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Topological states of thermoelectric Yb-filled skutterudites
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The effects of topological states on the thermoelectric performance of a highly efficient thermoelectric
Yb-filled CoSb3 skutterudite are investigated through combined ab initio calculations and electrical transport
measurements. The nontrivial topological states are revealed by ab initio calculations and inferred from anoma-
lous Hall conductivity and magnetoresistance. The linear bands associated with the topological states lead to
low single-band effective mass and high carrier mobility, and consequently high power factor. Furthermore,
the additional band minima due to filling the voids with Yb atoms raise the valley degeneracy, which favors
the density-of-states effective mass and thus the Seebeck coefficient but scarcely changing the carrier mobility.
These effects together contribute to the high power factor of Yb-filled CoSb3 skutterudite. Our results show that
topological states play a crucial role in improving the performance of thermoelectric materials.
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I. INTRODUCTION

Thermoelectric materials are promising sustainable en-
ergy materials due to their ability to convert waste heat into
electricity. The conversion efficiency is determined by the di-
mensionless figure of merit, defined as zT = S2σT/κ , where
S is the Seebeck coefficient, σ is the electrical conductivity, T
is the absolute temperature, and κ is the thermal conductivity
consisting of lattice thermal conductivity (κl ) and electronic
thermal conductivity (κe) [1]. An excellent thermoelectric
material should simultaneously possess large S and high σ

to reach an optimal power factor (PF = S2σ ) and low κ .
Nevertheless, the interdependencies of these parameters make
it difficult to optimize one parameter without affecting the
others. Band engineering and nanostructuring are currently
typical ways to optimize PF and κl , respectively, by sacrific-
ing other transport parameters [2–5]. Topological insulators
are bulk insulating but have topologically protected metallic
surface states, leading to notably high carrier mobility (μ) and
σ values [6]. Many topological insulators have been known as
good thermoelectric materials [7], such as Bi2Te3, Bi2Se3, and
their alloy Bi2Te3−xSex [1,6,8–11]. The nontrivial topologi-
cal states may have the potential to enhance thermoelectric
performance [12–14].

Filled skutterudite based on CoSb3 exhibits great promis-
ing thermoelectric performance due to its unique structure
[15,16]. Filling the voids of CoSb3 with atoms results in
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a significant reduction of κ without deteriorating PF. As a
result, high zT values (zT =1.4−1.7) have been achieved in
n-type single- and multielement-filled skutterudites [17–23].
The mechanism behind the low κl in these materials has been
extensively studied [15,16,24–28]. However, research on the
filling effect on the high PF of filled skutterudites is compara-
tively scarce. The carrier concentration (n) has been optimized
by filling the voids with atoms. Generally, an increase in
σ leads to a prominent decrease in S due to their inverse
relationship [1]. However, previous studies have shown that
filling CoSb3 with Yb atoms results in a significant increase
in σ but only a slight decrease in S [17–23]. Understanding
the mechanism behind this behavior is crucial to achieve high-
performance thermoelectric materials.

Several possible mechanisms have been proposed to ex-
plain the unique thermoelectric performance of Yb-filled
CoSb3. One proposed mechanism is the linear dispersion
(Kane-type) of the valence band in CoSb3 [29–35]. In CoSb3,
there is one quasilinear nonparabolic valence band, one quasi-
linear conduction band, and one triply degenerated parabolic
conduction band at � point [31]. However, a theoretical study
suggests that the nonparabolic band dispersions do not in-
crease S and are not beneficial to thermoelectric performance
[3]. This study suggests that a secondary conduction band
near the conduction band minimum in CoSb3 could be used
to explain the high performance of Yb-filled CoSb3, and these
two bands converge at high temperatures. Another proposed
mechanism is that several new band minima due to Yb fill-
ing should make a substantial contribution to the electrical
transport, contrary to the band convergence picture of the
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secondary conduction band with the primary band in CoSb3

[36]. The reason for the significant increase in σ while slightly
affected S remains unsettled. These conflicts call for a unique
mechanism responsible for the electrical transport properties
of filled skutterudites.

CoSb3 has been predicted to be very near a critical point
of topological transition from first-principles calculations
[37,38]. This means that there are underlying topological
states in CoSb3, but the evidence for surface states, topolog-
ical invariants, and experiments is lacking. The topological
transition in CoSb3 can be induced by applying an appro-
priate strain [37–40]. Filling atoms into the voids of CoSb3

can expand the lattice constant and change the internal pa-
rameters, and hence may have the same effect with strain.
In addition, for thermoelectric applications, our attention is
focused on the filled skutterudite due to its relatively high
conversion efficiency. A recent study has pointed out that two
filled skutterudites, CeOs4As12 and CeOs4Sb12, are topolog-
ical insulators through ab initio calculations [41]. However,
up to now, little information about the topological properties
of the most efficient Yb-filled CoSb3 skutterudites has been
available, either theoretically or experimentally. Two impor-
tant questions have not been settled. One is regarding whether
topological states exist in Yb-filled CoSb3 or not. The other
is about how the topological states affect the thermoelectric
properties if they indeed exist.

FIG. 1. Crystal structure and temperature-dependent thermo-
electric properties of Yb0.3Co4Sb12. (a) Crystal structure of the
filled-skutterudite. (b) Figure of merit zT . (c) Electrical conductivity
σ . (d) Seebeck coefficient S. (e) Power factor PF. (f) Lattice thermal
conductivity κl . The data points of CoSb3 are taken from Ref. [51]
for the comparison.

Taking a highly efficient Yb-filled CoSb3 skutterudite as
an example in this paper, we explore its possible topological
properties through the combination of first-principles calcula-
tions and low-temperature electrical transport measurements.
The topological states are identified based on the presence of
the surface state. The influence of the topological states on the
electrical transport properties of Yb-filled CoSb3 skutterudite
is investigated from a combination of theoretical analysis and
experimental results.

II. Method

A. Experimental details

The sample was prepared by a melt spinning and
spark plasma sintering process detailed elsewhere [42]. An
energy dispersive spectrometer (EDS, OXFORD) was em-
ployed to confirm the actual composition of the sample. A
RigakuD/MAX-2550PC diffractometer was used to deter-
mine the sample structure under Cu-Kα radiation with a
wavelength of 1.5406 Å.

The thermoelectric properties were characterized utiliz-
ing the thermal transport option of a physical property
measurement system from Quantum Design at temperatures
2–300 K. The Hall effect measurements were performed
by employing the resistivity option in the magnetic field
at temperatures ranging from 2 to 300 K. The resistiv-
ity (ρ) was measured by using the standard four-probe
method. To eliminate the transverse (longitudinal) ρ compo-
nent from the misalignment of contacts, we obtained the ρxx

and ρxy through ρxx = (ρxx(+H ) + ρxx(−H ))/2 and ρxy =
(ρxx(+H ) − ρxx(−H ))/2, respectively.

B. Theoretical calculations

The electronic structure calculations were performed based
on density functional theory (DFT) employed in the Vienna
Ab initio Simulation Package [43]. The electronic properties
were calculated by the projector augmented wave method
[43,44] with a Perdew-Burke-Ernzerbof-type generalized gra-
dient approximation [45]. All the lattice parameters and
atomic positions were fully relaxed in the unit cell. The plane-
wave basis was set with a cutoff energy of 520 eV. Spin-orbit
coupling was included in our calculations. The maximally lo-
calized Wannier functions were constructed by employing the
WANNIER90 package [46]. The open-source software package
(WANNIERTOOLS) [47] was used to investigate the topological
nature of the projected (001) surface.

III. RESULTS AND DISCUSSION

A. Characterization of thermoelectric parameters

Figure 1(a) illustrates the crystal structure of filled skut-
terudites. Skutterudite compounds have the general formula
of MX 3 (M is Co, Rh, or Ir; X is P, As, or Sb) [48]. These
compounds are body-centered cubic with space group Im3̄
and space group No. 204. The skutterudite crystal structure
consists of eight corner-sharing octahedra. The center of these
octahedra is the M atom and the corners are the X atoms.
The octahedra are tilted so the X atoms form rectangular X4

rings. The linked octahedra generates a void in the center of

125202-2



TOPOLOGICAL STATES OF THERMOELECTRIC … PHYSICAL REVIEW B 107, 125202 (2023)

the lattice. Filling this void with a guest atom, such as rare
earth, can form the so-called filled-skutterudite structure [49]
with the general formula RM4X12, as shown in Fig. 1(a). The
filling atoms can increase the lattice constant and change the
structural parameters. The lattice constant has been reported to
increase with the amount of filling for Tl-filled [50], Yb-filled
[19,51], Ba-filled [52], and triple-element-filled skutterudites
[23]. The most significant change is the bond length for the
short Sb-Sb bond, which becomes closer to a square in the
filled skutterudites (Yb, Ce, Ba)Co4Sb12 [53]. Figures 1(b)–
1(f) show the electrical and thermal transport properties of
Yb0.3Co4Sb12 from 2 to 300 K, compared with those of pris-
tine CoSb3 [51]. As shown in Fig. 1(b), zT of Yb0.3Co4Sb12

increases with increasing temperature and reaches 0.18 at
room temperature, significantly larger than that of CoSb3.
This enhancement on zT is in agreement with previous studies
[23,54].

The temperature-dependent κl is presented in Fig. 1(f). The
κl was obtained from the total κ by subtracting κe. The κe was
calculated from the Wiedemann-Franz law κe = LσT , where
L is the Lorenz factor and its typical values are 2.45 × 10−8

and 1.49 × 10−8 V2K−2 for metals and intrinsic semiconduc-
tors, respectively [1]. The κl varies with temperature in a
typical λ shape. It increases rapidly with increasing temper-
ature and reaches a maximum (approximately 3.0 WK−1m−1)
around 66 K, then declines gradually. Compared with CoSb3,
the κl of Yb0.3Co4Sb12 is significantly reduced. The value of
κl in Yb0.3Co4Sb12 is 2 WK−1m−1 at room temperature, lower
than that of other single-filled skutterudites and comparable
to that of the multifilled skutterudites [23]. The mechanism
behind the low κl has been extensively studied, including
strong anharmonicity, the hybridization of the guest atom
and host lattice, the flat guest mode avoided crossing with
the acoustic-phonon mode, and the significant contribution of
optical phonons [15,16,24–28]. Therefore, the reason for the
low κl is not discussed in detail here.

Although κl is largely reduced, the electrical properties of
Yb0.3Co4Sb12 only slightly deteriorate. As shown in Fig. 1(c),
σ of Yb0.3Co4Sb12 increases with decreasing temperature and
then saturates at low temperatures, exhibiting a heavily doped
semiconductor behavior. However, CoSb3 shows semicon-
ducting behavior down to 10 K. Notably, the value of σ in
Yb0.3Co4Sb12 is higher than that of CoSb3 by several orders of
magnitude. The temperature dependence of S is demonstrated
in Fig. 1(d). The negative value of S decreases nearly linearly
with increasing temperature, consistent with an n-type de-
generate semiconductor character. Compared with CoSb3, the
absolute value of S in Yb0.3Co4Sb12 is slightly lower, reduced
from 450 μVK−1 in CoSb3 to 105 μVK−1 in Yb0.3Co4Sb12 at
room temperature. Similar trends in σ and S of Yb0.3Co4Sb12

can be found in other filled skutterudites [23,35].
By combining σ and S, we can obtain the temperature

dependence of PF for Yb0.3Co4Sb12. The results are demon-
strated in Fig. 1(e). As can be seen, PF increases with
increasing temperature and reaches 20 μWcm−1K−2 at room
temperature. This PF value is comparable to those in other
filled skutterudites [23] and is several orders of magnitude
higher than that in CoSb3. The substantial improvement of PF
is predominantly due to the dramatically increased σ with a
subtle decrease in S.

FIG. 2. (a) The first Brillouin zone. (b) The bulk electronic band
structure of CoSb3 and YbCo4Sb12. The energy reference is set to
the Fermi level. Additional conduction band minima in YbCo4Sb12

are noted by the vertical arrows. The zoom of the bulk structure of
CoSb3 (c) and YbCo4Sb12 (d), respectively. Energy and momentum
dispersion with the local density of states on the (001) surface of
CoSb3 (e) and YbCo4Sb12 (f), respectively.

The increase in σ and the decrease in the absolute value
of S are related to the increase in n [35] of Yb0.3Co4Sb12.
Filling the voids with Yb atoms provides additional electrons
to the skutterudite, resulting in an increase in n. Generally, σ is
proportional to n and S is inversely related to n. However, the
values of n in filled skutterudites and CoSb3 are quite different
(1020 ∼ 1021 cm−3 for the filled versus 1017 ∼ 1018 cm−3

for CoSb3) [55]. Therefore, assessing the extent to which the
filled atoms affect electrical properties is difficult. The high
σ is also attributed to the high μ resulting from the linear
bands [29,30,32–34]. The linear bands correspond to a small
single-band effective mass (m∗

b), which is not conducive to S.
Whereas, unlike the significant increase in σ , S only exhibits a
moderate decline. The multiband effect can affect S in CoSb3.
This picture is not applicable for filled skutterudites [3,36]. All
clues point to the importance of the particular band structure
in Yb-filled CoSb3.

B. Topological states from calculations

Figure 2(a) depicts the Brillouin zone of body-centered
cubic, �, H, N, and P are high-symmetry points. The band
structures of CoSb3 and YbCo4Sb12 are plotted in Fig. 2(b).
Consistent with previous studies [3,29,31], our calculations
reveal that CoSb3 is a direct band-gap semiconductor with
one valence band and three degenerated conduction bands at
the � point. The valence bands are mainly occupied by the
orbital electrons of Co-p/d and Sb-p, while the conduction
bands are composed of orbital electrons of Co-d . Unlike
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FIG. 3. (a)–(c) Band structures of CoSb3 near k=0, showing the
band crossing as the valence band rises due to the strain. (a) Before
transition, strain = 1.7%. (b) At the critical point, strain = 2.4%.
(c) After the transition, strain = 3.0%. (d)–(f) The corresponding
energy and momentum dispersion with the local density of states on
the (001) surface.

the usual parabolic bands, the valence and conduction bands
near the Fermi surface show linear dispersion at �. This re-
sult agrees with previous electronic structure calculations on
CoSb3 [29,31].

The band-gap values obtained from the DFT calculations
for CoSb3 and YbCo4Sb12 are 0.12 eV and 0.29 eV, re-
spectively. These values are comparable to those previously
reported from other calculations [31,35]. The effective mass
can be obtained by fitting the bands close to the Fermi level via
the Kane model [31]. The effective mass of the valence band
for CoSb3 is m∗/m0 = 0.068, 0.067, and 0.077 for the � → H,
� → N, and � → P directions. The effective mass of the
conduction band is me/m0 = 0.31. Our calculated effective
masses agree well with previous studies [31]. Correspond-
ingly, the effective mass for YbCo4Sb12 is m∗/m0 = 0.091,
0.089, and 0.095, me/m0 = 0.41. The increase in the effective
masses of YbCo4Sb12 is also consistent with previous studies
[35].

Compared with the parent compound, the electronic band
structure of Yb-filled CoSb3 does not change significantly,
in accord with previous calculations [3,29,36]. The main dif-
ferences lie in the following three aspects. First, Yb filling
into CoSb3 leads to an increase in the band gap, agreeing
with previous studies [36]. Similar behavior has been found in
previous studies on CaCo4Sb12 and SrCo4Sb12 [56], thereby
suggesting that this effect is independent of the sort of the
filling atom [36]. Second, compared with CoSb3, the quasilin-
ear conduction band and the parabolic conduction band triply
degenerated at � have little variation and are slightly flattened,
as shown in Figs. 2(c) and 2(d). These results are consistent
with the increase in the effective masses of YbCo4Sb12 with
respect to CoSb3, which may be due to the linear conduction
band or a change in the band structure with increasing n [35].
Third, the additional conduction band minima appear near the
bottom of the conduction band at � for YbCo4Sb12. The new

band minima are marked in Fig. 2(b). Especially, there exists
a relatively flat band at N.

According to Kane dispersion [57], the increased band
gap in YbCo4Sb12 improves the density-of-states effective
mass (m∗) and thus S. A similar phenomenon has been re-
ported in efficient thermoelectric materials [2]. In addition, the
additional conduction band minima in YbCo4Sb12 increase
the valley degeneracy (NV ). Generally, NV contributes to m∗

through m∗=N2/3
V m∗

b [58], where m∗
b is the single-band effec-

tive mass. The increase of NV enhances m∗ without affecting
μ [2], which is beneficial to PF and thus zT . In CoSb3, the
secondary conduction band between N and � has a high NV

with 12 isolated pockets [3,59]. This high NV is comparable
to that in PbTe, another high-efficient thermoelectric material
with zT ∼ 2 [2]. There are more additional conduction band
minima in YbCo4Sb12 than those in CoSb3. This result has
been confirmed by previous theoretical study [36]. Because of
this, we can reasonably infer that NV in YbCo4Sb12 is higher
than that in CoSb3. The high NV in Yb-filled CoSb3 has also
been indicated from the increase in m∗ [36]. Nevertheless,
compared with CoSb3, Yb-filled skutterudite has a relatively
small S from the experiment, as shown in Fig. 1(d).

Previous studies have shown that low m∗
b leads to high

thermoelectric performance [60]. This is because μ is pro-
portional to m∗−5/2

b for most high-performance thermoelectric
materials [2]. High μ is achieved in materials with light m∗

b .
Additionally, the optimal PF is related to μm∗3/2 and m∗−1

I
[2,58,61]. The m∗

I parameter is the inertial effective mass. For
an isotropic band, m∗

I is equal to m∗
b . Although lowering m∗

b
results in a small S, PF increases. Consequently, the linear
valence band with low m∗

b in CoSb3 explains the high μ

observed in lightly doped p-type CoSb3 and is beneficial to
zT [30]. Compared with the other triply degenerated parabolic
conduction bands, the linear conduction band in YbCo4Sb12

has relatively low m∗
b and should have the same effect. This

behavior agrees with previous studies for CoSb3 and filled
skutterudites [29,32–34].

The linear dispersions from the valence and conduction
bands produce unique consequences which are related to
the topological insulator transition [29,37,38,57]. CoSb3 has
been predicted to be near the strain-induced transition to a
topological-insulator phase through a topological quantum
critical point by bulk band structure calculations [37]. How-
ever, the topological surface states and Z2 topological index
are still lacking. For this purpose, we show the surface states
of CoSb3 and YbCo4Sb12 in Figs. 2(e) and 2(f), respec-
tively. The (001) surface is selected to explore the surface
states. Metallic surface states at the (001) surface in CoSb3

and YbCo4Sb12 are observed. The Z2 topological index is a
parity criteria to determine the topological features [62]. To
determine their topological properties, we calculated the Z2
indexes of CoSb3 and YbCo4Sb12. CoSb3 is found to be topo-
logically trivial with Z2 (0;000), while YbCo4Sb12 is found to
be topologically nontrivial with Z2 (1;111). This theoretical
result supports the existence of the topological surface states
in YbCo4Sb12.

To prove the reliability of the calculation results, we cal-
culated the bulk electronic structure and surface states of
CoSb3 under tensile strain, as shown in Fig. 3. To obtain the
topological transition, we applied 1.7%, 2.4%, and 3.0% strain
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FIG. 4. Hall resistivity (ρxy) of Yb0.3Co4Sb12 in the applied mag-
netic fields at various temperatures.

on CoSb3. The bulk electronic structures are demonstrated in
Figs. 3(a)–3(c), respectively. The corresponding surface states
are shown in Figs. 3(d)–3(f), respectively. When the strain is
1.7%, the Z2 index is (0;000), which means that the surface
state is topologically trivial. When the strain is 2.4% and
3.0%, the band inversion occurs between the orbital electrons
of Co-d and Sb-p. The corresponding Z2 indexes are both
(1;000), supporting the nontrivial topological surface states in
CoSb3. This result agrees with previous predictions [37,38].
Furthermore, the strain in CoSb3 can be induced by filling
the voids such as Yb atoms, resulting in the expansion of the
lattice constant and the change of the bond length for the short
Sb-Sb bond. Therefore, filling the voids with atoms provides
an additional approach to realizing topological insulators.

C. Experimental evidence for the topological state

To seek the experimental evidence of topological states, we
also performed Hall effect measurements. Figure 4 demon-
strates the magnetic field dependence of the Hall resistivity
(ρxy) for Yb0.3Co4Sb12 at temperatures below 300 K. Since
ρxy is always negative from 0 to 5 T, the dominant carriers are
electrons. With decreasing temperature, the nonlinear behav-
ior becomes pronounced. This nonlinear behavior indicates
the existence of multiple carriers with different concentrations
and mobilities.

Figure 5 shows the Hall conductivity (σxy) and the lon-
gitudinal magnetoresistance (MR) at temperature of 2, 10,
and 20 K. σxy is calculated from σxy = ρxy/(ρ2

xx + ρ2
xy). MR

is defined by MR = (ρxx(H )/ρxx(0) − 1) × 100%, where
ρxx(0) and ρxx(H ) are the longitudinal resistivity measured
at zero and applied magnetic field, respectively. In agree-
ment with ρxy, σxy exhibits distinct nonlinear behavior. MR is

FIG. 5. (a)–(c) Magnetic-field-dependent Hall conductivity (σxy)
of Yb0.3Co4Sb12 at temperatures of 2, 10, and 20 K. The blue circles
denote the raw data points, with the solid red lines denoting the whole
fitting results. The black line represents the relevant surface term.
(d)–(f) The corresponding magnetoresistance (MR) (ρH/ρ0 − 1) of
Yb0.3Co4Sb12 at temperature of 2, 10, and 20 K.

approximately linear in the applied magnetic field, in contrast
with the quadratic response to MR seen in ordinary semicon-
ductors.

The resonance σxy and linear MR are two important char-
acters of nontrivial topological states [10,63]. In topological
insulators, the superposition of the surface and the bulk trans-
port channels results in the nonlinear σxy [10]. Therefore, the
nonlinear σxy observed in Yb0.3Co4Sb12 can be considered to
be a result of the topological states. The linear MR is attributed
to the topological surface states and associated with the linear
bands [64–66], matching well with quantum linear MR theory.
According to previous studies, the linear MR in Yb0.3Co4Sb12

may result from the weak antilocalization of the topological
surface states and the weak localization of the bulk [67,68].
Similar behavior has been observed in topological insulators
Bi2Te3 and Bi2Se3 [10,69]. As a result, the anomalous σxy and
MR provide experimental evidence in favor of the nontrivial
topological states in Yb0.3Co4Sb12.

To examine the contributions of the topological surface
states to the electrical transport properties, we fitted σxy with
the following formulas [10]:

σxy = σ b
xy + σ s

xy, (1)

σ b
xy = neffeμb

μbB

1 + (μbB)2
, (2)

σ s
xy = 2π3

h2t

B	2

1 + (μsB)2
, (3)

where σ b
xy is the bulk Hall conductivity, σ s

xy is the surface
Hall conductivity (in cm−3), t is the crystal thickness, neff is
the effective bulk carrier concentration, μb is the bulk carrier
mobility, μs is the surface carrier mobility, 	 is the surface
mean free length, and B is the magnetic flux density, respec-
tively. Important transport parameters can be obtained from
the fitting to the obtained Hall conductivities, as summarized
in Table I. Notably, μs is comparable to that of Bi2Te3 [10]
and about five times larger than the bulk value. The relatively
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TABLE I. Summary of the bulk mobility μb (in cm2V−1s−1),
bulk effective carrier concentration neff (in cm−3), surface mobil-
ity μs (in cm2V−1s−1), and surface mean free length 	 (in nm) of
Yb0.3Co4Sb12 at low temperatures, in comparison with the results of
Bi2Te3 at 0.3 K [10].

Yb0.3Co4Sb12 Bi2Te3

T (K) 2 10 20 0.3

μb 3184.7 2983.5 2909.6 860
neff 1.1 × 1019 1.0 × 1019 1.0 × 1019 6.9 × 1015

μs 15209.2 10033.4 9289.3 9000
	 90.5 76.5 67.2 235

large μs value is due to the topological surface states with
linear energy dispersion. It is favorable for high σ . The sig-
nificantly enhanced σ of Yb0.3Co4Sb12 thus benefits from the
topological surface states.

D. Other electrical transport properties

Considering the contribution of the topological states, we
fit σxy at different temperatures and obtain the temperature de-
pendence of both neff and μb. The neff value of Yb0.3Co4Sb12

has a nearly optimal absolute value of 1019 cm−3 as shown
in Fig. 6(a), which is about two orders of magnitude higher
than the parent compound [55]. With decreasing temper-
ature, neff exhibits a gradual decrease behavior. At low
temperatures, it has a gentle increase. On the contrary,
μb increases dramatically from 123 to 3185 cm2V−1s−1

with decreasing temperature, as shown in Fig. 6(b). The
temperature-dependent μ follows a T −3/2 behavior, implying
that acoustical phonon scattering dominates the scattering
mechanism [70]. In this case, μ is proportional to 1/m∗5/2

b
[58]. The temperature-dependent μ in reality has the quan-
tum origin of the linear MR in Yb0.3Co4Sb12. High μ is an
important signature for topological insulators.

Figure 7(a) shows the temperature-dependent m∗
S . For ther-

moelectric materials, m∗
S refers to m∗. m∗

S is given by using the
S and n determined from the Hall effect [71]:

m∗
S

me
= 0.924

(
300K

T

)(
n

1020cm−3

)2/3

×
[

3
(
exp

[ |S|
kB/e

] − 0.17
)2/3

1 + exp
[ − 5

( |S|
kB/e − kB/e

|S|
)]

+
|S|

kB/e

1 + exp
[
5
( |S|

kB/e − kB/e
|S|

)]
]
. (4)

This equation can give an estimation of m∗
S . For the abso-

lute value of S larger than 20 μVK−1, the uncertainty of the
result is about 3%. Although the abrupt change of m∗

S at 2 K
is not precise, the changing trend of m∗

S can be well captured.
As shown in Fig. 7(a), m∗

S increases monotonically with in-
creasing temperature, opposed to the μb behavior. Figure 7(b)
shows m∗

S as a function of n of Yb0.3Co4Sb12. m∗
S increases

with an increase in n, following an n1/2 dependence. Because

FIG. 6. Temperature dependence of (a) the effective carrier
concentration (neff) and (b) the bulk carrier mobility (μb) of
Yb0.3Co4Sb12.

the m∗
S value changes with n, the bands are not parabolic

[72]. This behavior of m∗
S for Yb0.3Co4Sb12 can be attributed

to the linear bands associated with the topological surface
states.

The effect of the nonparabolic properties on m∗
S can be

summarized in a two-band Kane model [30,32–34]:

m∗ = me

(
1 + 2η

�E

)
, (5)

where me is the effective mass at the bottom of the band,
η is the reduced Fermi energy, and �E = Eg/kBT is the
reduced energy gap. In the nonparabolic band model, m∗

S in
CoSb3 would follow n1/3 [29]. The quasilinear dispersion
band model agrees well with experimental results of some
filled skutterudites RxCo4Sb12 (R=Nd, Tl, Ba, La, Ce, Yb)
[3,29,35,39,40]. At low temperatures, the bands in these ma-
terials become linear rather than parabolic, leading to the m∗

S
reduction. In addition, a previous study has shown that m∗

S of
CoSb3 decreases in the quasilinear dispersion band relative
to that in a parabolic band [3]. Therefore, a previous study
has attributed the increase of m∗

S with n to the multiple con-
duction bands rather than the linear bands [3]. In our present
study, we find that m∗

S in Yb-filled CoSb3 varies with n by

125202-6



TOPOLOGICAL STATES OF THERMOELECTRIC … PHYSICAL REVIEW B 107, 125202 (2023)

FIG. 7. (a) Temperature dependence of the Seebeck effective
mass (m∗

S) in Yb0.3Co4Sb12. (b) Carrier concentration dependence of
the Seebeck effective mass (m∗

S).

1/2 instead of 1/3 observed in the parent compound. In con-
trast to the parent CoSb3, Yb-filled CoSb3 possesses both the
topological surface states as well as new additional conduc-
tion band minima. As a result, the dependence of m∗

S on n
in Yb-filled CoSb3 deviates slightly from that in the parent.
Therefore, the n dependence of m∗

S in Yb-filled CoSb3 is a
combined result of both the linear band and multiple conduc-
tion bands associated with the topological states.

E. Topological state effect

Previous studies have predicted that applying the strain on
CoSb3 could induce topological insulators [37,38]. Nonethe-
less, the prominent features of topological insulators, such
as the surface states and the Z2 invariants, as well as ex-
perimental evidence, remain lacking. Our results fill in this
gap. In our calculations, a topological transition is obtained
by applying a 2.4% strain on CoSb3. The corresponding sur-
face states are found to be topologically nontrivial with Z2
(1;000). Likewise, filling the voids in the parent with atoms
can have the same effect with strain, providing an additional

way to gain topological states. Subsequently, the surface states
with Z2 (1;111) in Yb-filled CoSb3 are attained, supporting
the nontrivial topological states. It is worth noting that the
transport evidence for topological states in Yb-filled CoSb3

is recognized from anomalous σxy and MR.
The existence of topological states makes it possible to op-

timize PF without losing σ or S as a sacrifice. The topological
states result from the nonparabolic (Kane) bands with small
m∗

b . Small m∗
b favors μ because of the inverse relationship

between these two parameters. The linear bands associated
with topological states thus enhance σ and PF due to the
extremely high μ. Meanwhile, the obtained n and m∗

S from the
experimental measurements, in turn, verify the linear bands.
A previous study has found that the electrical transport prop-
erties of CoSb3 are determined by the linear dispersion when
n is not less than nc = 3 × 1016 cm−3 [29]. For filled skutteru-
dites, the n values are all much higher than nc. Accordingly,
the electrical transport properties of Yb-filled CoSb3 are dom-
inated by the linear dispersion of the bands related to the
topological states. The n1/2 dependence of m∗ in Yb-filled
CoSb3 implies the contribution of the linear bands related to
the topological states.

In addition, the additional band minima in the nontrivial
topological Yb-filled CoSb3 furthermore contribute to PF. A
previous study has attributed the increase in S to the high NV

of the secondary band in CoSb3 [3]. On the contrary, we find
that the secondary band in CoSb3 does not contribute to the S
increase in Yb-filled CoSb3. However, the S enhancement re-
sults from the new conduction band minima. According to our
calculations, Yb-filled CoSb3 has more additional conduction
band minima than CoSb3, providing relatively high NV . The
high NV benefits m∗

S and thus favors S. Consequently, S does
not show a dramatic decrease. Based on the greatly enhanced
σ and slightly reduced S, PF in Yb0.3Co4Sb12 should be im-
proved comprehensively.

The typical method to improve the performance of thermo-
electric materials is through the band-structure engineering.
This approach can generate band convergence or resonate
states by doping atoms into the parent compounds [2–5]. Con-
sequently, S can be enhanced by increasing m∗. However, a
high m∗ is detrimental to μ, and thus σ . Therefore, to balance
S and σ for the optimized PF, it is necessary to exactly manage
the doping ratio. Topological states in filled skutterudites can
enhance σ while keeping S scarcely affected. Hence, introduc-
ing topological states into thermoelectric materials is a simple
and efficient approach to boosting PF. Due to the demand
of high-efficiency thermoelectric materials for the technolog-
ical applications, introducing the nontrivial topological states
may guide the discovery of high-performance thermoelectric
materials.

IV. CONCLUSIONS

We have ascertained the topological states in Yb-filled
CoSb3 skutterudite from the combined first-principles calcu-
lations and electrical transport measurements. The existence
of the topological states is evidenced by the resonance Hall
conductivity and linear MR at low temperatures. The effect
of topological states on the thermoelectric performance is
further examined. The results reveal that the topological states
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originating from the linear bands lead to the low single-band
effective mass and the high carrier mobility, thus yielding
the large PF. The new band minima are found to contribute
to the Seebeck coefficient due to the increase in both the
valley degeneracy and the density-of-states effective mass. A
unqiue mechanism is thus proposed to account for the widely
observed increase of the PF in filled skutterudites. Our syn-
ergistic theoretical and experimental efforts shed insight on
the correlation between the topological states and the thermo-
electric performance, which might be beneficial in designing
highly efficient thermoelectric materials for better heat energy
harvesting.
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