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Recent experiments have demonstrated a method for extracting the depairing current of nanowires fabricated
from thin-film dirty superconductors using the AC response of DC-current biased resonators. While the existing
theoretical model for understanding this response, developed by Clem and Kogan, provides agreement with
Eilenberger-Usadel theory at low temperatures, there is a systematic and substantial deviation from theory at
elevated temperatures. We propose that the DC bias in the presence of electromagnetic oscillations leads to
Joule heating in the superconductor. This heating, combined with the strong electron-electron scattering in these
heavily disordered materials, leads to oscillations in the effective temperature of the superconductor which alter
the kinetic inductance. In this work, we derive the expression for the shift in kinetic inductance in the presence of
a bias current and demonstrate that this model provides a significantly improved agreement between experiment
and theory.
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I. INTRODUCTION

The critical depairing current, Id , and its dependence on
temperature are important characteristics of superconducting
nanowire single-photon detectors (SNSPD), but these prop-
erties are difficult to measure. Despite considerable effort, in
real devices, the magnitude of the bias current above which
the nanowire goes normal, named the switching current Isw,
is less than the critical depairing current, Isw � Id , with the
typical ratio 0.5 � Isw/Id � 0.8. This ratio is called the con-
striction factor, C = Isw/Id , and it is known to correlate with
the variance of wire width connected with wire edge imper-
fections [1–3]. An experimental technique to determine the
critical depairing current in thin superconducting nanowires
was recently demonstrated by Frasca et al. [4]. This method
measures the resonant frequency of superconducting half-
wave coplanar waveguide resonator structures while carrying
a finite DC bias current in order to extract the shift in ki-
netic inductance as a function of bias current from no bias
current up to the switching current. To extract the depairing
current, the experimental data is fit according to the theo-
retical calculation of the kinetic inductance for the response
to a small alternating current under different bias and tem-
perature conditions. The theoretical dependence calculated
by Clem and Kogan (CK) [5] based on the solution of the
Eilenberger-Usadel equations for the two asymptotic limits of
either fast relaxation/slow experiment or slow relaxation/fast
experiment is then used for fitting the experimental data. For
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both of these asymptotic limits, the depairing current is the
single free fitting parameter.

The validity range for the above-mentioned asymptotic
models remains somewhat imprecise. The fast relaxation
model of CK is valid provided that the slowest of the relevant
relaxation processes is faster than the frequency of alternating
electric field, ω � min{1/τi} (slow experiment), where the
index i labels the relevant internal relaxation times [6–8].
Conversely, for the slow relaxation model the validity crite-
rion is ω � max{1/τi} (fast experiment). In the intermediate
frequency range, there are a number of possible responses de-
pending on the relationships between the various 1/τi and ω,
but the overall range of frequencies for the region between the
fast and slow relaxation regimes is expected to be relatively
small. Based on the solution of the simplified time-dependent
Ginzburg-Landau (TDGL) equations with the single relax-
ation time τs rather than several intrinsic relaxation times,
Clem and Kogan derived the expression for the response in the
intermediate regime, correctly reproducing the results of both
models within their validity ranges, and also bridging across
these limits via smoothly varying interpolation.

After the original experimental work [4], we subsequently
reanalyzed the original data and additional data collected on
WSi samples [1] and found that the fitting based on the
CK model extracts the correct critical depairing current only
in the low temperature limit T → 0. At elevated temper-
atures (T � 0.3Tc, with Tc being the critical temperature),
the temperature dependence of the experimentally extracted
Id (T ) based on the CK model exhibits a systematic and
substantial deviation from the theoretical temperature de-
pendence calculated by Kupriyanov and Lukichev [9]. The
reason for this deviation, which was observed in all studied
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samples of NbN and WSi nanowires, has not been previously
explained.

The direct measurement of the critical depairing current is
a crucial tool for superconducting nanowire characterization
both for understanding fabrication quality [1] and for mak-
ing quantitative comparisons between the SNSPD detection
mechanism theory [10–12] and experiment [13]. Therefore, it
is important to understand the reasons for the apparent failure
of the CK model at elevated temperatures. The objective of
this paper is to analyze this discrepancy between theory and
experiment in detail. In Sec. II we review the existing CK
theory and demonstrate its failure to generate agreement be-
tween experiment and theory over a wide temperature range.
We subsequently show that normalization of the data from
all samples leads to a universal form of this error and basic
extensions of the CK model are incapable of removing the
discrepancy between theory and experiment. We hypothesize
that in the experimental regimes studied to date [1,4], Joule
heating occurs due to the interaction of the finite resistive
component of the impedance of the nanowire with the driv-
ing alternating field, and that the dynamics of this energy
exchange are important to understanding the response of the
superconducting system. In Sec. III we derive a generalized
CK fast relaxation model which includes the effect of temper-
ature oscillations in the small signal limit. Section IV contains
a discussion of the modified CK-T -oscillations model and
a detailed comparison of experiment with theory, showing
a substantial improvement in the agreement between exper-
iment and theory.

II. KINETIC IMPEDANCE AND DEPAIRING IN THIN
SUPERCONDUCTING NANOWIRES IN THE ABSENCE

OF TEMPERATURE OSCILLATIONS

The general result [5] for the DC-current-dependent kinetic
inductance, Lk (q, T ), can be written in the form

Lk (q, T )

Lk (0, T )
= 1

ωμ0λ
2
0(T )

Im(Zks). (1)

Here Zks is complex kinetic impedivity, q = 2mvs/h̄ is the
superfluid momentum, and ω, μ0, and λ0(T ) are the frequency
of the alternating electric field, magnetic permeability of free
space, and material weak field London magnetic penetration
depth at zero current, respectively. In the definition of su-
perfluid momentum, m is the electron mass and vs is the
superfluid velocity.

Model of Clem and Kogan

Using simplified TDGL equations, Clem and Kogan de-
rive the expression for the complex kinetic impedivity in the
Ginzburg-Landau (GL) limit in the form

ZGL
ks = iωμ0λ

2
0(T )

F GL
s + F GL

f iωτeff

1 + iωτeff
, (2)

where τeff = 1
2 F GL

s τs,

τs = π h̄

8kB(Tc − T )
(3)

is the order parameter relaxation time, h̄ is the reduced Planck
constant, kB is the Boltzmann constant, and Tc is the critical
temperature. The functions F GL

s and F GL
f are the GL limits

of the more general expressions Fs and Ff , defining the ki-
netic inductivity in the limits of slow and fast experiment as
Lk (q,T )
Lk (0,T ) = F{s, f }( |Ib|

Id (T ) ), where Ib is the bias current. The general
expressions are

Fs

( |Ib|
Id (T )

)
= λ−2

0 (T )

[
d

dq

(
q

λ2
q(T )

)]−1

, (4)

Ff

( |Īb|
Id (T )

)
= ns0(T )

nsq̄(T )
, (5)

where nsq̄(T ) is the superfluid density at q and T where the bar
denotes time averaging. The subscript q in λq(T ) indicates the
dependence on the penetration depth on q. These functions of
q and T were found [5] by solving the Usadel equations nu-
merically. Their GL limits were derived analytically [5]. The
corresponding expressions are

F GL
s (x) = 1

2 cos [2φ(x)/3] − 1
, (6)

F GL
f (x) = 3

1 + 2 cos [2φ(x)/3]
, (7)

where φ(x) = arcsin x. The simple expression (2) derived
under the usual constraints of the GL approach describes
both the low and high microwave frequency limits (slow and
fast experiments, respectively) and it might be also useful
in providing sensible interpolation between the two limits
ωτeff � 1 and ωτeff � 1. Moreover, because a direct compar-
ison between the functions Fs, Ff and their GL counterparts
F GL

s , F GL
f reveals that their difference over the whole range of

temperatures and currents up to Isw is small, typically less than
2%, we expect that it is not unreasonable to keep the result (2)
replacing F GL

s , F GL
f by Fs, Ff as sensible interpolation for the

whole range of temperatures as suggested by CK [5], leading
to

Zks = iωμ0λ
2
0(T )

Fs + Ff iωτeff

1 + iωτeff
. (8)

To compare theory and experiment throughout this work,
we use the data collected by Frasca et al. [4] and Colangelo
et al. [1]. To apply the CK model, we start by estimating
the magnitude of the parameter ωτeff . Taking a microwave
frequency of 2 GHz and Tc=8.65 K for NbN wires and 2 K <

Tc < 3.5 K for WSi wires we arrive at characteristic values
for this parameter in the range of 0.005–0.015 for the NbN
from Frasca et al., 0.01–0.03 for the WSi with Tc = 3.5 K
from Frasca et al., and 0.05–0.1 for the WSi with Tc = 2 K
from Colangelo et al. Therefore, for all but the WSi wires
with Tc=2 K the fast relaxation/slow experiment CK model
can be used with high accuracy. This is consistent with a
previous analysis [4] where direct comparison reveals that a
much better fit of Lk (q,T )

Lk (0,T ) is achieved with the fast relaxation
model. Figure 1 illustrates the comparison between theory and
experiment of the temperature-dependent depairing current
extracted from the CK models for NbN and WSi nanowires.
The T dependence shown by the blue curves was derived from
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FIG. 1. Critical depairing current derived from the CK slow
experiment/fast relaxation model (blue), CK fast experiment/slow
relaxation model (green), and CK simplified TDGL model (red) for a
140 nm NbN wire [4] and 200-nm-wide WSi wire [4]. The simplified
TDGL model coincides with the fast relaxation model. The expecta-
tion based on theory and material parameters [9] is shown in black,
indicating a significant deviation from the expected fast relaxation
model results. The dashed black line in the NbN plot shows the same
theoretical temperature dependence but with Id (0) scaled to 48.0 µA
to match the experimental data.

experimental data using the CK fast relaxation/slow experi-
ment model, the green curve shows the T dependence derived
from the CK slow relaxation/fast experiment model, and the
red curve shows the CK TDGL-based model. As expected, the
TDGL-based model generates an Id (T ) curve which nearly
coincides with the fast relaxation/slow experiment result for
both NbN and WSi wires. The solid black line indicates the
theoretical curve [9] based on the numerical solution of the
Usadel equations and the measured material parameters for
each of the samples. A substantial discrepancy between the
CK-derived and theoretical Id (T ) is evident.

There are two aspects of this deviation which should be
considered separately. First is the deviation between the zero
temperature depairing current

Id (0) = 1.491eN (0)[�(0)]3/2
√

D/h̄ wd (9)

and the value extrapolated to zero temperature from the ex-
perimental data and the CK model. In this expression, e is the
elementary charge, N (0) = (2e2DR�d )−1 is the single-spin
electron density of states at the Fermi level in the normal state,
�(0) = 1.764kBTc is the magnitude of the superconducting

FIG. 2. Normalized critical depairing current derived from the
CK fast relaxation model vs temperature for 120-nm- (39.0 µA)
and 140-nm- (48.0 µA) wide NbN wires [4], 120-nm- (16.8 µA),
160-nm- (23.7 µA), and 200-nm- (30.3 µA) wide WSi wires [4], and
a lower Tc 80-nm (3.62 µA) WSi* wire [1]. The asterisk is used
to indicate the lower Tc WSi stoichiometry. The currents listed in
parentheses by each nanowire width indicate the value of Id (0) used
for normalization.

gap at zero temperature, D is the diffusion coefficient, R� is
the sheet resistance, w is the width, and d is the thickness. The
deviation between theory and experiment at zero temperature
is particularly evident for the NbN sample at approximately
5%, but it should be noted that the diffusion coefficient used
in that calculation was from the literature and not directly
measured for that sample and could be a substantial source
of error.

The second deviation, and the one which is the focus of
this work, is in the temperature dependence of Id (T ). While
Id (0) is strongly dependent on the particular material pa-
rameters of the device, when normalized as Id (T )/Id (0) and
T/Tc, the theoretical dependence has a universal form [9].
Therefore, while deviations in Id (0) can easily be understood
to be consistent with theory under the assumption of im-
perfect or incomplete measurement of material parameters,
the deviation between the temperature dependence of theory
and experiment presents a serious problem for the CK model
used in the experimental fitting procedure. To illustrate this,
Fig. 2 shows the difference between theory and the Id (T ) de-
rived from measurements using the CK fast relaxation model
for several NbN and WSi nanowires of different widths, all
falling within the validity range of the fast relaxation model,
in dimensionless units. The normalization of Id (T ) was per-
formed by extrapolating the experimentally extracted Id to
zero temperature to determine Id (0) rather than using material
parameters and Eq. (9). All curves fall into a universal form
with a substantial deviation from theory. This is the problem
we seek to address in this work.

It is natural to first explore simple modifications to the CK
model in an attempt to reconcile this discrepancy. The CK
approach uses the standard TDGL timescale for interpolat-
ing between the fast and slow relaxation regimes. Extending
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this to the generalized TDGL approach [14,15] which mod-
ifies the timescale of relaxation does not improve the fitting
for realistic values of the scattering times as shown in Ap-
pendix A. Another modification is to study the effect of the
presence of additional pair breakers in the material using the
Abrikosov-Gor’kov theory [16] within the CK formalism, but
this approach also fails to reconcile theory with experiment as
demonstrated in Appendix B. Given the failure of these two
approaches, it is clear that a more fundamental change to the
model formulation is required.

III. KINETIC IMPEDANCE AND DEPAIRING IN THIN
SUPERCONDUCTING NANOWIRES: EFFECT

OF TEMPERATURE OSCILLATIONS

In this section we generalize the fast relaxation the-
ory of Clem and Kogan by incorporating the effect of
thermal oscillations induced in a current-carrying supercon-
ductor by an alternating electric field through the use of the
two-temperature model. The use of temperature oscillations
explicitly assumes that the electron-electron interactions oc-
cur much faster than the driving frequency ωτee � 1 in order
for the excited quasiparticle distribution to be described by
a thermalized distribution, where τee is the electron-electron
relaxation time. Our estimates under the conditions discussed
in the Supplemental Material [17] indicate that ωτee � 1 for
T � 0.3 − 0.35Tc for the materials investigated in Refs. [1,4]
which is the precisely the regime where there is a significant
deviation in the temperature dependence of Id (T ) of theory
compared to experiment. While the formal requirement of
ωτee � 1 is not strictly satisfied for the full temperature range
of interest, the estimate that ωτee � 1 indicates that at least
partial thermalization is expected to occur. Given the dra-
matic simplification of the problem and the at least partial
justification of the approach, we proceed with using the two-
temperature model. Furthermore, our approach assumes that
the oscillation frequency is slow with respect to the relevant
timescale of superconductor relaxation. A better approxima-
tion is to use the assumption of quasiequilibrated electrons
and nonequilibrium phonons; however, we expect it to provide
only a marginal improvement for the frequency range and ma-
terial parameters under consideration. Beyond these limits, the
more complicated approach of using the full nonequilibrium
response of the electrons and phonons is needed.

In the limit of a small oscillating bias current, the tempera-
ture oscillations are assumed to have a form

Te(t ) = Te0 + δTeeiωt , (10)

Tph(t ) = Tph0 + δTpheiωt , (11)

where Te,ph(t ) is the time-dependent temperature, Te0,ph0 is
a constant baseline temperature, and δTe,ph is the complex
amplitude of the oscillating contribution of the temperature
for the electron and phonon systems, respectively. In the en-
ergy balance equations, we can neglect the spatial derivatives
(thermal conductivity terms) because the length scale of the
corresponding temperature gradients is on the order of the RF
wavelength, which is several hundred micrometers in these

structures. This leads to the equations

∂Ee(q, Te)

∂t
= E0

γ

∫ ∞

0
dε ε3ν(ε)

[
N0

ε (Tph) − N0
ε (Te)

]
+ �j(t ) �E (t ) (12)

and

∂Tph

∂t
= − T 4

ph − T 4
sub

4τescT 3
ph

− 15

4π4

T 4
c

T 3
ph

∫ ∞

0
dε ε3ν(ε)

× [
N0

ε (Tph) − N0
ε (Te)

]
. (13)

Here Ee(q, Te) is the electronic energy density depending on
both supermomentum and temperature, E0 = 4N (0)k2

BT 2
c , N0

ε

is the Planck distribution function, ν(ε) is the phonon-electron
scattering rate, �j(t ) is the current density, �E (t ) is the electric
field, τesc is the phonon escape time, Tsub is the substrate (bath)
temperature, and the parameter γ = (π4/15)Ce(Tc)/Cph(Tc)
is proportional to the ratio of the electron and phonon heat
capacities [Ce(T ) and Cph(T ), respectively] at Tc. For conve-
nience in subsequent transformations, in the energy balance
Eqs. (12) and (13) the terms describing the energy exchange
between electrons and phonons are written (with the appropri-
ate signs) in the form of energy transfer rates from phonons to
quasiparticles.

In the limit of small temperature oscillations, keeping
terms to first order in δTe and δTph, and taking Te0 = Tph0 =
Tsub = T because there is not sufficient AC Joule heating
to raise the average temperature of the electron or phonon
systems, we arrive at the temperature variation equations

∂Ee(q, T )

∂T
iωδTeeiωt + ∂Ee(q, T )

∂q

dq

dt

= �j(t ) �E (t ) + E0

γ

∫ ∞

0
dε ε3ν(ε)

∂N0
ε

∂T
(δTph − δTe)eiωt

(14)

and (
iω + 1

τesc
+ 1

τ2

)
δTph = 1

τ2
δTe (15)

for the electron and phonon systems, respectively. Here we
introduce the second timescale

1

τ2
≡ 15

4π4

T 4
c

T 3

∫ ∞

0
dε ε3ν(ε)

∂N0
ε

∂T
(16)

to simplify the phonon equation. The expression for ν(ε)
can be derived from the phonon-electron collision integral to
describe the energy exchange between the two systems within
the two-temperature model. We obtain

ν(ε) = γ

τ0kBTc

1

N0
ε

{∫ ε−εg

εg

dε1M(ε1,−(ε − ε1))n0
ε1

n0
ε−ε1

+ 2
∫ ∞

εg

dε1M(ε1, ε + ε1)
(
1 − n0

ε1

)
n0

ε+ε1

}
, (17)

where τ0 is the characteristic electron-phonon interaction time
[6] and n0

εi
is the equilibrium Fermi distribution function. The

expression for the function M is M(ε,±ε1) = N1(ε)N1(ε1) ∓
R2(ε)R2(ε1). For a current-carrying superconductor, N1 and
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R2 are found through the numerical solution of the Usadel
equations. For a normal metal, taking εg = 0, M(ε, ε1) = 1,
performing the integration in (17) and then in (16), we obtain
τ2 ≡ τ0π

4

450γ ζ (5)
Tc
T .

Finally, we write the phonon temperature modulation as

δTph =
1
τ2(

iω + 1
τesc

+ 1
τ2

)δTe. (18)

We can substitute (18) back into the electron temperature
equation (14) to obtain an expression for the electron tem-
perature oscillations. Rearranging this in terms of the time
derivative of Te through dTe

dt = iωδTeeiωt , we arrive at

dTe/Tc

dt
= iω

�j(t ) �E (t ) − ∂Ee(q,T )
∂q

dq
dt(

∂Ee(q,T )
∂ (T/Tc ) iω + 4π4

15γ

(
T
Tc

)3 E0
τ2

iω+ 1
τesc

iω+ 1
τesc

+ 1
τ2

) . (19)

To continue, we must define the form of oscillations in
the electric field �E (t ). For simplicity, we consider the one-
dimensional case as done by Clem and Kogan and neglect the
vector notation for superfluid momentum q, electric field E ,
and current j. We start by defining the current according to

js(t ) = js0 + js1(t ) = js0 + j′s1eiωt , (20)

where js0 is the DC supercurrent, js1(t ) is the oscillating
part of the supercurrent, and j′s1 is the amplitude of current
oscillations. Following the definition

E = Zks js1 = (Rks + iωLk ) js1, (21)

where Rks is the resistivity, we rewrite the kinetic inductance
(1) in the form

Lk = 1

ω
Im

(
E

js1

)
. (22)

For a one-dimensional wire carrying uniform current, we have
[5]

E = − φ0

2π

dq

dt
(23)

and using the sinusoidal variation of js1

js1 = 1

iω

d jsq[T (t )]

dt
(24)

with the notation of CK [5] where the subscript to jsq denotes
the supercurrent for a given value of q, we arrive at the fol-
lowing definition of the kinetic inductance:

Lk = 1

ω
Im

(
− φ0

2π

dq
dt

1
iω

d jsq[T (t )]
dt

)
= − φ0

2π
Re

(
dq
dt

d jsq[T (t )]
dt

)
, (25)

where φ0 is the flux quantum. If we expand the time derivative
of the supercurrent, we have

d jsq[T (t )]

dt
= ∂ jsq(T )

∂q

dq

dt
+ ∂ jsq(T )

∂T

dT

dt
. (26)

The definition of the supercurrent

jsq(T ) = − φ0

2π

q

μ0λ2
q(T )

= − φ0

2π

q

μ0λ
2
0(0)

nsq(T )

ns0(0)
(27)

allows us to rewrite the derivative terms as

∂

∂q
jsq(T ) = − φ0

2π

1

μ0λ
2
0(0)

∂

∂q

[
q nsq(T )

ns0(0)

]
(28)

and

∂

∂T
jsq(T ) = − φ0

2π

q

μ0λ
2
0(0)

∂

∂T

[
nsq(T )

ns0(0)

]
. (29)

Introducing these into the definition of the kinetic inductance,
we get

Lk (q, T )

Lk (0, 0)
= Re

⎛
⎝ 1

∂
∂q

[ q nsq (T )
ns0(0)

] + q ∂
∂T

[ nsq (T )
ns0(0)

]
dT
dt /

dq
dt

⎞
⎠. (30)

In the absence of temperature oscillations, the second term in
the denominator of (30) goes to zero and the result converges
to the CK expression for the fast relaxation model (4). We now
introduce dimensionless units as indicated by a tilde: tempera-
ture in units of Tc, superfluid velocity in units qm(0) = ξ−1(0),
where ξ (0) is the coherence length at T = 0, supercurrent
density in units of the theoretical depairing current density
jd (0) at T = 0 (9), and electronic energy density in units of
E0. Using the expression for electron temperature oscillations
(19) for the temperature oscillation term, substituting (23) into
Joule heat term, and noting that the temperature values for the
non-time-dependent terms refer to the substrate temperature
T̃ = T̃sub, we finally arrive at

Lk
(
q̃, T̃

)
Lk (0, 0)

= Re

⎛
⎜⎜⎜⎜⎜⎜⎝

1

∂
∂ q̃

[
q̃ nsq (T̃ )
ns0(0)

]
+ q̃ ∂

∂T̃

[
nsq (T̃ )
ns0(0)

]
0.5799| j̃sq (T̃ )|− ∂Ẽe (q̃,T̃ )

∂ q̃(
∂Ẽe (T̃ ,q̃)

∂T̃
+ 4π4

15γ
T̃ 3 1

iωτ2

(1+ 1
iωτesc )

(1+ 1
iωτesc

+ 1
iωτ2 )

)

⎞
⎟⎟⎟⎟⎟⎟⎠

, (31)

where we use the convention q̃ � 0 and include the absolute
value of j̃sq(T̃ ) to ensure the correct sign of that term.

IV. DISCUSSION

The derivation of our final result (31) appears to be a
natural extension of the Clem and Kogan theory [5] in the

limit where the superconductor remains in an equilibrium
state (fast relaxation/slow experiment) at all times. The only
essential assumption made so far was the incorporation of
small temperature oscillations occurring due to Joule heat-
ing by an alternating electric field. Such oscillations occur
naturally if the period of the alternating field is slow in com-
parison with the characteristic inelastic scattering time of the
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electronic system. The possibility for this to happen on the
timescale of single scattering events with small energy trans-
fer in the case of quasielastic scattering is demonstrated in
the Supplemental Material [17] for a normal disordered metal
provided that the nonequilibrium state is induced by a spa-
tially homogeneous low-frequency electric field. It is sensible
to assume that this is also true for quasiparticle equilibration
in a disordered superconductor. The linear response regime
corresponds to the situation where the amplitude of the mean
energy/temperature oscillations is small relative to equilib-
rium temperature kBT . Therefore, in the small signal limit, the
number of available thermally excited quasiparticles within a
given spectral region exceeds the number of nonequilibrium
excitations.

A. Comparison with experiment

Use of the temperature oscillation enhanced formulation
of the kinetic inductance (31) to interpret experimental results
is only justified when the experimental data is measured in
the small-signal limit. In both experiments, the AC driving
excitations were at the nanoampere level, which was verified
not to suppress the switching current of the devices. Fur-
thermore, the experiments of Frasca et al. [4] demonstrated
that the measured resonant frequencies of the devices were
insensitive to further reduction of the driving excitation. This
is consistent with our expectation based on the linear response
analysis used to derive (31) where the result is independent of
the amplitude of the driving AC signal.

Using the enhanced formulation for the kinetic inductance
(31), we can compare the temperature dependence of the
experimentally extracted depairing current to theory. For all
of our fits, we numerically calculate the electron-phonon scat-
tering rate ν(ε) for a superconductor based on Eq. (17) rather
than use the simple analytical form for a normal metal. As
with the standard CK model fitting procedure, Id is the only
free parameter used when fitting the experimental shift in
kinetic inductance with bias current. For the NbN samples of
[4], we use the material parameters Tc = 8.65 K, τesc = 20 ps,
γ = 20, and τ0 = 1.8 ns. For the WSi samples of [4], we
use the material parameters Tc = 3.5 K, τesc = 50 ps, γ = 60,
and τ0 = 9.1 ns. Finally, for the MIR optimized WSi mate-
rial of [1], we use Tc = 2.01 K, τesc = 50 ps, γ = 182, and
τ0 = 48 ns. For both sets of experiments, the superconductors
were deposited on SiO2, which enters the model through the
estimated phonon escape time.

The extracted depairing current for these different mate-
rials is shown in normalized units as depairing current vs
temperature in Fig. 3. Normalization was performed by using
the same Id (0) values as used in Fig. 2. When compared to
Fig. 2, it is clear that the incorporation of temperature oscilla-
tions improves the quality of the fitting for all of the devices.
In particular, the deviation between theory and experiment
in the region T > 0.3Tc is substantially reduced. As T → 0,
there is minimal change to the extracted depairing current
based on the shift in kinetic inductance with bias current.

Our refined theory’s impact on the extracted depairing cur-
rent directly influences the constriction factor extracted using
this method. Previous estimates of the depairing current using
the CK fast relaxation model at elevated temperatures are sys-

FIG. 3. Comparison of the extracted Id (T ) using the temperature
oscillation enhanced CK fast relaxation model for the NbN and WSi
results of Frasca et al. [4] and the 80-nm-wide WSi∗ of Colangelo
et al. [1] with the predictions of theory (black). Compared to the
results of the standard CK fast relaxation model shown in Fig. 2,
there is a significant improvement in the agreement between theory
and experiment. The normalization factor Id (0) was the same as used
in Fig. 2 for all of the devices.

tematically larger than the expected value of Id (T ) based on
theory and our refined model. This leads to underestimating
the constriction factor and calculating the wrong tempera-
ture dependence, which makes the experimentally extracted
reduction in constriction factor with increasing temperature
appear more pronounced than it is. This is demonstrated in
Fig. 4 where we plot the constriction factor extracted using the
CK fast relaxation model compared to the constriction factor
extracted using our refined model for a selection of samples
from Refs. [1,4]. The correct measurement of the temperature
dependence of the constriction factor and switching current is
especially important for providing a means of testing models
describing the switching of current-carrying superconducting
nanowires to the normal state.

Measurements of the critical depairing current for wires of
different widths fabricated from the same material with the
same processing quality is also believed to provide important
information about the properties of the edges of the nanowires.
Plotting Id vs wire width for different bath temperatures
0 � T/Tc � 1 reveals an offset width in the extrapolated zero
current intercept of the width vs Id curve [1,4]. The presence
of an offset is qualitatively consistent with a lateral N-S-N
or S-S′-S proximity effect resulting in the active area of the
nanowire being smaller than the true wire width as discussed
in Refs. [18,19]. However, this interpretation is potentially
prone to error for the same reason as the temperature depen-
dence of the constriction factor deduced from the CK model.
By accounting for temperature oscillations while processing
the experimental data both in [4] and [1], the derived Id (T )
shifts closer to the theoretical curve, but the impact on the
extracted offset is actually minimal because all of the curves
used to generate the linear fit shift in a similar way at a
given temperature (see Supplemental Material [17]). As fu-
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FIG. 4. Comparison of the extracted constriction factor for NbN
and WSi nanowires using the CK fast relaxation model (dashed)
and the temperature oscillation enhanced model (solid). Results are
shown for a selection of NbN and WSi samples from Frasca et al.
[4] and the 80-nm-wide WSi∗ device from Colangelo et al. [1].
The trends are qualitatively the same as previously extracted, but
the magnitude of the decrease in constriction factor with increasing
temperature is smaller than initially estimated.

ture resonator measurements shed light on the nature of the
edge properties of superconducting nanowires, appropriately
accounting for temperature oscillations when extracting the
shift in kinetic inductance modeling will be necessary.

While our refined model of the kinetic inductance for dirty
superconductors provides a marked improvement over the CK
model, there are still deviations which occur. Part of this is
expected to be measurement noise and the associated errors in
the extracted kinetic inductance as a function of temperature
and bias current. The lateral proximity effect may contribute
to the remaining deviations, but this is expected to have min-
imal impact for nanowires with widths much larger than the
twice coherence length. This is why we focused on the widest
nanowires studied in Refs. [1,4] for our analysis. There is
also uncertainty in the material parameters (τ0, γ , and τesc),
which could contribute to the residual error between theory
and experiment. However, analysis of the experimental data
using a range of these parameters shows that the formulation
is largely insensitive to their exact values, so this is unlikely to
be a dominant source of error, as demonstrated in Appendix C.
Residual error might also be caused by only partial thermal-
ization of the electron and phonon systems. Finally, at lower
temperatures the validity of the two-temperature model, used
for simplicity, may also become questionable.

B. Implications for resonator experiments

The uncertainty in the material parameters (τ0, γ , and τesc)
can increase the potential error in the measured depairing
current. Partial thermalization of the electron and phonon
systems can also increase the error of using this method by
violating one of the core assumptions of the temperature os-
cillation model. Therefore, it is advantageous to understand

FIG. 5. Frequency dependence of the kinetic inductance shift
with bias current as measured by the supermomentum q where the
kinetic inductance increases by 30% compared to the zero current
value. The results are shown for the NbN material parameters of
Ref. [4]. The filled circles indicate the predictions of the CK fast
relaxation model while the lines show the predictions of the temper-
ature oscillation enhanced model.

the regimes where the temperature oscillation model can be
simplified to the CK fast relaxation model to determine how
future experiments should be performed in order to achieve
optimal results. Intuitively, reducing the test frequency ω can
bring the system to an operating point where the energy of
Joule heating can dissipate through the phonon system to the
substrate, leaving the electron and phonon temperatures at
Tsub, which satisfies the condition of the CK fast relaxation
model. Using our final result (31), we can estimate the fre-
quency dependence of the shift in kinetic inductance with bias
current in order to understand the operating regimes where the
CK model can be used. To do this requires selecting a criterion
for evaluating the shift in kinetic inductance. For convenience,
we choose this metric to be the value of the q̃ such that
the shift in Lk (q̃, T̃ ) compared to Lk (q̃ = 0, T̃ ) is equal to
1.3. The value of 1.3 was chosen to approximately match the
maximum shift in kinetic inductance observed in Ref. [4], but
its precise value has little impact on the frequency dependence
of the results. Defining this value as q̃Lk (q̃,T̃ )/Lk (0,T̃ )=1.3, in
Fig. 5 we plot the result as a function for frequency for the
material parameters of the NbN devices studied in Ref. [4]
at the temperatures used to probe that device. The CK fast
relaxation model results are indicated by the solid circles at
a frequency of 1 MHz. For temperatures T̃ � 0.35, there is
a clear region where the response transitions from the CK
fast relaxation model at lower frequencies to a higher value
of q̃ at higher frequencies. This transition occurs in the tens
of megahertz at lower temperatures up to the gigahertz range
upon approach to Tc.

The implication of this result is that operating a resonator
in a regime where the CK fast relaxation model applies
for all temperature would require designing a device with a
resonant frequency around 10 MHz. The problem with this
approach is that decreasing the resonant frequency for a given
resonator design requires fabricating proportionally longer
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devices, which increases the likelihood of constrictions which
reduce the switching current. The reduced switching current
restricts the range of depairing current fraction which can
be experimentally probed, and this increases the uncertainty
and error in the extracted Id . While fabricating such a long
device seems infeasible, Fig. 5 shows that operating a device
in the low hundreds of megahertz could provide a test of
the regime where temperature oscillations can be neglected
near Tc with a transition to the temperature oscillation regime
around ∼Tc/2. Such an experiment would be a valuable test of
the applicability of the temperature oscillation enhanced CK
fast relaxation model.

V. CONCLUSION

The distribution of excited quasiparticles in a supercon-
ducting thin film must inevitably shift in response to an
external alternating electric field due to Joule heating. When
the driving frequency is sufficiently low that these excitations
have time to thermalize, this response can be characterized
by oscillations in the electron temperature of the system. By
accounting for these temperature oscillations, we derive a
revised form for the shift in kinetic inductance as a func-
tion of bias current and use this to extract the depairing
current for recent experiments on NbN and WSi nanowires
[1,4]. Compared to previous methods, our approach provides
a substantially improved agreement between the theoretical
and experimentally derived temperature dependence of the
depairing current for these thin-film dirty superconductors.
Our refinement to the Clem and Kogan model [5] is necessary
to accurately extract the constriction factor from experimen-
tal measurements and evaluate the quality of nanofabrication
techniques. It may also prove useful in the proper design
of microwave superconducting circuits where DC bias-based
shifts in kinetic impedance are used as a frequency tuning tool.
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APPENDIX A: MODIFICATION OF THE CLEM AND
KOGAN MODEL: IMPLICATIONS

OF GENERALIZED TDGL

Clem and Kogan derived the kinetic impedivity following
the standard TDGL model. It is worth analyzing the trends
of the fits while allowing τeff to change, i.e., replacing τeff

by τ̃eff = τeff�(q, T ), where we incorporate the dependence
on both the bias current and the temperature. τ̃eff occurs in the
generalized TDGL equations [14,15] and can be written in the
form above with

�(q, T ) =
√

1 + 4|�(q, T )|2τsc(T )2/h̄2, (A1)

FIG. 6. Comparison of the generalized TDGL CK model with
temperature-independent scattering times τsc ranging from 0 ps (CK
slow experiment/fast relaxation) to 60 ps for a 140-nm-wide NbN
nanowire [4]. The theory curve uses Id (0) = 48.0 µA, which is ob-
tained by extrapolating the experimental results using the CK fast
relaxation model to T = 0.

where τsc(T ) is the inelastic scattering time for electrons and
�(q, T ) is the order parameter with the q dependence explic-
itly highlighted. The validity of generalized TDGL theory is
the requirement ω, Dk2 � τ−1

sc , i.e., variations in space and
time are slow [15], which is fulfilled for the experiments that
we discuss. Figure 6 shows the extracted Id (T ) for the 140-
nm-wide NbN nanowire using the generalized TDGL model
for different fixed τsc(T ) in the range of 0 – 60 ps.

The expected dependence for both factors �(q, T ) and τsc

under the square root in (A1) is to decrease with increasing
temperature. Therefore, a more realistic expectation would be
a curve starting at the black fast relaxation curve near Tc and
gradually moving closer to the colored curves with decreasing
T depending on the actual magnitude of τsc(T ). This behavior
is distinctively different from the theoretical critical depairing
current. Using τ̃eff (T ) as a free fitting parameter in (8) one can
obtain a nearly perfect fit for Id (T ) in order to observe what
trends in τ̃eff (T ) are needed to match this model with exper-
iment. The best fit τ̃eff (T ), τs(T ) and the required τsc(T ) are
shown in Fig. 7. The main feature is that the required τsc(T )
must increase with T as shown by the red curve. Scaling
the zero temperature depairing current [(Id (0)] does alter the
temperature dependence of the extracted scattering times, but
unreasonably large decreases in Id (0) are needed to achieve a
τsc(T ) that decreases monotonically with increasing tempera-
ture. It is hard to think of any physical mechanism by which
τsc would exhibit this behavior at these low temperatures apart
from some resonant scattering. Moreover it is unlikely that
this scattering is present in both NbN and WSi. Also if we
include a comparison between the magnitudes of the required
best fit τsc and the expected τsc at T � Tc we find the fitted
value of τsc is significantly larger than expected. Summariz-
ing, the use of both the standard and the generalized TDGL
under the framework of the CK model of kinetic impedivity
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FIG. 7. Scattering timescales required to fit the extracted Id (T ) to
the theoretical temperature dependence for the 140-nm NbN sample
of Ref. [4]. Symbols with solid lines correspond to Id (0) = 48.0 µA
while the symbols with dashed lines correspond to Id (0) scaled by
0.9. The solid black line shows τs as given by Eq. (3).

fail to reproduce the theoretical temperature dependence of
critical depairing current of superconducting nanowires.

APPENDIX B: MODIFICATION OF THE CLEM AND
KOGAN MODEL: MAGNETIC IMPURITIES/EXTRA

PAIR-BREAKER EFFECT

One of the questions that requires special analysis to an-
swer is the effect of extra pair breakers, such as paramagnetic
impurities, on kinetic inductance. This can be done using
the Abrikosov-Gor’kov theory [16] along the general lines
suggested by Clem and Kogan by combining the supercurrent-
induced depairing rate, Q = 1

2 Dq2, and the depairing rate
due to magnetic impurity scattering, �. By summing these
contributions we proceed with the calculation of the change
in kinetic inductance with bias current and temperature. To
determine whether additional pair breaking might be respon-
sible for the apparent deviation between experiment and
theory, we calculate the normalized shift in kinetic inductance
Lk (q, T, �)/Lk (0, T, �) with different values of the parame-
ter � and Tc,matrix. The meaning of the parameter Tc,matrix is that
we assume that the film may contain an undetected number
of pair breakers such that the measured critical temperature
corresponds to a certain pair-breaking rate, described by �,
bringing Tc,matrix down to the zero current Tc(q = 0), which
matches experiment. In this terminology, Tc,matrix represents
the critical temperature of the material if there were no ex-
tra pair breakers, i.e., � = 0. By fitting the resulting kinetic
inductance shift to experimental results, the temperature de-
pendence of the extracted depairing current can be compared
to theory for different values of pair breaking.

Figure 8 shows the extracted depairing current with tem-
perature for different values of the parameter � and Tc,matrix

which correspond to a Tc of 8.65 K for the 140 nm wide
NbN device. There is very little shift in the shape of this
extracted temperature dependence of the depairing current

FIG. 8. Comparison of the impact of the scattering parameter �

on the extracted Id (T ) for the 140-nm-wide NbN results from [4].
The numerical solutions of the Usadel equations for � = 0 (black)
and � = 0.5 with the depairing current at T = 0 normalized to
48.0 µA are shown to compare the impact of � on the shape of
the Id (T ) curve. The value � = 0.5 corresponds to Tc,matrix = 15.1 K.
The value of Id (T = 0, � = 0.5) has been scaled to 48.0 µA to com-
pare the shape of the curve Id (T, � = 0.5) to Id (T, � = 0).

when accounting for pair-breakers. Moreover, the difference
between the extracted dependencies and theoretical curves
normalized to the same zero temperature critical depairing
current increases with �. Thus, the transformation of the
curves with increasing � is in the wrong direction, which
apparently excludes extra pair-breakers as the source of the
observed ‘anomalous’ behavior.

FIG. 9. Comparison of the extracted Id (T ) using the temperature
oscillation enhanced CK slow experiment/fast relaxation model for
the 140-nm NbN sample of Ref. [4] for a range of values for the
electron-phonon coupling timescale τ0.
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APPENDIX C: SENSITIVITY TO MATERIAL
PARAMETERS

Due to the uncertainty in the material parameters used
to extract the depairing current through the temperature os-
cillation enhanced kinetic inductance formulation (31), it is
worth repeating the fitting using a range of material param-
eters in order to determine the sensitivity. We focus on the
140-nm-wide NbN sample from Ref. [4]. Figure 9 shows the
extracted depairing current with temperature for a range of
τ0 with Tc = 8.65 K, τesc = 20 ps, and γ = 20. In the limit
of ωτ2 � 1, the results converge, but do not match the CK
fast relaxation model due to the presence of oscillations in
the phonon temperature. For τ0 � 10 ns, the curves converge,
as there is no appreciable coupling between the electron and
phonon systems. In the intermediate range there is a transition
between these two extremes, with the transition occurring at
different values of τ0 for different temperatures. At larger
temperatures, the transition occurs at longer timescales while

at lower temperatures, the transition occurs for smaller values
of τ0. The phonon escape time τesc and phonon heat capacity
parameter γ have an even smaller impact on the extracted
depairing current once τ0 is constrained to a reasonable range
of values. Each of these parameters has only a small impact
at the highest temperatures, T/Tc > 0.6, because that is the
regime where the electron system is well thermalized with
the phonon system so changes in the phonon system response
become relevant. No combination of material parameters
(τ0, γ , τesc) is able to completely reconcile the experimentally
extracted depairing current with the theoretical temperature
dependence in the temperature range of 0.3 < T/Tc < 0.6.
Only by assuming a 5% increase in the true Tc compared
to the measured Tc is it possible to achieve a near-exact fit
over the entire temperature range measured in experiment,
but this is larger than the uncertainty of the Tc measure-
ment and is not interpreted as an indication of measurement
error.
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