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Vacancy-induced supersolidity of the second 4He layer on a biphenylene carbon sheet
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We have performed path-integral Monte Carlo calculations to investigate various quantum phases of 4He
layers adsorbed on a biphenylene sheet, a recently synthesized two-dimensional network of carbon atoms. Three
different commensurate solid phases are identified in the first 4He layer, which is found to be completed to a C2/2

commensurate solid at an areal density of 0.119 Å−2. We have also found that the commensurate structure of the
completed first layer allows second-layer 4He atoms to constitute a stable commensurate C2/3 structure at a total
helium coverage of 0.199 Å−2. Furthermore, this second-layer commensurate structure is observed to be stable
even with the formation of vacancies that are mobile to instigate the superfluid response at low temperatures. This
unequivocally shows that vacancy-induced supersolidity can be realized in the second 4He layer on biphenylene.
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I. INTRODUCTION

Supersolidity, a simultaneous manifestation of superfluid
and crystalline orders, has drawn a great deal of interest since
its possible existence was predicted a few decades ago for
quantum crystal [1]. Especially, Kim and Chan’s observation
of period drops in torsional oscillator (TO) experiments [2,3]
for bulk solid 4He, which was originally interpreted to be a
signal of nonclassical rotational inertia, intensified scientific
pursuit of this new state of matter. However, this interpreta-
tion was later revisited in another TO experiment with more
rigorous design [4] and the period drop was concluded to be
due to stiffening of solid 4He when cooled, which was first
observed by Day and Beamish through their shear modulus
measurements [5]. Although the controversy regarding the
interpretation of TO experiments for bulk solid 4He persisted,
a series of theoretical studies predicted the existence of a su-
persolid phase for a bosonic model on a two-dimensional (2D)
lattice [6–8]. In addition, there were some recent experimental
reports of observing supersolid phenomena due to transla-
tional symmetry breaking in optically trapped Bose-Einstein
condensates [9–11]. Concurrent with this development, efforts
of searching for a supersolid phase in an extended quantum
solid have been focused on 4He atoms adsorbed on a carbon
substrate, which form a quasi-2D quantum system in a layer-
by-layer fashion to be a desirable platform for pursuit of this
elusive state of matter.

4He adlayers on graphite are known to display rich quan-
tum phases as a result of appropriate interplay between
4He-substrate and 4He-4He interactions. Although various
solid phases, both commensurate and incommensurate ones,
were observed in the first 4He layer [12–16], TO experi-
ments of Crowell and Reppy [17] first revealed the superfluid
response of the second 4He layer on graphite. This, in com-
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bination with the observations of anomalous heat-capacity
peaks [18,19] that were interpreted to be melting signals of
a second-layer commensurate solid, led to an early spec-
ulation of 2D supersolidity. Recently, based on their own
TO experiments for the second 4He layer, Nyekí et al. pro-
posed a new quantum phase of intertwined superfluid and
density wave order [20]. This spatially modulated superfluid
phase was confirmed by more recent rigid two-frequency
TO experiments of Choi et al. [21], which also led them
to suggest a supersolid phase at higher helium coverages.
However, there is no direct experimental evidence for a
second-layer commensurate solid phase for 4He on graphite,
whose existence was conjectured only indirectly through heat-
capacity measurements. In addition, there is currently no
consensus on this issue among different theoretical studies.
A series of path-integral Monte Carlo (PIMC) calculations
showed that no commensurate solid structure was stable
in the second 4He layer on graphite or graphene [14–16].
Two recent diffusion Monte Carlo studies reported con-
tradictory predictions; no commensurate solid phase was
concluded in one study [22] to be stable in the second 4 layer
whereas the other predicted that a 7/12 commensurate solid
would be stable with accompanying substantial superfluid
response [23].

Various types of 2D carbon networks other than graphene
have been recently proposed and pursued because of their
potential applications for all carbon electronics as well as
intriguing electronic and mechanical properties. Some of
them, such as γ graphyne [24], holey graphyne [25], and γ

graphdiyne [26], were successfully synthesized as extended
forms of atomically thin carbon sheets. Because of different
pore sizes and lattice symmetries, 4He atoms on these new
carbon sheets are expected to exhibit more complex and di-
verse quantum phases than 4He on graphite. Among them, we
here consider a biphenylene sheet, which consists of eight-,
six-, and four-membered carbon rings (see Fig. 1) as a sub-
strate for 4He atoms. This 2D network of sp2-bonded carbon
atoms with rectangular symmetry was recently synthesized
in an extended form through two-step interpolymer dehy-
drofluorination polymerization process [27]. Through PIMC
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FIG. 1. An atomic structure of a biphenylene sheet consisting of
eight-, six-, and four-membered carbon rings. The blue arrows �a1

and �a2 represent its primitive vectors whose magnitudes are 3.73
and 4.48 Å, respectively. There are four different bond lengths in
the biphenylene sheet; l1 = 1.445, l2 = 1.447, l3 = 1.397, and l4 =
1.434 Å.

calculations, we discover three different commensurate solid
phases in a 4He monolayer on biphenylene. In addition, the
first 4He layer is found to be completed as a C2/2 com-
mensurate solid at an areal density of 0.119 Å−2. More
interestingly, we find that a stable commensurate solid struc-
ture is developed in the second 4He layer without disrupting
the underlying first-layer C2/2 structure. This second-layer
commensurate solid structure is found to be stable with the
formation of mobile vacancies, leading to finite superfluid
response at low temperatures. This suggests that the second
4He layer on biphenylene can exhibit a vacancy-induced su-
persolid phase.

II. METHODOLOGY

In this paper, the 4He-biphenylene interaction is described
by a pairwise sum of isotropic 4He-C interatomic potentials
proposed by Carlos and Cole [28] and Cole and Klein [29] to
fit 4He-scattering data on graphite. A well-known potential
of Aziz et al. [30] is used for the 4He-4He interaction. In
the discrete path-integral representation, a thermal density
matrix at a low-temperature T is expressed by a convolution
of M high-temperature density matrices with an imaginary
time-step τ = (MkBT )−1. We use 4He-4He and 4He-C pair
potentials to derive pair product forms of exact two-body
density matrices at a high-temperature MT [31,32] where
Catoms are treated to be immobile with infinite mass and to
provide only external potentials for 4He atoms. For this, the
time step of τ−1/kB = 40 K turns out to provide an accurate
description for the interaction between a 4He atom and the
sp2-bonded carbon sheet as well as the 4He-4He interaction
(see Sec. I of the Supplemental Material [33]), which was
also confirmed in our previous PIMC studies for 4He on other
carbon substrates, such as graphene [15] and graphyne [34].

FIG. 2. (a) A contour plot of the minimum 4He-biphenylene
potential, Vmin(x, y), above each point (x, y) on biphenylene and
(b) 4He-biphenylene potentials as functions of the vertical distance
z from the carbon surface along different symmetry directions. Al-
though the red, the blue, and the green solid lines in (b) correspond
to the vertical direction passing through an octagon, a hexagon, and a
rectangle center, respectively, the black solid (dashed) line represents
the laterally averaged one-dimensional (1D) 4He-biphenylene (4He-
graphene) potential as a function of the vertical distance.

The multilevel Metropolis algorithm described in Ref. [31]
has been employed to sample the imaginary time paths as well
as the permutations among 4He atoms. To minimize finite-
size effects, we apply periodic boundary conditions along the
lateral directions, and no boundary condition is applied for the
direction perpendicular to the biphenylene surface.

III. RESULTS

We first examine the 4He-biphenylene interaction made
of empirical 4He-C pair potentials to find preferred adsorp-
tion sites for 4He atoms. A contour plot of the minimum
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FIG. 3. One-dimensional density distributions of 4He atoms as
functions of the vertical distance z from a biphenylene sheet. Here, N
represents the number of 4He atoms per 6 × 6 simulation cell whose
dimensions are 22.40 × 26.89 Å2. The computations were performed
at a temperature of 0.5 K.

4He-biphenylene potential-energy Vmin(x, y) above each point
(x, y) on a biphenylene surface is presented in Fig. 2(a), which
reveals that there are two 4He adsorption sites per rectangular
unit cell of biphenylene with an octagon center being the most
stable one. Figure 2(b) shows the 4He-biphenylene potential
energies, along different symmetry directions as functions of
the vertical distance from the biphenylene surface. Here one
can see that the laterally averaged 1D 4He-biphenylene po-
tential curve is very close to the corresponding 4He-graphene
potential, which indicates that a biphenylene substrate pro-
vides as strong a 4He adsorption potential as the 4He-graphene
interaction. This is understood to reflect that the areal density
of carbon atoms in a biphenylene sheet is comparable to that
of graphene.

In this paper, we consider 4He adsorption only on one
side of a biphenylene sheet. Figure 3 presents 1D 4He den-
sity distributions computed at a temperature of 0.5 K as

functions of the vertical coordinate z from a biphenylene
sheet. Here, N represents the number of 4He adatoms per
6 × 6 simulation cell whose dimensions are 22.40 × 26.89
Å2. Zero 4He density for z < 0 indicates that a biphenylene
sheet is impermeable to 4He atoms, such as graphene. One
can see the development of multiple distinct density peaks in
Fig. 3 as the helium coverage increases beyond N = 72, which
confirms a layer-by-layer growth of 4He atoms on biphenylene
as on graphite or graphene [14,15]. Furthermore, the first den-
sity peak located at z ∼ 2.8 Å is observed to change little for
N � 72, suggesting that the first layer is completed at N = 72
which corresponds to an areal density of 0.119 Å−2. This com-
pletion density is nearly identical to the experimental values of
0.115–0.121 Å−2 for the completion density of the first 4He
layer on graphite [12,19,20,35]. This can be understood by
the fact that biphenylene and graphene substrates provide the
adsorption potentials of similar strength for 4He atoms as seen
in Fig. 2(b). Considering that there are 72 adsorption sites
in total, 36 octagon centers plus 36 hexagon centers in our
6 × 6 simulation cell [see Fig. 2(a)], one would conjecture
that each of these adsorption sites accommodates a single
4He atom to form a commensurate solid structure with 2/2
filling at the first layer completion of N = 72. Note that our
PIMC simulations started from configurations where all 4He
atoms were randomly distributed at the distances of 7–9 Å
from a biphenylene sheet. This is understood to warrant that
the structural features of the first two 4He layers revealed in
this paper were not affected by initial configurations.

For a detailed analysis of the 4He monolayer adsorbed
on a biphenylene sheet, we computed 2D density distribu-
tions along the lateral directions at various 4He coverages.
From this, we could identify three different commensurate
solids in the 4He monolayer at areal densities of 0.060, 0.090,
and 0.119 Å−2, whose 2D density distributions are shown
in Fig. 4. Although each distinct peak in Fig. 4 corresponds
to a single occupancy of a 4He atom, the white rectan-
gles represent common unit cells of these 4He lattices and
the underlying biphenylene lattice, whose existence signifies
their commensurability. At an areal density of 0.060 Å−2,
all 4He atoms occupy the octagon centers and constitute a

FIG. 4. Two-dimensional density distributions of the first-layer 4He atoms adsorbed on biphenylene at areal densities of (a) 0.060 Å−2,
(b) 0.090 Å−2, and (c) 0.119 Å−2. The black dots represent the positions of the carbon atoms of biphenylene. The computations were performed
at a temperature of 0.5 K. The rectangle enclosed by white lines in (a)–(c) represents a common unit cell of each commensurate structure with
the underlying biphenylene lattice. All contour plots are in the same color scale denoted by the color bar on the right-hand side.
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commensurate solid structure characterized by the rectangular
lattice shown in Fig. 4(a), reflecting the symmetry of the un-
derlying biphenylene substrate. Its common unit cell with the
biphenylene lattice (the white rectangle in the figure) includes
two adsorption sites; one at the octagon center and another
at the hexagon center. With only one of these two sites being
occupied by a 4He atom, this 4He solid is referred to as a 1/2
commensurate structure, or a C1/2 structure with respect to the
underlying biphenylene lattice. In Fig. 4(b), one can see an-
other commensurate structure of C3/4 where three out of four
adsorption sites in a common unit cell are occupied by 4He
atoms. As can be seen, this C3/4 structure shows a rectangular
arrangement of rhombic rings of 4He atoms. We note that the
first-layer 4He atoms adsorbed on 6,6,12-graphyne share the
same crystalline ordering with this C3/4 structure (see Fig. 3 of
Ref. [36]). Furthermore, 4He atoms are found to form a C2/2

commensurate structure at the first-layer completion density
of 0.119 Å−2 where both of the two adsorption sites in the
common unit cell are occupied by 4He atoms as displayed in
Fig. 4(c). This confirms a conjecture drawn from 1D density
analysis that the completed first 4He layer on biphenylene is in
a C2/2 commensurate solid phase, unlike the first 4He layer on
graphite, which is completed to an incommensurate triangular
solid [12,18]. This C2/2 solid, where 4He atoms constitute
a centered-rectangular lattice, is the densest first-layer com-
mensurate structure among the ones reported so far to form
on various carbon substrates. We note that the translational
invariance of the biphenylene lattice is broken along the y
direction in the C2/3 solid, whereas, it is preserved in the C1/2

and the C2/2 solids. As seen in Fig. 2 of the Supplemental
Material [33], the formation of these first-layer commensurate
structures was not affected by finite sizes of our simulation
cells.

As the 4He coverage increases beyond an areal density of
0.119 Å−2, the first-layer completion density, the second layer
develops without disrupting the first-layer C2/2 structure as
demonstrated in 1D density distributions of Fig. 3. When the
total helium coverage becomes 0.199 Å−2, the second-layer
4He atoms are found to form an elongated honeycomb struc-
ture, a centered-rectangular lattice with a two-atom basis, that
is commensurate with the underlying first-layer C2/2 solid as
shown in Fig. 5(a). A common unit cell enclosed by yellow
lines in the figure contains two second-layer atoms and three
first-layer ones. Thus, this second-layer 4He solid corresponds
to a C2/3 commensurate structure with respect to the first-layer
C2/2 solid. Considering that these second-layer 4He atoms
are located above saddle points, not adsorption sites, on a
biphenylene surface (every adsorption site is occupied by a
first-layer 4He atom), one can say that their solidification is
mostly determined by the 4He-4He interaction and the 4He-
biphenylene interaction has only indirect effects. However,
the completion of the first 4He layer to a commensurate solid
on biphenylene is understood to play a critical role in sta-
bilizing a second-layer commensurate structure as noted in
our previous PIMC study for the 4He-graphite system [16].
Interestingly, the total helium coverage of 0.199 Å−2 for the
second-layer C2/3 solid on top of the first-layer C2/2 solid
is very close to the helium coverage of 0.197 Å−2 where
anomalous heat-capacity peaks were observed for 4He on
graphite [18,19].

FIG. 5. (a) Two-dimensional density distribution of the second-
layer 4He atoms at a total helium coverage of 0.199 Å−2 and (b) their
2D static structure factors divided by the number of 4He atoms as a
function of wave-vector k for different sizes of the simulation cell,
namely, the 6 × 6, the 8 × 9, and the 9 × 12 cells. The white dots in
(a) represent the peak positions of the first-layer 4He density distribu-
tion, whereas, the yellow parallelogram denotes a common unit cell
of the first and the second layers 4He lattice. The computations were
performed at a temperature of 0.5 K, and statistical errors of the data
shown in (b) are smaller than the symbol sizes.

For further analysis for the crystalline ordering of the
second-layer 4He atoms, we computed static structure factors
as functions of the magnitude of the wave vectors, which are
presented in Fig. 5(b). As can be seen, the structure factor of
the second-layer C2/3 solid is featured by three major peaks at
k = 1.7466, 1.8693, and 2.1903 Å−1, which reflects its rect-
angular symmetry. In addition, Fig. 5(b) shows that there are
little differences between the structure factors computed with
the simulation cells of different sizes. From this, we conclude
that the manifestation of the second-layer C2/3 commensurate
solid is not affected by finite sizes of our simulation cells.
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FIG. 6. (a) Two-dimensional density distribution of the second-
layer 4He atoms at a total helium coverage of 0.198 Å−2 (vacancy
concentration of 2% in a second-layer C2/3 solid) and (b) their
2D static structure factors divided by the number of 4He atoms as
functions of wave-vector k for different vacancy concentrations. The
white dots in (a) represent the peak positions of the first-layer 4He
density distribution. The computations were performed at a temper-
ature of 0.5 K with the 6 × 6 simulation cell and statistical errors of
the data shown in (b) are smaller than the symbol sizes.

We now examine the stability of this second-layer C2/3

structure against vacancy formation. Figure 6(a) presents 2D
density distribution of the second layer involving one less 4He
atom per 6 × 6 simulation cell than the perfect C2/3 solid,
which corresponds to a vacancy concentration of about 2%.
One can see the same crystalline structure, including the same
number of density peaks as the one for the perfect C2/3 solid of
Fig. 5(a). This indicates that vacancies created in the second-
layer C2/3 solid are uniformly distributed and are mobile over
the lattice sites through frequent hopping of 4He atoms from
occupied sites to vacant ones. The corresponding structure

FIG. 7. Superfluid fractions of 4He atoms constituting the
second-layer C2/3 solid at different vacancy concentrations. The
computations were performed at two different temperatures of 0.5 K
(black squares) and 1.0 K (red circles) with the 6 × 6 simulation cell.

factor peaks, along with the ones for a vacancy concentration
of 4%, are seen in Fig. 6(b) to be located at the same k vectors,
albeit with reduced peak heights as in the case of the C2/3 solid
without vacancy. This suggests that structural features of the
second-layer C2/3 solid are preserved with the formation of
some vacancies.

Finally, we computed the superfluid response of the
second-layer C2/3 solid with the winding number estimator
whose detailed description was presented in Ref. [31]. Fig-
ure 7 shows superfluid fractions of the second-layer C2/3

solid at different vacancy concentrations, which were com-
puted at temperatures of 0.5 and 1.0 K. No winding paths
(no superfluidity) were sampled in a perfect C2/3 solid at
both temperatures. Superfluid fractions were estimated to be
0.07(2) and 0.11(1) at a temperature of 0.5 K for vacancy
concentrations of 2% and 4%, respectively, whereas their su-
perfluid responses are seen to be negligible, regardless of the
vacancy concentration at 1.0 K. This, along with preservation
of the crystalline order against vacancy formation, leads us
to conclude that vacancy-induced supersolidity is manifested
in the second-layer C2/3 solid at a temperature of 0.5 K. On
the other hand, we did not observe any sign of the superfluid
response, regardless of vacancy concentrations, in the first-
layer commensurate solids (see Sec. III of the Supplemental
Material [33] for further details), suggesting that supersolidity
can be realized only in the second 4He layer.

IV. CONCLUSION

In conclusion, our PIMC study has revealed that a super-
solid phase, a coexistence of crystalline and superfluid order,
can be realized in the second 4He layer on biphenylene. Three
different commensurate solid structures of C1/2, C3/4, and
C2/2 are found in the first 4He layer on biphenylene, all of
which possess rectangular symmetry to reflect the symmetry
of the biphenylene sheet. The first layer is completed to the
C2/2 structure at a helium coverage of 0.119 Å−2, which is
understood to be a key factor to stabilize the second-layer C2/3

commensurate solid. The crystalline order of the second-layer
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C2/3 solid is preserved in the presence of vacancy defects,
which are observed to be mobile and to induce finite super-
fluid response. We also note that because of the rectangular
symmetry of the underlying first layer, density modulations
of the second-layer 4He superfluid on biphenylene is expected
to have different features from hexatic density modulations
identified recently for 4He on graphite [19–21,23]. This could
result in unique intertwining characteristic between superfluid
and density wave order for 4He on biphenylene. In this regard,
an experimentally accessible 4He-biphenylene system should
be considered an original platform to seek novel quantum
phases, including long sought-after supersolidity, which calls

for experimental confirmation as well as further theoretical
investigation.
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