoes a delocalization/localization phase
transition at the critical strength of quasiperiodic potential
A=t [42].

We expect the SFL states to survive in the delocalization
regime, for which all the unperturbed eigenstates of Hy, are
extended. In particular, when y = /82 — ¢2, a full scale-free
localization persists for all eigenstates even in the presence of
on-site incommensurate potential, as verified by our numer-
ical results in Fig. 5. The eigenenergies and their associated
SFL eigenstates, which decay away from the impurity, are
shown in Figs. 5(a) and 5(b) with A = 0.1, and in Figs. 5(c)
and 5(d) with A = 0.2. In Figs. 6(a) and 6(b) we further plot
the rescaled spatial profiles of the eigenstate with the largest
imaginary part of eigenenergies for various system sizes. They
coincide with each other, indicating their scale-free nature.

In contrast, when X lies in the localized regime, the eigen-
states of the non-Hermitian AA model are insensitive to the
non-Hermiticity, and no SFL state is observed. As shown in
Figs. 6(c) and 6(d) with a large incommensurate potential
A = 1.4, all eigenstates become localized.
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FIG. 5. (a), (b) Energy spectra and spatial distributions of all
the eigenstates for the non-Hermitian AA model with local non-
reciprocal hopping for A = 0.1. (¢), (d) Energy spectra and spatial
distributions of all the eigenstates for the non-Hermitian AA model
with local nonreciprocal hopping for A = 0.2. Common parameters:

L=34,m=17,t=1,8 =8,y = /82 — 12 = /63.

C. Non-Hermitian AA model with local
on-site imaginary potential

Next we consider the non-Hermitian AA model of (19)
with the local non-Hermiticity described by the local on-site
imaginary potential, i.e.,

Hyy = iye) ép. (22)

The case of A = 0 reduces to the model of (12). For A # 0,
we can numerically diagonalize the Hamiltonian. Our numer-
ical results verify that the SFL states can survive for small
incommensurate potential strength A. In Fig. 7, we present
the numerical results for four typical A (i.e., the strength of
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FIG. 6. (a), (b) Rescaled spatial distributions of the eigenstates
with the largest imaginary part of eigenenergies for the non-
Hermitian AA model with local nonreciprocal hopping. The system
size takes L = 20, 40, 80, and the impurity is located at m = L/2 +
1. (@) A =0.05; (b) . =0.1. (c), (d) Energy spectra and spatial
distributions of several chosen eigenstates for the non-Hermitian
AA model with local nonreciprocal hopping for A = 1.4, L = 34,
m = 17. Common parameters: t = 1,8 =8,y = /8> — 1> = J63.
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FIG. 7. (al)-(d1) Energy spectra of the non-Hermitian
AA model with local on-site imaginary potential for
A =0, 0.05, 0.1, 0.15, respectively. (a2)—(d2) Spatial distributions
of the ten chosen eigenstates with largest imaginary parts
of eigenenergies [marked by green dots in (al)-(dl)] for
A =0, 0.05, 0.1, 0.15, respectively. Common parameters:
L=40,m=20,t =1,y =1.

incommensurate potential) for the non-Hermitian AA model
with imaginary on-site potential. We can clearly see that the
SFL states survive a finite A. Then we show the rescaled
spatial distributions in Fig. 8 for the specific eigenstate with
the largest imaginary of eigenvalue. The spatial distributions
for different system sizes almost coincide with each other,
indicating that they are SFL states.

IV. CONCLUSIONS AND DISCUSSIONS

To summarize, we have unveiled the emergence of lo-
cal non-Hermiticity-induced SFL states by presenting exact
solutions for the double chain model. The non-Hermitian

@1 = ™1 ©1
~ 160
=
0 0 %
-0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5
(x-xm)/L (x-xm)/ L (X-xm)/L

FIG. 8. Rescaled spatial distributions of the eigenstate with the
largest imaginary part of eigenenergy for the non-Hermitian AA
model with an on-site imaginary potential. The system sizes take
L =60, 80, 100. (a) . = 0; (b) A = 0.05; (c) A = 0.1. Other param-
etersarem =L/2,t =1,y = 1.
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term drives the system through a sequence of P7T -symmetry
breakings, accompanied by the appearance of complex
eigenenergies and SFL states. Mobility edges separate the
residual extended states and SFL states till a full scale-free lo-
calization occurs. We have further demonstrated the generality
and robustness of local non-Hermiticity-induced scale-free
localization regardless of, e.g., the P7 symmetry and the
incommensurate lattice potential.

The lattice Hamiltonian with local non-Hermiticity (in-
cluding both the nonreciprocity and gain/loss) should be
readily implemented in various classical/quantum simulation
platforms such as electric circuits [43,44], optical [45—47] or
acoustic cavities [48], quantum walks [26,49,50], and cold
atoms [51-54]. The induced scale-free localization could thus
be identified through the spectral measurement and spatial
distributions of eigenstates in these platforms. Our results
indicate that local non-Hermiticity drastically alters the bulk
spectral properties. The next step is to investigate its in-
fluence on the macroscopic observables, phase transitions,
and dynamical properties. Other important issues include
extending the studies to higher dimensions and continuum
systems (without lattices), and exploring the intriguing inter-
play between local non-Hermiticity, long-ranged couplings,
many-body interactions, and other localization mechanisms.
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APPENDIX A: SYMMETRY ANALYSIS OF THE
NON-HERMITIAN SSH MODEL

The non-Hermitian Su-Schrieffer-Heeger (SSH) model (3)
is related to the double chain model through the similar-
ity transformation SH;.S~' = Hssy. The P77 symmetry and
sublattice symmetry of the double chain model correspond,
respectively, to pseudo-Hermitian symmetry and sublattice
symmetry of the non-Hermitian SSH model. The pseudo-
Hermitian symmetry, which guarantees that the eigenvalues
appear in (E, E*) pair takes

nHssun™' = ASTSH, (A1)

where

n= I_LI x L @iszLz»

and I_Ll axLip denotes the L, x Li/; matrix whose subdi-
agonal entries are all 1 and other entries are 0. Explicitly,
we have Ly =2(2m — 1), L, =2(N —2m + 1) if m < ¥
while Ly =22m —N — 1), L, =2Q2(N —m)+ 1) for m >

]%. The sublattice symmetry reads

(A2)

— 0 —1 N
IHssul” = —Hssu (A3)

with T = @2/:10;’. It ensures the eigenvalu?s appear Ain
(E, —E) pair. Therefore, the eigenvalues of Hssy and Hy.
appear in quartet of (E, —E, E*, —E™).

APPENDIX B: EXACT SOLUTIONS
OF THE DOUBLE CHAIN MODEL

1. Solutions for the generic case

Here we detail the exact solutions of the two models H,,.
and Hggsy depicted in Fig. 1. For the double chain model, the
eigenvalue equation is

Hyc|W) = E|W), (BI)
with
N
W) = (Wl + Vnnéip)l0). (B2)
n=1
In its components,
U= (Y14, Vg Voas -« - Yinas Yo - - Yva, Yvg)' . (B3)

For the non-Hermitian SSH model, the eigenvalue equation is

Hssu|V) = E|¥), (B4)
where
V=10 Vim Voo Vs Yoo - - Vvas ) -
(B5)

As mentioned in the main text, the two models are related
by a similarity transformation. Hence they have the same

energy spectra £ = E, with their wave functions related by
the similar transformation, i.e.,

W) = S~'W). (B6)

In the following, we focus on the non-Hermitian SSH
model and obtain its solutions. Formally, for the bulk lattice
sites, the eigenvalue equation takes

hu = EVg+ 0¥ =0, (B7)
withs=1,....m—1,m+1,...,N, and
g —Evga+hv =0, (B8)
with s=1,...,m—2,m,...,N. For the impurity site, we
have
=YW —EVus + 020004 = 0,  (BY)

lzam—l,B —EYu+ @+ ), =0.

We take an ansatz wave function satisfying the bulk Eqs. (B7),
(B8) as follows:

(B10)

NI N=m+170  Nem+270  Nomt2 70O N_m+370)
\I’iZ(Zi m+¢AsZi mt B < m+¢Ain mt B

N =)
¢

Nem=@®  Nema1=\T
"7Zi AaZi¢B7‘-'aZ[ m¢A5Z m+¢B) .

i (B11)

Inserting the ansatz into Eqgs. (B7), (BS8) yields the expression
of eigenvalue in terms of z;:

11t
E= i\/% + bz + 12+ 12, (B12)
i
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and the relation between </> 4 " and ¢§;)

(1 +0zi)—0)

—() E =) _
¢A (B13)

o5 = (t +112) A Ez;
Obviously, there are two solutions z; (denoted as z;, zp) for a
given E from Eq. (B12) satisfying the constraint:

2122 = 1. (B14)

The eigenfunction in general takes the form of the super-
position:

U =c¥, +6¥,
= (Emv va Ezm ‘e »EmA,EmB’ s JNA? ENB)Tv
(B15)
where
7o 2 @@ Ey) 1< n < m
nA — R
Y2 (@ "By ), m < n < N;
(B16)
— Z?:l (2 m+l+n¢(l)) I<n<m
wn,B 2 n—m—+17)
Zi:l (CIZ Op ) <n<N.

Further substituting Eq. (B15) into the impurity conditions
Egs. (B9), (B10) and combining Egs. (B12), (B13), we obtain
the constraints on the superposition coefficients:

()=

(=6 =)oy )
(3 +7))z2b5
(B18)

(B17)
with

fy = (-0 =)e,
(hzY =S+ v)udy (1) —

For nontrivial solutions of (¢4, ), det[Hg] = 0 yields the
following condition:

Mz —z2)+m( 7 =227 —ma( - )
=@ -2, (B19)
where 7, = % n = 52;—27/2, n3 = % Equation (B19)

together with Eq. (B14)Idetermines the solutions of z; and
7. From Eq. (B14), we set z; = €, 75 = ¢, The energy
spectrum Eq. (B12) then becomes

E =+ /ontcosd + 17 + 13, (B20)
And Eq. (B19) reduces to
sin[(N + 1)8] + n3 sin(N@) — n, sin[(N — 1)0]
— n sin[0] = 0. (B21)

Depending on 1y, 1, and 13, the solution of 6 of the above
equation may take real or complex values.

It is worth discussing the special case with ¢, =0, i.e.,
the eigenfunction contains only the z; solution. From the
constraint Eq. (B17), we have

t S+
N=—1 ZIIV=—( v
G-y t

(B22)

This condition can only be satisfied when

yr=8—1?, (B23)
which is equal to y =y, = V8> —t{. The solution of z; is
then
a == Y, (B24)
whereu:‘s—i-\/(‘s)2 ,1=0,1,2,...,N—1,and 0 =
Or +i0; = 2’” - log“ . The energy spectrum is given by

. 1 .
E=+ mz<N el _e,ek) + 12 412, (B25)
\/ Vi Vi 1 7h

with g = 2 (1=0,1,2,--- ,N — 1). All 6 solutions are
complex with §; = —k’% (o' %v The eigenvalues are complex
except for 6g = 0. Thus, there are 2(N — 1) complex eigenen-
ergies and two real energies. The eigenstates can be expressed
as

[(\/_é'lgR)N m+l¢(l) ((\,/—ei@R)1\1_m+2$1(;)7
., (WeiQR)N$A , Q,/_ 19R¢(1)

L YR (et gy (B26)

As |zi| = | {/it|l # 1, the spatial profiles of all eigenstates
decay away from the impurity in a unidirectional way.

2. Solutions for the case of t; =

We specify the simple case with t{ = #, = ¢ in this subsec-
tion. Without loss of generality, we set ¢ > 0,8 > 0,y > 0.
For this case, n3 = 1 — n,. The eigenvalues can be reduced to

0
E = £2¢ cos <—>
2

Equation (B21) reduces to

1 . (0 ) 1

n [(N + 5)9] — 1y sin <5> — 1y sin |:( - §>9j| =0,
(B28)

where 1, = %, N = 82;27’2. The solution 6 = 6 + i6; of
Eq. (B28) may take real or complex values depending on 1,
and n,. If 8 € R, we have E € R and |z;| = |z2| = 1, which
indicates that the corresponding eigenstate is an extended
state. If 6 € C, we have E € C (except for 0 = 0) and |z;| #
1, |z2| # 1, which indicates that the corresponding eigenstate

is not extended. By inserting Eq. (B27) into Eq. (B13), we
have

(B27)

—(i) —1/2—=()
oy =xz 9, .

Here the “+” sign is consistent with “£” in the expression of
E. The ansatz wave function W; can be rewritten as

(B29)

- - N—m+3/2 N— N—m+5/2
\I—’,‘=(Z§V m+l’:tz‘ m /,va m+2 :|:Zl~ m+5/

’

(B30)

1/2 - N—m+1/2\T =)
T A I

Obviously, the wave function is extended when |z;| = 1.
For the superimposed eigenstate described by Eq. (B15), its
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-15 -
0 100 b4

S~

FIG. 9. Function f;(0) and f>(#) and their intersections. (a) N =
10, t=1,8=05 y=01L.0bO)N=10,r=1,§=3, y = 1.

spatial component can be rewritten as

_ i ez, L<n<m;

Vra = {Ziz:l (Ciz?_m)’ m<n<N;

7= {:I: Zl.zzl (cizy7m+n+l/2), 1<n<m @31
nB = iziz=1 (c,-zf_mﬂ/z), m<n<N:

with Ci = E,’EX).

In the following, we analyze the solution of 6 in Eq. (B28)
as the non-Hermitian strength y varies. We set f1(0) =
sin[(N 4 3)0] — mz sin[(N — 3)6] and f>(9) = 7y sin(%), and
Eq. (B28) reduces to

f10) = f£2(0).

The intersections of f; and f, determine the real solutions
of 6, as exemplified in Fig. 9. For small y, there are N
real roots in 8 € (0, ) corresponding to extended bulk states
when § < t, as depicted in Fig. 9(a), while there are at most
(N — 1) real roots of 6 in 6 € (0, w) when § > ¢, as depicted
in Fig. 9(b). As y increases, the number of intersections of f;
and f>, i.e., the real solutions of 6, will shrink first, reach its
minimum and then increase. The first disappearance and the
last reemergence of the intersections occurs at 8 = m. Thus,
the condition of N real roots (for § < t) and (N — 1) real
roots (for § > t) is determined by | f1(0 = )| > | f2(0 = )|,
yielding |1 + n2| > n;. This condition is satisfied when

(B32)

Y <Ve, and y > ye,, (B33)

with y., = |6 —¢| and y., =8 +¢. As long as Eq. (B33) is
satisfied, there are at least (N — 1) real roots for Eq. (B32).
Further, we discuss the region with all complex 6 solutions. As
y increases, the last disappearance and the first reemergence
of the intersections occurs nearly & = 0. Thus, the condition
of N complex roots is determined by |f{(6 = 0)| < |f;(0 =
0) with f/ = 2L, giving rise to [N(1 —n2) + 3(1 +m)| <
n1. When np =1 (i.e., ¥y = ¥, = +/82 — t2), the condition
always is satisfied independent of N. In fact, this condition is
satisfied in a narrow region near y = y, for finite N, and the
narrow region shrinks to y = y, in the thermodynamic limit.

We proceed to study the PT transitions of the system as y
increase for fixed ¢ and §. There are three difference cases as
listed below.

(i) PT-unbroken regime, y < y.. (i) First, if § >¢
and y =0 (Hermitian limit), Eq. (B32) has (N — 1) real
roots corresponding to extended bulk states and a complex
root with 6 = 0 corresponding to a pair of bound states

residing at the impurity. As expected for the Hermitian impu-
rity, all eigenenergies are real. There are (2N — 2) extended
bulk states except for a pair of bound states. The scenario
persists even for y # 0, provided that y < y,, is satisfied.
(ii) Second, if § <¢, as long as y < y,.,, Eq. (B32) has N
real roots corresponding to extended bulk states (no bound
state exists), and all eigenvalues are real. Combining (i), (ii),
all eigenvalues are real when y < y,,, the system is in the
PT -unbroken phase, with at least 2(N — 1) extended bulk
states and at most two bound states.

(ii) PT-broken regime, y,, < y < ¥.,. Increasing y to en-
ter this regime, the number of real roots shrinks first, reaches
its minimum and then increases. The complex roots of 6 give
rise to complex eigenenergies and the system is in the PT -
broken phase. The number of complex eigenenergies reaches
its maximum 2(N — 2) at y = y, = +/82 — t2. Based on the
discussions in the previous section, the solutions of z; are 7; =
ef = yme s,  (1=0,1,2,...,N—1), with p=2+
V(&Y =1, and 6 = O + it = &*
gies are given by E = £2¢ cos[ZIT” — ilog(¥/w)], and we have

Im(E)| = (u"/®V) — u=VCN))|sin Og| ~ 1"1%,"|sin9R|. Obvi-
ously, the local non-Hermitian term contributes a 1/N-order
correction to the imaginary part of the 6 roots as well as
the eigenenergies (except for 6 = 0). The associated wave

function W for the non-Hermitian SSH model is

. ]()g 1% .
— i=~. The eigenener-

( Wei@g )N—m+1

i(W@ieR)N7m+3/2
(Weiek )N—m+2
i(WeieR)N7m+5/2
(WeiOR)N—l
o i(WeiOR)Nflﬂ
U~ , . (B34)
(/e )
i(\;V/\/;eiQR)l/Z
(/e
i(wei@g )3/2
(WeiGR )N—m

i(WeieR)N7m+1/2

Thus all wave functions have the same spatial profiles:

A 4] .
i 2 <
Wl=1"l, 0 TS (B35)
MmN X > XmAs
where x =1,...,2N, and x,,4 = 2m — 1. Denote & as the

localization length of the eigenstate: |/ | ~ e Itis easy
to see & = 1o2g;u which is proportional to the system size.
These eigenstates are dubbed scale-free localized (SFL) states
in the main text, which decay away from the impurity in a
unidirectional way. They differ from the usual non-Hermitian
skin modes that have finite localization length even when
N — oo. The eigenstates for the double chain model can be
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FIG. 10. (a) Phase diagram for the double chain model. Boundaries of different regimes are marked by gray lines. In different phase
regimes, The color-coded numbers represent the number of complex eigenenergies for a finite-size lattice with 2N = 40. Along the pink
line y =y, = /82 — 12, all eigenstates are SFL states. (b) Energy spectra for the double chain model versus y with fixed §/¢; = 4 [See the
brown line in (A)]. Red/cyan lines represent real/imaginary parts of eigenenergies. (al)—(el) Energy spectra on the complex-energy plane
withy =1, 3.2, V15, 43, 6.5 corresponding to dots a—e in (a), respectively. (a2)—(e2) The associated spatial profiles of all eigenstates. The
inset in (c2) plots the spatial profiles of eigenstates for the non-Hermitian SSH model with the same parameters. In (al)-(el), (a2)—(e2), the
blue/magenta/green data represent bound states/extended states/SFL states, respectively. Other parameters are 2N = 40, #; = 1, f, = 2, and

the impurity rung is set at m = N/2 + 1.

easily obtained by the transformation |W) = S~!|W) as

((V/ﬁe""R)N*’"H ¥ l( WeiGR )N7m+3/2
—i( Weigk )N7m+1 + (WeiQR)N*mJﬁ/Z

(e V=1 5 i( Y/ Tmeit )N =112
—i( eV L (/e )N =112
(/e F i(WeiGR)lﬂ
—i( e £ (el
(/e F i( /e )3
—i( /e ) + (WeiGR)S/Z

(B36)

(WeiGR)me ¥ i(Weiek)meJrl/Z
_i(WeiOR)me + (WeiOR)meH/Z

To conclude, in the P7T -broken regime, the number of
complex eigenenergies ranges from 2 to 2(N — 1), with their
associated eigenstates being SFL states. In particular, when
y = ¥, (in fact, in a narrow region near y, for finite N),
the number of complex eigenenergies reaches its maximum
2(N — 1) and all eigenstates are SFL states.

(iii) P7T -restoration regime, y > y,,. In this regime, the
number of real roots of Eq. (B32) recovers to (N — 1).

Besides, there is a complex root with 6 = m correspond-
ing to a pair of bound states with complex eigenenergies.
Therefore, there are 2(N — 1) real eigenenergies correspond-
ing to extended bulk states and two bound states with complex
eigenenergies.

APPENDIX C: EMERGENCE OF SFL STATES OF THE
DOUBLE CHAIN MODEL FOR THE ¢t; # t, CASE

In the main text, we have demonstrated the phase diagram
[See Fig. 1(a)] and PT-symmetry breaking for #;, = #,. Here
we turn to the generic case with #; # f, and show that the
PT-symmetry breaking and the emergence of SFL states
also occur. In Fig. 10, we display the phase diagram for
the double chain model with #; = 1, #, = 2. There also exist
three distinct regimes, i.e., P77 unbroken, P7 broken, and
PT restoration with a little subtlety. Their boundaries are
determined by y., = |8 — 1|, ¥., = § 4+ t1, as marked in gray
lines in Fig. 10(a). Figure 10(b) plots the spectrum versus
y by fixing §/t; = 4. In the PT -unbroken regime with y <
Ve, there are 2(N — 2) extended bulk states corresponding to
N — 2 real roots of Eq. (B21) and two pairs of bound states
located at impurity corresponding to two pure imaginary
roots. All eigenenergies are real as shown in Figs. 10(al) and
10(a2). The system is in P77 -broken phase when y,, <y <
Ye,» Where 6 has complex roots corresponding to complex
eigenenergies. In this regime, the number of real roots of 6
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FIG. 11. Phase diagram for the double chain model with different #,. Along the pink line y = y,

/82 — 17, all eigenstates are SFL states,

whose spatial profiles decay away from the impurity in a unidirectional way. (a) r, = 10; (b) , =2; (c) r, = 1; (d) r = 0.8; (e) t, = 0.5; (f)
t, = 0.1. The common parameters: 2N = 40, t; = 1, and the impurity rung is set at m = N/2 + 1.

decreases first, reaches its minimum at y = y, = V8> — 1}
and then increases with increasing y. At y = y,, the eigen-
function contains only the z; solution due to ¢, =0, and

lzi| = | /il = N/% + /(%)2 — 1> 1. Thus all eigenstates

are SFL states, decaying away from the impurity in a uni-
directional way as depicted in Figs. 10(cl) and 10(c2). For
y # y, in the PT-broken regime, the extended state with
real eigenenergies and SFL states with complex eigenenergies
coexist as shown in Figs. 10(b1), 10(b2), 10(d1), and 10(d2).
In short, the number of complex eigenenergies Ny, = 4 ~
2(N —2), and there are (4 ~2N) SFL states in the PT-
broken regime. In the P7 -restoration regime with y > y,,,
the number of real roots of Eq. (B21) recovers to (N — 2). In
addition, there are two complex roots of Eq. (B21). Thus, there
are 2(N — 2) extended bulk states with real eigenenergies and
four bound states at the impurity with complex eigenenergies,
as shown in Figs. 10(el) and 10(e2).

In Fig. 11, we display phase diagram for the double chain
model with different #,. Except for the extreme case #, = 0,
there always exists a P7T -broken regime surrounding y = y,,
accompanied by the emergence of SFL states, for various f,
as displayed in Fig. 11. In particular, when y = y,, all eigen-
states are SFL states, whose spatial profiles decay away from
the impurity in a unidirectional way. Explicitly, when 7, > 1,
the phase boundary is determined by y., = [6 — 1], Ve,
8 +t;. When 1, < 11, the PT-broken region with SFL states
gradually decrease as t, decreases, and this region gets closer
and closer around y = y,. Imagining the extreme situation
with 7, = 0, there is no SFL state as expected because the part
of local non-Hermitian is not connected to other parts of bulk.
In addition, the emergence of SFL states requires that § can
not be too small when t, < #;. Our results reveal that local

non-Hermiticity generated scale-free localization is a general
phenomenon even for multiband systems.

APPENDIX D: EXACT SOLUTIONS OF THE
SINGLE-IMPURITY MODEL

The Hamiltonian of the single-impurity model is given by
Eq. (12). The corresponding eigenproblem reads

H|V) = E|V), (D1)

with |W) = Zﬁzl(wnéz)m). In the form of its component,

V=Y, Y2, .. Yms ..., Yo 1, ¥)". Equation (D1) con-
sists of a series of bulk equations and the impurity equations.
The bulk equations are given by

“ﬂs—l _Ews‘i‘”/f.wl =0

with s=1,...,m—1,m+2,...,L. The impurity equa-
tions are given by

twm—l - (E - l)/)lﬂm +t¢m+l - 07

(D2)

(D3)

”/fm - Ewm+1 + ”/fm+2 = 0. (D4)

We take the ansatz wave function W; satisfying the bulk
Eq. (D2) as follows:

\Iji (ZiL—m-H L

7z

L—m+2 -1 _L
i mr > Zj s Zis

» 2

)T
Inserting Eq. (D5) into the Eq. (D2) yields the expression of
eigenvalue in terms of z;:

(+3)
E=tlz+-).
Z

L—m—1

L—m
C g

(]

(D5)

(Do)
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For a given E, there are two solutions of z; (denoted as z, 2,)
and they fulfill the constraint:

2122 = L. (D7)
The wave function should be the superposition:
V=cW +a¥ =LY Y Y Y1)
(D8)
where
. {ZLI (™), 1< o
B VA e R R Y2

By inserting it into Egs. (D3), (D4) and combining Eq. (D6),
the impurity equation transforms into

H C1 _
B<02) 0
I

Hp = (tZl (1—2b) + iyt

The nontrivial solutions of (cj,cy) are determined by
det[Hp] = 0, yielding

(D10)

with
1—25

122(1 — 25) + iyzg) (1D

t2—zf — &)@ —2)+iy(h — %) =0. (D12)
Equation (D12) and Eq. (D7) together determine the solutions
of z; and z,. From Eq. (D7), we set z; = ¢, 7 = ¢™, then
Eq. (D12) becomes

. (Lo .. (L8 . L
sin (7> [Zt sin 6 sin <7> + iy cos (56)i| =0. (D13)

And the corresponding eigenenergies are expressed as

E =2t cosé. (D14)

By observing Eq. (D13), we have two types of solutions. The

first type is from sin(%) = 0. The roots are § = 2% with

I=12,...,L/2 —1forevenL,and! = 1,2, ..., (LL— 1)/2
for odd L. Thus there are L/2 — 1 real eigenenergies for
L € even, and (L — 1)/2 real eigenenergies for L € odd. Their
corresponding eigenstates are all extended and unaffected by
the local on-site imaginary potential.

The other eigenstates come from the second type of solu-

tions:
. . (LB . L
2t sin 0 sin (7> + iy cos <§9> =0. (D15)

The solutions 6 of above equation has complex roots, denoted
as 6 = Og + i6;. The number of complex eigenenergies are
L/2 + 1 for even L and (L + 1)/2 for odd L. To obtain them,
let us first assume 6; o< LY, then we have

. (LB
sm|— |~ <
2 2
cos ﬁ ~ le—ésgn(f)[)LG
2 2

for large L. Inserting Eq. (D16) into Eq. (DI15), we get
2t sinfsgn(6;) + y = 0. It has a root with 6; < 0 only if

L > 1. Explicitly, the solution is written as

2t
T . 14
0 =— arcosh| — |,
;! <2t>

which satisfies 6; o« L°. This solution is associated with a
bound state.

Let us then assume 6; o< L™!, we have sin = sin 0 for
large L. The real and imaginary parts of Eq. (D15) become

. (L6 L6, . Lo
sin (TR) cosh <71> |:2t sin Og + y tanh <71):| =0,
Lo Lo Lo
cos <TR> cosh (%) [2t sin O tanh (7[) + y] =0.

~.

Sgn(el)ef%sgn(Gl)LO’

(D16)

(D17)

(D18)
Hence we have either
Lo Lo 2t
cos( =2) =0, tanh(—L)=—"sinbg, (DI19)
2 2 y
or
Lo Lo
sin (7’*) —0, tanh (%) - —%(sin 0r)"!.  (D20)

The solutions of Egs. (D19), (D20) are, respectively,
@2l + Dr 2 2t . [+ Drx
= m|——||[;
y L

%  —artanh
L 'L

(D21)

21 2 27\
g==" + i—artanh| — Ylgn (22 . (D22)
L L 2t L

It is clear that the imaginary part of the complex roots sat-
isfy 0y « % In other words, the localization length of these
eigenstates (except for bound states) with complex roots is
proportional to the system size £ o L, and these eigenstates
are SFL states.
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