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Boundary discrete time crystals induced by topological superconductors in solvable spin chains
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The Floquet time crystal, which breaks discrete time-translation symmetry, is an intriguing phenomenon in
nonequilibrium systems. It is crucial to understand the rigidity and robustness of discrete time crystal (DTC)
phases in a many-body system, and finding a precisely solvable model can pave a way for understanding of the
DTC phase. Here, we propose and study a solvable spin chain model by mapping it to a Floquet superconductor
through the Jordan-Wigner transformation. The phase diagrams of Floquet topological systems are characterized
by topological invariants and tell the existence of anomalous edge states. The subharmonic oscillation, which
is the typical signal of the DTC, can be generated from such edge states and protected by topology and
solvability. We also examine the robustness of the DTC by adding symmetry-preserving and symmetry-breaking
perturbations. Our results on the topologically protected DTC can provide a deep understanding of the DTC
when generalized to other interacting or dissipative systems.
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I. INTRODUCTION

Periodic driving is a powerful tool to engineer a variety
of unique and fascinating phenomena in many-body sys-
tems, such as the Mott-insulator—superfluid transition [1],
dynamical gauge field [2,3], many-body echo [4,5], and real-
ization of topological band structures [6,7]. Recently, Floquet
systems have also brought new possibilities to simulate time-
translation symmetry broken phases, which are called discrete
time crystals (DTCs), and this has attracted much atten-
tion from both experimentalists [8—18] and theorists [19-26].
The concept of the time crystal was originally proposed by
Wilczek [27]. However, it was ruled out by the no-go theo-
rem in thermal equilibrium systems [28,29]. Then, Khemani
et al. [19] and Else et al. [20] generalized the concept of the
time crystal and proposed the DTC, which exhibits a unique
property that the expectation values of generic observables
manifest a subharmonic oscillation. For example, the kicked
Ising chain model with disordered interaction, where spins
collectively flip after one period and back to their initial state
after two periods, is a canonical realization of the DTC.

In a noninteracting spin chain system, taking U =
exp (—if Zj Xj) with 8 = /2 as a Floquet evolution op-
erator is a straightforward method to flip all spins in one
period. Here, X ; is a spin operator acting on site j. However,
when 6 deviates slightly from 7 /2, the period of observables
also deviates from twice the Floquet period. This means that
the subharmonic response induced by U = exp (—if 3 i X )
is a fine-tuned result and easily destroyed by perturbations.
This simple example implies that the robustness of subhar-
monic response is a crucial property of the DTC. According

*tianshudeng500 @ gmail.com

2469-9950/2023/107(10)/104301(10)

104301-1

to the previous results, many-body localization and prether-
malization may provide two mechanisms to stabilize the
subharmonic response in closed systems, while in open quan-
tum systems, the dissipative discrete time crystal also exists,
which could be explained by Floquet dynamical symme-
try [25,30,31] and the mean-field approach [12,32]. Besides,
topologically protected anomalous edge states [33—35] also
suggest another mechanism of generating the robust DTC
and the reasons are listed in the following. First, edge states
in topological insulators (superconductors) are protected by
symmetries. As long as the symmetries are not broken and
the gap does not close, topological edge states are stable and
robust. Second, Floquet topological insulators (superconduc-
tors) host anomalous edge states with quasienergy 7 /7 which
can generate a subharmonic response to driving frequency
2m /T . Although the relation between m-mode edge states in
Floquet topological system and the DTC has been discussed in
previous research [19,36-44], detailed and systematic studies
of topologically protected DTCs in a more general spin chain
model are still lacking. Bridging Floquet topological super-
conductors to the topologically protected DTC in a general
periodically driven spin chain model and explicitly analyz-
ing the dynamics of observables are significantly helpful for
deeply understanding the existence and robustness of the
DTC. In our setup, the observable of a topologically protected
time crystal is localized around the boundary, which can be
called boundary discrete time crystals. It is worth mentioning
that boundary time crystals have been discussed a great deal
in previous studies [17,45-49]. Furthermore, we believe our
topologically solvable model will also bring new inspiration
in the research of boundary time crystals.

In this work, we investigate the existence of the DTC phase
in a general Floquet spin chain model. Such a periodically
driven spin chain can be mapped to a Floquet superconductor

©2023 American Physical Society


https://orcid.org/0000-0002-3047-7841
https://orcid.org/0000-0001-8737-0941
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.104301&domain=pdf&date_stamp=2023-03-01
https://doi.org/10.1103/PhysRevB.107.104301

PENG XU AND TIAN-SHU DENG

PHYSICAL REVIEW B 107, 104301 (2023)

@ f F F F f

1 0 ) @ (] o
(b) .
Y2
(c) bulk (d) E+7/T
edge o w/T 0
FIG. 1. (a) Schematic of spin chain. (b) Schematic of Majo-

rana chain. (c) Quasienergy spectrum exp(—i€,T) with €, the
quasienergy excitation. 0 and 7 /T represent two edge states’
quas1energy excitations. (d) Eigenvalues of the Floquet evolution
operator Ur. Quasiparticle operator ﬂT excites a state |E) with
eigenenergy E to another state |E + 7 /T).

through the Jordan-Wigner transformation, after which the
model becomes the form of a fermionic model. This model
is intrinsic with particle-hole symmetry. Furthermore, this
system can be classified into D class or BDI class [50], which
is dependent on whether chiral symmetry is preserved. The
topological Floquet superconductor exhibit a special kind of
topologically nontrivial phase, where anomalous edge states
with quasienergy 7 /T exist. In order to observe a robust DTC,
the observable should be selected as the anomalous edge mode
or the end spin. We numerically demonstrate that both observ-
ables manifest a subharmonic response with a generic initial
product state. Finally, we also confirm the robustness of the
DTC by adding symmetry-preserving and symmetry-breaking
perturbations.

The paper is organized as follows. In Sec. II, we describe
a general periodically driven spin chain model and map it to
a Floquet superconductor. In Sec. III, we discuss the topo-
logical classification of this model, calculate the topological
invariants, and obtain the phase diagrams. In Sec. IV, we
demonstrate the existence of the DTC resulting from the
Floquet superconductors, by selecting the observable as the
anomalous edge mode or the end spin. Finally, in Sec. V,
we examine how the robustness of the DTC is protected
by the topologically nontrivial phase by adding symmetry-
preserving and symmetry-breaking perturbations.

II. MODEL: PERIODICALLY DRIVEN SPIN CHAIN

We consider a periodically driven spin-1/2 chain as illus-
trated in Fig. 1(a),

Ao H,, for nT <t <nT +1,
H(t)_{ﬁz, for nT+t <t <m+ DT, M

where

= Y XX + Y V¥
j j
SRR O SRR I O GNPy AT
j j j

X;, ¥;, and Z; are spin operators (with the form of Pauli
matrices) acting on the jth site. Here, m = 1, 2 represents the
mth interval of the Hamiltonian H (¢) in Eq. (2). And the chain
contains N spins. J*, J;Y, J,7, J.' represent the strengths of
nearest spin interactions and Kz, the transverse field during the
mth time interval. By employing the Jordan-Wigner transfor-
mation,

N ~ i ata
= —l(Cj- —¢je” Lo G, (3)

where 6; and ¢; are the creation and annihilation fermion
operators on the jth site. Then the Hamiltonian in Eq. (2) can
be mapped to a fermionic system,

]—7’" - Z ( XX _]y» l’ll);ly lJyx) ptat

j+1

Y (IR iy —

e .

m § : At

+ 7 : (2Cj
J

l]yx)C Civ1
¢;—1)+H.ec. “4)
Furthermore, by defining 9;; = \/%(é} +¢j) and P, =

1%2(6 = E;), we obtain a Hamiltonian in Majorana represen-
tation, as illustrated in Fig. 1(b),

A, =2 Zif/j,zf/jﬂ,l 2J, Zl)/] 1Vj+1,2
J
+ 27 Z iP52Pi2 = 250 ) i P
J

+2J Zl)/]z)/]1 4)

Both Hamiltonians A; and A, in Eq. (5) are quadratic, so they
can be rewritten as

A, =31V'H,¥, (©6)
with
Vi=(i 72 o P2 o), @)

where H,, is a 2N x 2N antisymmetric matrix. Here and after,
H (U) represents an operator and H (U) represents a matrix.
Applying the Fourier transformation §;,, = \/L]v > Peme™,

H,,(k) has such a form

m—Z(m D[S +d (k) - o](ﬁ’;;), ®)
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where o = (oy, 0y, 0;) denote Pauli matrices. d,‘,’q (k)andd,, (k)
are given by

dy (k) = (2 — ) sin(k),

dy (k) = (J) — 1Y) sin(k),

d (k) = T + (I35 + J2) cos(k),

dyy (k) = (1, + 7)) sin(k). ©)

For the periodically driven Hamiltonian in Eq. (1), the
Floquet evolution operator Uy and the effective Hamiltonian
H_¢ are defined by

T
Ur =T exp (—i / ﬂ(t)dt) = exp(—iHhty) exp(—iH ;)
0
= exp(—iHexT), (10)

where t, = T — t;. Based on the quadratic form of H, and H,
in Eq. (5), we have proven in Appendix A that the Floquet
effective Hamiltonian is also quadratic, which means H. also
takes the form

Hep = 3V He 0. (1D

In order to obtain the eigenenergies of H.i, we diagonalize
the above matrix H.g in real space as

H. = VAT, (12)
where
V=) V) IVan)), (13)
€1
A= e . (14)
€N

[V,.) is the eigenvector of H. with eigenvalue €, such that
He|V,) = €,|V,.). €, is the Bogoliubov quasiparticle exci-
tation spectrum of H.¢, which is restricted to the Floquet
Brillouin zone [—n /T, /T). Then, the Floquet effective
Hamiltonian H. in this quasiparticle representation can be
rewritten as

Hy = 30TVAVIY = 10TAD, (15)
where @ is composed of Bogoliubov quasiparticles & =
@ & ayy) and & = UH|V,).

Due to the particle-hole symmetry constraint, the eigenval-
ues and eigenvectors of Hey must come in the pair

Heff|vu> = E/.L|V;L>v
HerlV?) = —€, V7). (16)

For ¢, = 0 and 7 /T, this property also holds and the eigen-
states will degenerate. The degree of degeneracy must be even
when the dimension of the Hilbert space is even. Substituting
these relations into Eq. (15), the effective Hamiltonian He

becomes
N 1
A = Z € <&;&M — 5). (17)

€,>0

The eigenstate of H.p is given by Hu |n,) = (a;)”# |0). n, =
0, 1 represents the number of occupations on the quasiparti-
cle mode. Then the energy spectrum of this system can be
expressed as

E = (He)
i 1
= Z €n ((XMOlM) - 5
€,>0
=Eo+ Y €y, (18)
%
where Ey = —% > >0 €u is the energy of the ground state

and different configurations of n,, generate 2" eigenenergies
of the spin chain system.

To arrive at our final destination of observing the DTC in
this periodically driven spin chain, we first concentrate on the
evolution of operator &I':,

&l (nT) = U;"a} (0)U} = &, (0)e™ r. (19)

For a given initial state, the expectation value of the operator
&; oscillates with period 27 /€,. Generally, this oscillating
behavior is not rigid and easily perturbed, so the performance
for operators &ZL (nT) cannot be regarded as a signal of the
DTC phase. However, there is an exception due to anomalous
edge states in Floquet topological systems. As is shown in
Fig. 1(c), such systems exhibit two kinds of edge states with
eigenenergies €, = 0 and €, = 7 /T, protected by topological
invariants vy and v,, respectively. Here, we mainly focus
on the edge states with eigenenergy €, = 7 /T, denoted as
Hes|W) = 7 /T|W), and we define B = UT|W). As shown in
Fig 1(d), for an eigenstate |E) with eigenenergy E, B; creates
a quasiparticle with quasienergy €, = 7 /T and excites |E)
to another eigenstate |E + 7 /T). Therefore, when €, = 7 /T
exists the eigenenergy of H. eigenstate |E) and |E + 7 /T)
must come in a pair, which leads to the DTC oscillation
of some specific observables. As is derived in Eq. (19), the
expectation value of the operator B; exactly oscillates with
period 2T. More importantly, this oscillation period is pro-
tected by the Floquet topologically nontrivial phases such that
this phenomenon of the DTC is robust against symmetry-
preserving perturbations. Some previous papers also discuss
the relation between the energy spectrum and generating op-
erators B; [19,36,37] and the stability of the boundary discrete
time crystal [38].

To further demonstrate the DTC induced by Floquet topo-
logical superconductors, we systematically discuss the phase
diagrams of Floquet topological superconductors in Sec. III
and discuss the DTC for different observables, including
anomalous edge operators and end spin operators, in Sec. IV.

III. FLOQUET TOPOLOGICAL PHASES

Following the standard approach of studying topological
superconductors, we calculate the topological invariants of the
effective Hamiltonian in momentum space. Heg is expressed
as

Aer =) (P ?k,z)Heff(k)C;i’;), (20)
p :
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where H (k) are obtained from
U (k) = exp[—iHy(k)t2] exp[—iH (k)t1]
— expl—iHe ()T @1

according to Appendix A. Here, dgff(k) and d.¢ (k) are de-
fined using Heg (k) = deoff(k)l +dg (k) - 0. In the following,
we request € (k) = dgff(k) =+, /desz(k) # Qorm /T forany k €
[—m, ), due to that the topological superconductors should
be gapped.

For a one-dimensional two-band system with intrinsic
particle-hole constraint, topologically nontrivial phases can
only be classified into classes BDI (with chiral symmetry) and
D (without chiral symmetry) [50,51]. So, in the following, we
discuss the calculations of topological invariants for classes D
and BDI, respectively.

A. D class

For simplicity, we take J;” = J5" =0, J5* = hj =0, and
nonzero coupling strengths J;* = J;" = J;" =J;" to break
chiral symmetry. Besides, here and after, we take t; =1, =
T /2. Then H, (k) and H,(k) are given by

Hi (k) = —J{*[sin(k)oy — cos(k)oy] + (I} + J}") sin(k)o,
Hy(k) = hoy + (J) + J}7) sin(k)o. (22)
Following the approach in Ref. [52], topological invariants vy
and v, in Floquet superconductors have such forms
vovr = sgn [Pf(Mp)] sgn [Pf(M)],

(23)
sgn [Pf(No)] sgn [Pf(Ny )],

Vo

where Pf[X] is the Pfaffian number of a skew matrix X
and M, = In[U (k)], N,y = In[4/U (k)]. Since both In(X) and
In(+/X) are multivalued functions, for k =0 and k = 7 we
have

My = —iky(k)oy, N = —ién(k)oy, 24
with
En(k) + 2zm = J7™t cos(k) + hit,
J55t cos(k) + hit (25)
uik) + 20m = LD T

Here, z is taken as an appropriate integer so that &y/y (k) can
be constrained to the interval [—m, 7). Finally, we obtain

VoV, = sgn[sin(Py) sin(P-)],
_ (P . (P (26)
Vo = sgn| sin (7) sin <7) )

Py =Rt + Ji't,
P_ =Kt — Jt. (27)

with

In Figs. 2(a) and 2(b), we show the phase diagrams of
topological invariants vy and v, on the 6;-6, plane by tak-
ing 6, = Ji*t and 6, = hit. For the D class, the system is
classified by a Z, topological invariant. vy and v, take the
value +1, and v, = —1 indicates anomalous topologically
nontrivial phases. The quasienergy spectrum as a function of

(a) - 0 1 (b) - 0 1
| | |
.
< < 0 ‘ ‘
- 0 T -7 0 s
©) b ) “
1 0.3
(m/2,3m/4)
0.2
3 e
50 =
0.1
1 0
-7 0 T 1 20 40
21 J

FIG. 2. (a), (b) Phase diagrams of the D class topological su-
perconductor (without chiral symmetry). The areas of topological
invariants with value —1 indicate a topologically nontrivial super-
conductor, otherwise topologically trivial. Topological invariant vy is
shown in (a) and v, in (b). (c) Quasienergy spectrum of the topolog-
ical superconductor under open boundary condition with parameters
0, € [—m, ), 6, = 37 /4 along the black solid line shown in (a), (b).
(d) 7-mode edge state [W*) with parameters (6;, 6,) = (7 /2, 37 /4).
Here, we set J*T /2 = 0,, h5T /2 = 0,.

0; € [—m, ) is plotted in Fig. 2(c). The gapless 0 mode and
7 mode must exist where the topological invariants vy = —1
and v, = —1, respectively. Consequently, the topologically
protected discrete time crystal could be observed in the regime
vy = —1.

Furthermore, because of particle-hole symmetry, the eigen-
values and eigenvectors of H. always come in pairs as
shown in Eq. (16). Thus for the edge states with quasiener-
gies €, =0 or 7 /T, the eigenvectors |V,) and |V;]) span a
degenerate subspace, from which we can construct a pure real
vector and a pure imaginary vector as |Vlf) = Vi) + V)
and |V;) = |Vu) — V7). In Fig. 2(d), we have shown the
probability distribution of an anomalous edge state |WF) =
(W) + |W*))/«/§. For convenience, here and after, {j, s}
(j=1,2,...,Lands = 1, 2) in Eq. (7) is relabeled as {2j +
s — 2} for the index of 7, as well as [WE).

B. BDI class

For simplicity, we take nonzero coupling strengths Ji* =
J3*, B5 and other parameters zero so that the system obeys
chiral symmetry. With given parameters, the chiral operator is

104301-4



BOUNDARY DISCRETE TIME CRYSTALS INDUCED BY ...

PHYSICAL REVIEW B 107, 104301 (2023)

taken as Ug = o, and we have
U{U*tus = (U, (28)
where

U“ = exp(—iH;t,/2) exp(—iHaty) exp(—iH t, /2)
= exp(_iHeaffT)ﬁ

U’ = exp(—iHaty/2) exp(—iH 1)) exp(—iHaty/2)
= exp(—iHebffT), (29)
and
H, (k) = —J*[sin(k)o, — cos(k)oy],

Hy(k) = o, — J{"[sin(k)o, — cos(k)oy]. 30)

Here, we introduce U® and U’, which are both unitarily
transformed from U (k), in order that the chiral operator is
explicitly o,. Besides, based on U¢ and U the topological
invariants vy and v, can be calculated as [53,54] follows,

Vv, v

Vo =5 3D

where v, and v, are the winding numbers defined as

—d} ()d, (k) + ), ,(K)dd , (k)
Vab = —/ 3 , (32)
[dz, 0] + [, (0]
and d) (k) is given by
HE (k) = d} (K)o, + d., (K)o, (33)

In Figs. 3(a) and 3(b), we show the phase diagrams of
topological invariants vy and v, on the 6;-6, plane. For the
BDI class, the system is classified by a Z topological invari-
ant. Both vy and v, take integer values, and v, # 0 indicates
anomalous topologically nontrivial phases. The quasienergy
spectrum as a function of 6; € [—m, ) is plotted in Fig. 2(c).
In contrast to the D class, the topological invariant in class
BDI vy and v, could be £2, £3, ... leading to larger degener-
acy of edge states. For example, for (6, 6,) = (37 /8, 77 /8),
we have v, = 2, which results in four 7-mode edge states.
These four edge states are labeled as [W;) and |W") with
n =1, 2. In Fig. 3(d), we show the probability distribution of
the anomalous edge states as |W77R:1) and |W,7R:2), respectively.

Here, we remark that when parameters in our scheme are
taken as Ji, = Ji, = Ji") = J3* = hj =0, the setup is re-
duced to the situation discussed in Ref. [19] The topologically
nontrivial phases with v9 = v, =1 and vy =0, v; = 1 cor-
respond to “Om-PM phase” and “m-SG phase,” respectively,
which have been discussed a great deal previously [19,36—
38].

IV. SUBHARMONIC OSCILLATIONS OF THE DTC

In this section, we will examine the subharmonic oscilla-
tions of the DTC in topologically nontrivial phases with v, =
—1 in the D class and v, # 0 in the BDI class, by selecting
the anomalous edge mode and the end spin as observables.

(a) -1 0 1 2 (b) -2 1 0 1 2

{A ‘x A

1 1

11 5 (3n/8,77/3)

E | 02
I ' 0.1
1 20 40

-7 0 T

61 J

FIG. 3. (a), (b) Phase diagrams of the BDI class topological
superconductor (with chiral symmetry). The areas of topological
invariants with nonzero values indicate a topologically nontrivial su-
perconductor, otherwise topologically trivial. Topological invariant
Vo is shown in (a) and v, in (b). (c) Quasienergy spectrum of the
topological superconductor under open boundary condition with pa-
rameters 0; € [—m, ), 6, = 7w /8 along the black solid line shown
in (a), (b). (d) m-mode edge state |WX) with parameters (6;, 6,) =
(3 /8,7m /8). Here, we set 6, = J1"T /2 = J3*T /2,0, = hiT /2.

We first take the anomalous edge mode as the observable
for the DTC,

pr_ Pt B
b2 ﬁ °

As we have derived in Eq. (19), the time evolution of observ-
able BR is expressed as

(BR(nT)) = (v (0)| 07" BRO | v (0))
= (—1y ). 35)

It is obvious that the dynamics of (B,’f(nT)) manifests an
exact subharmonic response for a generic initial state with
(w(0)|,37f|1//(0)) # 0. After the Fourier transformation of

( B,’: (nT)), we obtain the response function

(34)

Nmax

> (BRT))e T, (36)

n=1

Apg(w) =

Nmax

where np.x represents the maximal number of periods. In
Figs. 4(a) and 4(b), we show the expectation values of Bff as
a function of evolution time for the D class and BDI class,
respectively. Correspondingly the response functions Ag(w)
are plotted in Figs. 4(c) and 4(d). Bff ) oscillates with double
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FIG. 4. (a), (b) Dynamics of anomalous edge mode B,’f (c),
(d) Distribution of response function Ag(w). The frequency distri-
butions in (c) and (d) are the Fourier transformation of dynamics
in (a) and (b), respectively. (a), (c) with the same parameters as
Fig. 2(d) correspond to D class, while (b), (d) with the same parame-
ters as Fig. 3(d) correspond to BDI class. The initial state is taken as
a product state polarized along x direction.

periods and Ag(w) peaks at w = /T, which confirm the
subharmonic response for the observable ,37’: in the regime
of Floquet topologically nontrivial phases with anomalous
edge states. However, we have to admit that ij is difficult to
engineer and observe in experiments, and the concrete form
of operator 35 in the spin basis depends on coupling param-
eters. Therefore, it is important to choose a more appropriate
operator that is easily observed in experiments.

Another observable for the DTC is taken as the end spin op-
erator X;, since the anomalous edge states finitely occupy the
end sites. Actually, the end spin X; is nothing but #; after the
Jordan-Wigner transformation, which could be decomposed
as

Nedge

= IWhBen+ D Vuhi& +He, (37
n=1 e #m /T

where |W,); and |V,,); represent the first element of vectors

[W,) and |V,,), respectively. neqqe represents the number of

pairs of edge states. The dynamics of the observable X; are

then given by

(X1(nT)) = (Y (O)|U; "1 U}y (0))

= (=1)" Y 2Re[|W,)1 (¥ (0)] Br.y [ (O))]

n=1

+ Y 2Rel[[Vu)1€¥ ((0)|@, ¥ (0)]. (38)

e #m /T

(b)

0 w2 w 0 w2 ™
91 91

FIG. 5. (a), (b) Upper panels: The values of topological invari-
ants in different regimes. Lower panels: Frequency distributions of
the response function for observable X; and the color represents the
amplitude of Ay (w). Parameters of (a) are the same as the black solid
line in Fig. 2, while parameters of (b) are the same as the black solid
line in Fig. 3.

In the D class, there is only one pair of edge states with
Negge = 1, which is localized around $1|0) and §,y|0). There-
fore, |W}), is finitely distributed so that (X, (nT)) manifests a
subharmonic response at @ = 7 /T as is shown in the second
line of Eq. (38). In Fig. 5(a), we show the response func-
tion Ay (w) of X;, which peaks at w = /T when v, = —1.
These numerical results indicate the presence of the DTC for
the end spin observable. But in the BDI class, according to
the bulk-edge correspondence [54], negge = |V | With vz > 0
(vz < 0) represents the number of edge states occupying 7;|0)
(#210)). Therefore, |W, )1 is finite when v, > 0, while |W,), is
exactly O when v, < 0. As shown in Fig. 5(b), A(w) peaks at
w = 7 /T when v, > 0, which also indicates the presence of
the DTC for the BDI class. Besides, we check the dynamics
of the bulk spin in Appendix C, which confirms only that the
end spin operator shows the subharmonic oscillations. Note
that the DTC regime, where A(w) peaks at w = /T, does
not exactly match with the topological region with v, = —1
(v; > 0) for the D (BDI) class. We think this phenomenon is
due to the finite-size effect, which causes the quasienergy of
the edge mode to be not perfectly 7z /T. In order to check the
finite-size effect, the numerical results for different lengths of
the chain are shown in Appendix B.

V. ROBUSTNESS OF THE DTC

In order to demonstrate the robustness of the DTC induced
by topological superconductors, we continue to investigate
the frequency distributions of response function for X; after
adding symmetry-preserving and symmetry-breaking pertur-
bations.
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(a) (b)

27

0.5
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o
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0.5

o
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/2 ™

w2 T

0] 61

FIG. 6. (a)—(d) Frequency distributions of the response function
for observable X, and the color represents the amplitude of Ay ().
In (a) and (b), Y ; 1) ij is added which preserves the particle-hole
symmetry, while in (c) and (d) Y ;90 j)? ; is added which breaks
the particle-hole symmetry. Parameters of (a), (c) are the same as
the black solid line in Fig. 2, while parameters of (b), (d) are the
same as the black solid line in Fig. 3. §; is randomly distributed in
[—0.1A5, 0.145], which is only added in the second interval during a
period.

For the D class or BDI class, the Hamiltonian obeys
particle-hole symmetry, which means the Hamiltonian (4)

is invariant after particle-hole transformation 6j — (—1)¢ >

Cj— (—l)jéj., and i — —i. In the following, we add an
operator » ;90 ij as the particle-hole symmetry-preserving

perturbation and ) § jX ; as the symmetry-breaking perturba-
tion, with §; disordered parameters. As shown in Figs. 6(a)
and 6(b), the frequency distributions of Eq. (36), for the D
class and BDI class, respectively, are almost unaffected by
the symmetry-preserving perturbation. As a comparison, the
subharmonic response is collapsed after adding symmetry-
breaking perturbations for both classes. These results suggest
that subharmonic response is robust to symmetry-preserving
perturbations, which confirms the DTC is originated from
topologically nontrivial phases.

VI. SUMMARY

We have systematically studied the Floquet time crystal
in a periodically driven spin chain model by elaborating the
topological classifications and phase diagrams after mapping
it to a Majorana chain. In this paper, we have shown that the
dynamics of the observable edge mode operator or end spin
operator indeed exhibit robust subharmonic oscillation, which
is a typical signature of the DTC. Besides, the rigidity and
robustness of the DTC build on the topologically nontrivial
phase, as well as solvability, which prevents the systems from

(b)

0.5

3n 57 &

16 = 6, 16 = 6,
(d)

0.5

37

16 % 0, 16 % 0,

0.5

16 x 0, 16 * 0,

(2

10 12 14 16 18 20
N

FIG. 7. (a)-(f) Frequency distributions of the response function
for observable X; and the color represents the amplitude of Ay (w).
The length of chain N increases from 10 to 12, 14, 16, 18, 20, corre-
sponding to (a)—(f), respectively. Parameters are the same as Fig. 5
except for 6; € [37/16, /2], which is the topologically nontriv-
ial regime with v, # 0. (g) The regime of parameter 6, satisfying
Ax(w = /T) > 0.05 varies with the length of chain N.

thermalization. Furthermore, since the system is a general spin
chain model and can be strictly solved, it is potentially gener-
alized to other interacting or dissipative systems. Our results
might be helpful in deeply understanding the mechanism for
other kinds of DTC. Besides, the model is easily implemented
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FIG. 8. (a), (b) Dynamics of (Xs). (¢), (d) Distribution of re-
sponse function Ay (w). The frequency distributions in (c¢) and (d) are
the Fourier transformation of dynamics in (a) and (b), respectively.
(a), (c) with the same parameters as Fig. 2(d) in the main text
correspond to D class, while (b), (d) with the same parameters as
Fig. 3(d) in the main text correspond to BDI class. The initial state is
taken as a product state polarized along x direction.

and the topological DTC for the end spin is readily realized in
experiments.
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APPENDIX A: PROOF OF EQUATION (8)

In this Appendix, we prove that the effective Hamiltonian
H.gr, defined by

exp(—iHerT) = exp(—iHaty) exp(—iH 1)), (A1)

is quadratic with He = %\iJTHeff\il, where Hqg has such form

CXp(—iHeffT) = exp (—inlz)CXp(—iHlll). (AZ)

First, we rewrite He by means of the Baker-Campbell-
Hausdorff formula as

~ 1. ~ ittty ~ A
Her = T Hity + Hoty — T[HI»H2]

T AT — T2y 1, )
12 1 1, 412 12 2, 2, ... ¢-
(A3)

Second, since the right-hand side of Eq. (A3) is made up of
a series of commutators, we choose [H;, H,] as a typical term
to analyze. Because both A, and H, have the quadratic form
as H,, = %\iﬁHm\Il, we define a mapping from a matrix to an
operator as ['(H,,) = % Zi,j(Hm),-,jyiyj.

Third, we prove the relation
[["(H,), I'(H>)] in the following process,

[([H,, Hy]) =

A oA 1
ol = 2 3 0 Y HDijH2)uo vV = VoY)

ij uv

1 1
= 32 2 HHun iy = var)vo = 7 D 3 HDij(H2)uwvuBui = vivo)Y

i,j uv

4

i,j uv

= % DO Hj(Ho)uwbujvive — }1 DO Hy)uo (HY i j0.ivay

i,j uv

i,j uv

1 1
= 7 22 D HDi ) Gus = Yayyive 3 D D (HDi o vavi(Bo = ¥iv)

i,j uv
1
= E(HIHZ — HyHy); ;vivi

= ['([H, H>)),

i,j uv

(A4)

where we have used the property that matrices H; and H, are both antisymmetric. Using the relation of Eq. (A4), we can prove
[Hy, [Hi, H;]]1 = T'([H), [H1, H:11), [H>, [Ha2, H]]1 = I'([Ha, [H1, H2]]), and so on. In this way, every term in Eq. (A3) can be
rewritten as the quadratic form I', so we have Hegr = 1" (Hegr ), Wwhere

Hor = by + B it‘tz[H ] tftz[H [H,, H>]] tlztz[H (Hy, Hy]]
eff—T 141 202 2 1, 112 12 1, 1, 112 12 2 2, 11] DRI

(A5)
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Again, we use the Baker-Campbell-Hausdorff formula and
H.g is obtained according to exp(—iHexT ) = exp(—iH t)
exp(—iH»1).

APPENDIX B: FINITE-SIZE EFFECT

In Fig. 5, the DTC regime, where Ax(w) peaks at w =
/T, is smaller than the region of topologically nontrivial
phases. We think this phenomenon is due to the finite-size
effect, which causes the quasienergy of anomalous edge state
to be not perfectly 7 /7. As an example, we numerically
calculate the DTC regimes for the BDI class as the length of
chain N increases to show the finite-size effect. The numerical
results are shown in Fig. 7, from which we find that the regime
of parameter 6, satisfying Ax(w = 7w /T) > 0.05 increases as
the length of chain increases. It is inferred that the regime

of parameter 0, could match with the region of topologically
nontrivial phases as N — 00.

APPENDIX C: DYNAMICS OF BULK SPINS

In order to confirm that only the end spin shows the sub-
harmonic oscillations, while the bulk spin does not show this
behavior, we numerically calculate the dynamics of a typical
bulk spin (Xs) in the D class and BDI class. The numerical
results are shown in Fig. 8. According to the dynamics and
frequency distributions in this figure, we find that the bulk spin
indeed does not show the subharmonic oscillations. These
results demonstrate that the DTC behavior, which originates
from topological edge states, only exists around the boundary
of the spin chain.
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