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Fully packed quantum loop model on the square lattice:
Phase diagram and application for Rydberg atoms
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The quantum dimer and loop models attract great attention, partially because the fundamental importance in
the phases and phase transitions emerging in these prototypical constrained systems, and partially due to their
intimate relevance toward the on-going experiments on Rydberg atom arrays in which the blockade mechanism
naturally enforces the local constraint. Here we show, by means of the sweeping cluster quantum Monte Carlo
method, the complete ground state phase diagram of the fully packed quantum loop model on the square lattice.
We find between the lattice nematic (LN) phase with strong dimer attraction and the staggered phase (SP)
with strong dimer repulsion, there emerges a resonating plaquette (RP) phase with off-diagonal translational
symmetry breaking. Such a quantum phase is separated from the LN via a first order transition and from the SP
by the famous Rokhsar-Kivelson point. Our renormalization group analysis reveals the different flow directions,
fully consistent with the order parameter histogram in Monte Carlo simulations. The realization and implication
of our phase diagram in Rydberg experiments are proposed.
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I. INTRODUCTION

Quantum dimer and loop models and their classical cousins
are the prototypical constrained many-body systems [1-17].
In 2D lattices, the quantum dimer model (QDM) usually refers
to the local constraint with dimer covering of one dimer per
site and the quantum loop model (QLM), two dimers per
site. The QDM and QLM can be viewed as the incarnation
of the resonating valence bond wave functions [5,18,19] and
the low-energy effective model of frustrated magnets [10-12],
and they offer the clear realization of the lattice gauge the-
ory and conformal quantum criticalities [17,20-26]. In recent
years, these constrained quantum many-body models attract
broad research interests since they can be realized in the Ryd-
berg atom arrays trapped in optical tweezers [27-29], in which
each dimer is identified with an atom excited to a Rydberg
state by laser pumping [30-33]. The observations of quantum
phase transitions and the signature of topological orders from
such experiments [34-37] have posted the questions of the
complete and precise theoretical understanding of the phase
diagrams of QDM and QLM to the community.

However, the question is by no means easy to answer.
The precise computation of the physical properties of QDM
and QLM are difficult besides few limits, such as the
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Rokhsar-Kivelson (RK) point [5,38,39] or exact diagonaliza-
tion and DMRG for small clusters, and Green Function Monte
Carlo simulations at intermediate system sizes [23—26,40-42].
Recently, thanks to the invention of the sweeping cluster quan-
tum Monte Carlo (QMC) method [33,43-46], which solves
these constrained models in the path integral via efficient
Monte Carlo update scheme respecting the local constraints,
the ground state phase diagrams, and the low-energy excita-
tions therein of QDM on the square [15,33,47,48], triangular
[44] and of QLM on triangular lattices [49] have been
obtained with controlled finite size analysis towards the ther-
modynamic limit (TDL). Meanwhile, the phase diagrams of
the QDM and QLM on other 2D lattices, as simple as QLM on
square lattice, are still largely unknown and their implications
to the ongoing experiments in Rydberg arrays are yet to be
explored.

Here, we answer the question of the phase diagram of the
QLM on the 2D square lattice with the sweeping cluster QMC.
Via the finite size scaling toward the TDL and the renormal-
ization group analysis of the effective height field action [5,7],
we find there exists a lattice nematic (LN) phase with strong
dimer attraction and a staggered phase (SP) with strong dimer
repulsion, and in between, there further emerges a resonating
plaquette (RP) phase with off-diagonal long-range order that
breaks the lattice translational symmetry. Such a quantum
phase is separated from the LN via a first order transition and
from the SP by the RK point. This intermediate RP phase,
diagnosed not by the dimer correlation but by the off-diagonal
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FIG. 1. Fully packed quantum loop model on the square lattice. (a)
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Schematic representation of the QLM; s; and s, are the primitive

vectors. The dimer configuration shown is one of the two LN patterns, with fully packed loops along the s; direction. (b) Phase diagram of the
QLM obtained from our simulations. The left subfigure illustrates the two LN dimer configurations. The first row of the middle subfigure is
one of the two RP patterns and the second row is the resonating dimer pair within one plaquette. The first-order phase transition between the
LN and RP states occurs at V = —0.35(3). The right subfigure shows one representative SP state with V > 1. The SP states have extensive

ground state degeneracy ~4x2” (p o L as discussed in Ref. [40]).

t term [see the Hamiltonian Eq. (1)] correlation, has both
theoretical interests with its dangerously irrelevant cos(4h)
operator at the RK point similar to the second length scale in
the deconfined quantum criticality [50,51], and more impor-
tantly, the experimental detectable signature in the Rydberg
atom arrays on a checkerboard lattice. Our results therefore
respond to the urgent question from the fast progress in exper-
iments and can be used to guide future ones.

II. MODEL AND METHODS

The Hamiltonian of QLM on a square lattice is defined as

= (| (] me)

plagq

vE(rninldma)

where the summation covers all plaquettes and as shown in
Fig. 1(a) . The local constraint is implemented such that there
must be two dimers touching every lattice site in every dimer
configuration. The kinetic term—¢ term—changes the dimer
covering of flippable plaquettes, and the potential term—
V term—is repulsive (V > 0) or attractive (V < 0) between
dimers facing each other on a plaquette, and we also allow
the configurations with three dimers on a plaquette. The RK
point is located at V/t = 1 and described by an emergent U (1)
symmetry in the effective height model description [5,7] (see
below). We set # = 1 as the unit of energy in our simulations.

The sweeping cluster QMC approach [33,43-45] em-
ployed in this work is a new method developed by us, which
works well in constrained quantum lattice models [43—45].
Prior to sweeping cluster QMC, to solve the QDM or QLM
types of constrained models, one had to rely on either exact
diagonalization of small systems, or variational approaches
such as DMRG that suffer from finite-size effects on the
cylindrical geometry [41], or the projector Monte Carlo ap-
proaches, which include the Green’s function [23-26,42,52]
and diffusion Monte Carlo schemes [53,54], or sampling di-
rectly in height space and throwing away the unconstrained
configurations [55-57]. These projector Monte Carlo methods
obey the geometric constraints but are not efficient away from
the RK point [58] and only work at T = 0. Furthermore, there

does not exist any cluster update for the projector methods.
On the contrary, the sweeping cluster algorithm is based on the
world-line Monte Carlo scheme [8,59,60] to sweep and update
layer by layer along the imaginary time direction so that the
local constraints (gauge field) are recorded by update lines.
In this way, all the samplings are done in the restricted Hilbert
space and it contains the cluster update scheme for constrained
systems [45] and works at all temperatures. Proper finite size
scaling analysis can then be carried out to explore phase
transitions and critical phenomena.

We set the initial state as one of the two LN patters with the
same probability to satisfy the two dimer per site constraint
in our QMC simulation. The random initialization has no
influence on the QMC results [49]. Our simulations are per-
formed on the square lattice with periodic boundary condition
and system sizes L = 8, 12, 16, 20, 24, and 28, while setting
the inverse temperature = 2L and using 10° Monte Carlo
samplings to obtain average values of the observables in all
calculations.

III. PHASE DIAGRAM AND TRANSITIONS

To explore the phase diagram of the Hamiltonian in Eq. (1),
we first use three order parameters given by

1
1= N‘Ni - N_"
1 c c
¢2 = N\NH—N:'| ()
1 C C
¢3 = N‘NEOT:_NHOTU‘7

where N¢ is the number of a specific dimer pattern (including
L= 1= C, 3, NandU) on all plaquettes of the dimer
covering c. ¢; and ¢, are the single- and dimer-pair rotational
symmetry breaking order parameters, respectively. As shown
in Fig. 1(b), both of them can be used to detect the LN phase
where the global lattice rotation symmetry is broken, and ¢3
can be used to further detect whether in each plaquette there
is a further local rotational symmetry breaking [as show in
Fig. 2(b) and as explained below, ¢5 is not the order parameter
of the RP phase, but nevertheless helps to find an irrelevant Z4
instability therein close to the RK point].
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FIG. 2. Quantum phase transitions in the square lattice QLM. (a),
(b), and (c) are the dimer order parameters ¢, ¢, and ¢3 as a func-
tion of V. The LN-RP first-order transition occurs at V. = —0.35(3).
The inset of (c) shows the instability of the rotational symmetry
breaking inside each plaquette close to the RK point, is a finite size
effect, and in a log-log plot, ¢5 at V.~ 0.9 goes to zero in a powerlaw
with L.

Our data in Figs. 2(a), 2(b), and 2(c) reveal ¢y, ¢, and ¢3
detect the LN-RP first order phase transition at V. = —0.35(3)
[and we further show a coexistence of both phases in the
histogram in Figs. 4(c) and 4(d)]. And the small peak in ¢3
around V ~ 0.9 in Fig. 2(c) seems to indicated the spon-
taneous breaking of an extra Z, rotational symmetry with
respect to the centers of a plaquette. However, this is a mani-
festation of an interesting RG flow path starting from the RK
toward the RP fixed point, where along the way the Nambu-
Goldstone (NG) fixed point of broken U(1) symmetry (which
contains the further Z, rotational symmetry inside a plaquette)
is passed by [see the flow diagram in Fig. 4(a)]. But since this
RG flow is triggered by a (dangerously) irrelevant operator
cos(4m h) —translating from the dimer configuration to height
variable (see below)—close to the RK point, the finite size
scaling of ¢3 versus 1/L, shown in the inset of Fig. 2(c),
clearly demonstrates that its peak value around V ~ 0.9 even-
tually extrapolates to zero as a function of L in the TDL.

Now that the RP phase does not break the lattice rota-
tion but the translational symmetry, we find the true order
parameter of the RP phase shall be computed from the corre-
lation function of the off-diagonal ¢ terms of the Hamiltonian,
CT = (1it;) where i is the position of the lower-left site of
each plaquette. CT captures the resonance of the parallel
dimer pairs within a plaquette, hence the name RP phase.
Since the RP order is invisible from the diagonal probes such
as ¢;23 and can only be seen via off-diagonal CT, it is a
new quantum state with hidden order which is of interest to
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FIG. 3. Off-diagonal correlation function and correlation ratio.
(a) The static structure factor CTy—k—(r,»). The finite value of CT
in the region of —0.35(3) < V < 1 indicates the RP phase. (b) The
correlation ratio Rcr. The inset shows the slow drifts in the crossing
region of Rcr between consecutive system sizes L, the crossing
regions are denoted by the vertical gray bars, and the drift moves
to the RK point at V = 1 in the TDL.

Rydberg experiments. The translational symmetry breaking in
RP presents itself as K = (7, ) in the static structure factor
CTy—x shown in Fig. 3(a). Besides, its correlation ratio Ry =
1 — CTy /CTy=x, where CTy is the average structure factor of
the four momenta around K point, is shown in Fig. 3(b).

One sees in the LN phase that Rc7 extrapolates to zero
in the TDL and it stays close to one in the RP phase, and
the discontinuous jump signifies the first order transition at
V = —0.35(3). The interesting behavior is close to the RK
point, where we observe the crossing of the Rcr between
consecutive L-s [denoted by the vertical dashed bars in the
inset of Fig. 3(b)]. These crossing regions drift toward the
RK point at V =1 as L increases. This is another signature
of the rich RG flow path close to the RK point with the
dangerously irrelevant NG operator close by, and although
these data demonstrate the RP phase within —0.35 <V < 1,
the relations between different fixed points originated from
the RK point in the phase diagram of Fig. 1(b) clearly deserve
further explanations from a field theoretical perspective, as we
now turn to.

IV. EFFECTIVE ACTION AND
RENORMALIZATION-GROUP ANALYSIS

It is known that the QLM has an effective height field
action in the continuum limit [38]. The rule for constructing
the height covering [6,61,62] is illustrated in Fig. 4(b). We
first choose one plaquette as the reference with zero height,
then taking a clockwise (counterclockwise) movement around
sites with “magnetic charge” +2(—2), let the height increase
by 1/2 when crossing an occupied dimer bond and decrease
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FIG. 4. (a) Schematic RG flow. When p, > 0 the flow is toward
the RP fixed point with A < 0, passing the irrelevant Nambu-
Goldstone (NG) fixed point, which signifies a further Z, rotational
symmetry breaking inside each plaquette, as denoted by the small
peak close to V ~ 0.9 in Fig. 2(c). The LN (A > 0) and SP (p, < 0)
regions are also denoted. (b) Height representation. The construction
of height pattern at a 2x2 unit of plaquettes. Histograms of height
variable order parameter for (c) L = 8 and (d) L = 16 system. The
histogram in the LN phase, the RP phase, and at the RK point are
shown. AtV = —0.36 in (c) and V = —0.366 in (d), the coexistence
of the LN and RP phases at the first order phase transition manifests.
As for V = —0.366 in L = 16 system, the histogram demonstrates
the first-order transition between the LN and RP phases more clearly,
which shows it is not a finite-size effect.
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by 1/2 for an empty bond. In this way, dimer coverings {c} can
be translated to height coverings {4}, and we further define &;
as the average of the four plaquettes centering the “magnetic
charge” site.

Here we show the height patterns for V.= —1 (LN phase),
V = 0.3 (RP phase), and V > 1 (SP) in Fig. 5. For the LN and
RP phases, we choose one dimer configuration in our QMC
simulations for each phase, the distribution of the average
height variable h; consist with the histogram indicated in
Fig. 4(c), where h; = £1/4 in the LN phase and h; = £1/2
or 0 in the RP phase. For the SP, we give an ideal dimer
configuration to show the height pattern with the Lagrangian
parameter p, < 0. Since the V# is a finite value and % is
periodic with respect to L. We shall construct the height
pattern in a finite lattice with caution. When the reference
height is fixed with zero in the first plaquette, we first give
the height variables of the diagonal plaquettes, then determine
its value of the upper (lower) triangular plaquettes according
to the upper left (lower right) height variable of the diagonal
plaquettes. In this way, we can find that along the diagonal of
our lattice |VA| = 1 and the period of the height variable is
L/2.

Near the RK point, the QLM can be mapped to a quan-
tum version of the famous six-vertex model [7], which can
be described by the following Lifshitz type of Lagrangian
[1-4,7,9,13,63]

2
L= %(arh)2 ¥ %pz(Vh)z n %(VW + Acos(drh), (3)

where p» « —(V —V,) with V., =1 the RK point. The RG
flow diagram of the Lagrangian is shown in Fig. 4(a). When
p2 > 0, the spatial derivative of the height field & is sup-
pressed. This favors a spatial homogenous %;, which is indeed
the case in the RP phase [see Fig. 5(b)]. When p, < 0, VA
jumps immediately to its cutoff value, which corresponds to
the SP phase in Fig. 5(c). The height variable is periodic with
the identification 7 = h 4+ 1. The A cos(4mh) term therefore
breaks the symmetry from U (1) to Z,, with A < 0 and the
A > 0 favors the RP and LN phases, respectively. The RK
point, located at p, = A = 0, is a quantum critical point with
dynamical critical exponents z = 2, at which the action is in-
variant under the scaling symmetry T — /%7 and x — /x and
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FIG. 5. Height pattern for dimer coverings when (a) V = —1, (b) V = 0.3, and (c) V > 1 on a 8x8 lattice, corresponding to the LN, RP,
and SP states discussed in the main text. The height value in each plaquette is given by the rule shown in Fig. 4(b), which shows the clockwise
movement around the +2 “magnetic charge.” The values in the gray rectangle are the average height /; of the 2x2 unit. The values of the
height variable in the LN, RP, and SP states are consistent with the RG analysis. In the SP, the height variable is periodic with respect to L.
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FIG. 6. The height order parameter |% > ;i sin(2why)| for dif-
ferent system sizes, which shows the same behavior as the order
parameters in Fig. 2. The mild peaks in the region of 0.9 < V < 1 are
the finite size effect which result in the anisotropy of the histogram
shown in Fig. 4(c).

the operator cos(4mh) is irrelevant, indicating an emergent
U (1) symmetry [5,7].

We calculate the histogram of the height variable
(% >, cos2mhy), % >, sin(2why)), i.e., average over the lat-
tice, for a L = 8 system, which are shown in Fig. 4(c). In the
LN phase, the order parameter is (0, 1) with h; = +1/4,
while that is (1, 0) in the RP phase with #; = +1/2 or 0.
AtV = —0.36, the coexistence of the LN and RP phases at
the first order phase transition manifests. From the histogram,
it is clear that as we approach the RK point, the Z, symmetry
gets enhanced to U (1), although it is still clear there is a Z,
anisotropy at V =1 in the finite size histogram in Figs. 4(c)
and (d), consistent with our date in Figs. 2(c) and 3(b).

The height order parameter |% > sin(2mhy)| for different
system sizes is shown in Fig. 6, which indicates the same
small peak in the region of 0.9 <V < 1 as the order pa-
rameters in Fig. 2(c). 1iv >, sin(2why) is the y component of
the histograms illustrated in Fig. 4(c), which corresponds to
+1 in the LN phase and O in the RP phase. The mild peaks
of the order parameter exhibit the dangerously irrelevant Z,
instability at V' ~ 0.9 close to the RK point and will eventually
vanish at the the thermodynamic limit. Our RG flow of Eq. (3),
shown schematically in Fig. 4(a) and date of |% > sinQmhy)|
in Fig. 6, show the anisotropy is a finite size effect.

The Lagrangian Eq. (3) with positive p, and A = 0 is pre-
cisely the Nambu-Goldstone (NG) Lagrangian that describes
the spontaneous symmetry breaking phase of U (1) symmetry
[64-66]. When A # 0, the NG fixed point is unstable under
RG flow. At a fixed coupling, the QLM with increasing lattice
size can be viewed as an RG flow. Near the RK point, the
Acos(4mh) term is irrelevant, so that the RG flow lingers
around the A close to zero region (in particular, near the NG
fixed point) for a very long RG time. This means that a finite-
sized QLM will likely be described by Eq. (3) with small |A|.
Notice the energy difference between the minimum and the
maximum of the A cos(4mh) is proportional to |A|. When |A|
is small (and A < 0), quantum fluctuations can easily drive
vacuum from the RP phase with # = £1/2 or 0 to other val-
ues. This explains the nonvanishing ¢3 at V ~ 0.9 in Fig. 2(c),
the drift of the crossing point in Fig. 3(b), and the anisotropy
of histogram in Fig. 4(d) at V = 1 in finite size data. Similarly,

the expectation value of |15v >, sin(2why)|, which is shown in
Fig. 6, shows a mild peak in the region of 0.9 <V < 1. A
similar RG flow with crossover behavior was observed in a
three dimensional classical clock model [67] or in the decon-
fined quantum critical point where a dangerously irrelevant
second length scale is found to mask the still unsettled fixed
point [50,51,68-71].

The above mentioned RG structure relies on the fact of
the operator cos(4mh) being irrelevant at the RK point. The
scaling dimension of cos(4wh) is related to the “Luttinger
parameter” «. Different with the QDM case (x = 27) which
can be mapped to the free fermion [2,3], QLM can be mapped
to the famous six-vertex model [72]. There are in total six
possible dimer configurations at each site. It has been known
that the six-vertex model can be described as free compact
boson models in two dimensions [63]:

(vac|O[h(x1)] . .. O[h(x,)]|vac)
— % /[Dh]o[h(xl )] e O[h(xn)]e*K fdxz(Vh)Z’ (4)

where k = 2772, with r being the radius of the compact boson
in the convention of Ref. [73]. All correlation functions on
the RK vacuum is equivalent to the six-vertex model with all
six types of vertices appearing at equal probability (which are
usually called the ice point, referring to the ice rule of water
ice by Pauling [74]). At the ice point, one gets k = 7 /3 [63].
The 2D quantum version of this type of model was derived
in Ref. [7] and leads to Eq. (3). The conformal field theory
analysis of the free compact boson tells us that the scaling
dimension of cos(2wrnh) [and sin(2wrnh)] is A, = "ZZ—K’T = %
[75]. Clearly A[cos(4mh)] = 6, which is irrelevant.

V. EXPERIMENTAL PROPOSAL AND DISCUSSION

The QLM on square lattice can be realized in the Rydberg
arrays experiments, which have recently been utilized to probe
topological order in QDMs [36,37]. The effective Hamilto-
nian of Rydberg arrays is [27,281 Hr = h) ;0 —pu ), ni +
VY %, where i and j are the site labels, n; =0, 1 is
the density operator to probe the ground state or Rydberg
state, respectively, and ¢* is the tunneling term to connect
the two states. If we only consider the nearest-neighbour
(NN) interactions, and the NN runs over the bonds of the
2D checkerboard lattice [40] in Fig. 7. Under the compet-
ing between the Rydberg blockade (favoring one particle in
Rydberg radius) and chemical potential (inducing more oc-
cupied particles), the Rydberg atom configurations will obey
the “ice rule” in certain parameter regions—every state with
exactly two occupied and two empty sites per tetrahedron
(cross linked plaquette) [74], i.e., there are two particles in the
Rydberg radius. The kind of local constraint has been realized
both in experiment [37] and numerical simulations of Rydberg
Hamiltonian [30,46].

In the h K V case, any excitation breaks the “i ce rule”
will lead a huge energy cost at the scale of V. Therefore, the
quantum fluctuations within the “ice rule” becomes the low
energy excitations, that is the 4th order term of the 4, i.e.,
h4(oi+aj_ak+ol_ + oi_o;”ak_of), where the i, j, k, [ are the
sites labeled in a plaquette. Thus, the low energy effective
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(a) (b) (c)

FIG. 7. Mapping of checkerboard lattice Rydberg atom array to
QLM on square lattice. The correspondences between the Rydberg
atom configuration and the (a) LN phase, (b) the RP phase, and
(c) the SP of QLM model are demonstrated. The solid (hollow) circle
represents the presence (absence) of a Rydberg atom on the bonds
of the checkerboard lattice, and the grey circle in (b) denotes the
resonating of the Rydberg atoms in each tetrahedron.

model in this case is the QLM in Eq. (1). In this way, the LN,
RP, and SP states and their interesting phase transitions, the
hidden nature of the RP as a new quantum state of matter, and

the intricate RG flow with a marginal operator in the effective
height action, can all be investigated in the Rydberg atom
experiments.
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