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Fate of the quasicondensed state for bias-driven hard-core bosons in one dimension
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Bosons in one dimension display a phenomenon called quasicondensation where correlations decay in
a power-law fashion. We study the fate of this quasicondensed state in an open-system setup where two
macroscopic leads, held at different chemical potentials, drive the system far away from equilibrium. For generic
leads, we find that a finite bias destroys the quasicondensed state and the system exhibits exponential-decay
correlations and subleading power-law corrections that are bias dependent. Near the equilibrium, we found
a diverging correlation length and determine the critical properties, including the critical scaling form of the
correlations. Also, we contrast our findings against the fate of quasicondensation in thermal equilibrium and
discuss the special case of reflectionless coupling where the quasicondensation survives out of equilibrium. This
exactly solvable interacting nonequilibrium system has the remarkable property that the near-equilibrium state
cannot be obtained within linear response. These results aid in unraveling the enigmatic properties spawned by
strong interactions once liberated from equilibrium constraints.
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The properties of states of matter far from thermal equi-
librium and their relation to their equilibrium counterparts
have become a topical issue of quantum matter research.
In equilibrium, it has long been recognized that thermo-
dynamic phases of low-dimensional systems are generally
suppressed, due to the enhanced role of quantum fluctuations.
This understanding rests, at least, in part on the range of ana-
lytical methods that are available for one-dimensional (1D)
systems. For 1D hard-core bosons (HCB) this amounts to
a phenomenon commonly referred to as quasicondensation
where instead of a macroscopic occupation of the conden-
sate wave function, the number of bosons in the ground-state
increases as

√
Nb, where Nb is the total number of bosons.

Quasicondensation is accompanied by off-diagonal quasi-
long-range order, i.e., power-law decay of correlations that
characterizes the quasicondensed state. First discovered for
homogeneous systems [1,2], quasicondensed states of 1D
HCB were shown to be ubiquitous, arising in the presence of
harmonic trapping [3], periodic [4–6], and even quasiperiodic
potentials [7]. The emergence of dynamic quasicondensa-
tion has also been observed in some nonequilibrium closed
systems [8–10]. On the other hand, whereas quasicondensa-
tion appears to be a persistent feature of 1D HCB, its fate
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in open systems far from equilibrium has so far not been
addressed.

This question is of significant interest as the relation
of closed vs open nonequilibrium steady states (NESS) is
highly nontrivial. Systems with identical equilibrium behavior
can deviate drastically as, e.g., the involved symmetries dif-
fer [11,12]. Among possible nonequilibrium setups, transport
configurations where the 1D systems are coupled to external
reservoirs at different thermodynamic potentials are of great
practical and theoretical relevance. For open quantum spin
chains in the presence of a bias, it was recently shown that new
behavior can emerge, which is absent in equilibrium [13,14].
There, the ordered state is robust to small applied biases but
transitions discontinuously to the disordered state at large
bias, through a mixed order phase transition. Interestingly,
at that transition, the correlation length diverges. In contrast
to the gapped ordered state of such spin chains, the equilib-
rium quasicondensed state is gapless, thus, its response to any
nonequilibrium drive might qualitatively differ [15].

These considerations motivate us to investigate a system
of HCB in the presence of an applied bias and, in particular,
address the fate of the quasicondensed state. Naturally, con-
siderable attempts have been made to extend the analytical
methods, available to one-dimensional equilibrium systems to
both closed and open systems far from equilibrium. For the
closed case, these approaches include hydrodynamic methods
for integrable models and generalized conformal field the-
ory techniques [16,17] for nonintegrable ones. Approaches
based on generalized Boltzmann-type equations [18–20] were
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developed for dealing with open system dynamics. Of par-
ticular relevance to the present paper, is the extension of the
bosonization technique to nonequilibrium setups, pioneered
in Refs. [21–23]. Gutman et al. have shown that correlation
functions, of interacting one-dimensional electrons, can be ex-
pressed through the asymptotics of Toeplitz determinants for
imposed nonequilibrium electron distribution functions. Sim-
ilar considerations also apply to the bosonic Tonks-Girardeau
gas [23].

Here, we obtain the steady-state properties of a chain of
hard-core bosons coupled at its ends to leads in the wide-
band limit. We show that the quasicondensed state is unstable
towards an applied bias and characterize the ensuing NESS
in terms of its single-particle equal-time correlators. We an-
alyze the correlation length divergence in terms of the bias
and determine how the quasi-long-range order is restored. It
is demonstrated that there are power-law corrections to the
exponential decay, which depend on the bias in a nonanalytic
way once the thermodynamic limit is taken. As transport
setups can now be readily engineered in confined ultracold
atomic systems [24–26], a thorough understanding of quasi-
condensation in open systems far from equilibrium is timely
and topical. Such an understanding might also shed new light
on the similarities, and differences, between nonequilibrium
transport in cold atoms and condensed-matter setups.

I. MODEL AND METHOD

We consider a tight-binding chain of HCB of size L cou-
pled to reservoirs at its edges, modeled by the Hamiltonian
H = HC + ∑

l (Hl + HC,l ), where HC = −J
∑

〈r,r′〉 b̂†
r b̂r′ .

HCB at the rth site are created (destroyed) by the operators
b̂†

r (b̂r), which fulfill the commutation relations [b̂r, b̂†
r′ ] =

δr,r′ (1 − 2b̂†
r b̂r ). Each of the two reservoirs Hl (l = L, R) is

a semi-infinite chain of HCB with hopping strength Jl and
chemical potential μl , held at zero temperature. In the fol-
lowing, we will use μ = (μL + μR)/2 and V = μL − μR. As
shown in Fig. 1(a), the reservoirs are coupled (through HC,l )
to the very left (rL ≡ 1) and right site (rR ≡ L) of the chain,
with coupling strength JC,l . In the following we make the sim-
plifying assumption that the bandwidths of the reservoirs Jl ,
are much larger than all other energy scales (wideband limit).
In this limit, the coupling to each reservoir l is completely
determined by �l = πJ2

l ρl , the hybridization energy scale,
where ρl ’s are the local densities of states of the reservoirs,
taken to be energy independent.

The Hamiltonian H possesses a fermionic representation
which can be obtained through the Jordan-Wigner map-
ping [27], b̂†

r = exp(iπ
∑r−1

r′=1 ĉ†
r′ ĉr′ )ĉ†

r , where ĉ†
r (ĉr) creates

(annihilates) a spinless fermion at site r. This yields a metallic
chain in contact with baths of spinless fermions held at chem-
ical potentials μl=L,R. As the Jordan-Wigner-transformed
Hamiltonian is quadratic in its fermionic degrees of freedom,
the nonequilibrium system admits an exact solution in terms
of single-particle quantities. Thus, we employ the nonequi-
librium Green’s function formalism to compute correlation
functions and related observables. Steady-state observables
can be obtained from the single-particle correlation-function
matrix χ ≡ 〈�̂ · �̂

†〉, with �̂
† = (ĉ†

1, . . . , ĉ†
N ), which, in turn,

FIG. 1. (a) Sketch of the HCB chain coupled to bosonic reser-
voirs. (b) Maximum natural-orbital occupation λ0 as function of√

L for several chemical potential profiles V . The inset shows the
occupations λn(L̄) for L̄ = 800. (c) Scaling collapse of λ0Lβ × V Lα

for different system sizes L. Best fits to the data are compatible with
α = 1 and β = −1/2.

is obtained from the Keldysh Green’s function as described
in Ref. [14]. The method allows us to obtain mean values
of quadratic observables Ô = �̂

† · O · �̂ from the relation
〈Ô〉 = −tr[O · χ]. Finally, the bosonic one-body density ma-
trix ρB

r,r′ = 〈b̂†
r b̂r′ 〉 can be computed from the fermionic one,

ρF
r,r′ = 〈ĉ†

r ĉr′ 〉 = δr,r′ − χr′,r , using the approach described,
e.g., in Ref. [28]. One finds

ρB
r,r′ = 1

2
det

⎡
⎣ r−r′∑

i, j=1

(
2ρF

j+r′,i+r′−1 − δ j+1,i
)|i〉〈 j|

⎤
⎦ (1)

for r > r′, and ρB
r′,r = (ρB

r,r′ )∗. The eigenvectors of the matrix
ρB define the natural orbitals and the corresponding eigenval-
ues λn their occupations. Taking the λn in decreasing order,
the quasicondensed state is characterized by a macroscopic
occupation of its lowest orbital, λ0 ∝ √

Nb, where Nb ∝ L
in the macrocanonical ensemble [1,2]. On general grounds,
the occupations behave as λn(L → ∞) ∝ n−1/2 in the ther-
modynamic limit at zero temperature (T ). In equilibrium,
quasicondensation is destroyed at nonzero temperature or in
the presence of a localization potential.

II. RESULTS

Figure 1(b) shows the occupation of the lowest natural
orbital λ0 as a function of L in the NESS obtained for V �= 0.
In that case, λ0 saturates with L, thus, implying that the
quasi-condensed state only exists for V = 0. Nevertheless,
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the scaling λ0 ∝ √
L is still observed before the saturation

scale is attained. The inset shows the scaling of λn(L) with
n, having fixed L = 800. For sufficiently large values of n, we
find λn ∝ n−1/2, whereas, for small values, saturation ensues
at finite values of V . These findings establish that V is a
relevant perturbation, such as T is in equilibrium. However,
as will be demonstrated, the NESS is fundamentally different
from the finite-temperature state: Its critical behavior, charac-
terizing the vicinity of the unstable quasicondensation fixed
point along the V direction, turns out to be different from the
equilibrium case. Figure 1(c) depicts the scaling collapse of
λ0Lβ versus V Lα for different values of L. Best fits to the data
are compatible with α = 1 and β = −1/2, which turn out to
be the exact exponents, see below. For small V L (V L � 2),
this recovers the V = 0 result λ0 ∝ √

L, whereas for V L large,
λ0 ∝ V −1/2.

We now turn to the description of the NESS. For large
system sizes, the state in the middle of the chain displays
translational invariance and ρB becomes diagonal in momen-
tum space. In this case, the natural orbitals coincide with
the momentum states. We label their occupations by λn(L �
1) → nB

k . Figure 2(a) depicts the Fourier transform of the
bosonic occupation in momentum space in the middle of the
chain. Here, we also compare numerical results (plot mark-
ers) for finite L = 800 to analytical predictions (solid lines)
valid for small V , discussed in detail below. Clearly, both
coincide for sufficiently small V . The effect of V is twofold:
(i) the 1/

√
k divergence of nB

k at V = 0 gets regularized at a
scale 1/

√
V , and the curve acquires a characteristic width to

which we refer as ξ−1, illustrated in Fig. 2(a) (for the blue
curve); (ii) the maximum value of the peak shifts to finite
momentum, denoted as ϕ. Both quantities together with a
power-law exponent ν [see Eq. (2) below] characterize the
departure from equilibrium of a quasicondensate state, which
is induced via a particle number bias.

A proper definition of ξ−1 and ϕ is given in terms of the
asymptotic dependence of the bosonic correlation function. In
the limit r − r′ → ∞,

ρB
r−r′ 
 Ee−|r−r′ |/ξ−i(r−r′ )ϕ (r − r′)−ν, (2)

where E is a constant. As we will discuss in detail, this general
dependence follows from taking the thermodynamic limit,
which brings ρB

r,r′ to the form given in Eq. (3) and allows us
to apply the Fisher-Hartwig conjecture for Toeplitz matrices.
Interestingly, the asymptotic behavior of ρB

r−r′ displays power-
law corrections on top of the exponential decay, where ν is a
complex-valued critical exponent. The behavior of ξ−1 and ϕ

with V , obtained by fitting the numerical ρB
r,r′ to Eq. (2), is

given by the green dots in Figs. 2(b) and 2(c), respectively.
These results agree (within the error bars) with our analytical
formulas, given below. Furthermore, in Figs. 2(d) and 2(e) we
examine the power-law exponent ν. Although a finite value
of ν = 1/2 is expected in equilibrium when ξ−1 = ϕ = 0,
our analytic results show that ν is discontinuous at V = 0
and assumes a V -independent constant for any nonvanishing
value of the bias, e.g., V �= 0. This discontinuity only occurs
in the thermodynamic limit. Our numerical results show that
ν indeed remains constant for a finite chain at a sufficiently
large V but will acquire strong finit- size corrections as V

FIG. 2. (a) Momentum distribution of the one-body density ma-
trix for various values of the bias V . Comparison between numerical
and analytic results for: (b) The exponential decay length ξ−1;
(c) The momentum displacement ϕ; (d) The real part of the power-
law decay exponent ν, defined in Eq. (2); (e) The imaginary part of ν.
Direct evaluation of Eq. (1) (green) is contrasted with results based
on the asymptotic form in Eq. (3) (orange) and with the analytic
expression of Eq. (2) (blue).

is reduced, see Figs. 2(d) and 2(e). Power-law corrections
on top of the exponential decay are hard to determine based
on Eq. (1). Results shown in both panels (d) and (e) are,
therefore, obtained by a numerical evaluation of Eq. (3) below,
that allows accessing much larger system sizes. Nevertheless,
we confirmed (see Appendix B 3) that the numerical results
obtained with Eq. (1) are fully compatible with the analytic
asymptotic form.

These findings constitute the main nontechnical results of
our paper. In what follows, we explain the method used to
obtain our numerical results and derive Eq. (2), including an
explicit expression for ξ, ϕ, and ν.

A. Single-particle correlations

The numerical evaluation of single-particle correlators is
most conveniently performed in the fermionic representation
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FIG. 3. Momentum distribution function of the Jordan-Wigner
fermions for V = 0 and V = 0.2 which has been calculated in
Ref. [30] and is reproduced here for clarity, as it enables one to
determine the bosonic distribution function far from equilibrium.
Insert shows the double-step structure for different values of V .
The step width is V/vF and the heights, bL and bR, depend on the
chain-lead couplings.

which leads to the non-Hermitian single-particle operator
K = HC − i

∑
l=L,R γ l , with the Hamiltonian of the chain

HC = −J
∑L−1

r=1 |r〉〈r + 1| + H.c., and where |r〉 is a single-
particle state. The hybridization matrices of each reservoir are
γ l = �l |rl〉〈rl |. For the fermionic system, the single-particle
correlation-function matrix χ can be obtained using nonequi-
librium Green’s function methods (see Refs. [14,28,29]). The
resulting expression is explicitly given in Appendix A 1 in
terms of the eigenvalues and eigenvectors of K. The matrix
χ is then used to numerically evaluate the bosonic one-body
density matrix as in Eq. (1).

Alternatively, one can obtain the fermionic one-body den-
sity matrix analytically. Noticing that in the bulk of an infinite
chain the Fourier transform of ρF

r,r′ = ρF
r−r′ becomes the mo-

mentum occupation number nF
k , an explicit expression of nF

k
can be obtained when the energy dispersion is represented
by a linear k dependence near the Fermi points, provided
V � J [30]. In this case, nF

k assumes the double-step structure
illustrated in Fig. 3 (see Ref. [30] and Appendix A 2). Each
double-step has a width of V/vF with the Fermi velocity
vF = 2J sin(kF), and is centered around the average Fermi
momentum kF = arccos[−(μL + μR)/4J]. The occupations
of the left (right), bR (bL) steps depend on the couplings to the
reservoirs and on the Fermi velocity [30]. For the special case
of reflectionless leads, i.e., bL = 1 (= 0) and bR = 0 (= 1) for
V > 0 (< 0), the double-step structure no longer arises. In
this case, nF

k becomes a momentum-displaced Fermi function
which leads to a qualitative difference for nB

k as discussed
below.

Expressed in terms of nF, the asymptotic limit of ρB as-
sumes the form of a Toeplitz matrix (see Appendix B1).
Explicitly, from Eq. (1) one finds

ρB
r−r′ = 1

2
det

⎡
⎣ r−r′∑

i, j=1

∫
dk

2π

(
2nF

k − 1
)
eik(i− j−1)|i〉〈 j|

⎤
⎦. (3)

The result given in Eq. (2) was obtained using the Fisher-
Hartwig conjecture for Toeplitz matrices, giving the asymp-
totic behavior of Eq. (3) in the limit r − r′ → ∞ (see

Appendix B). The correlation length ξ−1, the displacement
momentum ϕ, and the real and imaginary parts of the power-
law exponent ν are explicitly given by

ξ−1 = − 1

2π

|V |
vF

log(|1 − 2bL||1 − 2bR|),

ϕ = 1

4

V

vF
[sgn(1 − 2bL ) − sgn(1 − 2bR)],

Re(ν) = 1

2
− 1

2π2
[log2(|1 − 2bL|) + log2(|1 − 2bR|)],

Im(ν) = sgn(V )

2π

[
log(|1 − 2bR|)
sgn(1 − 2bR)

− log(|1 − 2bL|)
sgn(1 − 2bL )

]
.

The constant E in Eq. (2) can also be obtained explicitly as a
function of V/vF, bL and bR, and is given in Appendix B 2.

III. DISCUSSION

The numerical and analytical results presented so far allow
us to address the fate of quasicondensation at finite bias and
contrast it with what happens when turning on the heat at zero
bias. For generic leads, both nonzero V and nonzero T are
relevant perturbations which destroy quasicondensation and
lead to an exponential decay of correlations with distance.
This is reflected in similar finite-size scaling behavior of λ0

vs V , see Fig. 1(c), and T , obtained in Ref. [31]. There are,
however, clear differences in how this destruction occurs in
both cases. Although the equilibrium correlations at finite T
decay exponentially, the out-of-equilibrium decay as we have
shown is characterized by additional power-law corrections
on top of the exponential decay, see Eq. (2). These differ-
ences will be most apparent at the short-to-intermediate range
where these power-law corrections are sizable and are, e.g.,
also reflected in the behavior of the mutual information of
the Jordan-Wigner fermions [30,32]. Yet another difference
between the two cases concerns the steady state realized in the
V → 0 limit. In the thermodynamic limit |V | → 0+ results in
a divergence of ξ , thus, recovering the quasicondensed state.
However, the power-law scaling characterizing this state de-
pends on the coupling to the leads and is, in general, different
from ν = 1/2 observed in equilibrium.

This should be contrasted with the case of ideal reflection-
less leads, where ξ−1 = 0 and ν = 1/2 for any V . Here, the
form of nF

k corresponds to that in the equilibrium state with a
shift in k proportional to the applied bias, nB

k = nB(Eq.)
(k−ϕ) . This

implies that, in this case, the quasicondensed phase is robust
to the applied bias and the most populated natural orbital ac-
quires a finite momentum k = ϕ. Thus, the critical properties
away from equilibrium depend crucially on the system-lead
couplings. This is in stark contrast to what happens in equilib-
rium where the thermal state is insensitive to the details of the
coupling to the environment.

An important direction concerning future work is the sta-
bility of our findings with respect to interactions. It will be
interesting to address the effect of a relaxation of the hard-core
constraint and the resulting softening of occupation numbers.
Another open question regards the role of dimensionality.
True condensation occurs in two- and higher-dimensional sys-
tems in equilibrium, but its fate out of equilibrium has so
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far remained unclear. In particular, it would be worthwhile
to understand if this out-of-equilibrium steady state is funda-
mentally different from its thermal counterpart, in analogy to
what happens in 1D.
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APPENDIX A: FERMIONIC QUANTITIES

1. Single-particle correlation matrix

To obtain the single-particle correlation matrix, we assume
that K is diagonalizable, having right and left eigenvectors |α〉
and 〈α̃| with associated eigenvalues λα . The single-particle
correlation-function matrix χ is then given by [14,28,29]

χ = 1

2
+

∑
l=L,R

∑
αβ

|α〉〈β|〈α̃|[γl Il (λα, λ∗
β )

− γ̂l Il (−λα,−λ∗
β )]|β̃〉, (A1)

where

Il (z, z′) = − 1

π

g(z − μl ) − g(z′ − μl )

z − z′ , (A2)

with g(z) = ln(−i sgn[Im(z)]z).
The numerical results in the main text were obtained by

performing an exact diagonalization of the matrix K as explic-
itly given in the main text, and evaluating Eq. (A1) with the
chemical potentials of the leads entering through Eq. (A2).

2. Fermionic-particle density

The fermionic-particle density, computed in Ref. [30], is

nF
k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, 0 < k < θ1,

bL, θ1 < k < θ2,

0, θ2 < k < θ3,

bR, θ3 < k < θ4,

1, θ4 < k < 2π,

, (A3)

with the momenta where nF is discontinuous given by

θ1 = kF − �

2
, θ2 = kF + �

2
,

θ3 = 2π − kF − �

2
, θ4 = π − kF + �

2
, (A4)

where � = V/vF. The values of bR and bL are obtained from

bR = − (1 − γL )

γLγR − 1
, bL = γRbR, (A5)

in which

γl = (�l/J )2 − (2/J ) sin(kF )�l + 1

(�l/J )2 + (2/J ) sin(kF )�l + 1
, l = L, R. (A6)

APPENDIX B: TOEPLITZ DETERMINANT
AND FISHER-HARTWIG CONJECTURE

In the thermodynamic limit, the matrix ρF
i, j for i and j in

a segment in the middle of the chain becomes translation-
ally invariant and assumes the Toeplitz form ρF

i, j = ρF
i− j . Its

asymptotic behavior is given by Eq. (3). Physical quantities
related to ρF, thus, require the evaluation of the determinant
of Toeplitz matrices, which we perform in the following using
the Fisher-Hartwig conjecture.

1. Toeplitz matrix

Consider a Toeplitz matrix Tn[φ] = ∑n
q,l=1 φq−l |q〉〈l|, gen-

erated by a function of the form

φq−l =
∫ 2π

0

dθ

2π
φ(θ )e−i(q−l )θ , (B1)

where the nonanalyticities of φ(θ ) are assumed to consist only
of discontinuities. In this case, it can be decomposed in the
form [33]

φ(θ ) = b(θ )
R∏

r=1

e−iβr [π−(θ−θr )], (B2)

where θr’s are the discontinuity points. Comparing Eq. (3) in
the main text and Eq. (B1) we identify

φ(θ ) → φ(k) = [
1 − 2nF

k

]
e−ik, (B3)

with nF
k given in Eq. (A3). The discontinuities θr of nF

k are
defined in Eq. (A5) for r = 1–4. In order to identify the
coefficients βr , we impose

eln[1−2nF
k ]−ik = eV0−i

∑
r βr [π−(k−θr )], (B4)

where we defined b(k) ≡ exp[V0] in Eq. (B2), to be valid for
each of the continuous regions of Eq. (A3). In between the
regions, the exponents of both sides have to coincide up to
a constant 2π in j with n j ∈ Z defined in region j. Note that
there are only four regions since 0 < k < θ1 and θ4 < k < 2π

are connected by periodicity.
Equating the coefficients multiplying k on both sides we

obtain

4∑
r=1

βr = −1, (B5)
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which leaves us with only three independent variables, n1, n2,
and n3, that must satisfy

β1 = n2 − n1 + i log(1 − 2bR)

2π
+ 1

2
, (B6)

β2 = n3 − n2 − i log(1 − 2bR)

2π
, (B7)

β3 = n4 − n3 + i log(1 − 2bL )

2π
, (B8)

β4 = −1 − β1 − β2 − β3, (B9)

and

V0 = �

2π
[log(1 − 2bL ) + log(1 − 2bR)]

− i[π + 2(n1 − n3 − 1)kF

− �(n1 − n2 + n3 − n4 + 1)]. (B10)

The values of the integers n j are determined in the following,
using the formulation of the Fisher-Hartwig conjecture in
Ref. [33].

2. Fisher-Hartwig conjecture

The Fisher-Hartwig conjecture states that

det T�[φ] 
 Ee�V0�− ∑
r βr

2
, � → ∞, (B11)

where E is an �-independent constant evaluated below. In
the following, we chose the values of nj that maximizes
Eq. (B11). The dependence of V0 on n1, n2, and n3 does not
affect the absolute value of det T�. Therefore, the determina-
tion of n j is obtained by minimizing Re[

∑
r βr

2]. The result
depends on sgn(�) and whether (1 − 2bL/R) is positive or
negative. After this procedure, the expressions for β j write

β1 = −1

2
− i sgn(�)

sgn(1 − 2bR) log(|1 − 2bR|)
2π

, (B12)

β2 = −1

2
− β1, (B13)

β3 = −i sgn(�)
sgn(1 − 2bL ) log(|1 − 2bL|)

2π
, (B14)

β4 = −1 − β1 − β2 − β3, (B15)

and

V0 = |�|
2π

log (|1 − 2bL||1 − 2bR|),

+ i

[
π + �

4
[sgn(1 − 2bL ) − sgn(1 − 2bR)]

]
. (B16)

Using Ref. [33], it follows that the amplitude E in Eq. (B11)
is obtained from the expression,

E =
∏

1�r �=s�4

(1 − ei(θs−θr ) )βrβs

4∏
k=4

G(1 + βk )G(1 − βk ),

(B17)

FIG. 4. (a) and (b) are the particle density for V = 0.01, whereas
(b) and (c) are the particle density for V = 0.1.

where G is the Barnes G function,

G(1 + z) = (2π )z/2e−(z+(γ+1)z2 )/2
∞∏

k=1

(
1 + z

k

)k

e−z+z2/(2k),

(B18)
and γ is the Euler constant.

3. Bosonic single-particle matrix

Recasting the results of the previous sections, we evaluate
Eq. (3) in the main text and obtain

ρB
|r−r′ | = E

2
e|r−r′ |V0 |r − r′|−ν . (B19)

The correlation function and the momentum shift, defined in
the main text, can be identified as V0 = −ξ−1 + iϕ and ν =∑

r βr
2. The corresponding expressions are given explicitly in

the main text.
Figure 4 shows a real-space comparison of the asymptotic

result, obtained here using the same color coding as in the
main text. Although the results based on the different methods
are compatible with each other for small values of V , it is
difficult to access the asymptotic regime for large r − r′ using
Eq. (1). This difficulty explains the growing error bars and
why we were not able to provide full numerical results of
small V in Fig. 2.
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