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Quantitative spin-dependent electron-electron interaction to calculate
the superconducting parameters μ and λ
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The spin-dependent Kukkonen-Overhauser (KO) effective electron-electron interaction in electron gas with a
deformable background is used to calculate the BCS superconducting parameters μ, μ∗, and λ. The density
and spin local field factors are utilized to incorporate the quantitative effects of exchange and correlation.
The repulsive parameter μ is compared to results using the historical Thomas-Fermi or nearly equivalent
random phase approximation (RPA) interactions. The resulting μ using the KO interaction is 45% larger at
rs = 1.65; rising to 153% larger at rs = 5.62. Retardation reduces the effective repulsion, but μ∗ is still 20 − 25%
larger. The predicted superconducting transition temperature would be reduced by 5 − 20% using the McMillan
formula. The attractive superconducting parameter λ, which depends on the electron-test charge interaction and
the phonon spectrum, is also calculated using simple Debye-based models for phonon dispersion. This leads to
a larger value of λ than the same calculation using Thomas-Fermi or RPA interactions. Modern calculations of
the phonon dispersion relations are often done using density functional theory. With the proper exchange and
correlation kernel, the self-consistency of the method should yield the correct phonon dispersion relation and
electron-phonon matrix elements. If the Thomas-Fermi or RPA interactions are used at any stage, the results for
λ are probably quantitatively inaccurate.
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I. INTRODUCTION

The equation for the spin-dependent effective electron-
electron interaction in three-dimensional electron gas was
derived in the local mean field approximation by Kukkonen
and Overhauser (KO) [1] and was made quantitative using
local field factors from quantum Monte Carlo calculations
by Kukkonen and Chen [2]. The effective electron-electron
interaction in a deformable background is given by
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This is the interaction to be used for calculating matrix ele-
ments between two electrons with moment k1 and k2 = k1 + q
and spins σ1 and σ2, differing in energy h̄ω. The density
local field factor G+ and the spin local field factor G− are
wave vector and frequency dependent and the static local field
factors are quantitatively given in Ref. [2]. The local field
factors depend on the electron density n which is character-
ized by rs(n = 4π (rsa0)3/3), where a0 is the Bohr radius.
Q = v�0, where v is the Coulomb interaction v = 4πe2/q2

and �0 is the Lindhard function. The wave vector and fre-
quency dependence will not be indicated unless necessary.
The word effective should be understood when discussing
all of the interactions. N is the density and M is the mass
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of the background (ions), Ze is their charge, and ωq is the
dispersion relation of longitudinal excitations (phonons) of
the background. For the derivation of Eq. (1), see Sec. VII
of Refs. [2,3]. Equation (1) is based on linear response and
mean-field theory, which have limitations but incorporate the
essential physics of electrons in the uniform electron gas
including exchange and correlation, as well as the screening
effects of the deformable background (phonons).

The first term is the same as the electron-electron inter-
action in a rigid background. It is purely repulsive at low
frequencies. For electrons with opposite spins, the dot product
is negative and the spin-dependent term adds to the repulsion.
For electrons with the same spin, the dot product is positive
and the electron-electron interaction is less repulsive. For
electrons with the same spins, the wave functions must be
properly antisymmetric. This term is completely specified by
the electron density and both local field factors.

The second term, which is attractive for ω < ωq, results
from additional screening by the deformable background.
The quantity in parentheses is simply the electron-test charge
interaction. While both local field factors appear in the spin-
dependent first term in parentheses, this term depends only on
the electron density, the density local field factor, and on the
characteristics of the deformable background.

The form of Eq. (1) is exactly the same used by Pines [4]
and many others subsequently to calculate the superconduct-
ing transition temperature for BCS superconductivity. The
difference is that the electron-electron and the electron-test
charge interactions in Eq. (1) include the effects of exchange
and correlation, and that the deformable lattice screening
was derived simply from an elastic medium without explic-
itly introducing phonons. Setting both local field factors to
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zero yields the Lindhard interaction or random phase ap-
proximation (RPA) interaction, which Pines approximated by
the Thomas-Fermi interaction where the electron-electron,
electron-test charge, and test charge-test charge interactions
are all the same. In this case, Eq. (1) is identical to that
used by Pines. A Fermi surface average of the repulsive
electron-electron term for opposite spins became known as the
superconducting parameter μ, and the average of the attractive
second term due to the deformable background (phonons)
became λ. The goal was to be able to calculate the super-
conducting transition temperature based on properties of the
normal metal.

Morel and Anderson [5] recognized that the Coulomb po-
tential was essentially instantaneous and electrons moved at
the Fermi velocity, while the deformable background had a
much smaller speed of sound. This meant that the interaction
between the two electrons in a Cooper pair was retarded in
time. Morel and Anderson used an approximate solution to
the Eliashberg equations [6] to capture this effect, and this led
to a renormalized less repulsive interaction μ∗ which depends
on μ and the ratio of the Fermi temperature to the Debye
temperature.

McMillan [7] anticipated that “given certain properties
of the normal state of a given metal, we could calculate
its superconducting properties, e.g., Tc, with an accuracy of
1%.” McMillan approximately solved the Eliashberg equa-
tions for strong coupling, incorporated μ∗, and fitted his
result to known superconductors at the time and developed
the famous McMillan formula Eq. (4) for the transition tem-
perature, which depends only on normal state properties μ∗
and λ. Eliashberg theory has been the cornerstone of phonon-
mediated superconductivity theory and has been recently
reviewed by Marsiglio [8]. It is far beyond the limited scope
of this paper.

Morel and Anderson and McMillan (and many others at
the time) developed their theories based on the Thomas-Fermi
approximation or the RPA, which treat all screened interac-
tions identically. This gives the correct notional physics but,
as these authors recognized, it is necessary to use the correct
interactions in a quantitative theory. The correct interactions
for the uniform electron gas were not available at that time,
but are quantitatively available now and discussed in the Ap-
pendix.

Early calculations on superconductivity were done using
the semiclassical Thomas-Fermi theory partly because the
required integrals can be done analytically. The quantum
Lindhard approximation, also known as the RPA, has been
used extensively as well. The Thomas-Fermi and RPA are
very close to each other, as shown in Fig. 10 in the Appendix.
Neither include the effects of exchange and correlation. In
this paper, the superconducting parameters calculated with the
Thomas-Fermi interaction are compared to those using the
correct electron-electron and electron-test charge interactions
which include exchange and correlation. The comparisons
using the RPA are essentially the same, and the same con-
clusions hold. This will show the quantitative effects on the
superconducting parameters and the resulting calculated tran-
sition temperature using the McMillan formula. There is no
serious attempt to compare with experiment and no consid-
eration of effective masses, background dielectric constants,

quasiparticle renormalization or other factors that are required
for comparison with experiments.

Density functional theory has been elaborated to include
superconductivity, and this technique has been used ex-
tensively to calculate superconductivity in unqiue materials
[9,10]. The density local field factor G+ is an input to these
calculations which is sufficient to calculate the test charge-
test charge and electron-test charge interactions needed for
calculations of phonon spectra.

An ab initio Eliashberg theory was developed to incorpo-
rate full-scale Coulomb interactions from first principles [11]
into superconducting density functional theory, thus avoiding
any free parameters like μ∗. The RPA was used to calculate
electron-electron matrix elements. The author of this paper
has contacted the lead author of Ref. [11], who has now used
the KO interaction in the Eliashberg approach. The predicted
superconducting transition temperature is reduced compared
to the RPA as found in this paper, and full results will be
reported in a subsequent publication.

The local field factors are crucial for quantitative calcu-
lations, and they have been studied for many years. Their
behavior at small and large wave vectors are fixed by sum
rules and there have been many attempts to quantify them
[2,12–14]. Quantum Monte Carlo calculations are considered
the best source of wave-vector dependence for the static local
field factors [2,14]. The frequency dependence of the local
field factors has been considered only rarely [12,13] and is
usually ignored.

At the opposite extreme of superconductivity at low tem-
peratures, there have been recent path integral Monte Carlo
calculations of the uniform electron gas at temperatures near
the Fermi temperature and above, which are applicable to
warm dense matter [15,16]. The density local field factor has
been calculated as a function of temperature, and used to
calculate the effective potential between two electrons. The
authors conclude that results predicted by the KO effective
potential [Eq. (1)] are accurate and that the path integral
Monte Carlo results constitute a small improvement.

The KO effective electron-electron interaction [Eq. (1)]
was derived simply and intuitively. The local field factors in
Ref. [2] are also very simple and quite accurate for wave
vectors up to 2 kF . These are used in all the calculations
below. More accurate local field factors should be used if the
calculations require wave vectors above 2 kF .

To use Eq. (1) for the electron-proton gas, the equilibrium
density rs and the dispersion relationship ωq are needed. At
small q, the dispersion relationship is determined by the bulk
modulus B as discussed in Ref. [2]:

ω2
q = Bq2

NM
. (2)

The bulk modulus is taken from experimental data for the
known metals.

Section II briefly presents the results of early work on
calculating the superconducting transition temperature and
shows how the electron-electron interaction in the normal
state is used to predict superconductivity.

The repulsive superconducting parameters μ and μ∗ are
calculated in Sec. III using both KO and Thomas-Fermi in-
teractions. The attractive parameter λ is calculated in Sec. IV
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using three identical phonon dispersion relations to show the
difference between λ calculated with the correct electron-test
charge interaction and the Thomas-Fermi interaction. The
sensitivity of the transition temperature calculated using the
McMillan formula to these changes in μ∗ and λ are discussed
in Sec. V.

Section VI discusses the results and points out the limita-
tions of the simple model for the phonons used in this paper.
The alkali metals are used as an example and current results
are compared to other calculations.

II. THE EFFECTIVE ELECTRON-ELECTRON
INTERACTION AND SUPERCONDUCTIVITY

In 1958, shortly after the BCS theory was published,
Pines [4] calculated the quantity N0V that appears in the
exponent for the transition temperature in the weak coupling
limit and

Tc = 0.85 �D exp

(
− 1

N0V

)
. (3)

V is the sum of the electron-electron repulsion and the attrac-
tive term due to the phonons in the normal state averaged over
the Fermi surface, N0 is the electronic density of states at the
Fermi surface, and �D is the Debye temperature. This formula
was used by Ashcroft [17] in his seminal paper on supercon-
ductivity in metallic hydrogen. Note that Pines considered the
static interaction (ω = 0) and defined V with a minus sign
compared to the convention used here.

The KO interaction was not available to Pines, and he
used the Thomas-Fermi interaction for all screened Coulomb
interactions. Pines used the Bohm-Staver [18] sound speed for
noninteracting electrons, a Debye model for the phonons for
wave vectors up to the Debye wave vector, and a different
approximation to reflect umklapp scattering from the Debye
wave vector to 2kF .

The Pines approach is simple and intuitive. Pines specified
the average over the Fermi surface, which is simple for the
spherical symmetry which he assumed and we follow. The
average of the repulsive term has become known as the su-
perconducting parameter μ and the average of the attractive
term is λ.

Hundreds of papers followed BCS and Pines. The two main
and parallel goals of early research were to derive BCS theory
using more formal many-body techniques, and also to apply
the theory to the many metals that exhibited superconductiv-
ity. The simple connection N0V = (λ − μ) of Pines evolved
to become the McMillan formula.

McMillan [7] considered the strong coupling limit and
fitted Tc to an analytic function in terms of coupling constants
λ and μ∗. The resulting formula is

Tc = �D

1.45
exp

( −1.04(1 + λ)

λ − μ∗(1 − 0.62λ)

)
. (4)

μ∗ was introduced by Morel and Anderson [5] to account for
retardation and is given by

μ∗ = μ

1 + μ ln
( TF

�D

) , (5)

where TF is the Fermi temperature.

The McMillan formula was derived to fit the large group
of then-known superconducting metals and alloys. μ∗ was
calculated using the Thomas-Fermi approximation for the
electron-electron interaction and known Debye temperatures,
and found to be insensitive to the particular metal, and was
largely assumed to be a constant with a value about 0.1 for all
metals. The focus became λ which requires knowledge of the
phonon spectra, as well as the electron-test charge interaction.

Pines, Morel and Anderson, and McMillan used the
Thomas-Fermi interaction for all the screened Coulomb in-
teractions in their calculations. However, they recognized that
more was needed. Morel and Anderson [5] stated that their
work was “based on the assumption that the screening radius
of the electron-ion interaction is the same as the screening ra-
dius of the direct coulomb interactions between electrons and
may be estimated on the basis of the Thomas Fermi model.
This assumption is very much open to doubt....” McMillan
[7] stated the necessary properties of the normal state needed
to calculate the superconducting transition temperature are
“(a) the electron energy bands near the Fermi energy, (b)
the phonon dispersion curves, (c) the fully dressed (screened)
electron-phonon interaction matrix elements and (d) the fully
dressed Coulomb interaction between electrons.”

Now that the local field factors are accurately known from
quantum Monte Carlo calculations, the effect of exchange
and correlation can be simply incorporated into all supercon-
ductivity calculations. The KO interaction, Eq. (1), is used
to calculate μ and λ (using a simple approximation for the
phonons). The results are compared to the Thomas-Fermi and
RPA approximations (which are very close to each other)
and ignore exchange and correlation. The RPA is obtained by
setting all the local field factors to zero in Eq. (1).

The field of superconductivity calculations has advanced
considerably. An ab initio theory of superconductivity has
been developed using the density functional formalism with
diagrammatic many-body perturbation theory to construct
approximate exchange correlation functionals [9,10]. They
find “unprecedented agreement with experimental results” for
elemental superconductors using the Thomas-Fermi approxi-
mation. Another paper [11] on “Ab-initio Eliashberg Theory
... takes into account the Coulomb interaction in a full energy-
resolved fashion avoiding any free parameters like μ∗”. Using
the Thomas-Fermi interaction, their calculations validate the
McMillan value of μ∗ = 0.11. The effect of using a correct
interaction instead of Thomas-Fermi in this approach is un-
known.

III. REPULSIVE SUPERCONDUCTING PARAMETER μ

Exchange and correlation in the electron gas make
the repulsive electron-electron interaction stronger than the
Thomas-Fermi interaction VTF, and this inhibits superconduc-
tivity. The quantum mechanical version of the semiclassical
Thomas-Fermi interaction is the Lindhard interaction, also
known as the RPA, VRPA. They are identical at q = 0, nearly
the same at finite q, and are compared for rs = 3.25 in the
Appendix. The superconducting parameter μ is the average
over the Fermi surface which is simply the density of states
multiplied by the integral of the electron-electron interac-
tion times q/(2 kF )2 from 0 to 2 kF [4]. The free electron
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FIG. 1. Repulsive superconducting parameter μ of the uniform
electron gas including exchange and correlation compared to the
value calculated using the Thomas-Fermi (with essentially the same
results as the RPA interaction) as a function of rs.

density of states for both spins is given by N0 = m kF /h̄2π2 =
q2

TF/4πe2 = 1/VTF(q = 0):

μ = N0

∫ 2kF

0

q dq

(2 kF )2
V↑↓(q) . (6)

For the uniform electron gas, the electron-electron interaction
is completely specified by Eq. (1) and the local field fac-
tors given in Ref. [2]. The Thomas-Fermi interaction is also
known, and the integrals are straightforward. The results are
shown in Fig. 1.

The repulsive superconducting parameter μ calculated
with the KO electron-electron interaction given in Eq. (1)
is much larger than the value calculated using the RPA and
Thomas-Fermi interaction, and shown in Fig. 1. This is obvi-
ous because the correct electron-electron interaction is much
larger than the RPA. See the Appendix for a specific example
at rs = 3.25.

To calculate μ∗ requires both the Fermi temperature and
the Debye temperature which represents the phonons. The
Fermi temperature was calculated at the density of the metals
and the Debye temperature is given for representative elemen-
tal superconductors in Ref. [19] and for the alkali metals, most
of which are not superconducting. The results are shown in
Fig. 2. In a real metal, there is a background dielectric constant
εB and effective mass corrections due to band structure and
many-body effects in the electron gas. The effective Bohr
radius is given by aB = h̄2εB/m e2, and this determines the
effective density of the electron gas in the metal. In addition,
there may be other many-body effects such as the quasi-
particle renormalization factor zk . The present paper ignores
all these effects. The intent is to show the difference in μ∗
when the effective electron-electron interaction is used rather
than the Thomas-Fermi or RPA when other factors are held
constant. The results are shown in Fig. 2.

The value of μ∗ calculated using the full electron-electron
interaction shows the same trend as with the Thomas-Fermi
interaction, but is only 20 − 25% larger. It has been previously

FIG. 2. Morel-Anderson effective repulsive parameter μ∗ cal-
culated using the KO electron-electron interaction (solid line)
compared to the Thomas-Fermi (or RPA) interaction (dashed line).
The top data are calculated at the densities of the alkali metals: hy-
drogen, lithium, sodium, potassium, rubidium, and cesium. The lines
between them are simply a guide to the eye. Representative elemental
superconductors shown are aluminum, gallium, tin, lead, indium,
and mercury in increasing order of rs. There are no corrections for
effective mass, dielectric background, or other factors. See text for
further caveats. The input values for hydrogen rs = 1.65 are from
the literature and discussed in Sec. V.

assumed that μ∗ was roughly a constant as a function of
density with a value of 0.1, which simplified some analyses.
The calculation of μ∗ for the alkali metals, which have more
free-electron like behavior, is also shown because they have
a larger range of rs. For all the alkali metals μ∗ is nearly a
constant with a value of μ∗ = 0.14 ± 0.05.

The point of Figs. 1 and 2 is to show that both μ and μ∗
differ substantially when calculated using the KO interaction
that includes exchange and correlation compared to the RPA
and Thomas-Fermi and RPA interactions that do not.

The sensitivity of the McMillan superconducting transition
temperature to changes in μ∗ is shown in Fig. 3.

Figure 3 simply quantifies the changes that are obvious
upon inspection of the McMillan equation. If λ is relatively
small, the transition temperature is very sensitive to μ∗ and it
is less sensitive for larger λ. Figure 2 shows that μ∗ is roughly
20% higher than the Thomas-Fermi value. This would lead to
a 5 − 60% reduction in Tc predicted by the McMillan formula
for a given value of λ. The difference is even larger compared
to the often used constant value of μ∗ = 0.1.

IV. ATRACTIVE SUPERCONDUCTING PARAMETER λ

In simple models, the attractive superconducting parameter
λ is the same weighted average of the attractive part of the KO
interaction given by the second term in Eq. (1) at ω = 0:

λ = N0

∫ 2kF

0

q dq

(2 kF )2
Vet(q)2Z2 Nq2

Mω2
q

. (7)
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FIG. 3. Sensitivity of the superconducting transition temperature
Tc to changes in the repulsive superconducting parameter μ∗ for
given values of the attractive parameter λ using the McMillan for-
mula. Tc is normalized to the value calculated for μ∗ = 0.1.

ZVet is the screened interaction between an electron and ion
with charge Ze (see definition in the Appendix).

The expression for λ has two components, the electron-
test charge interaction and the excitation spectrum ωq. This
term is also known as the phonon propagator multiplied by the
electron-phonon vertex [3]. The electron-phonon interaction
and its use in calculations of superconductivity are reviewed
in Ref. [20].

Although at q = 0, the electron-test charge interaction Vet

is identically equal to the Thomas-Fermi and RPA interac-
tions, Vet is larger at finite q and then converges above 2 kF ,
which reflects the effects of exchange and correlation. This
is shown in Fig. 10 in the Appendix. The effect on λ is even
larger because the attractive term in Eq. (1) depends on V 2

et ,
which accentuates the difference.

Following Pines [4] and Seiden [21], a Debye model of the
phonons [18] is employed. The small q (long wavelength) be-
havior is specified by the bulk modulus, but the q dependence
at larger q must be approximated. The Debye wave vector kD

is the maximum phonon wave vector. It is determined by the
density of ions N which is equal to the density of electrons
(n) divided by the number of electrons per ion Z , N = n/Z =
k3

D/6π2. Note that kD = (2/Z )1/3kF , which equals 1.26 kF for
monovalent metals with Z = 1, kF for Z = 2, 0.87 kF for
Z = 3, and 0.79 kF for Z = 4. The Debye model has a linear
dispersion ω = (B/NM )1/2q, where (B/NM )1/2 is the speed
of sound. The maximum phonon frequency is at q = kD, and
the Debye temperature is defined as kB�D = h̄ωD = s kD =
h̄(B/NM )1/2kD.

The maximum phonon wave vector for normal scattering
for Z = 1 is at q = kD = 1.26kF . Above q = 1.26kF , there are
phonons available that can scatter electrons, but they do not
have a large enough wave vector to conserve momentum in
the scattering. Pines [4] and Ashcroft [17] simply assumed
there would be a mechanism for the ions or lattice to provide
momentum as in umklapp scattering, and that the dispersion
relation would remain constant above kD.

FIG. 4. Three simple dispersion relations based on the Debye
model. The solid line with short dash extension assumes that there
are phonons available to scatter electrons with momentum from zero
to 2 kF . The completely solid line represents the Debye model for
normal scattering. The solid line with long dash extension recog-
nizes that the highest energy phonon is at the Debye temperature,
but that phonons can continue to scatter electrons with momentum
conservation coming from the lattice (umklapp processes). This fig-
ure assumes Z = 1. The same approach is taken for different Z where
kD occurs at different values of q/kF as discussed in the text.

Since λ is the integral of (Vet/ωq)2, many different detailed
structures of the phonon spectrum can yield the same λ. The
goal is to compare the calculated λ using Vet and VTF using
exactly the same phonon dispersion relations. For this com-
parison, three simple dispersion relations are used. A simple
completely linear dispersion relationship is given by ωq = sq
for q = 0 − 2 kF , where s is the speed of sound. For normal
scattering, ωq = sq for q = 0 − kD. For normal plus umk-
lapp scattering, ωq = sq for q = 0 − kD, where kD = (2/Z )1/3

is the Debye wave vector and ωq = s kD for q = kD − 2kF .
These are shown in Fig. 4 for an example where Z = 1.

Since the frequency squared appears in the denominator,
the solid linear curve will predict a smaller λ than the dashed
curve which is used to crudely model umklapp scattering. The
linear curve should provide a weighting in the integral for λ

that is an approximation to the worst case or smallest λ. The
umklapp case is likely more realistic. Remember that the goal
is not to accurately calculate λ but to show the importance
of using the correct electron test charge interaction rather than
the Thomas-Fermi or RPA interactions. These dispersion rela-
tions represent universal functions of q/kF that scale directly
with the Debye temperature �D, which is determined by the
bulk modulus (or sound velocity). Therefore, λ is given by the
ratio of the bulk modulus of the free electron gas to the actual
bulk modulus times a universal function of rs and Z which is
completely determined by k f and kD:

λ = B0

B
λuniversal

= B0

B

(∫ kD

0

q dq

(2kF )2
V 2

et +
∫ 2 kF

kD

q dq

(2kF )2
V 2

et

(
q

kD

)2
)

. (8)
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FIG. 5. Universal attractive superconducting parameter λuniversal

from Eq. (8) for monovalent metals Z = 1. The results for the
electron-test charge interaction Vet are compared to the Thomas-
Fermi interaction for the three dispersion curves of Fig. 4. The top
curve is for normal plus umklapp scattering, the middle curve for
the linear dispersion relation, and the bottom curve is for normal
scattering only.

As an example, λuniversal is plotted in Fig. 5 for Z = 1 (kD =
1.26 kF ), where both the linear dispersion and umklapp dis-
persion relations are calculated using Vet and VTF.

The curves using Vet are substantially higher than VTF, and
increasingly so as a function of rs. The same curves were
generated for Z = 1 − 4 and the enhancement ratio λet/λTF

is shown in Fig. 6.
Figure 6 shows that for the three phonon dispersion rela-

tions and different values of Z , the value of λ calculated using

FIG. 6. Ratio of the attractive superconducting parameter λ cal-
culating using the electron-test charge interaction Vet compared to
those using the Thomas-Fermi interaction VTF, which is very close to
the RPA (Lindhard) interaction.

the electron-test charge interaction is substantially higher than
that using the Thomas-Fermi interaction. Both interactions
are identical at q = 0, but differ significantly at finite q. This
clearly demonstrates the importance of using the correct in-
teraction. Most superconducting metals have rs between 2.07
and 3.25. In this model, the calculation of λ using Vet would
be approximately 35% to 75% larger than that predicted by
the Thomas-Fermi interaction.

Modern calculations of the phonon dispersion relations are
performed using density functional theory. If the exchange-
correlation kernel is correct, then the self-consistent potentials
used to calculate the ion-ion and the electron-ion interac-
tions needed should also be correct. In any case, the phonon
dispersion relations can be compared to experiments. If the
same self-consistent potential is used to calculate the electron-
phonon matrix elements, then the value of λ should also be
correct. This is more difficult to compare with experiments.
If the Thomas-Fermi or RPA interactions are invoked at any
stage, the results are probably quantitatively in error.

V. IMPLICATIONS OF THE MCMILLAN EQUATION

McMillan [7] took the measured transition temperatures of
metals and the Debye temperature, and extracted λ using an
empirically derived value of μ∗ which he took to be 0.13 for
the transition metals and 0.1 for nearly free electron metals.
He and many others, previously and subsequently, attempted
to calculate λ from first principles. Since Tc was known and
μ∗ was assumed, the McMillan equation was solved for the
empirical λ, which became the target for first-principles calcu-
lations. If the calculation of λ predicted the observed transition
temperature, this validated the calculation. In the early days,
all screened Coulomb interactions were treated simply as the
bare Coulomb interaction divided by the dielectric function
which was calculated in the Thomas-Fermi or RPA approxi-
mation. The focus was on the phonon dispersion relations of
real metals that are needed to calculate λ.

Including exchange and correlation increases both μ∗ and
λ significantly over the Thomas-Fermi or RPA approxima-
tions as shown above. To show the impact on the calculation of
the superconducting transition temperature using the McMil-
lan formula, it is plotted below in Fig. 7.

Figure 7 shows that the exponential part of the McMil-
lan equation is roughly a linear function of λ for values of
μ∗ and λ of interest to conventional superconductors. An
example of the impact of using the KO interaction instead
of the Thomas-Fermi interaction can be illustrated by con-
sidering a fictitious metal that had μ∗ = 0.1 and λ = 0.8
calculated using the Thomas-Fermi interaction. The McMil-
lan equation would predict that Tc/(�D/1.45) = 0.056. Using
the KO interaction would predict that μ∗ = 0.12 and λ = 1.1
for the same phonon dispersion curve. This would predict
that Tc/(�D/1.45) = 0.088 which is 57% higher. If for this
fictitious metal, λ was calculated correctly using the self-
consistent electron-test charge from density functional theory
(which should be the same as Vet) for the matrix elements,
but used the Thomas-Fermi interaction to calculate μ∗ = 0.1
instead of 0.12, the resulting transition temperature would be
13% lower. The difference in using the Thomas-Fermi interac-
tion compared to the KO interaction is even more dramatic for
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FIG. 7. The McMillan equation [Eq. (4)] plotted versus λ for four
different values of μ∗.

small λ where the McMillan equation is exponential. Over the
years, different authors have suggested that the prefactor in the
McMillan equation, �D/1.45, should be somewhat different.
The conclusions above are independent of the prefactor.

In summary, using the KO interaction instead of the
Thomas-Fermi or RPA interactions which ignore exchange
and correlation has the effect of increasing the repulsive pa-
rameter μ∗ which inhibits superconductivity, but exchange
and correlation also increases the attractive parameter λ which
enhances superconductivity. The increase in λ is significantly
larger than the increase in μ∗, so the net predicted transition
temperature would be substantially larger.

VI. DISCUSSION AND LIMITATIONS

With quantitative knowledge of the uniform electron gas
interactions and a simple Debye model for the phonons, the
conducting parameters μ, μ∗, and λ can be calculated with
only the inputs of the electron density rs and the bulk modulus
(or, equivalently, the sound velocity). The bulk modulus can
be measured or calculated, as can the Debye temperature.

The limitations of this model for the phonons become
apparent when considering the alkali metals. The density (rs)
and bulk modulus of each is known and the superconducting
parameters can be calculated. Theorists have made extensive
calculations on hydrogen. Ashcroft, in 1969, [17] originally
suggested that hypothetical metallic hydrogen might exist at
rs about 1.6. He further calculated the compressibility, which
is the inverse of the bulk modulus, and predicted that because
of its light mass, the Debye temperature would be 3500 K.
He first suggested that metallic hydrogen would be a high
temperature superconductor. In 1987, Ceperley and Alder [22]
performed quantum Monte Carlo calculations of the proper-
ties of solid hydrogen at high pressures. They found an atomic
metallic phase and calculated the energy and pressure as a
function of rs for both bcc and fcc lattices. The energy mini-
mum for was approximately rs = 1.6−1.7. The bulk modulus
can be estimated by differentiating the pressure curve. Both

FIG. 8. Ratio of the free electron bulk modulus to the calculated
value for the electron-proton gas and the measured values [23] for
the other alkali metals at their densities. The solid line is simply a
guide to the eye.

results are consistent with rs = 1.65 and B = 150 GPa. This
is also consistent with the Debye temperature of 3500 K. Fig-
ure 8 shows the ratio of the free electron bulk modulus to the
measured [23] or calculated bulk modulus for hydrogen and
the alkali metals.

Using these values, the superconducting parameters for this
version of the hypothetical metallic hydrogen were calculated
and are shown in Fig. 9, along with those of the known alkali
metals.

FIG. 9. The KO interaction [Eq. (1)] is used to calculate the
repulsive supercomputing parameter μ∗ as a function of rs, the at-
tractive supercomputing parameter λ using the three simple model
phonon dispersion relations shown in Fig. 4, and using the bulk
moduli shown in Fig. 8. The lines are simply a guide to the eye.
N is for normal scattering only without umklapp scattering, L is for
a completely linear dispersion relationship, and N + U is for normal
plus umklapp.
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The repulsive parameter μ∗ in Fig. 9 is the same as shown
in Fig. 2 and varies only slightly in the range 0.135−0.145 and
is included for easy comparison to the attractive parameter λ.
The values of λ in Fig. 9 are the product of the universal λ of
Fig. 4 which increase with rs and the bulk modulus ratio B0/B
of Fig. 8 which decrease rapidly with rs. The N + U values of
λ might be expected to be most accurate.

The first conclusion of examining Fig. 9 is that λ − μ∗ is
positive for all the alkali metals, which implies all of them
should be superconducting. This is also true if the Thomas-
Fermi approximation is used. Morel and Anderson noted this
problem [5].

There has been considerable theoretical work on metal-
lic hydrogen and lithium initially focusing on λ. Previous
theoretical values of λ of metallic hydrogen ranged from
15 − 90% higher than λ for N + U = 0.815 calculated here
[24–26]. Using λ = 0.815 and μ∗ = 0.135 in the McMillan
equation predicts a superconducting transition temperature of
105 K, which is quite high but lower than that of previous
calculations.

Lithium is the only alkali metal that has exhibited super-
conductivity at ambient pressure. The transition temperature
is very low: Tc = 0.4 mK [27]. Detailed lithium calculations
by Liu and Quong [28] found λ = 0.45 and they concluded
that μ∗ = 0.28 was required in the McMillan formula to agree
with experiment. Lithium was also examined using density
functional theory extended to the superconducting state [29].
They found λ = 0.38 and that μ∗ = 0.23 was required to
achieve agreement with their results at all pressures. Richard-
son and Ashcroft [30] found that μ∗ = 0.237 was required.
These values of λ are lower than calculated here for N + U ,
whereas μ∗ is much higher. Note again that the current calcu-
lations do not consider effective mass, background dielectric
constant, renormalization factors, etc.

It is clear from examining the Morel and Anderson equa-
tion for μ∗ [Eq. (5)] that the above values of μ∗ are not
possible for any plausible values of μ or �D. Akashi and Arita
[31] calculated that plasma assisted phonon scattering could
explain the data for lithium. The authors of Ref. [32] found
that “the suppression of the critical temperature is entirely due
to the re-normalized Fermi liquid properties” and “conclude
that the original interpretation of μ∗ by Morel and Anderson
is incorrect and misleading.” They also state that “Our results
call for radical reconsideration of the widely accepted picture
that the effect of Coulomb interactions reduces to a (weak)
repulsive pseudo-potential.”

It appears that there remain unresolved issues in the pursuit
of quantitative predictions of the superconducting transition
temperature using the BCS theory, the Morel and Anderson
μ∗, and the McMillan equation.

VII. CONCLUSIONS

The primary goal of this paper is to compare calculations
of the superconducting parameters μ and λ using electron-
electron and electron-test charge interactions that include
exchange and correlation through local field factors to the
same calculations using the Thomas-Fermi (and nearly equiv-
alent RPA) interaction. The KO interaction, Eq. (1), which
depends on rs and both the density local field factor G+ and

the spin local field factor G−, is used to calculate μ, which is
found to be substantially larger than the Thomas-Fermi result.
The differences are reduced when using the Morel Anderson
μ∗, which depends also on the Debye temperature. In typical
cases, the KO interaction increases μ∗ by about 20% over the
Thomas-Fermi result. Using the McMillan formula, this re-
sults in a 5−60% lower predicted superconducting transition
temperature, depending on the value of λ.

The attractive superconducting parameter λ depends both
on the phonon spectrum and the electron-test charge (electron-
phonon) matrix elements. Both of these elements require only
the density local field factor G+. Early investigators used
the Thomas-Fermi interaction, which ignores the exchange
and correlation (G+ = 0) instead of Vet. Both are the same
at q = 0, but Vet is substantially larger at larger q, which is
the region of greatest weight when averaging over the Fermi
surface. The correct value of λ is 35 − 75% or more larger
than that calculated with the Thomas-Fermi interaction. Most
modern calculations of λ use density functional theory. If the
exchange and correlation kernel used is correct, and the matrix
elements are calculated using the self-consistent potential,
these calculations of λ should be accurate.

The conclusion is that calculations using the Thomas-
Fermi (or RPA) interaction may yield qualitative results, but
not quantitative results for superconductivity properties. The
local field factors are quite well-known and simple to apply,
so there is no reason to make other approximations such as
Thomas-Fermi or RPA.
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APPENDIX: QUANTITATIVE EVALUATION OF
DIFFERENT INTERACTIONS IN THE UNIFORM

ELECTRON GAS

The Thomas-Fermi and RPA/Lindhard interactions were
used to represent screened interactions for many years before
the effects of exchange and correlation were well-known.
They are sometimes used even today because they are simple.
This Appendix is intended for nonexperts to illustrate the
substantial quantitative difference between these interactions
and the correct interactions that incorporate exchange and
correlation.

It is now well established that the interactions between two
test charges (ions or protons), an electron and a test charge,
between two electrons of opposite spins, and two electrons
with parallel spins are all different.

A Coulomb charge introduced into the electron gas induces
a screening cloud of opposite charge that creates an additional
electric potential that reduces the bare Coulomb potential
from the original charge. This electric potential is what is
felt by another test charge and defines the dielectric function.
An electron interacting with an external charge also feels the
Coulomb potential but has additional interactions with the
screening cloud because the electron is identical to the same
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FIG. 10. Interactions in the electron gas including exchange and
correlation are compared to the Lindhard/RPA and Thomas-Fermi
interactions at rs = 3.25, which is the density of lithium. Vee↑↓ is
the interaction between two electrons of opposite spin. Vet is the
interaction between an electron and a test charge. Vtt is the screened
Coulomb interaction between two test charges.

spin electrons in the screening cloud and has an exchange
interaction with them. This introduces a vertex correction. Of
course, the electrons in the screening cloud have exchange
interactions with each other and they also repel each other
through their Coulomb interaction, which is called correla-
tion. For the interaction between two test charges Vtt, exchange
and correlation only occur in the interactions among the
electrons in the screening cloud, which are expressed in the
dielectric function. The interaction between the electron and a
test charge (ion or proton) Vet includes the dielectric function,
but the electron under consideration also has exchange and
correlation interactions with the induced screening charge and
requires a vertex correction. The electron-electron interaction
Vee is different again, because both the electrons have ex-
change and correlation interactions. Furthermore, if the two
electrons have parallel spins, they can exchange with each
other as well as with the screening cloud. Therefore, Vee is
spin dependent and Vee↑↓ for opposite spins is more repulsive
than Vee↑↑ for parallel spins.

These different interactions are discussed in detail in
Ref. [2]. For superconductivity, the BCS interaction is be-
tween antiparallel spins [the dot product in Eq. (1) is +1 for
antiparallel spins and −1 for parallel spins].

For completeness and for easy comparison, the well-known
forms for the test charge-test charge and electron test charge
interactions including exchange and correlation are given:

Vtt = Vext

ε
, (A1)

Vet = 	Vext

ε
. (A2)

	 is the vertex correction and ε is the dielectric function:

	 = 1

1 − G+Q
, (A3)

ε = 1 + 	Q . (A4)

Note that 	/ε = 1/(1 + Q(1 − G+)).
The density local field factor G+ incorporates the effects of

exchange and correlation. Simple and quite accurate approx-
imations to G+(q) and G−(q) are given in Ref. [2]. Setting
G+ = 0, all the interactions are equal to the Lindhard/RPA
interaction. The Thomas-Fermi interaction is obtained by
replacing the Lindhard function by its q = 0 value. To quan-
titatively illustrate the effect of exchange and correlation, all
these interactions are evaluated and compared in Fig. 10 be-
low for a representative density of rs = 3.25 appropriate for
lithium.

Figure 10 illustrates the well-known differences amongst
these interactions. The Thomas-Fermi interaction was derived
semiclassically and the Lindhard/RPA interaction includes
quantum Fermi statistics, but does not include exchange and
correlation. At very high density, rs � 1, the kinetic energy
of the electron gas dominates the effects of exchange and
correlation, the Lindhard/RPA interaction is accurate, and all
of the interactions tend toward this limit. However, at the
densities of metals, the exchange and correlation cannot be
ignored and the correct interactions must be used to make
quantitative predictions. The electron-test charge interaction
is equal to Lindhard/RPA and Thomas-Fermi at q = 0, but
deviates significantly at intermediate wave vector. All the
interactions converge at a large wave vector, reflecting the fact
that screening is ineffective at very short distances.

Since the local field factors are well-known with simple
approximations for the uniform electron gas, the correct inter-
actions including exchange and correlation should be used for
all calculations. This is well recognized for time-dependent
density functional theory where exchange and correlation is
routinely used. However, perturbation theory and supercon-
ductivity calculations still sometimes use the RPA.
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