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Role of the Nottingham effect in heat transfer in the extreme near-field regime
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We analyze the heat transfer between two metals separated by a vacuum gap in the extreme near-field regime.
In this crossover regime between conduction and radiation, heat exchanges are mediated by photon, phonon,
and electron tunneling. We quantify the relative contribution of these carriers with respect to both the separation
distance between the two bodies and the applied bias voltage. In the presence of a weak bias (Vb < 100 mV),
electrons and phonons can contribute equally to the heat transfer near contact, while the contribution of photons
becomes negligible. On the other hand, for larger bias voltages, electrons play a dominant role. Moreover, we
demonstrate that depending on the magnitude of this bias, electrons can either cool down or heat up the hot body
by the Nottingham effect. Our results emphasize some inconsistencies in recent experimental results about heat
exchanges in the extreme near-field regime and set a road map for future experiments.
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I. INTRODUCTION

Two solids at different temperatures which are separated
by a vacuum gap exchange heat by radiation. This exchange
of thermal photons is limited, in the far-field regime, by
the famous Stefan-Boltzmann’s law which sets the power
exchanged between two perfect absorbers (i.e., blackbodies)
as the upper limit for the energy that two interacting solids
can exchange. In the near-field regime (i.e., at separation
distances smaller than the thermal wavelengths of solids), the
situation radically changes and the power exchanged between
these solids can surpass this blackbody limit thanks to the
tunneling of evanescent (i.e., nonpropagative) photons [1].
In particular, when the materials involved support surface
resonant modes, such as surface polaritons or a continuum
of hyperbolic modes, the exchanged power can overcome
the blackbody limit by several orders of magnitude [2–5].
This enhancement of heat exchange predicted by Polder and
Van Hove in their seminal work, establishing the foundations
of fluctuational electrodynamics (FED), has been verified by
numerous experiments [6–10]. This result and the possibility
to tune the radiative heat flux at the subwavelength scale have
opened new possibilities for the development of innovative
technologies for nanoscale thermal management [11], solid-
state cooling [12,13], heating-assisted data storage [14,15], IR
sensing and spectroscopy [16,17], and have paved the way to
a new generation of energy-conversion devices [18–22]. At
closer separation distances, when the objects are separated by
atomic distances, further dramatic changes occur. Indeed, in
this crossover regime between conduction and radiation, also
called the extreme near-field regime, some effects and new
channels for heat transfer, which are not taken into account by
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the theory of Polder and Van Hove, appear. More specifically,
at the atomic scale, the nonlocal optical response of materials
must be taken into account to properly describe the radiative
exchanges [23,24]. Moreover, acoustic phonons and electrons
participate in the transfer through tunneling mechanisms.

Beyond its fundamental interest, the understanding of the
extreme near-field regime is of prime importance for the
ongoing miniaturization of thermal management and energy
technology. However, to date, this physics remains largely
elusive and very few experimental works have been reported
[25,26]. Moreover, these works lead to contradictory conclu-
sions. On the one hand, the experiment performed in Kittel’s
group [25] shows a strong deviation with respect to Polder’s
predictions and seems to demonstrate an extraordinary large
heat flux which is four orders of magnitude larger than the
values predicted by the conventional theory of fluctuational
electrodynamics. On the other hand, the measurements carried
out by Reddy’s group seem to perfectly reproduce Polder’s
predictions, even down to the atomic scale. Due to the lack
of a general theory to describe the relative role of photons,
phonons, and electrons in energy exchanges at this scale, this
problem remains debated today. In this paper, we introduce a
general framework to describe all channels of heat transport
in the extreme near-field regime between two metals, with
emphasis on the transfer by electron tunneling which plays
a major role at the atomic scale. We successively study heat
carried by elastic vibrations (tunneling of acoustic phonons),
photons (near-field radiative heat transfer), and, finally, free
charges (electron tunneling) in the presence of an external bias
voltage. This work allows us, on the one hand, to emphasize
some limits in the experimental works carried out in Kittel and
Reddy’s groups. On the other hand, it allows us to quantify the
relative contribution of different energy carriers with respect
to the separation distance between two solids and the applied
bias voltage, thereby setting a potential road map for future
experiments.
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Recently, some attempts to model heat exchanges at the
atomic scale have been performed [27–30]. However, in these
works, the Nottingham effect [31], that is, the simultaneous
heating of both bodies stemming from tunneling electrons
in the presence of a bias voltage, has been totally ignored.
Here we include this effect in the definition of the heat flux
carried by electrons and demonstrate that it significantly mod-
ifies, both quantitatively and qualitatively, exchanges in the
crossover regime between conduction and radiation. More-
over, unlike the previous works, the tunneling probability of
electrons is calculated from a rigorous approach based on the
transfer-matrix method applied on a Thomas-Fermi descrip-
tion of the electronic potential barrier. This approach allows us
to explore the transfer mediated by electrons with an arbitrary
bias voltage applied between the two solids in interaction.

Our paper is structured as follows. In Sec. II, we address
the geometrical configuration of two parallel planes and dis-
cuss the formalism used to describe the contribution to heat
exchange associated with the three carriers, namely, phonons,
photons, and electrons. We conclude this section by showing
their relative contribution as a function of the separation dis-
tance and applied potential bias. In Sec. III, we employ the
Derjaguin approximation to discuss the heat transfer in the
extreme near field in the tip-plane configuration, and compare
our theoretical prediction to the recent experimental results.
Finally, in Sec. IV, we draw some conclusions and discuss
some possible perspectives.

II. CONTRIBUTION OF THE DIFFERENT CARRIERS IN
PLANE-PLANE CONFIGURATION

We consider two semi-infinite metallic media with parallel
planar surfaces at temperatures T1 and T2, respectively, sepa-
rated by a vacuum gap of thickness d in the extreme near-field
regime, namely, below 10 nm and down to the angstrom
range, as shown in Fig. 1. Throughout this paper, we identify
medium 1 as the hotter body and medium 2 as the colder body,
i.e., T1 � T2. We assume that the total heat flux leaving media
i = 1, 2 can be written as a sum of the contribution to the heat
flux associated with acoustic phonons (ph), electromagnetic
radiation (rad), and electronic tunneling currents (el), as

�1 = �(ph) + �(rad) + �
(el)
1 , (1a)

�2 = −(
�(ph) + �(rad) + �

(el)
2

)
, (1b)

where the �(ph), �(rad), �
(el)
i are defined in the following

sections in Eqs. (2), (7), and (18), respectively, under the
form of a Landauer-like expression. The assumption that the
total heat flux can be separated as the sum of the different
contributions is expected to be valid when there are no strong
coupling mechanisms between carriers (small bias voltages
and temperature difference). Note that our sign convention in
Eqs. (1a) and (1b) are such that a positive (negative) heat flux
on a given body is an outgoing (ingoing) flux, i.e., it tends to
decrease (increase) its temperature. We also account for the
presence of a bias voltage Vb between the bodies, affecting
the contribution of each of the three energy carriers (ph, rad,
el), where Vb > 0 is defined by taking body 2 as the positive
electrode, as shown in Fig. 1. Note, also, that the electronic
contribution to the total heat flux is not necessarily recipro-

FIG. 1. Sketch of the system of interest. Two semi-infinite metal-
lic slabs separated by a vacuum gap of thickness d are set at
temperatures T1 and T2 and have a chemical potential μ1 and μ2.
A bias voltage Vb is applied between the two bodies. Close to contact
(i.e., in the extreme near-field regime), electrons (el), phonons (ph),
and photons (rad) tunnel through the separation gap. The different
arrows associated with the electronic flux reflect the possible nonre-
ciprocity of the latter (see text for details).

cal, i.e., �1 �= −�2, which is a lack of symmetry stemming
from the difference in statistics between bosons (ph/rad) and
electrons in the presence of a bias voltage, as discussed in
Sec. II C. In the following, we describe in detail the theoretical
framework used to calculate the contribution of each carrier.
As a reference, the numerical values for the physical constants
used in our calculations are provided in Appendix A.

A. Acoustic phonons

In crystalline media, phonons are one of the key players
of heat conduction in the bulk. However, near the edges of
the sample, these quasiparticles only modify its surface since
lattice vibrations are only defined inside the material. The
existence of such perturbations of material-vacuum interfaces,
along with the presence of forces between the two surfaces,
leads to the possibility of a phonon to tunnel across a vacuum
gap between the two bodies, paving the way to an additional
energy-transfer channel. This possibility was first considered
between metallic media in Refs. [32,33] within a continuum
elastic-medium approach, where van der Waals forces play the
role of an interaction mechanism between the two bodies. The
heat flux between the metals was reduced to an integral over
the phonon energy of the transmission probability, derived
by solving the elastic waves equations. It was later found
that an equivalent approach could be obtained by using the
fluctuation-dissipation theorem on the surface displacements
[34,35], in the same spirit of FED. Within the latter approach,
the phonon heat flux can be written as

�(ph)(T1, T2, d )

= 2
∫ ∞

0

dω

2π
h̄ω�nBE(ω, T1, T2)

∫ ω/cmin

0

dk

2π
k T (ph)(k, ω, d ),

(2)

125414-2



ROLE OF THE NOTTINGHAM EFFECT IN HEAT … PHYSICAL REVIEW B 107, 125414 (2023)

where

�nBE(ω, T1, T2) = nBE(ω, T1) − nBE(ω, T2), (3)

with nBE(ω, Ti ) = 1/[exp(h̄ω/kBTi ) − 1] being the Bose-
Einstein distribution, k the parallel component of the wave

vector, and ω the angular frequency of each mode. The
Landauer-like expression (2) of the heat flux has three in-
gredients, namely, the energy of each mode h̄ω, the statistics
�nBE(ω, T1, T2), and the transmission probability (taking val-
ues between 0 and 1) given by

T (ph)(ω, k, d ) = 4b2ImM1(k, ω)ImM2(k, ω)

|[1 − aM1(k, ω)][1 − aM2(k, ω)] − b2M1(k, ω)M2(k, ω)|2 , (4)

where

Mi(k, ω) = i

ρc2
t,i

(
ω

ct,i

)2 kl,i

(k2
l,i − k2)2 + 4k2kt,ikl,i

(5)

is the mechanical susceptibility [36] associated with each
medium, in which we have defined a longitudinal acoustic
wave vector kl,i = √

(ω/cl,i )2 − k2 and a transverse acoustic
wave vector kt,i = √

(ω/ct,i )2 − k2, related to the longitudinal
(cl,i) and transverse (ct,i) speeds of sound in the media. The
mechanical susceptibility Mi(k, ω) can be derived by solving
the elastic wave equations for a given mode, (k, ω) mode, in
tensor form [36] and extracting the normal-normal component
to the surface (the only relevant component for plane-plane
symmetry). The integration bounds with respect to k appear-
ing in Eq. (2) are limited by the function Mi(k, ω), which
vanishes above ω/cmin, cmin being the smallest transverse
speed of sound between the two media. In fact, evanescent
transverse acoustic waves do not contribute to the heat flux in
the elastic model. Expression (4) for the transmission prob-
ability stems from a fluctuational approach analogous to the
one employed in the context of fluctuational electrodynamics
(a derivation can be found in Appendix C), where the currents
are replaced by surface displacements and Mi(k, ω) plays a
similar role to that of the dielectric permittivity in FED. Note
that contrary to the expression for the radiative heat flux (see
Sec. II B), the transmission probability in the case of phonons
(4) cannot be separated in terms of phonon polarizations, as
longitudinal and transverse waves are coupled by the equa-
tions of motion. Supertransverse waves (having a polarization
vector parallel to the surface) are not expected to contribute to
the heat transfer [32–35].

For metals, the terms a and b in the transmission probabil-
ity (4) are functions of k and d , related to the van der Waals
force, proportional to the Hamaker constant H , and to the
electrostatic forces through the bias voltage, yielding

a = H

2πd4
+ ε0

(
Vb

d

)2

k coth(kd ) (6a)

and

b = H

4πd2
k2K2(kd ) + ε0

(
Vb

d

)2

k csch(kd ), (6b)

where K2(x) is the second modified Bessel function of the
second kind and csch represents the hyperbolic cosecant. The
dependence on Vb in Eq. (6) is independent of the van der
Waals force and both a and b are symmetric with respect to a
change of sign of Vb. In the absence of bias voltage (Vb = 0),

the transmission probability in Eq. (4) is very sensitive to the
difference between a and b.

An upper bound to the phononic contribution to the heat
flux can be obtained by setting the transmission to 1 in the
expression of the flux, obtaining a Stefan-Boltzmann-like
law. This approximation yields �

(ph)
max = (c/cmin)2σSB(T 4

1 −
T 4

2 ) for bodies of the same material, where c is the speed of
light and σSB = k4

Bπ2/60h̄3c2 is the Stefan-Boltzmann con-
stant. This bound corresponds to a maximal conductance of
about 100 GW m−2 K−1 at 300 K for gold semi-infinite media.

The phononic heat flow between gold media is shown in
Fig. 2 as a function of gap distance d and bias Vb. For d → 0,
the curves get closer: this results from the fact that the van der
Waals interaction becomes dominant and thus the heat flow
is less impacted by the bias voltage. Above 1 nm, the de-
pendence of the bias voltage becomes apparent; however, the
phonon heat flow decreases very rapidly for larger distances.
The slope of the curves for d > 1 nm is Vb dependent.

We conclude this section by mentioning that the results
obtained within a continuous elastic model for phonons are
significantly smaller than the ones recently obtained by means
of atomistic calculations, which include the nonequilibrium
Green’s function methods of Refs. [28,29] and molecular dy-
namics in Ref. [30]. A comparison is given in Appendix D.
However, the limit of validity of the continuous approach to
describe the phonon tunneling still remains an open problem
which should be analyzed in detail in future works.
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FIG. 2. Phonon heat flux between two semi-infinite gold slabs
for various values of the bias voltage Vb as a function of the sepa-
ration distance d . Inset: Phonon heat flux between two semi-infinite
slabs for d = 1 nm as a function of Vb with a temperature difference
of 100 K.
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B. Photons

The theory describing near-field radiative heat transfer was
originally treated in the work of Polder and Van Hove [1]. The
theoretical framework they developed, based on FED, predicts
a possibly unbounded flux, which can overcome the black-
body limit �BB = σSB(T 4

1 − T 4
2 ) (corresponding to a thermal

conductance of 6 W m−2 K−1 at 300 K) by several orders
of magnitude. More specifically, the first theoretical results
predicted a d−2 divergence of the heat flux for subnanometer
distances. It was later suggested that such divergence in met-
als was an artifact resulting from assuming a local dielectric
function and could be corrected by taking into account the
nonlocal response by accounting for electron-electron inter-
actions [23,24,37].

The expression for the heat flux carried by electromagnetic
waves is analogous to the phonon contribution of Eq. (2).
According to FED, it is given by

�(rad)(T1, T2, d ) =
∫ ∞

0

dω

2π
h̄ω�nBE(ω, T1, T2)

×
∫ ∞

0

dk

2π
k

∑
α=s,p

T (rad)
α (k, ω, d ), (7)

where the transmission probability,

T (rad)
α (k, ω, d )

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 − |rα,1|2)(1 − |rα,2|2)

|1 − rα,1rα,2 exp(2ikzd )|2 , k < ω/c,

4 Im rα,1Im rα,2 exp(−2 Im kzd )

|1 − rα,1rα,2 exp(−2 Im kzd )|2 , k � ω/c,

(8)

can now be separated in terms of the two polarizations, given
by the transverse electric (α = s) and transverse magnetic
(α = p) contributions, where kz =

√
(ω/c)2 − k2. This ex-

pression takes into account both propagative (k < ω/c) and
evanescent (k > ω/c) waves.

Including extreme near-field effects, the reflection coeffi-
cients for metals can be written as [24,34]

rs,i(k, ω) =
Zs,i(k, ω) − ω

c2kz

Zs,i(k, ω) + ω
c2kz

, (9a)

rp,i(k, ω) =
kz

ω
− Zp,i(k, ω) + i ε0k2

ω

(Vb
d

)2
Mi(k, ω)

kz

ω
+ Zp,i(k, ω) − i ε0k2

ω

(Vb
d

)2
Mi(k, ω)

, (9b)

where Zα,i are the impedances [23,24] given by

Zs,i(k, ω) = 2i

πω

∫ ∞

0

dqz

εt,i(K, ω) − (cK/ω)2
, (10a)

Zp,i(k, ω) = 2i

πω

∫ ∞

0

dqz

K

[
q2

z

εt,i(K, ω) − (cK/ω)2
+ k2

εl,i(K, ω)

]
, (10b)

where K2 = k2 + q2
z and εl,i(K, ω) and εt,i(K, ω) are explic-

itly defined in Appendix B.
The mechanical susceptibility appears in the expression

(9b) for p-polarized waves and not in the expression (9a) for
s-polarized waves. This modification comes from the acoustic
waves in the presence of a bias voltage, as the oscillation of the
displacements of the charged surfaces modulates the radiative
response [34,35]. As in the case of phonons, the dependence
on the bias voltage of Eq. (9b) is symmetric with respect to
the sign of the bias voltage. When the dielectric function is
nonlocal and anisotropic, as in the case of a gas of interacting
electrons (metals), one has to distinguish between longitudi-
nal εl,i(K, ω) and transverse εt,i(K, ω) responses which are
functions of both the three-dimensional wave vector K and
the angular frequency ω of the modes. Explicit expressions
are obtained from the Lindhard theory for jellium in the time-
relaxation approximation and are provided in Appendix B. In
this work, we also consider the two common limits of Lind-
hard expressions, the local case and the static case, presented
in Sec. II C, Eq. (16). Within the local isotropic case, we use
the expression given by the Drude model as

εloc(ω) = ε∞ − ω2
pl

ω(ω + i
)
, (11)

where ωpl is the plasma frequency, 
 is the damping coeffi-
cient, and ε∞ is a constant.

For large gap distances and in the case where there is no
bias voltage, Vb = 0 and εl,i(K, ω), εt,i(K, ω) → εloc(ω), we
recover the usual Fresnel reflection coefficients.

The relevance of the nonlocal contribution is shown in
Fig. 3, where the nonlocal contribution is compared to the
local contribution as a function of the gap distance. It is
known that for metals, the local contribution diverges for
small distances. The nonlocal contribution fixes this issue,
as the evanescent contribution from the s-polarized waves
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FIG. 3. Local (dashed) and nonlocal (solid) radiative heat flux
between two semi-infinite gold slabs as a function of the separation
distance d .
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FIG. 4. Radiative heat flux between two semi-infinite gold slabs
with respect to the separation distance d for various values of the bias
voltage Vb. Inset: Radiative heat flux between two semi-infinite gold
slabs with respect to Vb for d = 1 nm.

saturates close to contact [24]. Nevertheless, there is a re-
gion below 1 nm where the nonlocal contribution exceeds the
local contribution, as shown in the figure. The difficulty to
experimentally observe this increase is due to the geometry
of experiments, where a tip-plane configuration is usually
preferred. We discuss the effects of geometry in Sec. III.

The effects of the bias voltage on the radiative contribution
were studied in Refs. [34,35]. While the nonlocal contribution
boosted the contribution of the s-polarized waves for a range
of gap distances, the bias voltage increases the contribution
of p-polarized waves for gaps smaller than 1 nm, as shown
in Fig. 4. For distances above 1 nm, the standard FED re-
sults are recovered. The increase of the radiative contribution
decays slower than the phonon contribution and is also bias
dependent.

C. Electrons

In the experiments described in Refs. [25,26], electronic
currents are measured at separation distances in the nanometer
range. These currents are related to tunneling electrons that
can jump from the tip to the sample due to both temperature
and voltage biases. The standard expression for the electric
tunneling current density between two semi-infinite media is
given by [31,38]

J = − eme

2π2h̄3

∫ ∞

Ẽ
dEz

∫ ∞

0
dE⊥

× �nFD(E , T1, T2, μ1, μ2)T (el)(Ez,Vb), (12)

where −e is the electron electric charge, me is the mass of the
electron, E = E⊥ + Ez is the total kinetic energy of an elec-
tron decomposed in contributions stemming from velocities
perpendicular and parallel to the surface, Ẽ = max(0,−eVb),
and

�nFD(E , T1, T2, μ1, μ2)

= nFD(E , T1, μ1) − nFD(E , T2, μ2), (13)

with nFD(E , Ti, μi ) = 1/{exp[(E − μi )/kBTi] + 1} being the
Fermi-Dirac distribution that depends on both temperature Ti

and chemical potential μi.

Close to zero temperature, assuming a degenerate electron
gas limit, the current density leaving one body is bounded
(in the case of two identical metals) by Jmax = emeE2

F/4π2h̄3

(about 2.4 × 1015 A/m2 for gold), where EF is the Fermi
energy.

The transmission probability T (el)(E ,Vb) in Eq. (12) has
only a few analytical solutions for specific electronic barrier
shapes. The semiclassical formula given by the Wentzel-
Kramers-Brillouin (WKB) method [39] allows us to estimate
the transmission probability through a smoothly varying elec-
tronic barrier as

T (el)
WKB(Ez,Vb) = exp

[
−2

√
2me

h̄

∫ z2

z1

dz
√

U (z,Vb) − Ez

]
,

(14)

where the integration is usually performed between the zeros
of the integrand z1 and z2, in the region where the electronic
barrier height U (z,Vb) is larger than the energy Ez. We define
the z axis as shown in Fig. 1 and z = 0 is located at the
interface between media 1 and vacuum. For the temperature
of interest, we can safely neglect the temperature dependence
of the chemical potential and identify μ1 = EF. In the case
of two metallic media, electrons need to overcome a work
function to leave the metal, but also the forces generated by
the induced image charges in the surfaces of the two media.
Using the image method, the solution to the (local) Poisson’s
equation for an electron between two identical perfect metals
within a classical approach is given by [38]

Ucl(z) = EF + W + e2

16πε0d
[�(z/d ) + �(1 − z/d ) + 2γ ],

(15)
where W is the average work function of the media, ε0 is the
vacuum permittivity, �(z) is the digamma function, and γ is
the Euler-Mascheroni constant. The WKB method in combi-
nation with the classical-image potential has been used many
times to describe tunneling phenomena [27,28,31,38,40].
Nevertheless, this methodology, when applied to a plane-
plane geometry, is troublesome in three aspects: (i) the work
function has to be determined experimentally or through ab
initio calculations, (ii) the classical-image potential is diver-
gent for z = 0 and z = d , far from the assumptions of a
smoothly varying potential, and (iii) the one-dimensional 1/z
divergences lead to exactly impenetrable barriers (T (el) = 0)
[41]. The last two difficulties are usually avoided by trans-
lating the image planes inside the metals by a distance of
a few angstroms based on density functional theory (DFT)
calculations.

Bardeen applied the Hartree-Fock method to self-
consistently calculate the electron density between two
metals, which provided a smooth and continuous electronic
barrier [42]. In order to screen the effects of external charges,
electrons create the “double layer” where a fraction of the
electrons leaks into the vacuum, while leaving an effective
positive charged background near the surface of the metal.

The only way to obtain a regularized electronic barrier
consists in introducing electron-electron interactions, as in the
Lindhard theory of metals that was already invoked for the
nonlocal effects of the photonic contribution. For the case of
electrons, Kohn-Sham calculations show that accounting just

125414-5



MAURICIO GÓMEZ VILORIA et al. PHYSICAL REVIEW B 107, 125414 (2023)

FIG. 5. Electronic potential barrier U (z) normalized by the
Fermi energy EF between two semi-infinite gold slabs with respect
to the position z (in units of the gap thickness d) for a bias voltage
Vb = 1 V. The dashed lines represent the classical-image potential;
the solid lines represent the regularized potential in the Thomas-
Fermi screening (TFS) approximation. We set the work function of
Eq. (15) to W = kTFe2/8πε0 − EF in order to have the same energy
reference.

for exchange interactions leads to a slight overestimation of
the electronic barrier in the case of a jellium and one would
need to self-consistently add correlation functionals to recover
the result of the DFT potential [43]. In this work, we limit
ourselves to provide an estimation of the electronic heat flux
with a regularized potential using an approximate solution
ignoring the effects of the correlation potential. In the static
long-wavelength limit ω = 0, we can recover Thomas-Fermi
screening (TFS) theory [44], where Lindhard dielectric func-
tions approximate to

εTF(K ) = 1 + k2
TF

K2
, (16)

where K is the magnitude of the wave vector inside the metal,
kTF =

√
e2mekF/π2h̄2ε0 is the inverse of the TFS length

(about 17 nm−1 for gold), and kF =
√

2mEF/h̄2 is the Fermi
wave vector (about 12 nm−1 for gold).

Using a Green’s function method, it has been shown that
it is possible to solve the nonlocal Poisson’s equation in a
jellium model in agreement with TFS [45,46]. The full elec-
tronic potential used in this work is given by

U (z,Vb) =

⎧⎪⎨
⎪⎩

U1(z), z � 0

Ugap(z) − z
d eVb, 0 < z < d

U2(z) − eVb, z � d,

, (17)

where the expression for Us(z) (s = 1, 2, gap) at Vb = 0 is
provided in terms of integrals detailed in Appendix E. In
Eq. (17), we have added the effects of the bias voltage lin-
early inside the gap region, an approximation valid for small
Vb < EF [45]. The regularized potential is depicted in Fig. 5
for Vb = 1 V, together with the classical-image potential of
Eq. (15), for two different separation distances. Through this
method, we obtain an electronic barrier of about 2EF for gold
and large distances (as measured from the bottom of the band),

FIG. 6. Absolute value of the electronic current J (in units of the
saturation current Jmax and in A/cm2) between two semi-infinite gold
slabs as a function of the bias voltage Vb. Dashed lines are calculated
using WKB approximation; solid line employs the transfer-matrix
method. The black line is calculated under the influence of the
classic image potential; red lines are calculated for the regularized
potential of Eq. (17) within the Thomas-Fermi screening (TFS)
approximation.

which automatically accounts for the work function. Below
1 nm, the height of the barrier reduces with respect to both the
long-distance value and the prediction of the classical-image
potential (15). The potential reaches different values inside the
metal in accordance with the difference in chemical potential
due to the bias voltage. In Fig. 5, we also show the comparison
between two barriers of different gap distances (d = 2 nm
in black and d = 0.5 nm in red), which shows the effect of
reduction of the barrier near contact. In the experiments, this
effect of a deviation from the large distances’ work function
was observed in Ref. [26].

In order to obtain a more accurate value of the trans-
mission probability, we drop the WKB approximation and
calculate T (el)(E ,Vb) using a transfer-matrix method, based
on Ref. [47]. We take slices of the potential and associate
a rectangular barrier to each slide with the height of the
potential as a function of the coordinate z. The total trans-
mission probability is then calculated as the product of the
transmission matrices of all the slices. This approach has the
advantage of taking into account the features of the electronic
barrier inside and outside the metal, including the difference
in chemical potential due to the bias voltage.

In Fig. 6, we compare the current density between two
gold semi-infinite media obtained using the WKB method
(14) and a transfer-matrix method for the classical-image
potential of Eq. (15) in the presence of bias voltage and
the TFS regularized potential of Eq. (17). The dashed lines
represent the current using the WKB approximation for the
transmission probability of Eq. (14), while the solid lines
represent the current using the transfer-matrix method. Due
to the difficulties discussed above, the transfer-matrix method
does not converge when using the classical-image potential
(not shown). For small distances, the classical potential is
significantly smaller in height compared to the TFS poten-
tial, and thus the classical potential overestimates the current
(black dashed lines) for small distances. Comparing the cur-
rent density using the TFS potential, it can be shown that
the WKB calculation (red dashed) underestimates the current
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FIG. 7. Electronic current J (in units of the saturation current
Jmax and in A/cm2) between two semi-infinite gold slabs as a func-
tion of the separation distance d and for different bias voltages Vb.
Dashed lines correspond to negative Vb.

compared to the transfer-matrix method (red solid). Contrary
to the WKB method that is only sensitive to the shape of the
higher part of the barrier, the transfer-matrix method has the
feature of integrating over the whole shape of the potential,
including the difference of potential at the interior of the
metals which increases the transmission probability. The de-
pendence of the current on the separation distance d is shown
in Fig. 7 for different applied bias voltages Vb. We note, as
expected, a strong dependence on the applied bias. Moreover,
the current is different from zero even for Vb = 0, for which
it is entirely due to the temperature difference. The latter also
explains the asymmetry between positive and negative biases,
which becomes less and less pronounced when increasing the
absolute value of Vb.

As the number density of electrons in Eq. (13) depends
on the chemical potential, we need to define the electronic
heat flux carefully. Contrary to the photons and phonons, for
electrons there is a distinction between heat and energy in
the thermodynamic sense, and different definitions for the
electronic heat flux exist in the literature [28,48–50]. In this
work, we write the heat flux leaving media i = 1, 2, following
the work of Ref. [31], as

�
(el)
i (T1, T2, d ) = me

2π2h̄3

∫ ∞

Ẽ
dEz

∫ ∞

0
dE⊥(E − μi )

× �nFD(E , T1, T2, μ1, μ2)T (el)(Ez,Vb),
(18)

similar to Eqs. (2) and (7) for phonons and photons, respec-
tively, where the statistics is now fermionic and the energy in
the integrand is replaced by the heat E − μi associated with
each reservoir. The equations for the electronic heat flux are
no longer symmetrical and one has to distinguish the heat
fluxes for each media. Moreover, the dependence on both tem-
peratures and bias voltage can lead to inversion effects. This
can be first shown in the absence of temperature difference
(T1 = T2). In this configuration, for Vb = 0 the energy flux
vanishes, as expected. The assumption Vb > 0 corresponds
to a shift of the electron energies of body 2 toward lower
values. In this scenario, as discussed in Ref. [31], the electrons
emitted from body 1 and having energy EF − eVb < E < EF

are the ones contributing the most to the energy transfer.
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FIG. 8. Absolute value of the electronic heat flux on body 1 in
plane-plane configuration for various values of the bias voltage Vb

as a function of the separation distance d . The solid (dashed) lines
indicate emitted (received) heat by medium 1.

When one of these electrons leaves body 1, it is replaced
by an electron (provided by the external battery) at energy
EF, resulting in a net energy flux on body 1, �E1 = EF − E .
When the same electron reaches body 2, it provides to it
an excess energy �E2 = E − EF + eVb, explaining why both
bodies (kept at the same temperature) tend to heat up as a
result of the applied potential bias. As soon as a temperature
difference �T = T1 − T2 > 0 is applied, it provides a heating
contribution to body 2, which adds to the one already due to
the potential bias, and a cooling contribution to body 1, acting
thus against the potential bias. This behavior, known as the
Nottingham effect [31], manifests itself in a possible inversion
of the sign of the heat flux on the hotter body.

Note that Eq. (18) ensures that the total power delivered
to the system, �

(el)
1 − �

(el)
2 = JVb, equals the power supplied

by the external generator employed to keep the bias voltage
constant, for any temperature difference and potential bias.
In thermionic applications, the Nottingham effect has been
explored for refrigeration [40]. Notice that the electronic heat
flux is bounded by �(el)

max = JmaxEF/3e. This value corresponds
to about 4 × 1015 W/m2 for Au-Au tunneling.

In Fig. 8, we compare the absolute value of the heat flux on
the hotter medium 1 for different values of the bias voltage and
gap distances. For large values of Vb, the flux saturates. The
heat flux for Vb = 0 is in the thermodynamic regime where
body 1 tends to cool down by the emission of the electrons,
and has the opposite sign of the curves with Vb > 0 (solid
lines) which represent heating of body 1. We stress that our
definition (18) of the electronic heat flux differs from the one
employed in Ref. [28]. A comparison of the numerical results
obtained within the two approaches is given in Appendix D.

D. Comparison

The comparison of the different contributions to the heat
flux (ph, rad, el) is presented in Fig. 9 with a double-
logarithmic scale, with positive (negative) values representing
the tendency to cool down (heat up) body 1. The near-field
radiative contribution and the phonon contribution are both
positive for any separation distance and applied bias voltage,
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FIG. 9. Comparison of the heat flux of the different heat carriers
in plane-plane configuration for various values of the bias voltage Vb

as a function of the separation distance d . Positive (negative) values
of the heat flux are related to outgoing (incoming) heat on body 1.

corresponding to heat emitted by body 1. The comparison
between them shows that the phonon contribution dominates
over the near-field radiative one below 0.4 nm. The electronic
heat flux is also positive when there is no bias voltage and
changes sign drastically above a few tens of mV. The solid
lines represent the total heat flux as the sum of the three
contributions (ph, rad, el). We observe that while for distances
larger than 1 nm, photons are the only relevant carriers, the
electronic contribution rapidly dominates below 1 nm. These
results represent a clear deviation from FED. The fact that the
electronic contribution dominates the heat transfer is no coin-
cidence as the main contribution to the thermal conductivity
of metals is electronic in nature (phonons contribute about
10%). Near contact (distances around 1 Å), the phononic part
becomes relevant compared to the electronic contribution, as
expected.

In Fig. 10, we map the dominating contributions to the total
heat �1 flowing from the hotter medium 1 as a function of d
and Vb. Each label in the colored regions of the figure indicates
the dominating heat carrier (ph, rad, or el). In some regions,
two (el-rad, ph-rad, or el-ph) or even the three (all) carriers
compete. The two regions close to the borders of the figure en-
closed by the white dashed lines indicate the regions where the
heat flux becomes negative (incoming heat). As expected, at
about 0.8 nm, radiation clearly dominates and continues to do
so for larger distances. Below 0.5 nm, the region of dominance
of the electrons fills the map. Near the change of sign (dashed
white line) and about ±40 mV, the electronic contribution is
reduced and the phonons create thin stripes where their con-

tribution competes with the electrons. Near contact, phonons
compete with the electrons, as expected, or even become the
dominant contribution, but only as long as the bias remains
small, i.e., |Vb| < 100 mV. The figure is slightly asymmetric
with respect to Vb = 0 due to the temperature difference. We
do not map the heat flowing into media 2, but it is expected
to be similar to the intermediate (−25 < Vb < 25 mV) region
of Fig. 10 and almost independent of Vb, without any cooling
regions.

The map of carrier contributions to the heat transfer pre-
sented in Fig. 10 is one of the main results of this work and
could serve as a path to experimentally identify the participa-
tion of heat carriers and, in particular, of electrons. As a matter
of fact, the transition from heating of body 1 (Vb < −50 mV)
to cooling (−50 < Vb < 50 mV) and to heating again (Vb >

50 mV) is a unique signature of the electronic behavior via
the Nottingham effect. We also observe that the strong depen-
dence on the separation distance d is such that this feature
disappears for larger separation distances (d > 0.7 nm), for
which photons tend to dominate the heat transfer. We con-
clude that an experimental setup able to control the separation
distance around 0.5 nm along with the potential bias Vb could
allow one to clearly demonstrate the participation of electrons
to heat exchange in the extreme near field.

III. TIP-PLANE CONFIGURATION

In order to compare our results with the existing experi-
ments, we exploit the Dejarguin or proximity force approxi-
mation (PFA), already employed in the context of near-field
radiative heat transfer by the authors of Refs. [25,26]. For
a spherical shaped tip of radius R, the net power exchanged
between the tip and the sample can be written as

Ptip = (−1)i+1(P(ph) + P(rad) + P(el)
i

)
, (19a)

in agreement with the net flux of Eq. (1), where each term is
defined as

P(Q)
i = 2π

∫ R

0
dr r �

(Q)
i (d + R −

√
R2 − r2), (19b)

where Q ∈ {rad, ph, el} and i = 1, 2 is to be chosen depend-
ing on which media corresponds to the tip and the subindex
is dropped when discussing phonons and radiation. Analo-
gously, the PFA expression for the electric current reads

I = 2π

∫ R

0
dr r J (d + R −

√
R2 − r2), (20)

where J is the tunneling current density defined in Eq. (12).
In the supplemental material of Ref. [25], it was already

found that the nonlocal effects were not observable in Au-Au
experiments with a tip-plane configuration using the PFA. We
provide further evidence of this point in Fig. 11, where we
plot the power emitted by the tip as a function of the gap by
multiplying �(rad) by the cross section of the tip πR2 (solid
lines), and using the PFA (dashed) lines, in the presence of
local and nonlocal effects. When looking at the flux times the
cross section, we observe that the nonlocal radiative heat flux
increases with respect to the local theory in a region below
1 nm, as we have already shown in Fig. 3. However, when
looking at the PFA curves in Fig. 11, we observe that the
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FIG. 10. Comparison of the absolute value of the heat flux �1 emitted by media 1 in plane-plane configuration for various values of the
bias voltage Vb and separation distance d for T1 = 400 and T2 = 300 K. The different colors represent the leading heat carriers (ph in red, rad
in yellow, el in blue). Regions with two labels (el-rad in green, ph-rad in purple, el-ph in orange) represent regions where the contribution of
the two carriers is comparable up to 10% between the two carriers. The label “all” (in pink) represents the regions where all three carriers
contribute equally up to a 10% difference. The dashed lines separate the regions where the electronic heat flux has a different sign (heating in
the external regions enclosed by the white dashed lines, cooling in the rest of the figure).

radiative flux is almost constant and it is not possible to distin-
guish the nonlocal estimate from the local one. The distance
dependence of the radiative flux disappears by integrating over
the tip, which translates into a reduction of one to three orders
of magnitude with respect to the solid curves. The region of
interest for the nonlocal effects represent a small area at the
edge of the tip and thus gives a negligible contribution to the
integral given in Eq. (19).
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FIG. 11. Comparison between local (red) and nonlocal (black)
radiative power emitted in tip-plane configuration as a function of the
separation distance d for a spherical tip of radius R = 100 nm. The
dashed line is calculated using the proximity force approximation;
the solid lines represent the heat flux multiplied by the tip cross
section.

While the contribution of the bias voltage to the radiative
heat flux can exceed the influence of the nonlocal effects to
the radiative transfer, its effects are not striking either. For this
purpose, we also compare the effect of the bias voltage on
the transmitted power in flux times cross section and PFA in
Fig. 12, as a function of gap distance and bias voltage (see
Fig. 4). The quick ascent of the solid curves below 0.5 nm in

0.1 0.2 0.5 1 2 5 10

101

102

103

104

d (nm)

P
(r

a
d
)
(n

W
)

cross section 0 V

cross section 0.5 V

cross section 1 V

0 V (PFA)

0.5 V (PFA)

1 V (PFA)

T1 = 400 K, T2 = 300 K, R = 100 nm

FIG. 12. Comparison between radiative power exchanged in a
tip-plane configuration for different values of the bias voltage Vb as
a function of the separation distance d for a spherical tip of radius
R = 30 nm. The dashed lines represent the result obtained using the
proximity force approximation, while the solid lines denote the heat
flux multiplied by the tip cross section.
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FIG. 13. Absolute value of the electric current exchanged as a
function of the separation distance in a tip-plane scenario, calculated
within the PFA approach, between a gold tip of radius R = 100 nm
and at temperature T1 = 400 K and a gold planar substrate at tem-
perature T2 = 300 K. The different curves correspond to different
values of the applied bias voltage Vb. Dashed lines correspond to
negative bias voltages and the electronic current has the opposite sign
compared to that of solid lines.

the presence of the bias with respect to zero bias also translates
into almost no difference between the PFA curves (dashed)
and the difference between the curves is barely noticeable for
the largest bias shown (blue, 1 V) at vanishing gap distances.
Stronger biases could be used to probe this effect, but aside
from being an experimental challenge, the contribution of the
other two carriers (ph and el) increases as well and stronger
couplings are expected.

In Figs. 13 and 14, we show the current and the total
power emitted by the tip calculated using PFA in a tip-plane
scenario with a tip radius of R = 100 nm. We remark that both
quantities are quite sensitive to the applied bias and almost
symmetric with respect to a sign change of Vb. Moreover, note
that the tip is heated up for large enough Vb (in absolute value)
and for small distances.

Moving to a theory-experiment comparison, we start by
noting that Kloppstech et al. [25] modeled the tip as a sphere
with a radius of about 30 nm, while Cui et al. [26] had a
tip of radius of 150 nm. Furthermore, the former experiment
had a positive temperature bias (T1 = 280 K for the tip and
T2 = 120 K for the sample), while in the latter setup, the bias
was inverted (T1 = 445 K for the sample and T2 = 315 K
for the tip). In Fig. 15, we compare our theoretical results
stemming from PFA (solid and dashed curves) using Eqs. (19)
to the experimental results of Ref. [25] (symbols ×). While
the phononic (black dashed line) and radiative (dash-dotted
line) contributions are shown for Vb = 0, the electronic ones
are shown for different bias voltages up to 1 V, including
0.6 V which is the value applied in the experiment. The
experimental data already diverge from the FED predictions
at 7 nm, much larger than the 1 nm scale where electrons are
expected to contribute. The authors reported that no electric
current was detectable above 1 nm (below 0.5 pA), indicating
that even if contamination was present, it was not conductive
as it did not enhance the electronic contribution. However,
that does not exclude the possibility of an enhancement of the

0.1 0.2 0.5 1 2 5 10

−102

−104

−106

d (nm)

P
ti

p
(n

W
)

102

104

106
-1 V
-100 mV
-10 mV

0
10 mV
100 mV

1 V

T1 = 400 K, T2 = 300 K

R = 100 nm

FIG. 14. Total power emitted by the tip as a function of the
separation distance in a tip-plane scenario, calculated within the
PFA approach, between a gold tip of radius R = 100 nm and at
temperature T1 = 400 K and a gold planar substrate at temperature
T2 = 300 K. The curves at Vb = ±100 mV,±1 V switch to take
negative values below a separation distance below 1 nm.

bosonic contributions (ph and rad) or the activation of other
heat channels.

We now focus on the experimental results of Ref. [26],
compared to our theoretical predictions in Fig. 16. The fig-
ure shows the thermal conductance of the tip, htip = Ptip/�T ,
under PFA for Vb = 0, where �T = T1 − T2 is the tempera-
ture difference. The radiative contribution (black dashed line)
is in agreement with the experimental data (dark-pink solid
line) and inside the error range (light-pink background), sug-
gesting no deviation from FED. We also note that the error
margin goes to negative values in the experimental data (not
shown in the figure). The behavior of the experimental data
suggests an opposite conclusion with respect to Kloppstech
et al. [25], where there is a clear deviation from the radiative
heat transfer theory. Our theoretical predictions indicate that
the electronic contribution (blue solid line) should overcome
the error range for 0.3 nm and below in Fig. 16, which is
not detected in the experiment, even if an electronic current
is measured at this range. The phonon contribution (red dash-
dotted curve), assuming Vb = 0, starts to be relevant at dis-
tances where there are no experimental values. If a small bias
of a few mV was introduced in the experiment, the phonon
contribution could be more relevant at larger distances. A
slight rise in the experimental curve (dark-pink solid) is seen
going to smaller distances, but the error margin does not allow
one to draw any reliable quantitative conclusion.
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FIG. 15. Comparison of the numerical results with the available
experimental data at 600 mV [25]. The curves indicate the power ex-
changed between the tip and the plane with respect to the separation
distance d for various values of the bias voltage Vb. Calculations are
performed in the proximity force approximation with a spherical tip
of radius R = 30 nm.

IV. CONCLUSION

In this work, we have shown that close to the contact,
electrons and phonons are the two main contributors to heat
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FIG. 16. Comparison of the numerical results with the available
experimental data [26]. The curves indicate the heat conductance in
a tip-plane configuration with respect to the separation distance d
with Vb = 0. Calculations are performed in the proximity force ap-
proximation with a spherical tip of radius R = 150 nm. Experimental
values are indicated by the pink line, while the pink background
shows the experimental error margin according to Fig. 2(d) of
Ref. [26].

exchanges between two metallic solids. At subnanometer
distances, the Nottingham effect associated with the elec-
tronic current gives rise to a rich thermal behavior (including
thermal-rectification effects). Hence, the heating associated to
these carriers induces an asymmetry with respect to the sign of
the applied bias, as well as in the power received and emitted
by the electrodes. When |Vb| is small, the flux mediated by
electrons flows in the same direction as the flux mediated
both by photons and phonons, cooling down the hotter body.
However, when |Vb| � 100 mV, the heat flux carried by elec-
trons dominates and is of the opposite sign with respect to the
flux carried by the other carriers, simultaneously heating both
bodies. This asymmetry, along with the strong behavior as a
function of Vb, could help the experimental identification of
the participation of electrons to heat transfer.

The comparison of our theoretical predictions with the
existing experimental results shows that some problems cur-
rently limit their interpretation. In Reddy’s experiment [26],
we have seen that the value of heat flux is below the exper-
imental sensitivity. However, an increase of bias voltage or
of temperature difference could probably make the study of
heat transfer at the atomic scale possible. On the other hand,
in Kittel’s experiment [25], the strong spatial shift between
the measured flux and the theoretical predictions at distances
of the order of 5 nm, where neither electrons nor phonons
contribute to the transfer, cannot be easily interpreted with-
out considering the presence of molecular contaminations or
extra layers such as water layers. Nevertheless, once again, a
series of measurement made with various bias voltages could
probably help to clarify the current results.

In addition, we think that our work could be useful for
future experimental studies of the Nottingham effect and to
investigate its consequences on the heat exchanges between
two metallic solids close to the physical contact.
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APPENDIX A: REFERENCE VALUES FOR THE
CONSTANTS

In the elastic acoustic wave model, we use cl = 3240 m/s,
ct = 1200 m/s, and ρ = 1.9 × 104 kg/m3 for gold. The van
der Waals force between two gold metals is proportional
to the Hamaker constant H = 34.76 × 10−20 J, taken from
Ref. [51].

In Drude’s expression for the local dielectric function of
Eq. (11), we use ωpl = 1.36 × 1016 rad/s as the plasma fre-
quency for gold, 
 = 1 × 1014 rad/s and ε∞ = 9.84, which
are fitted data [52] from Ref. [53]. The Fermi energy is taken
as EF = 5.53 eV for gold. For the nonlocal calculation, we use
vF = c/214 from Ref. [44].

APPENDIX B: NONLOCAL DIELECTRIC FUNCTION

In this Appendix, we detail the longitudinal and trans-
verse dielectric functions in the random phase approximation
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(RPA), also known as Lindhard theory, for an interacting
electron gas, employed in expressions of Sec. II B to describe
the nonlocal radiative heat transfer.

For low temperatures compared to the Fermi temperature
T1, T2 	 TF, Lindhard theory together with Mermin’s time-
relaxation approximation [23,24] describes the longitudinal
and transverse dielectric functions as

εl (K, ω) = ε∞ + 3ω2
pl

ω + i


ν2gl (ζ , ν)

ω + i
 gl (ζ ,ν)
gl (ζ ,0)

(B1a)

and

εt (K, ω) = ε∞ − ω2
pl

ω2(ω + i
)
{ω[gt (ζ , ν) − 3ζ 2gl (ζ , ν)]

+ i
[gt (ζ , 0) − 3ζ 2gl (ζ , 0)]}, (B1b)

where ζ = K/2kF and ν = (ω + i
)/KvF, vF is the Fermi
speed, and

gl (ζ , ν) = 1

2
+ 1 − (ζ − ν)2

8ζ
ln

(
ζ − ν + 1

ζ − ν − 1

)

+ 1 − (ζ + ν)2

8ζ
ln

(
ζ + ν + 1

ζ + ν − 1

)
(B2a)

and

gt (ζ , ν) = 3

8
(ζ 2 + 3ν2 + 1) − 3

[1 − (ζ − ν)2]2

32ζ

× ln

(
ζ − ν + 1

ζ − ν − 1

)
− 3

[1 − (z + ν)2]2

32ζ

× ln

(
ζ + ν + 1

ζ + ν − 1

)
(B2b)

are the Lindhard-Mermin functions.

APPENDIX C: FLUCTUATIONAL ACOUSTODYNAMICS

In the fluctuational electrodynamics theory, the compo-
nents of the currents due to thermal and quantum fluctuations
are related to the dielectric function through the fluctuation-
dissipation theorem [34,35]. Here we present an acoustic
analog for the elastic waves inside each media i = 1, 2. The
z component of the oscillating displacements, ui(x, y, t ) =
ufl

i (x, y, t ) + uind
i (x, y, t ), at the surface of each media are

written as a sum of fluctuating and induced contributions.
The induced displacements between the two surfaces, uind

i ,
originate from the van der Waals and electrostatic forces.
The fluctuation-dissipation theorem for the fluctuations of the
displacements, ufl

i , inside each body reads [34,35]

〈
ufl

i (k, ω)
[
ufl

j (k′, ω′)
]∗〉 = h̄ ImMi(k, ω) coth

(
h̄ω

2kBTi

)

× (2π )3δ(k − k′)δ(ω − ω′)δi j,

(C1)

where δ(x) is the Dirac delta distribution, δi j is the Kronecker
delta, Mi(k, ω) are the mechanical susceptibilities for each
body defined in Eq. (5), and (k, ω) variables are related to

the real-space displacements by a Fourier transform,

ui(x, y, t ) = 2 Re
∫ ∞

0

dω

2π

∫
d2k

(2π )2
ui(k, ω)ei(k·r−ωt ). (C2)

The mechanical forces per unit surface, fi, acting on surfaces
1 and 2 are obtained from derivatives of the interacting energy,
integrating atomwise over the two surfaces [32–35], given in
terms of the displacements by

f1(k, ω) = au1(k, ω) − bu2(k, ω), (C3a)

f2(k, ω) = au2(k, ω) − bu1(k, ω), (C3b)

where a and b are defined in Eq. (6).
The mechanical susceptibilities Mi(ω, k) relate the induced

component of the displacements to the acting forces, such that
(i = 1, 2)

ui(k, ω) = ufl
i (k, ω) + Mi(k, ω) fi(k, ω). (C4)

In order to obtain the heat flux carried by the phonons, we
need to calculate the mean power emitted by unit area given
by

�(ph) = 〈u̇2(x, y, t ) f2(x, y, t )〉 − 〈u̇1(x, y, t ) f1(x, y, t )〉

= 2
∫ ∞

0

dω

2π

∫
d2k

(2π )2

∫ ∞

0

dω′

2π

∫
d2k′

(2π )2
ω

× Im[〈u2(k, ω) f ∗
2 (k′, ω′)〉 − 〈u1(k, ω) f ∗

1 (k′, ω′)〉].
(C5)

Solving Eqs. (C3) and (C4), for fi(k, ω) and ui(k, ω) in terms
of ufl

i (k, ω), allows one to use the fluctuation-dissipation the-
orem (C1) together with (C5) to recover Eq. (2) of the phonon
flux found in the main text.

APPENDIX D: COMPARISON WITH NUMERICAL
RESULTS OF REFS. [28] AND [30]

In Fig. 17, we compare the phononic and electronic heat
fluxes for T1 = 280 and T2 = 120 K and zero applied bias
obtained within our formalism to the ones calculated in
Refs. [28] (phonons and electrons) and [30] (phonons only,
results at 300 K) using atomistic calculations. The comparison
shows that our results can be various orders of magnitude
smaller. Concerning phonons, it has been argued [30] that
this discrepancy is due to the fact that the continuous model
only takes into account the forces between the elements of the
surface and neglects the elements inside the material, included
in the atomistic model. However, as the molecular simulations
consider only a small number of atoms, it remains unclear if
this prediction hold for systems with larger dimensions. As
for electrons, the discrepancy is certainly due to the different
definition of the heat flux, but could also be due to the simpli-
fied classical-image potential used in Ref. [28], along with the
WKB approximation.

APPENDIX E: THOMAS-FERMI ELECTRONIC BARRIER

In this Appendix, we provide the explicit expression of the
regularized potential in Eq. (17) and provide a few steps for
its derivation coming from Refs. [45,46].
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FIG. 17. Phononic and electronic thermal conductances h =
�1/(T1 − T2) between two semi-infinite gold slabs as a function of
the separation distance at Vb = 0. The results for phonons within the
fluctuation-acoustodynamics approach based on continuous elastic
theory (red solid line) are compared to the atomistic approaches of
Refs. [28] (red dashed lines) and Ref. [30] (red crosses) at 300 K. The
results we obtained for electrons (blue solid line) are compared to the
ones obtained within the WKB approximation in Ref. [28], using a
different definition of the electronic heat flux. For reference, the dot-
ted black line corresponds to the local radiative thermal conductance.

In order to obtain the regularized electronic barrier for the
plane-plane configuration, it is necessary to solve the one-
dimensional nonlocal Poisson’s equation in the presence of
a polarizable media, i.e.,(

∂2

∂z2
− k2

)
G(k; z, z′) −

∫
dz′′�(k; z, z′)G(q; z′′, z′)

= δ(z − z′), (E1)

where G(k; z, z′) is the Green’s function and �(k; z, z′) is the
polarization operator. In the case of three regions, allowing
for specular reflection and continuity of the potential, we can
write the polarization operator for a three-layer system as

�(k; z, z′) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�1(k; z − z′) + �1(k; z + z′), z, z′ � 0,

�2(k; z − z′) + �2(k; z + z′), z, z′ � d,

�gap(k; z − z′) + �gap(k; z + z′),

0 < z, z′ < d,

(E2a)

since

�s(k; z ∓ z′) =
∫ ∞

−∞

dqz

2π
K2[εs(K ) − 1] exp(iqz[z ∓ z′]),

(E2b)
where s = 1, 2 corresponds to the regions inside media 1 and
2, and s = gap is the region between the two media. Here

we take the static approximation εs(K ) = εTF(K ) for s = 1, 2
in Eq. (16) and εgap = 1. In the case of classical metals of
vanishing screening length, i.e., kTF → ∞, we recover the
classical-image potential of Eq. (15).

By calculating the diagonal self-interacting element
G(k; z) = G(k; z, z), we can recover the electronic barrier
U (z) in the absence of bias voltage corresponding to Vb = 0
for the three different regions as

Us(z) = e2

4πε0

{
kTF

2
−

∫ ∞

0
dk k

[
Gs(k; z) + 1

2k

]}
, (E3)

where we add the factor e2kTF/8πε0 to set the zero-energy
reference inside the metal. In the case where there is no bias,
the equations are symmetric with respect to the center of the
gap z = d/2, and

G1(k; z) = a2
0(k, z)

B0(k)
[aS(k, 0) + aA(k, 0) + 2a0(k, 0)]

−a0(k, 0) + a0(k, 2z)

2
, (E4a)

G2(k; z) = G1(k; d/2 − z), (E4b)

Ggap(k; z) = 1

2

[
a2

S(k, z)

aS(k, 0) + a0(k, 0)
+ a2

A(k, z)

aA(k, 0) + a0(k, 0)

]

−aA(k, 0) + aA(k, 2z) + aS(k, 0) + aS(k, 2z)

4
,

(E4c)

where we have defined

B0(k) = 2[a0(k, 0) + aA(k, 0)][a0(k, 0) + aS(k, 0)], (E5a)

a0(k, z) =
exp

( −
√

k2 + k2
TF|z|

)
√

k2 + k2
TF

, (E5b)

aS(k, z) = cosh[kd/2 − k mod(z, d )]

k sinh(kd/2)
, (E5c)

and

aA(k, z) = sign[d − mod(z, 2d )]
sinh[kd/2 − k mod(z, d )]

k cosh(kd/2)
,

(E5d)
where sign(z) is the sign of z and mod(z, d ) is the operation z
modulo d . Taking kTF → ∞, one recovers the expressions for
the classical-image potential in Eq. (15).

For small biases compared to the chemical potential, we
are allowed to add the contribution of Vb linearly, as in the
expressions given in Eq. (17) in the main text.
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