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Origin of negative thermal expansion in strongly correlated f-electron systems
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We have investigated the origin of the negative-thermal-expansion (NTE) phenomena observed in various
strongly correlated f-electron systems, including Ce, Sm, and Yb rare-earth compounds and actinide element
Pu. We have thoroughly surveyed existing nonmagnetic f-electron NTE materials and identified that the
temperature (T )-induced valence transition plays an essential role in realizing the NTE in Sm- and Yb-based
mixed-valence (MV) systems. We have discussed the contrasting thermal-expansion behaviors between (Sm,
Yb)-based MV systems and their electron-hole symmetric counterparts (Ce, Eu)-based MV systems that
exhibit positive-thermal-expansion (PTE) phenomena. We have also clarified the origin of intriguing thermal
expansion behavior of Pu, which, upon cooling, reveals not only the NTE, but also the strong PTE. Fi-
nally, we have predicted the possible existence of an additional NTE feature in topological-Kondo-insulator
(TKI) candidates of SmB6, g-SmS, and YbB12 in the low-T regime where the TKI nature is expected to
emerge.

DOI: 10.1103/PhysRevB.107.115157

I. INTRODUCTION

It is commonly recognized that the volume of a solid
system increases with increasing temperature (T ). This phe-
nomenon of thermal expansion is well known to originate
from the inherent anharmonic ion-ion interaction in solids
[see Fig. 6(a) in the Appendix]. But there are some systems
that exhibit abnormal thermal contraction with increasing T ,
which are dubbed negative-thermal-expansion (NTE) systems
[1–10]. In fact, NTE systems are ubiquitous, not only in
weakly correlated s- and p-electron solids, but also in strongly
correlated d- and f-electron solids. For example, Si [11], Ge
[11], Te [12], and ZrW2O8 [13] belong to the former, whereas
the famous Invar system of the Fe0.65Ni0.35 alloy [14] belongs
to the latter.

Note that the thermal-expansion coefficient αV [≡ 1
V ( ∂V

∂T )P]
is proportional to the Grüneisen parameter γG (αV =
γGcV /B), where V , P, cV , and B are the volume, pressure,
specific-heat per volume, and bulk modulus of a system,
respectively [4,5]. Hence, negative γG would bring about
negative αV . In fact, γG is determined not only by phonon con-
tributions (γ p

G ), but also by electron contributions (γ e
G), and so

αV had better be expressed more explicitly as [αV = (γ p
Gcp

V +
γ e

Gce
V )/B] [2]. In general, the NTE in weakly correlated elec-

tron systems has the phonon origin. Namely, negative γG

results from the behavior of a specific transverse-phonon
mode or rigid-unit mode [Fig. 6(b) in the Appendix] under
pressure (γ p

G = − ∂ ln h̄ωp

∂ ln V ).
In contrast, the NTE in strongly correlated electron systems

has the electron origin for which negative γG results from
the predominant pressure-induced behavior of a characteristic
electronic-energy scale (Ec) (γ e

G = − ∂ ln Ec
∂ ln V ), such as the en-
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ergy difference between relevant states, crystal-field splitting,
Kondo temperature, and so on.

For example, the NTE in Invar systems has been ex-
plained by taking into account the energy difference between
the magnetic (high-spin) ground state having the larger vol-
ume and the nonmagnetic (low-spin) metastable state having
the smaller volume [9,15–17], as provided in Fig. 1. That
is, the electronic peculiarity is to be realized in the lattice
anomaly due to close interplay between electron and lattice
degrees of freedom. For Invar, the magnetovolume effect plays
such a role [2,5,8,10].

For strongly correlated f-electron rare-earth (RE) and ac-
tinide systems, there are magnetic as well as nonmagnetic
NTE systems. The NTE mechanism for magnetic f-electron
systems is basically the same as that for Invar. For nonmag-
netic f-electron systems, however, the understanding of the
NTE mechanism is still far from complete, which motivates
the present paper

Table I provides various nonmagnetic (and nonsupercon-
ducting) f-electron NTE systems collected from literature,
which include heavy-fermion, mixed-valence (MV), and
Kondo systems of Ce, Sm, and Yb compounds as well as ac-
tinide Pu. Accordingly, the NTE mechanism for these systems
is expected to be closely related to their relevant f-electron
physics. The Sm and Yb-based NTE systems listed in
Table I are mostly MV systems, but Ce-based NTE systems
in Table I are rather categorized as heavy-fermion systems.
Note that typical Ce-based MV systems, CePd3 and CeSn3,
do not exhibit the NTE feature [45]. In this respect, the NTE
mechanism for Ce-based NTE systems in Table I is thought to
be different from those for Sm- and Yb-based NTE systems
[20,46]. One more notable thing in Table I is that, among 5 f -
electron actinide systems, the fcc phase of Pu (δ-Pu), exhibits
the NTE feature [47].
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FIG. 1. Two-state model for the NTE of Invar. (a) Total energies
vs volume for the magnetic (Mag) or high-spin ground state and
the nonmagnetic (Non-mag) or low-spin metastable state at T = 0.
(b) Magnetization M and (c) volume changes as a function of T .
Without the electronic contribution, the volume of each state will
expand normally upon heating as depicted by dotted lines. The state
at high T corresponds to a mixed state of Mag and Non-mag [16].
Note that ∂V

∂T = ∂V
∂M

∂M
∂T . Then, ∂V

∂M > 0 from (a) and ∂M
∂T < 0 below

Tc from (b) yields the NTE ( ∂V
∂T < 0 ). For real magnetic materials,

depending on the sizes of �E and �V , not only the NTE, but also
the zero or positive thermal expansion is manifested.

In this paper, we have investigated the NTE mechanisms
observed in the f-electron MV systems. In the RE systems,
the different valence states have very different volumes, and
so the valence transitions in RE MV compounds are accom-
panied by large volume changes. In consequence, the RE
MV compounds would display anomalous thermal expansion
phenomena.

We address here the following issues. First, we have dis-
cussed the contrasting thermal-expansion behaviors between
(Sm, Yb)-based MV systems that exhibit NTE and (Ce, Eu)-
based MV systems that exhibit positive-thermal-expansion
(PTE). For the Ce element, we have examined the effect of
the f-electron coherence, which plays an essential role in the
γ -α phase transition and the manifestation of the strong PTE.
Then, we have clarified the origin of intriguing thermal expan-
sion behavior of Pu, which, upon cooling, reveals not only the
NTE, but also the strong PTE [48]. Finally, for SmB6, g-SmS,
and YbB12, which were recently proposed to be topological
Kondo insulators (TKIs) [49–52], we have predicted, based
on the thermodynamic relation, the possible existence of an
additional NTE feature in the low-T regime.

II. NTE IN (SM, YB)-BASED VS PTE IN (CE, EU)-BASED
MV SYSTEMS

In Fig. 2 are plotted the thermal expansion data of typ-
ical f-electron MV systems and the Ce element. As shown
in Figs. 2(a)–2(d), Sm compounds (SmB6, SmS) and Yb
compounds (YbCuAu, YbB12) reveal the NTE feature char-
acterized by the volume minimum at a certain T , which is

considered to be corresponding to the valence-transition tem-
perature, TV T [31,42,54]. It is well known that the volume of
an f-electron RE system depends sensitively on its valence
state. Hence, if the valence state varies with T in the MV
systems, the volume also changes with T ,

∂V

∂T
= ∂V

∂n f

∂n f

∂T
, (1)

where n f is the occupation number of f electrons. This kind
of dynamical valence fluctuation arising from the T -induced
change in the electronic structure is characteristic of strongly
correlated electron systems, which has been described by em-
ploying the Kondo or Anderson model Hamiltonian [55].

For Sm- and Yb-based MV compounds, the valence tran-
sition occurs from the near-trivalent state ( f 5, f 13) having the
smaller volume to near-divalent MV state ( f 6, f 14) having
the larger volume upon cooling, and so the volume starts to
increase below TV T ( ∂V

∂T > 0) because ∂V
∂n f

> 0 and ∂n f

∂T < 0
for T < TV T . This is why the volume minimum is located near
TV T . It is seen that TV T ’s are roughly 150, 80, 75, and 70 K for
SmB6, g-SmS, YbCuAu, and YbB12, respectively.

Interestingly, this behavior in (Sm, Yb)-based MV systems
contrasts with that in (Ce, Eu)-based MV systems that exhibit
just monotonic volume reductions upon cooling, producing
the PTE. It happens because, in Ce-based MV (e.g., CePd3

and CeSn3 [45]) and Eu-based MV (e.g., EuPd2Si2 [56–58])
systems, which are electron-hole symmetric counterparts of
Sm and Yb systems [Fig. 2(h)], the valence transitions occur,
upon cooling, from the near- f 1 and near- f 7 configurations
having larger volumes to the near- f 0 and near- f 6 MV config-
urations having smaller volumes. As a consequence, ∂V

∂n f
> 0

and ∂n f

∂T > 0, and so the volume decreases ( ∂V
∂T > 0) below TV T

as shown in Fig. 2(g) for EuPd2Si2 (TV T ≈ 160 K). Similarly,
CeSn3 exhibits the PTE feature (TV T ≈ 260 K) as shown in
Fig. 7 in the Appendix [45,59].

Figures 3(a)–3(f) describe schematically the different
thermal-expansion behaviors between the Sm compound of
g-SmS and the Eu compound of EuPd2Si2. For g-SmS, the
ground state is the MV state (n f ≈ 5.4) having a larger vol-
ume than the high-T near-trivalent (III) state as depicted
in Fig. 3(a), and n f decreases from the MV state to the
near-trivalent state upon heating [Fig. 3(b)]. Then, the NTE
mechanism for g-SmS can be explained by the two-state
Weiss model employed for Invar as sketched in Fig. 3(c). For
g-SmS, the volume minimum was observed near TV T ≈ 80 K
[27]. The NTE phenomena for most (Sm, Yb)-based MV
systems can be understood in the same way.

TABLE I. Representative nonmagnetic f-electron NTE systems.

Base NTE systems

Ce Ce(La)Al2 [18], CeAl3 [19], CeB4 [20], Ce(La)B6 [21], and CeInCu2 [22]
Sm SmB6 [23–25], Sm2.75C60 [26], g-SmS [27,28], and Sm(Y)S [29–31]
Yb YbAl3 [32], YbB12 [33], YbB50 [34], Yb2.75C60 [35], YbCuAl [36–38], YbCu2Si2 [39], YbCu4Ag [40],

YbInAu2 [41], YbInCu4 [42], YbInPd [41], YbNi2Ge2 [41], YbPd [43], and YbT2Zn20 (T = Co, Rh, Ir) [44]
Pu δ-Pu [47,48]
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FIG. 2. Thermal expansion data of f-electron NTE systems: (a) SmB6 (with LaB6 for comparison), (b) g-SmS, (c) YbB12, (d) YbCuAl, and
(e) actinide element Pu. PTE data of (f) Ce element and (g) EuPd2Si2 (TV T ≈ 160 K) are also shown for comparison. (h) Typical electronic
configurations of Ce ( f 1) and Sm ( f 5) compounds occupying j = 5/2 f states, and Eu ( f 7) and Yb ( f 13) compounds occupying j = 7/2 f
states. There is an electron-hole symmetry between (Ce, Eu) and (Sm, Yb). Data adapted from Refs. [25,27,33,36,48,53,58] for (a)–(g),
respectively.

On the other hand, for EuPd2Si2, the ground state is the
MV state (n f ≈ 6.2) having a smaller volume than the high-T
near-divalent (II) state (n f ≈ 7) as depicted in Fig. 3(d). Upon
heating, n f increases from the MV state to the near-divalent
state [Fig. 3(e)]. Then, the PTE observed in EuPd2Si2 can
also be explained by employing the two-state Weiss model
as sketched in Fig. 3(f). The PTE phenomena observed for
most (Ce, Eu)-based MV systems can be understood in the
same way. It is, thus, inferred from Fig. 3 that, for the MV
systems, the NTE would be realized when their excited states
have smaller volumes [Fig. 3(a)], whereas the PTE would
be realized when their excited states have larger volumes
[Fig. 3(d)].

III. PTE IN CE

For the Ce element, there is an additional f-electron bond-
ing effect below the coherent temperature Tcoh at which
f electrons become coherent to form delocalized f bands
(Tcoh ≈ 129 K for α-Ce at the ambient pressure) [60,61]. This
effect brings about the volume collapse for Ce, upon cooling,
as shown in Fig. 2(f).

Figures 4(a)–4(c) describe schematically the thermal-
expansion behavior in the Ce element. For Ce, localized 4 f
electrons in γ -Ce, that is, a stable phase at room T become
delocalized via coherent f-band formation upon cooling, re-
sulting in the ground-state phase of α-Ce having the smaller
volume as depicted in Fig. 4(a). The valence state of Ce does

FIG. 3. Total energies vs volume (V ) for different electronic states, the valence state [occupancy (nf )], and the volume changes as a function

of T for g-SmS and EuPd2Si2. (a)–(c) For g-SmS, ∂V
∂n f

> 0, and
∂n f

∂T < 0, and so ∂V
∂T = ∂V

∂n f

∂n f

∂T < 0 below TV T (III: Near-trivalent state). (d)–(f)

For EuPd2Si2, ∂V
∂n f

> 0 and
∂n f

∂T > 0, and so ∂V
∂T = ∂V

∂n f

∂n f

∂T > 0 below TV T (II: Near-trivalent state). Dotted lines in (c) and (f) represent normal

thermal expansions of V (T ) without the electronic contributions.
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FIG. 4. Schematics of total energies vs volume (V ) for different electronic states, the valence state [occupancy (nf )], and the volume
changes as a function of T for Ce and Pu. (a)–(c) For Ce, strong PTE coefficient originates from the coherent f-band formation in the ground
state of α-Ce, upon cooling, from the metastable state of γ -Ce. (d)–(f) For Pu, total energies vs volume for typical three-different phases, α-,
δ-, and ε-Pu. We have now three states. Upon cooling from high T , the valence transition occurs first from near-trivalent ε-Pu to MV δ-Pu, and
then the coherent 5 f band is formed in α-Pu. The NTE mechanism at high T is g-SmS-like, whereas the PTE mechanism at low T is Ce-like.
Dotted lines in (c) and (f) represent normal thermal expansions of V (T ) without the electronic contributions.

not change much in the γ → α transition, i.e., being nearly
trivalent (3+) for both γ and α-Ce [Fig. 4(b)] [61]. Then, the
strong PTE in Ce is explained by the two-state Weiss model
as shown in Fig. 4(c), which describes the volume collapse
through the isostructural γ → α transition.

IV. NTE AND PTE IN PU

Figure 2(e) indicates that Pu has diverse allotropic phases
from the ground state of monoclinic α-Pu to bcc ε-Pu at
the highest T . It also shows that, upon cooling, not only the
volume jumps from ε-Pu to bct δ′-, and fcc δ-Pu but also the
volume collapses from δ-Pu to γ -, β-, and α-Pu take place
[47,48]. Among those, δ-Pu has the largest volume and shows
the NTE feature.

Since the f-electron configuration in Pu is supposed to be
the same as that in Sm compounds, the NTE mechanism in
Pu at high T would be the same as that in g-SmS. But the
extra existence of the PTE in Pu suggests that there would
be some other mechanism in addition to the valence transi-
tion. We think that, at low T , the f-band bonding effect is
operative in Pu as in the case of Ce. Namely, upon cooling
from high T , there occurs first a valence transition between
the near-trivalent (III) state of ε-Pu and the MV states of
δ′- and δ-Pu (n f ≈ 5.3), resulting in the larger-volume phase
of δ-Pu [62,63]. With further cooling, the dynamical charge
fluctuation becomes almost frozen, and 5 f electrons become
delocalized via coherent f-band formation, resulting in the
smaller-volume phase of α-Pu [64,65].

This mechanism is described schematically in Figs. 4(d)–
4(f) by selecting three representative phases of Pu, α-, δ-,
and ε-Pu. Note that E (V ) configurations for ε- and δ-Pu are
similar to those for g-SmS [Fig. 3(a)] exhibiting the NTE,
whereas E (V ) configurations for δ- and α-Pu are similar to
those for γ - and α-Ce [Fig. 4(a)] exhibiting the PTE. Hence,
the NTE mechanism between ε- and δ-Pu at high T would be

g-SmS-like, wherease the strong PTE mechanism between δ-
and α-Pu at low T would be Ce-like.

V. NTE IN TOPOLOGICAL KONDO INSULATORS

Using the thermodynamic relation,(
∂V

∂T

)
P

= − (∂P/∂T )V

(∂P/∂V )T
, (2)

the thermal-expansion coefficient αV is given by

αV = 1

V

(
∂V

∂T

)
P

= 1

B

(
∂P

∂T

)
V

, (3)

where B is the bulk modulus, B = −V ( ∂P
∂V )T . Accordingly, αV

can be negative, provided dP
dT < 0 in the pressure-temperature

(PT ) phase diagram. In fact, all the above NTE systems given
in Table I exhibit such characteristics in their (PT ) phase
diagrams.

In this respect, it is noteworthy that SmB6, which was pro-
posed to be a TKI, possesses an additional phase equilibrium
line with dP

dT < 0 in its (PT ) phase diagram at low T as shown
in Fig. 5(a) [66]. SmB6 is expected to become a TKI below
T ∗. T ∗(P) was determined from the resistivity ρ(T ) under
pressure at which the increase in ρ(T ) after the final upturn
slowed down noticeably. At T ∗, the 4 f band is anticipated to
become fully coherent so as to form the Fermi liquid with
the hybridization gap, inside which the topological surface
states emerge [67]. This behavior of dP

dT < 0 suggests that
the extra NTE feature would appear again near T ∗ ∼ 4 K as
depicted in Fig. 5(b), in addition to the observed NTE feature
in the high-T regime where the minimum of αV was located
at T ≈ 50 K [24].

In general, pressure tends to reduce the coherence of f
electrons in Sm compounds [68], and so, under pressure, fully
coherent f bands are to be formed at a lower T , which gives
rise to dT ∗

dP < 0. We think that this is the reason why dP
dT ∗ < 0 is
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FIG. 5. (a) (P, T ) phase diagram of SmB6. Below T ∗, TKI phase
is expected to be stabilized. It is notable that ∂P

∂T < 0 along T ∗.
Adapted from Ref. [66]. (b) Linear thermal-expansion coefficient αL

for SmB6 was measured down to 5 K [24]. It is predicted that αL

becomes negative again in the TKI phase below 4 K as denoted by
“expectation”.

obtained in Fig. 5(a). In fact, the behavior of dP
dT ∗ < 0 implies

the negative electronic Grüneisen parameter (γ e
G = − ∂ ln kBT ∗

∂ ln V )
so that the NTE is supposed to be realized naturally.

SmS also has a similar behavior in its (PT ) phase diagram,
even though g-SmS would be a topological Kondo semimetal
[54]. It was reported that there is a T ′ scale, which behaves
just like T ∗ in SmB6 [28]. Namely, in SmS too, the behavior
of dP

dT < 0 along this phase equilibrium line indicates that
there would be an additional NTE regime near T ′ (∼3.7 K)
besides that in the high-T regime where the minimum of αV

was observed at T ≈ 23 K, which was considered to be Tcoh

of g-SmS [28,54].
To our knowledge, there are no thermal expansion data

available for SmB6 and g-SmS in such a very low-T regime.
Furthermore, for the other well-studied TKI system, YbB12,
even the (PT ) phase-diagram study has not been reported yet.
Therefore, it would be very worthwhile to explore the thermal
expansion properties of the TKI candidates of SmB6, g-SmS,
and YbB12 more carefully in the low-T regime.

VI. FINAL REMARKS AND CONCLUSION

We have argued that the anomalous thermal expansion be-
haviors in various f-electron MV systems have the electronic
origin. Note that the f-electron MV systems are expected to
have strong electron-phonon (e-ph) interaction, which would
produce the renormalized electronic spectra as well as the
renormalized phonon frequencies. Therefore, there would be
some amount of contribution from the e-ph interaction to
the thermal expansion in addition to the bare f-electronic
contributions (i.e., valence transition and coherence physics
considered in the present paper). In fact, the effects of the
e-ph interaction on the thermal expansion in f-electron sys-
tems have been examined previously [69–71]. Furthermore,
the effects of the e-ph interaction on the thermal expansion has
been theoretically investigated based on the two-state Weiss
model, which was employed in the present paper [17].

According to previous reports, there are indeed non-
negligible contributions from the e-ph interaction. However,
for the physical e-ph interaction parameters of real systems,
the overall behavior of T -dependent NTE is more or less
similar to the case without considering the e-ph interaction.
Only the quantitative values, such as the minimum positions
of V (T ) and αV (T ), are changed a little bit [71]. In the present

FIG. 6. (a) Interionic potential energy in solids. Due to the inher-
ent anharmonicity, the interionic distance increases with increasing
temperature (T ) so as to exhibit normal PTE [5]. (b) Phonon origin
of the NTE: Transverse-phonon mode and rigid-unit mode [1].

paper, we have tried to understand the NTE observed in the
(Sm, Yb)-based MV systems in comparison with the PTE
observed in the (Ce, Eu)-based MV systems, employing the
phenomenological theory of the two-state Weiss model. In
this context, the analyses of the present paper, albeit rather
qualitative, will suffice to understand the underlying NTE and
PTE physics observed in the f-electron MV systems.

We have identified that the NTE phenomena observed in
Sm- and Yb-based MV systems originate from the T -induced
valence transitions from the near-trivalent to the MV (near-
divalent) state. We have discussed the different role of valence
transitions in the thermal expansion between (Sm, Yb)-based
MV systems and their electron-hole symmetric counterparts,
(Ce, Eu)-based MV systems. Our finding for the MV systems
is that the NTE would be realized when their excited states
have smaller volumes as in (Sm, Yb) compounds, whereas the
PTE would be realized when their excited states have larger
volumes as in (Ce, Eu) compounds. We have explained the in-
triguing thermal expansion behavior of Pu, i.e„ the appearance
of both the NTE and the PTE features in series with decreasing
T , in terms of the g-SmS-like valence transition first and then
the Ce-like coherent f-band formation. Finally, based on the
(PT ) phase diagram, we have predicted the possible existence
of an additional NTE feature in SmB6, g-SmS, and YbB12 in
the low-T regime where the TKI phases are expected to be
stabilized.

The present paper demonstrates that the thermal expan-
sion measurement, albeit conventional and rather simple,

FIG. 7. PTE of a Ce-based MV system, CeSn3 (TV T ≈ 260 K).
Data adapted from Ref. [59].
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can be utilized as an important tool in understanding the
complicated physics and hidden peculiarities manifested in
strongly correlated f-electron systems. Therefore, in order to
unravel intriguing physics of strongly correlated f-electron
systems, such as physics of the TKI, more careful low-T
thermal-expansion measurements as well as more quantitative
theoretical studies are urgently required.
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APPENDIX

Figure 6(a) shows a typical anharmonic interionic-
potential energy in solids, which yields the normal PTE,
and Fig. 6(b) provides examples of transverse phonon mode
and rigid-unit mode, which yield the NTE of phonon
origin.

Figure 7 shows the PTE of a Ce-based MV system CeSn3.
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