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Superconducting topological Dirac semimetals: P6/m-Sis and P6/m-NaSig
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We theoretically propose that hexagonal silicon-based crystals P6/m-Sis and P6/m-NaSiq are topological
Dirac semimetals with superconducting critical temperatures of 12 K and 13 K, respectively, at ambient pressure.
Band inversion occurs with the Fu-Kane topological invariant Z, = 1, even in the absence of spin-orbit coupling.
The Dirac nodes protected by Cg crystal rotational symmetry remain gapless with spin-orbit coupling. Using
first-principles calculations, we find pressure-induced topological phase transitions for P6/m-Sig and P6/m-
NaSig with critical external pressures of 11.5 GPa and 14.9 GPa, respectively. Above the critical pressures, the
Dirac bands are gapped with Z, = 0, while the superconducting states and the crystal symmetries are retained.
Our results may shed light into a search for silicon-based topological materials with superconductivity.
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I. INTRODUCTION

Semiconducting silicon becomes indispensable in elec-
tronics due to its versatile features such as the ease of electron
or hole doping in a wide range, high-temperature stability,
nontoxicity, and natural abundance. It is not uncommon to
modify phases of solids by varying crystal structures and/or
applying external stimuli. There has been a great effort in
fabricating silicon in different condensed matter phases, espe-
cially a superconducting phase. Some metallic silicon phases
were proposed to be superconducting under high pressures
[1-5]. For doped silicon clathrates and boron-doped cubic
silicon, superconductivity was observed at ambient pressure
[6-8]. Recently, hexagonal silicon-based crystals P6/m-Sig
and P6/m-NaSig, which can be synthesized similarly to Ref.
[9], were predicted to show superconductivity (transition
temperature of 12 K and 13 K, respectively) at ambient
pressure [10].

Topology in the reciprocal space plays an important role
in quantum materials properties due to topological protec-
tion. Based on symmetries, gapped and gapless quantum
phases including a superconducting phase can be topologi-
cally classified [11]. For example, three-dimensional Dirac
semimetals which can exist in the presence of time-reversal
and inversion symmetries, are categorized into two classes
[12]. In the first class, band inversion occurs with a nontrivial
Fu-Kane Z, topological invariant [13] and associated Fermi
arc surface states, and Dirac nodes are protected by crystal
rotational symmetry [14,15]. This class is henceforth referred
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to as a topological Dirac semimetal phase, following Ref. [12].
In the second class, Dirac nodes are protected by nonsymmor-
phic space group [16] without band inversion.

Most topological materials are not based on silicon. A
topological Dirac semimetal phase was discovered in a
silicon-containing compound CaAl,Si, (space group No. 164,
point group Ds;) [17,18] in the presence of spin-orbit coupling
(SOC). Silicon-based crystals Cmcm-AHT-Sipq and Cmcm-
VFI-Si3¢ have been proposed to be topological nodal line
semimetals only when SOC is excluded [19]. With SOC, the
nodal lines are gapped with a small energy gap of 1 meV [19].

Recently, superconductivity was observed in three-
dimensional topological Dirac semimetals such as Cd;As;
[20-22], Au,Pb [23,24], KZnBi [25], PdTe, [26,27], and
BaSnj; [28]. To the best of our knowledge, silicon-based
topological Dirac semimetals with superconductivity have
not been proposed or synthesized yet. Superconductivity in
topological Dirac semimetals is appealing considering the
possibility to create odd-parity or spin-triplet Cooper pair in-
teraction by doping and/or breaking time-reversal symmetry
[29-31]. Furthermore, superconductors with a nontrivial Fu-
Kane Z, topological invariant were proposed to be platforms
for realization of Majorana zero modes [32] whose braiding
is used for topological quantum computation [33,34]. Fami-
lies of superconductors with a nontrivial Z, invariant showed
promising experimental signatures of Majorana zero modes at
the ends of magnetic vortices [35,36].

In this work, we propose that P6/m-Sis and P6/m-NaSig
are topological Dirac semimetals with superconductivity at
ambient pressure even when SOC is included. We find that the
silicon-based crystals undergo a topological phase transition
driven by hydrostatic pressure without any structural changes.
Above slightly different critical pressures, both silicon-based
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FIG. 1. (a) Top view of the atomic structure of P6/m-NaSig with a unit cell. Isostructure P6/m-Sic can be obtained by removing
Na atoms from P6/m-NaSig. (b) First Brillouin zone for P6/m-Sig and P6/m-NaSis. SOC-included DFT band structures of P6/m-Sig
at (c) 0 GPa and (d) 15 GPa, where the Fermi level is set to zero. All bands are at least doubly degenerate. Relative proportions of
Si s- and p-orbital characters are encoded in colors. The Dirac points are indicated as arrows and the parity of a few occupied bands

are shown.

crystals become topologically trivial in the superconducting
state.

II. METHODS

We employ density functional theory (DFT) with projec-
tor augmented wave (PAW) [37] pseudopotentials and the
Perdew-Burke-Ernzerhof generalized gradient approximation
(PBE-GGA) [38] for the exchange-correlation functional, as
implemented in the VASP software [39]. A plane-wave basis
set with a kinetic energy cutoff of 500 eV is used. We use
I'-centered k-point meshes of 8 x 8 x 20 for bulk P6/m-
Sig and P6/m-NaSig and 8 x 8 x 1 for finite slabs. Starting
with the geometries from Ref. [10], we further optimize the
atomic coordinates and lattice constants until the residual
forces are less than 0.01 eV /A with and without pressure. The
optimized bulk hexagonal lattice parameters for P6/m-Sig
(P6/m-NaSig) are a = 6.81 (6.76) A and ¢ = 2.50 (2.44) A
without pressure, which are close to those in Ref. [10]. The
relaxed atomic coordinates can be found in Appendix A (see
Fig. 8 and Table IL.).

We compute the Fu-Kane Z, topological invariant [13]
from the parity of all valence or occupied bands at the time-
reversal invariant momentum (TRIM) points as well as by
using the Wilson loop method [40,41]. To apply the Wilson
loop method and to investigate the surface states, we first
construct a tight-binding Hamiltonian for the Si s + p bands
by generating 24 (33) maximally localized Wannier functions
for P6/m-Sig (P6/m-NaSig), using WANNIER90 code [42]
(see Appendix C: Fig. 9 and Table III). Then, we calculate
the surface Green’s function of the semi-infinite system based
on the Wannier-function tight-binding model, using Wannier-
Tools code [41]. Irreducible representations of bands at the
high symmetry k points and along the I'-A axis are obtained
using Quantum Espresso [43].

III. RESULTS AND DISCUSSION

The atomic structure of P6/m-NaSi¢ (space group No. 175,
point group Cgp) is shown in Fig. 1(a), where the stacking

along the c axis is identical for all atomic layers. The structure
of P6/m-Sig is obtained by simply removing Na atoms from
that of P6/m-NaSig (see Appendix A). The Na atoms can be
easily removed by the degassing process, since the migration
barrier of Na atoms along the cylindrical holes is only 0.48 eV
[10]. This barrier is 0.17 eV lower than that for the Cmcm
phase [9].

Let us first discuss electronic and topological properties
without pressure and then with pressure. Figure 1(c) shows the
electronic structure of P6/m-Sig at symmetric k points with
SOC in the absence of pressure. Mostly p-orbital character is
dominant near the Fermi level. However, s-orbital character is
locally dominant in the k, = 7 /c plane, i.e., along the A-L-
H-A lines. At the L point, bands at —0.86 eV and —1.04 eV
(relative to the Fermi level) have strong s-orbital and p,-
orbital characters, respectively, while bands at —1.36 eV have
characters of mixed s and p, + p, orbitals (see Appendix B:
Fig. 10). Strong Si p-orbital characteristics also appear in most
of the k space except for the k, = 7 /c plane for P6/m-NaSig,
as presented in Fig. 2.

For P6/m-Sig at 0 GPa, the parity analysis at the TRIM
points gives Z, = 1 (see Appendix C) which results from
the band inversion at the L points, as shown in Fig. 1(c).
(Note that a unit cell of P6/m-Sig has 24 valence electrons.)
At the L points, the 23rd and 24th (25th and 26th) bands
at —1.36 eV (—1.04 eV) have — (+) parity, as depicted in
Fig. 1(c). The band inversion is not induced by SOC because
Z, = 1 without SOC.

The analysis of irreducible representations at the L. point
indicates that the opposite parity for the two band pairs origi-
nates from the horizontal mirror symmetry o;,. The irreducible
representation and eigenvalues of o, of the bands at the
L point are listed in Table I. The 23rd/24th bands belong
to irreducible representation B, (where an eigenvalue of hori-
zontal mirror reflection oy, is +1), while the 25th/26th bands
belong to irreducible representation B, (where an eigenvalue
of oy, is —1). We also confirm that Z, = 1 using the Wilson
loop method (see Appendix C). Even when the parity of all
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FIG. 2. Electronic band structure obtained from first-principles
calculations using DFT. First-principles band structures of
P6/m-NaSis at pressure (a) 0 GPa and (b) 15 GPa, including
spin-orbit coupling. According to the relative weight of the Si s
character and the Si p character, the band color was encoded as
shown in the legend. The band structure calculation at pressure
15 GPa shows the band structure just before band inversion occurs.
The situation of band inversion that occurs with changes in pressure
can be seen, especially in the L-H section.

occupied bands below the Fermi level is counted, we find that
Z, = 1 persists.

For P6/m-Sig with SOC in the absence of pressure, along
the I'-A direction, we find several possible band crossing
points in the vicinity of the Fermi level. To identify gapless
Dirac nodes, we zoom in the bands near the crossing points
with numerical accuracy of 10 peV, as shown in Fig. 3. The
bands at i, ii, and iv are gapped with 0.07—28.9 meV, while
the crossing points iii and v are gapless within numerical
accuracy. We also analyze irreducible representations A; of
the bands near the crossing points, considering that double
group Cj is applied to the bands along the I'-A direction. This
symmetry analysis [Figs. 3(b)-3(e)] agrees with the numerical
result. The Dirac nodes along the k, axis are protected by the
crystal sixfold rotational symmetry Cg. The gapless protected
Dirac nodes in conjunction with our analysis of the Z, invari-
ant, suggest that P6/m-Sig is a topological Dirac semimetal.

TABLE I. Irreducible representation (irrep), point group sym-
metries, and their eigenvalues of bands at L point, for P6/m-Sig at
0 GPa. G, is two-fold rotation operator with respect to the z axis. /
and oy, are two-fold inversion and horizontal mirror plane operators,
respectively. The highest occupied band is 24th band.

band # irrep G oy 1
1,2 B, -1 +1 -1
3,4 A, +1 +1 +1
5,6 B, -1 -1 +1
7,8 B, -1 +1 -1
9,10 A, +1 -1 -1
11,12 A, +1 +1 +1
13, 14 B, -1 -1 +1
15,16 A, +1 -1 -1
17, 18 B, -1 +1 -1
19, 20 A, +1 +1 +1
21,22 A, +1 -1 -1
23,24 B, -1 +1 -1
25,26 B -1 -1 +1

o

For P6/m-NaSig, it is tricky to compute the Z, invariant
by counting the parity of N bands at the TRIM points, where
N is the number of valence electrons, since N is now an odd
number due to the Na atom. (In Ref. [13], each degenerate pair
was counted only once for centrosymmetric metals.) In order
to circumvent this, we take into account all occupied bands
below the Fermi level at the TRIM points in our calculation
of the Z, invariant. Note that there are different numbers of
occupied bands at different TRIM points. For P6/m-NaSi¢ at
0 GPa, the product of the parity values of all occupied bands
at each L point is positive, while the corresponding products
at the other 5 TRIM points are negative (see Appendix C).
This gives rise to Z, = 1 and the band inversion also occurs
at the L points, as shown in Fig. 2(a). Therefore, similarly to
P6/m-Sig, P6/m-NaSig is also a topological Dirac semimetal.
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FIG. 3. SOC-included DFT bands for (a) P6/m-Sis at 0 GPa, be-
tween I" and A. (b)-(e) enlarged bands near 5 possible band crossing
points (i-v) for (a). A; represent irreducible representations of double
group Cy along the I'-A direction. Points iii and v are gapless Dirac
nodes (when A7 g bands and Ag o bands meet each other).
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FIG. 4. (a) DFT bands in P6/m-NaSig at 0 GPa, between I" and
A. (b)-(d) enlarged bands near 5 possible band crossing points (i-v)
for (a). Points iii and v are gapless Dirac nodes (when A;g bands
and Ao, 1o bands meet each other).

The gapless Dirac nodes [crossing points iii and v in Fig. 4(d)]
are found below the Fermi level.

The nontrivial topology of three-dimensional Dirac bands
in P6/m-Sig and P6/m-NaSig indicates that there are non-
trivial surface states. We calculate surface states using the
surface Green’s function of the semi-infinite system described
earlier, considering two surface types: surfaces parallel and
perpendicular to the I'-A direction, i.e., (100) and (001) sur-
faces, respectively. Figure 5 shows the calculated local density
of states which is an imaginary part of the surface Green’s
function, for the (100) and (001) surfaces. At the chemical
potential, corresponding to one of the Dirac node energies,
for the (100) surface, two arc-shaped (left and right sides of
hourglass) surface states connect the two Dirac node projec-
tion points (with bulk characteristics) indicated as solid dots
along the k, axis in Fig. 5(b). This is expected because each
Dirac node consists of degenerate Weyl nodes with opposite
chirality in topological Dirac semimetals [14,44]. For the
(001) surface, the surface states appear as a point [Fig. 5(d)].
In this case, the two Dirac nodes along the k, axis are projected
onto the same point, i.e., the origin, in the k,-k, plane. Thus,
pointlike surface states are expected rather than arc-shaped
surface states. The features of the surface states for the (100)
and (001) surfaces agree with those of prototype topological
Dirac semimetals Na3Bi [14] and Cd;As, [15].

Now with pressure up to 15 GPa, the P6/m crystal symme-
try is still maintained for P6/m-Sig and P6/m-NaSig. Since
the effect of pressure is similar for both crystals, as shown in
Figs. 1 and 2, we mainly discuss P6/m-Sig. At 15 GPa, the
amount of changes of the band structure depends on orbital
characters. Specifically, the bands of s-orbital character are
sensitive to pressure, while the bands of p-orbital character
are somewhat rigid [Fig. 1(d)]. The band structure near the
Fermi level changes significantly only in the k, = 7 /c plane
[Figs. 1(c) and 1(d)]. At the L points, the s-orbital band is
shifted by 0.51 eV, whereas the highest-energy occupied p-
orbital band is shifted by 0.16 eV.

ke (11A)

M T A2

-0.05 O 0.05 0.1
ki (1/R)

FIG. 5. Electronic structure or local density of states of surface
states along the two-dimensional symmetric k points (a),(c), in the
ky-k, plane (b) and in the k,-k, plane (d) for the semi-infinite (100)
and (001) surfaces of P6/m-Sig, respectively. Horizontal dashed lines
in (a) and (c) represent the Dirac point energies, respectively. Filled
dots in (b) represent the projection points of the Dirac nodes onto the
ky-k, plane. In (a)-(d), bright color indicates higher density of states
at the surface.

While the topological invariant is insensitive to small local
perturbations such as disorder or impurities, pressure-induced
deformation can be used to control the electronic structure
[45—48]. For P6/m-Sis, under high pressure, the parity of the
23rd/24th bands is reversed to that of the 25th/26th bands
at the L point [see the bands in the energy window between
—1.4 and —1.0 eV in Fig. 1(d)], and so the bands with —
parity become higher in energy than the bands with + parity,
which removes the band inversion. This leads to a topological
phase transition from nontrivial Z, = 1 to trivial Z, = 0. The
critical external pressure for the topological phase transition
in P6/m-Sis is 11.5 GPa [see Fig. 6(a)]. The gapless Dirac
nodes which exist below the critical pressure now open up a
gap above the critical pressure, as shown in Fig. 1(d), due to
the topological phase transition. In the case of P6/m—NaSig, a
similar topological phase transition occurs at 14.9 GPa, which
is somewhat higher than the critical pressure of P6/m-Sig.

Theoretically, P6/m-Sig and P6/m-NaSis were proposed
to be superconductors at ambient pressure [10]. Figure 6(b)
shows the superconducting critical temperature 7, as a
function of hydrostatic pressure. While 7, decreases mono-
tonically as pressure (P) increases, both P6/m-Sig and
P6/m-NaSig are superconducting within the pressure range
we consider, 0 < P < 15 GPa. Therefore, we propose that
P6/m-Sig (P6/m-NaSig) is a superconducting topological
Dirac semimetal below 11.5 (14.9) GPa. We emphasize that
P6/m-Sig and P6/m-NaSi¢ consist of light elements with
atomic number 14 or less, based on silicon, in contrast to
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FIG. 6. (a) Z, topological invariants for P6/m-Sis and

P6/m-NaSis are shown as a function of external hydrostatic
pressure. Critical external pressures of the topological phase
transitions for P6/m-Sig and P6/m-NaSig are 11.5 GPa and
14.9 GPa, respectively. (b) Superconducting critical temperatures 7,
of P6/m-Sis and P6/m-NaSig, obtained from Ref. [10] are shown
as a function of external pressure. In (a) and (b), the filled (empty)
symbols indicate the Z, = 1 (Z, = 0) phase.

reported superconducting topological Dirac semimetals such
as Cds3As; [20-22], Au,Pb [23], KZnBi [25], PdTe, [26,27],
and BaSn; [28] which consist of heavy elements.

Due to the nesting vectors along k, it turns out that there is
a modulation in Si-Si bond lengths (out-of-hexagonal plane)
formed in the z direction. Indeed, we found a small oscillation
of the out-of-plane bond length in the slab geometry (see
Appendix D: Fig. 11). The modulation is strongest on the
surface and decreases near the center of the slab.

We calculated the Fermi surfaces from the two crystal
structures P6/m-Sig and P6/m-NaSig as presented in Fig. 7.
P6/m-Sig and P6/m-NaSig can provide Dirac cones near
or at the Fermi energy and show an anisotropic conducting
channel due to their anisotropic bonding nature. Evidence of
our proposed pressure-induced topological phase transition
in P6/m-Sig and P6/m-NaSis may be explored by transport
experiments. The three-dimensional Dirac nodes and resultant

(a) Sie:0 GPa

(b) Sis: 15 GPa (c) NaSie: 0 GPa (d) NaSie: 15 GPa

FIG. 7. Fermi surfaces of (a) P6/m-Sig at 0 GPa, (b) P6/m-Sig at
15 GPa, (c) P6/m-NaSig at 0 GPa, and (d) P6/m-NaSig at 150 GPa
are shown, respectively. The Fermi surface is the surface of constant
energy in the first BZ which separates occupied from unoccupied
electron states at zero temperature. Electronic band structure ob-
tained from first-principles calculations using DFT.

arc-shaped surface states are supposed to induce a unique
field-direction dependence in Shubnikov—de Haas oscillations
[49]. The chiral anomaly associated with Weyl nodes sug-
gests the following interesting properties: (i) A large negative
magnetoresistance is found when an external magnetic field
is parallel to a current direction [50,51]; (ii) Thermoelectric
properties depends on the relative direction between an exter-
nal magnetic field and a temperature gradient [52]; (iii) The
giant planar Hall effect is expected when a current direction
is not parallel to a magnetic field direction in plane [53,54].
By measuring variations of the above properties upon external
pressure, the proposed topological phase transition can be
experimentally probed, similar to Ref. [48].

IV. CONCLUSIONS

In summary, we have proposed that P6/m-Sig and
P6/m-NaSig crystals are superconducting topological Dirac
semimetals at ambient pressure with Z, = 1. The two gapless
bulk Dirac nodes appear at —0.4832 eV and —0.9546 eV for
the former and at —1.1740 eV and —1.1770 eV for the latter
below the Fermi level. With hole doping, the Fermi level may
be lowered to one of the two Dirac node energies for experi-
mental signatures of the topological phase. The gapless Dirac
nodes are protected by the crystal rotational symmetry in the
presence of time-reversal symmetry. The topological Dirac
semimetal phase for the crystals becomes topologically triv-
ial beyond a critical external pressure. This pressure-induced
topological phase transition retains superconductivity and the
original crystal symmetry group. The coexistence of a topo-
logical Dirac semimetal state and a superconducting state in
the present crystals, along with a pressure-induced topological
phase transition, will provide an interesting platform to study
the interplay between topology in electronic structure and
superconductivity.
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APPENDIX A: ATOMIC STRUCTURE OF P6/m-Si

The crystal structure information discussed in the main
text was obtained by the first-principles electronic structure
calculation method.
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FIG. 8. (a) Top view and (b) side view of the atomic structure of
P6/m-Sig. P6/m-Sis can be obtained by removing Na atoms from
P6/m-NaSig. (c) First Brillouin zone (BZ) of P6/m-Sis. I', M, A,
and L points are time-reversal invariant momentum points, which are
related to Z, topological invariant calculation especially for crystals
with inversion symmetry. P6/m (space group No. 175) is belong to
the hexagonal Bravais lattice crystal system. The space group No.
175 has inversion symmetry.

APPENDIX B: BAND STRUCTURES OF P6/m-NaSis AND
P6/m-Sig

The results of the first-principles electronic structure cal-
culation are shown in the figure.

APPENDIX C: Z, TOPOLOGICAL INVARIANT
CALCULATIONS

The topological phase of band structure can be classified by
calculating topological invariant. The hybrid Wannier charge
center flow technique, which is equivalent to the Wilson loop
method. To investigate the topological nature of the electronic
states, we obtained maximally localized Wannier functions
using the WANNIERQO code[53] (see Fig. 9) and performed
hybrid Wannier charge center flow calculations. With this
Wannier model, the symmetry properties and Z, topological
invariant could be directly computed. Z, topological invari-
ants were calculated by observing hybrid Wannier charge
center flows. The topological surface states were calculated
using the Green’s function approach, as implemented in the
WannierTools code [41].

TABLE III. Parities at time-reversal invariant momentum points
of P6/m-Sig and P6/m-NaSig at 0 GPa and 15 GPa.

P6/m-Si¢ P6/m-NaSig
k-point 0 GPa 15 GPa 0 GPa 15 GPa

r (0,0,0) + + - -
M, (0.5,0,0) + + - -
M, (0,0.5,0) + + - -
A (0,0, 0.5) + + - -
M; (0.5,0.5,0) + + - -
L, (0.5,0,0.5) - + + -
L, (0,0.5,0.5) - + + -
L; (0.5,0.5,0.5) - + + -

®

Energy (eV)

Energy (eV)

il

r MK r A L H A

-2

FIG. 9. First-principles bands (solid line) and Wannier bands
(red filled circles) of P6/m-Sig at (a) 0 GPa and (b) 15 GPa. In the
eV energy scale, there are no visible differences between two differ-
ent bands. Spin-orbit coupling is included.

TABLE II. Optimized lattice parameters and atomic coordinates of P6/m-Sis and P6/m-NaSis phases at external pressure (P) of 0 GPa

and 15 GPa, obtained from first-principles calculations using density-functional theory (DFT). Both P6/m-NaSis and P6/m-Sis phases are
hexagonal with ¢ = 8 = 90°, and y = 120°.

Material P (GPa) a=b(A) c(A) Atom x y z
P6/m-Sig 0 6.813 2.501 Si (6/) 0.154 0.733 0
P6/m-Sie 15 6.542 2.402 Si (6/) 0.145 0.725 0
P6/m-NaSig 0 6.755 2.444 Na (1b) 0 0 0.5
Si (6/) 0.145 0.710 0
P6/m-NaSig 15 6.536 2377 Na (1b) 0 0 0.5
Si (6/) 0.144 0.713 0
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TABLE IV. vy and v, (n = 1, 2, 3) for P6/m-Si, obtained from
hybrid Wannier charge center flow calculations, and corresponding
{k,} points and k-planes.

k, k-plane v
k;=0.0 ko-ks plane v=1
ki=0.5 ky-k; plane v =0
k,=0.0 ki-ks plane v=1
k,=0.5 ki-k; plane ;=0
k3=0.0 ki-k, plane v3=0
k3=0.5 ki-k, plane vi=1

(a) p:

S
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FIG. 10. Electronic band structure obtained from first-principles
calculations using DFT. In the presence of SOC, band structures of
P6/m-Sig at (a) 0 GPa and (b) 15 GPa and their projections on the the
Si p character are shown. According to the relative weight of in-plane
Si p character (p, + p,) and out-of-plane Si p character (p,) the band
colors were encoded as shown in the legend. The situation of band
inversion that occurs with changes in external pressure (>11.5 GPa)
can be seen, especially in the L-H-A interval.

Space group No. 175 (P6/m, hexagonal) has inversion
symmetry. Because of the existence of inversion symmetry in
both P6/m-Sig and P6/m-NaSie, the Fu-Kane parity criterion
can be used to easily calculate the Z, topological invariants.
We were able to obtain the same Z, topological invariants
for both P6/m-Sig and P6/m-NaSi¢ by using two different
methods, observing hybrid Wannier charge center flows and
investigating Fu-Kane parity criterion. vy is the strong topo-
logical index. v, (n =1, 2, 3) are weak topological indices.
Table IV shows the example for P6/m-Sig at 0 GPa. From the
hybrid Wannier charge center flow calculations, we calculated
v, (n=1,2,3). v is obtained by

Vo=v; + V] =v+ v, =v3+1; mod?2, (CD

and thus we have (vo; vjvjv}) = (1;001). Therefore, P6/m-
Sig at 0 GPa has a strong topological nature. Similarly, we find
that P6/m-NaSie at 0 GPa has a strong topological nature.

APPENDIX D: Si-Si BOND LENGTHS IN THE SLAB
GEOMETRY

The relaxed atomic structure of the slab structure was ob-
tained by first-principles calculations.

2.56 . . .
°€ 2.54
£ 252
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& 250
T o248
38
o 246
o
O 244
2.42 ' ' '

0 5 10 15 20
Atomic layers

FIG. 11. Si-Si bond lengths, formed in the z direction also de-
noted by out-of-plane (oop bond lengths) from the hexagonal plane,
in the relaxed 40-layer P6/m-Siq slab are shown. Position of the sur-
face along the out-of-plane, is set to be zero. Dashed line represents
the Si-Si bond length in the unrelaxed slab.
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