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Lindbladian route towards thermalization of a Luttinger liquid
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We study the nonequilibrium dynamics of a Luttinger liquid after a simultaneous quantum quench of the
interaction and dissipative quench to the environment within the realm of the Lindblad equation. When the
couplings to the environment satisfy detailed balance, the system is destined to thermalize, which we follow
using bosonization. The thermodynamic entropy of the system, which also encodes information about the
entanglement with the environment, either exhibits a maximum and minimum or grows monotonically before
reaching its thermal value in a universal fashion. The single-particle density matrix reveals interesting features
in the spatiotemporal “phase diagram,” including thermal, prethermal, and dissipation enhanced sudden quench
Luttinger liquid behavior, as well as dissipation, enhanced Fermi liquid response.
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I. INTRODUCTION

Nonequilibrium dynamics and quantum quenches have at-
tracted enormous attention ever since the manipulation of
quantum systems became experimentally accessible in cold
atomic gases [1–4]. In particular, sophisticated experimen-
tal methods enable the study of nonequilibrium dynamics in
one-dimensional quantum systems [5,6]. These studies pro-
vide essential information about relaxation and equilibration,
prethermalization and thermalization in a large variety of
settings, incorporating topological and strongly interacting
systems as well. Understanding nonequilibrium quantum dy-
namics is also essential for applications in quantum metrology
[7], quantum computation and information processing [8].

Among the most fascinating topics, thermalization repre-
sents a central theme in nonequilibrium dynamics [9–11].
Closed quantum systems starting from a pure state do not ther-
malize due to unitary dynamics. However, a small subsystem
can in principle thermalize since the rest of the system can
act as an effective heat bath. This phenomenon is absent from
integrable systems, where the large number of constants of
motion prevents the subsystem from thermalization [12,13].
Nonintegrable systems, on the other hand, display subsystem
thermalization [14], though these are rather hard to analyze
[15] due to their nonintegrability.

Here we take a different approach to study thermalization
and investigate open quantum systems. In particular, we focus
on strongly interacting one-dimensional fermions, undergo-
ing a sudden quantum quench [16–24] as well as dissipative
coupling to environment [25,26]. The resulting open quantum
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system thermalizes when couplings to environment satisfy
detailed balance [25,27,28]. As a result, we are able to follow
exactly the build up of Luttinger liquid (LL) physics and its
competition with nonunitary dynamics due to environment
and the eventual thermalization of the system.

We find the thermodynamic entropy of the system, which
quantifies the entanglement with environment, can follow
two qualitatively distinct time evolutions, depending on the
environment temperature and interaction strength. It either
exhibits a maximum, then a minimum or grows monotoni-
cally before reaching the thermal value. We argue that these
features are typical in thermalizing open quantum systems.
The single-particle density matrix reveals a whole zoo of
strongly correlated features, such as dissipation enhanced
sudden quench LL and Fermi liquid behavior, thermal, and
prethermal LL. Due to the generality and universality of the
LL picture, our approach applies to a great variety of low-
dimensional fermionic, bosonic, and spin systems.

II. THERMALIZING LUTTINGER LIQUID

We study the low-energy behavior of a one-dimensional
fermionic system, forming a Luttinger liquid [29]. The system
is prepared in the ground state of a noninteracting Fermi gas,
and the fermionic interaction is switched on suddenly at t = 0.
Upon bosonization, the time-dependent Hamiltonian is

H=
∑
q>0

[ω(q, t )(b+
q bq + b+

−qb−q ) + g(q, t )(bqb−q + b+
q b+

−q )],

(1)

where the summation runs over all positive momenta. In
the formula, ω(q, t ) = vF q + �(t )g4q and g(q, t ) = �(t )g2q
with vF the Fermi velocity and g2 and g4 describing the
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forward scattering induced by the interaction between
fermions of opposite and same chiralities, respectively [29].
For t > 0, the interacting Hamiltonian is diagonalized by a
Bogoliubov transformation [29] as

H = E0 +
∑
q>0

cq(d+
q dq + d+

−qd−q ), (2)

where c =
√

(vF + g4)2 − g2
2 is the renormalized sound ve-

locity and E0 = ∑
q>0(c − vF − g4)q is the ground-state

energy. The sudden quantum quench described in Eq. (1) has
been extensively investigated in previous studies [18,30,31].

In addition to sudden quantum quench, we also couple
the system to environment at t = 0, therefore dissipative pro-
cesses are also taken into account during the time evolution.
For simplicity, we use the Lindblad equation [25] for the den-
sity matrix as ∂tρ = −i[H, ρ] + D[ρ] where the dissipation
reads as

D[ρ] =
∑

q

γ |q|[(n(T, q) + 1)D↓,q[ρ] + n(T, q)D↑,q[ρ]]

(3)

involving D↓,q[ρ] = dqρd+
q − 1

2 {d+
q dq, ρ} and D↑,q[ρ] =

d+
q ρdq − 1

2 {dqd+
q , ρ}. This approach remains meaningful in

the weak coupling, γ � c limit. The processes described by
the jump operators [25,26,32] dq in D↓ and d+

q in D↑ are
responsible for annihilating and creating bosonic quasiparti-
cles, respectively. Qualitatively similar results are expected
for various combinations of these jump operators. In the
fermionic language, these involve energy exchange with the
environment and describe a mixture of relaxation and excita-
tion of fermions with momentum q, as discussed in Ref. [33].
The prefactors of dissipators include the Bose-Einstein dis-
tribution, n(T, q) = (ec|q|/T − 1)−1 with T the temperature,
ensuring that the dissipative dynamics obeys detailed balance
[27,34]. Note that the jump processes considered in Eq. (3)
are one of the many possible choices to model detailed bal-
ance [25,35,36]. More complicated jump processes between
different momentum states could also be taken into account.
In this work, however, we focus on the simplest but physically
still relevant dissipation.

Based on the Lindbladian dynamics, the time dependence
of the following expectation values, which play crucial role
in most physical quantities as we shall see later, are obtained
analytically as

nq(t ) = Tr[ρ(t )d+
q dq] = n(T, q) + (n0 − n(T, q))e−γ qt ,

(4a)

mq(t ) = Tr[ρ(t )d+
q d+

−q] = m0e(2ic−γ )|q|t , (4b)

where the initial values are n0 = (1 − K )2/(4K ) and m0 =
(1 − K2)/(4K ) with K = √

(vF + g4 − g2)/(vF + g4 + g2)
the LL parameter. Note that K > 1 and K < 1 correspond to
attractive and repulsive interaction, respectively. Furthermore,
nq(t ) is invariant under K ↔ 1/K while mq(t ) changes sign.
This symmetry ensures that the our results in the present
paper remain also invariant for K ↔ 1/K , hence we focus on
repulsive interactions (K < 1) only.

III. ENTROPY

To follow the thermalization dynamics, we investigate the
time-dependence of the von Neumann entropy, defined as
S(t ) = Tr[ρ(t ) ln ρ(t )]. Initially, the system is in the (pure)
ground state of the noninteracting Hamiltonian and, hence,
S(0) = 0. On general ground, we expect two distinct type
of time dependencies. Qualitatively, after the sudden quan-
tum quench, a significant number of excitation are created,
contributing to an initial sharp increase of the entropy. When
the final temperature is small, these excitations need to be
extracted from the system by the dissipative process, thus after
a maximum, the entropy should decrease. As we show below,
after reaching a minimum, the entropy increases to its steady
state value. On the other hand, for large final temperatures,
even more excitations are present in the thermal state than
those created by the sudden quantum quench, therefore the
entropy is expected to continue its initial increase monotoni-
cally throughout the time dependence.

The full time dependent entropy is evaluated from

S(t ) = 2
∑
q>0

[(Nq(t ) + 1) ln(Nq(t ) + 1) − Nq(t ) ln Nq(t )],

(5)

where

Nq(t ) =
√(

nq(t ) + 1

2

)2

− |mq(t )|2 − 1

2
. (6)

The derivation of Eq. (5) can be found in Supplementary
Material of Ref. [37]. The behavior of the entropy is best
understood by inspecting the time dependence of Nq(t ) for
several wave numbers (see Appendix). For large q, when
q > 2�−1

T ln |(1 + K )/(1 − K )| with the thermal length �T =
c/T , the initial ramp up period, corresponding to generating
bosons, ends at a maximum value and the Nq(t ) decreases to
its steady value which is set by the Bose-Einstein distribution
n(T, q). This feature is a consequence of that the quantum
quench generates more bosons than the expected value in
thermal equilibrium and, hence, the dissipative coupling to en-
vironment extracts the surplus of bosons from the system and
causes thermalization. For small wave numbers, however, the
thermal equilibrium value of bosons is large since n(T, q) ∼
T/q and, therefore, the number of bosons keeps increasing
during thermalization after the initial boson generation.

The time evolution of the entropy is shown in Fig. 1 for
several values of the temperature using the conventional mo-
mentum space cutoff [29] as exp(−α|q|) with α the short
distance cutoff. Note that c/α is the high energy scale which
very often plays the role of the bandwidth [38]. Initially,
the entropy grows as t ln(t ) and exhibits two distinct typical
behaviors for longer times, depending on the environmental
temperature, as discussed above.

At low temperature, the entropy first reaches a maximum
and then decreases due to the extraction of bosons out of
the higher momentum modes. This decaying regime ends at
a minimum and the steady value of the entropy, Sth(T ) =
LπT/3c, which is the thermal entropy, is approached in a
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FIG. 1. The time evolution of the entropy at several temperatures
and K = 0.7. The black dotted line indicates the steady, thermal
value. The gray, dashed lines exhibit Eq. (7) describing the late time
behavior of the entropy. (Inset) K dependence of the temperature Ts

separating the two characteristics of the entropy evolution.

universal fashion as

S(t ) = Sth(T ) − L

πγ t
, (7)

which is valid for γ t � �T . At zero temperature, however,
this condition can never be fulfilled and, in this special case,
the entropy decreases all the way to its thermal value which
is zero. On the other hand, at high temperatures, the entropy
increases monotonically and also reaches its thermal value as
in Eq. (7). This feature is the consequence of the short thermal
length which dictates monotonically increasing number of
bosons for most wave numbers.

The two characteristic time evolutions are separated by the
temperature Ts which depends only on K as shown in the
inset of Fig. 1, but is independent of γ /c and α for α � �T

[39]. This universal feature is a consequence of the interplay
between the initial boson generation by the quantum quench
and the thermalization driven by the coupling to the environ-
ment. Similar behavior can be observed in the time evolution
of other thermodynamic quantities, such as the Rényi entropy
or total energy (see Appendix).

Finally, let us make a remark on the characteristic
timescales emerging in the time evolution of the entropy.
These are τα = α/γ and τT = �T /γ . The former corresponds
to the inverse of the typical energy scale related to dissipation
[37], � ∼ γ /α as was found when comparing bosonization to
dissipative lattive models. The latter follows from the com-
parison of the dimensionless dissipative timescale, �t and the
dimensionless thermal scale, c/(αT ).

At low temperatures, the timescales obey τα � τT (i.e.,
the temperature is much smaller than the bandwidth) and,
as a consequence, the thermalization of the entropy exhibits
two separate stages. At high temperatures, however, the two
timescales are less distinguishable, leading to a monotonous
increase of the entropy.

IV. SINGLE-PARTICLE DENSITY MATRIX

Correlation functions display more complex behavior than
the entropy. To gain insight into the time evolution of spatial
correlations, we study the equal-time single-particle den-
sity matrix. Using the fermionic field operator �R(x) [29],
the single-particle density matrix is defined as G(x, t ) =
Tr[ρ(t )�R(x)�+

R (0)], yielding [33]

G(x, t ) = G0(x) exp

⎛
⎝−

∑
q>0

4π

Lq
(1 − cos(qx))nb

q(t )

⎞
⎠. (8)

where G0(x) = 1/(2π (x + iα)) is the initial correlation func-
tion obeying the well-known 1/x decay of free fermionic
correlations [29]. The expectation value of noninteracting b
bosons, nb

q(t ) = Tr[ρ(t )b+
q bq], is

nb
q(t ) = (1 − K )2

4K
+ K2 + 1

2K
nq(t ) + K2 − 1

2K
Re(mq(t )). (9)

From these, the spatiotemporal dependence of the single-
particle density matrix is calculated exactly, as detailed in
Appendix. Since the resulting expression is not too illuminat-
ing, we focus on its behavior in various limits of interest. We
also work in the scaling limit, when |x|, 2ct and �T (and their
combinations) are all much larger than α. However, in order to
make contact with the nondissipative sudden quantum quench
results [18,30,31], we allow for γ t to be comparable to α. As
already advertised, we use the weak coupling for the Lindblad
equation, c � γ .

We start by investigating the steady state, when thermaliza-
tion occurs. From the steady value of

nb
q(∞) = (1 − K )2

4K
+ K2 + 1

2K
n(T, q), (10)

we obtain the characteristic thermal LL behavior [29,40] as

GLL(x,∞) = 1

2πα

⎧⎨
⎩

(
α
x

)(K+K−1 )/2
, x � �T ,(

2πα
�T

) K+K−1

2 e− π (K+K−1 )
2

x
�T , �T � x,

(11)

which remains also valid for the region x � γ t . For distances
shorter than the thermal length, it follows the characteristic
power-law decay with the conventional LL exponent. For long
distances, exponential decay is found as expected in thermal
equilibrium [29].

We now focus on the early stage of time evolution, i.e.,
when α + γ t � �T but γ t � x, and find

G(x, t )

G0(x)
=

(
α

min(x, 2ct )

)−( K−K−1

2 )2(
1 + γ t

α

) (1−K )2 (K2+1)
4K2

.

(12)

The first term represents the conventional sudden quench
result [18,31], while the second one is responsible for a dis-
sipation induced enhancement factor, which is always bigger
than 1. This enhancement is understood by realizing that after
a nondissipative quantum quench, correlations start to prop-
agate along light cones [41] and suppress the single-particle
density matrix [i.e., the first term in Eq. (12)]. However, this
propagation is slowed down significantly due to the quantum
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FIG. 2. Spatial decay of the single-particle density matrix at sev-
eral time instants in the early stage of time evolution for γ t � �T

with K = 0.5, c/γ = 103, and α/�T = 10−5. The three characteristic
behaviors, namely, thermal LL, dissipation enhanced sudden quench
LL and dissipation enhanced Fermi liquid behaviors are clearly visi-
ble with increasing x.

Zeno effect induced by the continuously coupling to envi-
ronment. As a result, the suppression of correlation by the
sudden quench is not as effective as without the dissipative
environment, therefore an additional enhancement factor due
to dissipation appears.

It is illuminating to further analyze Eq. (12) in limit-
ing cases. For α + γ t � 2ct � x, the single-particle density
matrix displays dissipation enhanced Fermi liquid behavior,
namely, it retains its initial spatial decay as GFL(x, t ) =
G0(x)Z (t ) ∼ Z (t )/x, characteristic to a Fermi liquid with time
dependent Landau’s quasiparticle weight [18] as

Z (t ) =
(

2ct

α

)−( K−K−1

2 )2(
1 + γ t

α

) (1−K )2 (1+K2 )
4K2

. (13)

In the absence of dissipation (γ = 0), we recover previous
results [18,31] as Z (t ) ∼ t−((K−K−1 )/2)2

. In the presence of
dissipation, on the other hand, the temporal decay in the
quasiparticle weight is less pronounced due to the dissipa-
tion induced enhancement factor as Z (t ) ∼ t−(1−K )2/(2K ). The
absolute value of this second exponent in Z (t ) for γ > 0 is
always smaller than the one corresponding to γ = 0.

For α + γ t � x � 2ct , we find dissipation enhanced sud-
den quench LL behavior from Eq. (12) as

GSQLL(x, t ) = 1

2πα

(α

x

)( K+K−1

2 )2(
1 + γ t

α

) (1−K )2 (K2+1)
4K2

, (14)

describing the same spatial decay as found for a sudden quan-
tum quench in Ref. [31], featuring the sudden quench LL
exponent. The correlations are also enhanced in time by dissi-
pation in this regime. The spatial decay of the single-particle
density matrix for early times is shown in Fig. 2, reflecting the
presence of the limiting cases.

For the late time evolution with �T � γ t � x, we find
peculiar behavior what we coin as prethermal LL response as

Gpreth(x, t ) = 1

2π�T

(
γ t

xe

)(K+K−1 ) γ t
�T

, (15)

FIG. 3. Spatial decay of the single-particle density matrix at sev-
eral time instants for late times, γ t � �T with K = 0.5, c/γ = 103,
and α/�T = 10−5. The three main characteristics, namely, power-law
decay within the thermal correlation length, thermal exponential de-
cay above the thermal correlation length and prethermal LL behavior
are identified with increasing x.

following a special power-law spatial decay with a time-
dependent exponent as well as exponential temporal decay.
However, the exponent itself can be arbitrarily large, and
causes a very rapid suppression of correlations [42]. In the
prethermal phase, the physical quantities we investigated do
not exhibit a plateau which is very often associated with
prethermalization [10]. In our framework, the prethermal
phase features a time evolution which essentially differs from
the relaxation of the Fermi liquid and also from the actual
thermalization which is observed when γ t becomes compara-
ble with or larger than x.

In the x � γ t region, the steady state behavior is domi-
nated by the thermal LL physics from Eq. (11). The features
of late time behavior can be recognized in Fig. 3.

Based on these results, we can construct the spatiotemporal
map or “phase diagram” of the single-particle density matrix,
revealing the various regions induced by the intricate interplay
of unitary and nonunitary dynamics from sudden quantum
quench and dissipation quench, respectively. This is shown in
Fig. 4. Finally, we mention that in the absence of dissipation
(γ = 0), the line of x = γ t is tilted to zero and vanishes from
the map, together with �T → ∞. Consequently, we are only
left with the regions of the Fermi liquid behavior and the
sudden quench LL behavior (SQLL) without the dissipation
induced enhancement.

V. SUMMARY

We study thermalization and the interplay of unitary
and nonunitary dynamics on an interacting one-dimensional
system, a Luttinger liquid. By using a Lindblad equation de-
scription with couplings to environment satisfying detailed
balance, thermalization is guaranteed in the long time limit.
Before reaching it, the von Neumann entropy of the system,
which quantifies the amount of entanglement with the envi-
ronment, either displays a maximum and minimum during the
time evolution or grows monotonically before hitting its ther-
mal value. These features are expected to be generic for a wide
range of systems when undergoing simultaneous quantum and
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FIG. 4. The spatiotemporal map or “phase diagram” of the
single-particle density matrix, displaying the various behaviors such
as dissipation enhanced sudden quench LL, dissipation enhanced
Fermi liquid, prethermal, and thermal LL. The dominant timescales
are the same as for the time evolution of the entropy.

environmental quench since these are direct consequences of
the initial creation of excitations and the subsequent dissipa-
tive dynamics.

Correlation functions exhibit even more complex behav-
ior, what we demonstrate by focusing on the fermionic
single-particle density matrix. We find that the presence of
dissipation can enhance sudden quench correlations through
the dissipation induced Zeno dynamics. We identify several
distinct behaviors during the space-time evolution corre-
sponding to thermal, prethermal and dissipation enhanced
sudden quench Luttinger liquid behavior as well as dissipation
enhanced Fermi liquid response.
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APPENDIX A: TIME EVOLUTION OF THE TOTAL
ENERGY AND RÉNYI ENTROPY

Similarly to the entropy presented in the main text, other
thermodynamic quantities also feature two different time-
dependence depending on the temperature of the thermalizing
environment. In this appendix, we demonstrate the time evo-
lution of the total energy and the Rényi entropy. The latter is

FIG. 5. Time dependence of nq(t ) at different wave numbers.
The function starts at n0(K ) = (1 − K )2/(4K ) in each wave-number
channel and then monotonously tends to the thermal value, n(T, q).

defined as E (t ) = Tr[ρ(t )H] with H the Hamiltonian of the
interacting system.

The total energy is evaluated as

E (t ) = E0 + 2
∑
q>0

cqnq(t ), (A1)

where E0 = ∑
q>0(c − vF − g4)q is the interacting ground-

state energy. The time dependence occurs through the quantity
of nq(t ) defined in Eq. (4a) of the main text, respectively.
Figure 5 shows that nq(t ) starts at the same initial value,
n0 = (1 − K )2/4K and approaches exponentially the steady
value, n(T, q).

FIG. 6. The time evolution of total energy at several temperature
values. The black dotted lines indicate the steady value of the energy,
(A4). The gray dashed lines show the long time behavior, (A3). For
the plot, K = 0.7 is set.
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FIG. 7. Time dependence of Nq(t ) at different wave numbers. At
high wave numbers, Nq(t ) exhibits a maximum and decreases back
to its thermal value, n(T, q). At low wave numbers, the function
increases monotonously. Furthermore, it is remarkable that high mo-
mentum modes thermalize faster than low energy modes.

Substituting (4a) into (A1), the integral over q yields

E (t ) = Lc

2πα2

[
− (1 + K )2

2K

γ t (2α + γ t )

(α + γ t )2

+2

(
α

�T

)2(
�1

(
α + γ t

�T

)
− �1

(
α

�T

))]
(A2)

with �1(y) the polygamma function. The long-time behavior
of the total energy is obtained as

E (t ) = Eth(T ) − Lc

2π�T γ t
(A3)

with the steady state thermal value

Eth(T ) = − Lc

2πα2

(
(1 + K )2

2K
+ 2

(
α

�T

)2

�1

(
α

�T

))
. (A4)

The complete time evolution is shown in Fig. 6. It can be
seen that at high temperatures, the total energy monotonously
increases, indicating that the initially generated amount of
bosons is less than that of the thermal state. At low temper-
atures, however, an initial reduction can be observed due to
the extraction of bosons on the high momentum (high energy)
modes. Later, the energy increases back when high energy
modes are already thermalized and only low energy modes
exhibit dynamics.

FIG. 8. The time evolution of the Rényi entropy at several tem-
perature values. The black dotted lines indicate the steady state
thermal value, S2,T . The gray dashed lines show the long time behav-
ior which is analytically obtained as S2(t ) = S2,T − L/(πγ t ). For the
plot, K = 0.7 is set.

Among thermodynamic quantities, the Rényi-2 entropy
plays an important role because of its experimental acces-
sibility [43,44]. The Rényi entropy is defined as S2(t ) =
− ln Tr[ρ(t )2] and is calculated as

S2(t ) = 2
∑
q>0

ln(2Nq(t ) + 1) (A5)

with Nq(t ) defined below Eq. (5). Figure 7 shows that in the
low momentum (low energy) channels, Nq(t ) increases to its
thermal value monotonously while at high q, the function has
a maximum after which it decreases to the thermal value.

The Rényi entropy is computed numerically and the typical
time evolution scenarios are shown in Fig. 8. At high tem-
peratures, the entropy increases monotonically while at low
temperatures, the initial growth of the entropy is followed by
a decreasing period.

To summarize, similarly to the von Neumann entropy pre-
sented in the main text, both the total energy and the Rényi
entropy exhibit two characteristic time evolution. These fea-
tures can be explained by the interplay between the quantum
quench and the dissipative dynamics. The quantum quench
generates bosons in each momentum channels. For low mo-
menta, this amount of boson is still less than it should be
at thermal equilibrium and, hence, the dissipative dynamics
will further increase the amount of bosons. For higher mo-
mentum, the quench-generated is already more than it should
in equilibrium and, therefore, dissipation extracts the surplus.
By changing the temperature, the boarder between low and
high momentum regimes are shifted resulting in temperature
dependent characteristics in thermodynamic quantities.
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APPENDIX B: ANALYTIC DERIVATION OF THE EQUAL-TIME SINGLE-PARTICLE DENSITY MATRIX

As presented in the main text, the single-particle density matrix is obtained as

G(x, t ) = G0(x) exp

⎛
⎝−

∑
q>0

4π

Lq
(1 − cos(qx))nb

q(t )

⎞
⎠, (B1)

where G0(x) is the initial Green’s function and nb
q(t ) is the average number of b-bosons calculated in Eq. (9) of the main text. We

substitute (9) into (B1) and take the thermodynamic limit leading to a q-integral instead of the sum. To regularize the integral,
we use an exponential cutoff,

∑
q>0 → L

2π

∫ ∞
0 dq e−α|q|. The integral is carried out as

ln

(
G(x, t )

G0(x)

)
= K2 + 1

2K

⎡
⎢⎣ln

⎛
⎜⎝ �

(
1 + α+γ t

�T

)2
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(
x
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, (B2)

where �(y) is the Gamma function.
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