PHYSICAL REVIEW B 107, 094415 (2023)

Quantum phase transitions in the triangular coupled-top model
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We study the coupled-top model with three large spins located on a triangle. Depending on the coupling
strength, there exist three phases: disordered paramagnetic phase, ferromagnetic phase, and frustrated antifer-
romagnetic phase, which can be distinguished by the mean-field approach. The paramagnetic-ferromagnetic
phase transition is accompanied by the breaking of the global Z, symmetry, whereas the paramagnetic-
antiferromagnetic phase transition is accompanied by the breaking of both the global Z, symmetry and the
translational symmetry. Exact analytical results of higher-order quantum effects beyond the mean-field contri-
bution, such as the excitation energy, quantum fluctuation, and von Neumann entropy, can be achieved by the
Holstein-Primakoff transformation and symplectic transformation in the thermodynamic limit. Near the quantum
critical point, the energy gap closes, along with the divergence of the quantum fluctuation in certain quadrature
and von Neumann entropy. Particular attention should be paid to the antiferromagnetic phase, where geometric
frustration takes effect. The critical behaviors in the antiferromagnetic phase are quite different from those in the
paramagnetic and ferromagnetic phases, which highlight the importance of geometric frustration. The triangular
coupled-top model provides a simple and feasible platform to study the quantum phase transition and the novel

critical behaviors induced by geometric frustration.
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I. INTRODUCTION

Quantum phase transitions are usually accompanied by a
qualitative change in the nature of the ground state when the
control parameter of a system passes through the quantum
critical point. In contrast to its classical counterpart driven
by thermal fluctuations, the quantum phase transition occurs
at zero temperature due to the quantum fluctuations, where
the noncommuting terms in the system Hamiltonian play a
dominant role [1]. The geometric frustration, which prohibits
simultaneously satisfying every pairwise interaction due to
local geometric constraints, also influences the quantum phase
transition significantly [2—4]. Frustration is closely associated
with exotic materials such as quantum spin liquid and spin ice
[4-6], as well as complex networks [7] and protein folding
[8], etc. The unconventional quantum critical phenomena and
qualitatively new states of matter induced by the frustration
are still an active area of research [9-15].

As a paradigmatic system to study quantum phase tran-
sitions, the transverse-field Ising model (TFIM) has drawn
persistent attention for over half a century [1,16-21]. Be-
sides, the TFIM with antiferromagnetic interaction on a
two-dimensional triangular lattice offers itself as an ideal
platform to study the frustrated magnetic behaviors [22,23].
A natural generalization, named coupled-top model, is to re-
place the widely used spin-%s in the TFIM with large spins
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[24-28]. The coupled-top model shares some similarities with
the Dicke model, a fundamental model describing the inter-
action between light and matter [29,30]. (i) There exist the
quantum phase transition and spontaneous symmetry breaking
in both models: the global Z, symmetry is spontaneously bro-
ken with increasing coupling strength, and the von Neumann
entropy diverges near the quantum critical point [24,31]. (ii)
The level statistics changes from Poissonian distribution to
Wigner-Dyson distribution, which indicates a transition from
quasi-integrability to quantum chaos [25,29]. (iii) The density
of states shows a singular behavior that corresponds to the
excited-state quantum phase transitions [27,32]. Recently, the
light-matter interacting systems in a triangular structure have
intrigued an enormous amount of attention due to the exotic
behaviors, such as chiral superradiant phase [11,12], frus-
trated superradiant phase, and novel critical exponent [13]. We
expect that the triangular coupled-top model also possesses
rich quantum phases and unconventional quantum critical
phenomena.

In this paper, we study the quantum phase transition in the
triangular coupled-top model. Three large spins are located
on a triangle. Each pairwise interaction can be ferromag-
netic or antiferromagnetic. First, we introduce the mean-field
approach which has been widely employed to study large
spin systems, especially in the thermodynamic limit [33-35].
The mean-field approach is equivalent to using a product
state constructed by SU(2) coherent states as the trial wave-
function. The ground state is achieved by minimizing the
corresponding energy expectation value. With the mean-
field approach, we confirm the existence of the quantum
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phase transition by the nonzero order parameter, which in-
dicates the breaking of global Z, symmetry. Two critical
coupling strengths separate the coupled-top model into three
phases: disordered paramagnetic phase, ferromagnetic phase,
and frustrated antiferromagnetic phase. Then, we introduce
the Holstein-Primakoff transformation and symplectic trans-
formation in order to capture the quantum fluctuation and
quantum entanglement which are ignored by the mean-field
approach. The Holstein-Primakoff transformation maps the
collective spin operators into bosonic ones, which leads to an
effective quadratic Hamiltonian in the thermodynamic limit.
The covariance matrix of the effective quadratic Hamiltonian
can be obtained by the symplectic transformation, with which
we can analyze the behaviors of the quantum fluctuation and
von Neumann entropy. We find that geometric frustration
comes into play in the antiferromagnetic phase, which leads
to novel critical behaviors.

The paper is structured as follows. In Sec. II, we introduce
the triangular coupled-top model and the symmetry it pos-
sesses. In Sec. III, the quantum phase transition is confirmed
by the mean-field approach. Exact analytical results of higher-
order quantum effects beyond the mean-field contribution,
as well as the corresponding critical behaviors, are given in
Sec. IV. A brief summary is given in Sec. V.

II. TRIANGULAR COUPLED-TOP MODEL

The coupled-top model can be regarded as the generaliza-
tion of the TFIM with spin- % s replaced by large spins [24-28].
Previous studies mainly focused on two coupled large spins
where the influences of the geometric structure are negligible.
In order to introduce the geometric frustration, we study the
triangular coupled-top model with N = 3 large spins, whose
Hamiltonian can be written as

N
Aer = Y (=i + 20005 (1
i=1
Here € is the strength of the external field, and x is the
coupling strength. J; = (J", le , J;) are the collective spin op-
erators which describe the ith large spin. The eigenvalues of j 2
are J(J + 1). The periodic boundary condition is performed
which leads to JN = J with r = x, y, z. For simplicity, we
introduce the d1men51onless form as follows:

N
A=ferje=Y (<F+5000). @
i=1
with the dimensionless coupling strength 2 = x /€. Hamilto-
nian Eq. (2) commutes with the parity operator I, with

N
1= exp |:m2(ff+]):|, (3)

i=1

which indicates a global Z, symmetry. The expectation val-
ues satisfy J¥ = 0 if the Z, symmetry is preserved, whereas
J* #0 if the Z, symmetry is broken. Therefore, JF plays
a role of the order parameter. What is more, Hamiltonian
Eq. (2) admits a translational symmetry, which indicates that
J# doesn’t depend on the site index i in the symmetric phase.

III. MEAN-FIELD APPROACH

Let us first discuss the coupled-top model in the mean-field
picture, which ignores the correlations between different large
spins. We can construct a mean-field ansatz for the ground
state by employing a product state [34,36]

[Vr) =101, 1) ® 162, 2) ® 163, ¢3), 4

with [6;, ¢;) (0 < 6; <7, 0 < ¢; <2m) the SU(2) coherent
state [37,38] defined as

01' id: $— _io; $
|0i, ¢i) = exp [5(6 hI—e ¢’Ji+)}ll, J). )

The corresponding expectation values of the collective spin
operators can be written as

(5 T TE) = (0 il (FF, 7 T7)16i, i)
= J(sin §; cos ¢;, sin 6; sin ¢;, cos 9;),  (6)

which corresponds to a point on the Bloch sphere. Note that
the external field creates an energetic bias for one z-axis spin
direction over the other one, whereas the coupling strength
leads to the alignment or antialignment of spin projections
along the x axis. Therefore, the large spins tend to be located
on the x — z plane which have ¢; = 0 or 7. Without loss of
generality, we can introduce 6;:

~ | 6, forg; =0,
O = {—Gi, for¢; = 7. D

The expectation values of the collective spin operators can be
simplified as
(J7, 2, JF) = J(sind;, 0, cos B)),

with which we can achieve the energy expectation value given
by

1 N
= —(y|H

7 (VIH][y)
N
=Y —cos6;+ Asin6;sinf. (8)

i=1

The ground state is determined by minimizing the energy
expectation value E with respect to {6;}, namely,

—{5 = sin0; + AcosBi(sinfiy; +sinfi_;) =0. (9)
l
By carefully analyzing the energy expectation value, we find
two critical coupling strengths A_ = —% and A, = 1, which
separate the coupled-top model into three phases: disordered
paramagnetic phase, ferromagnetic phase, and frustrated anti-
ferromagnetic phase, as shown in Fig. 1.

A. Disordered paramagnetic phase

When the coupling strength is weak, the external field plays
a dominant role. The large spins tend to align in parallel to the
external field which leads to a disordered paramagnetic phase.
For A_ < A < A4, the ground state is nondegenerate with
8, = 0 and Epin = —3e€, as given in Eq. (8). The coupled-top
model preserves the global Z, symmetry and the translational
symmetry, with the order parameter J; = 0 as shown in Fig. 2.
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FIG. 1. Schematic illustration of different phases in the coupled-top model: Three large spins are located on a triangle. Their directions are
specified by the black arrows on the Bloch sphere. A_ < A < A, corresponds to the disordered paramagnetic phase with all spins aligning in
parallel to the external field in z axis. A < A_ corresponds to the ferromagnetic phase where all spins tend to align in parallel along the x axis.
A > XA, corresponds to the frustrated antiferromagnetic phase. Two of the large spins tend to align antiparallel along the x axis, whereas the

third one is frozen in z axis. A, = land A_ = —%.

B. Ordered phase

When the coupling strength is strong, the large spins prefer
the alignment or antialignment of spin projections along the x
axis depending on the sign of A.

1. Ferromagnetic phase

For A < A_ = —%, three large spins prefer to align in par-
allel along the x axis to decrease the energy expectation value
E [Eq. (8)]. The ground state corresponds to

- 1
6; = *arccos | —— ),
2A

and it is twofold degenerate with the order parameters satisfy-
ingJl =+v1-— ﬁ respectively. We only show the positive
branch of J7 in Fig. 2. The critical exponent associated with

the order parameter is 8 = 4 due to J¥ o« (A— — 1)'/ near the

quantum critical point (A — A_). The global Z, symmetry is

(10)
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FIG. 2. The order parameters J; as a function of the dimension-
less coupling strength A. The blue solid line, red dashed line, and
yellow dotted line correspond to Jy, J3, and J5 respectively.

broken in the ferromagnetic phase, whereas the translational
symmetry is preserved.

2. Frustrated antiferromagnetic phase

For A > A, =1, the energy expectation value is mini-
mized when each spin is aligned opposite to its neighbors.
However, once two of the large spins align antiparallel, the
third one is frustrated and cannot align antiparallel with both
of them simultaneously due to the triangular arrangement.
In the frustrated antiferromagnetic phase, Both the global Z,
symmetry and the translational symmetry are broken, and the
ground state is sixfold degenerate with

~ ~ ~ 1
0, =0, 61 =—0;_ = xarccos (X) (11)

The breaking of Z, symmetry leads to nonzero J;, while
the breaking of translational symmetry leads to dependence
of J on the site index i. For clarity, we only present one
of the six degenerate ground-state solutions, which corre-
sponds to J{ =0 and J; = —J5 = V1 — ,\Lz’ as depicted in
Fig. 2. The order parameter satisfies J5 = —J§ oc (A — A4)!/?
near the quantum critical point (A — ), which also yields
the critical exponent associated with the order parameter

p=t

IV. BEYOND MEAN-FIELD APPROACH

In the thermodynamic limit (/ — 400), the mean-field
approach is able to describe the ground-state energy and order
parameters very well [33,35], from which we can distinguish
different phases. However, one needs to go beyond the mean-
field approach to study the correlations between different large
spins, as well as the quantum fluctuations. To separate the
mean-field contribution and the higher-order terms, we first
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perform a unitary transformation [13,34,39], which leads to

2 A

N
=U'HU = Z cos 6,J7 + sin 6:J;)

+ ; (cos é,'ff — sin 9,-]?) (cos é[+1.i;r+l — sin 9,<+1.]:i1 )
(12)
with
N
U = [ exp (-i6:?). (13)

i=1

Note that U indicates a rotation by angle ; along y axis due
to

exp(19] A exp(— 10] ) = cos BJ, + sin éf (14)
exp(i6.J, )/, exp(—ifJ,) = cos 6, —sin0J,.  (15)

The unitary transformation U brings the rotated z axis along
the direction of the large spin obtained from the mean-field
approach [34].

Then we can apply the Holstein-Primakoff transformation
[40], which maps the collective spin operators to bosonic
creation and annihilation operators as

Ji=J—ala, (16a)
=2 — & aa, (16b)
Jo=al\J2) - ala;, (16¢)

with [a;, fz;] = §; j. The thermodynamic limit corresponds to

J — 4o00. Due to J > (&2'&,'), the Holstein-Primakoff trans-
formation can be approximately simplified as

Ji=J—ala, (17a)
St~ V24, (17b)
o~ V2Jal. (17¢)

l

Substituting Eq. (17) into Eq. (12), we obtain a low-energy
effective Hamiltonian as follows,

A~ JE +J'2H, + J°H,, (18)

=z

A

H, = \/_ Z(sm@ + A cosd; (sm6’,+1 +sinb;_1))

x (@] + ay), (19)
_ Ata Xl i+1 ,\,
Ze aja; + =5 (af + apal,, + @), (20)
with
& = cos0; — A sin&;(sin B;_; + sin 9,-+1), (21a)
Xij = hcosB;cosh; = ¥, (21b)

where we have ignored terms of order J~! with [ > 0. The first
term in Eq. (18) corresponds to the energy expectation value

[Eq. (8)] given by the mean-field approach. Minimizing the
energy expectation value gives rise to the ground-state energy,

which also eliminates H 1, as indicated by Egs. (9) and (19). FAi-
nally, we only need to deal with the quadratic Hamiltonian H,
which can be solved exactly by the symplectic transformation
[41].

Before performing the symplectic transformation, we
first introduce the vector of canonical operators f =
(&1, &2, 83, p1. po. p3) with £ = (& +a)/v/2 and p; =
i(&:.f —a;)/ V2. t satisfies the canonical commutation relation
[#, #7] = i, where Q is given by

(03 &L
sz_<_13 03), (22)

with O3 and I5 the 3 x 3 null and identity matrices, respec-
tively. In terms of the vector of canonical operators ¥, the

quadratic Hamiltonian H, can be rewritten as

éz = Z J ()Acl'2+pz - 1) + Xi, i1 Xk

1 i
— #HE-Y 2 (23)

with the Hamiltonian matrix

H=H.®H, (24)
and
& X2 X3 ee 0 O
Ho=\|x%x1 & x3|, H=|0 & 0]. 25
31 X32 & 0 0 &

According to Williamson’s theorem [41], for the positive
defined real matrix H, there exists a symplectic transformation
S (STQS = Q) such that

STHS = D, with D = diag(A;, Ay, Az, Aj, Ay, Az). (26)

One can introduce a new vector of canonical operators &' =
S~'# which split the quadratic Hamiltonian into decoupled
degrees of freedom as

3

2 : A; N N/
2227(%’ +pi)_Z
i=1 i

| M

i=1
’;

1A/T af
= zr Dt’ — 27

3 g
i=1 2
A; 2 0 corresponds to the excitation energy, as shown in
Fig. 3. Particular attention should be paid to the lowest
excitation energies, namely, Api, = min(Ay, Ay, Az), as it
corresponds to the energy gap between the ground state and
the first excited state. Clearly, the energy gap closes (Apyin —
0) for A — Ay, which is a characteristic signature of the
quantum phase transition.

It is well-known that the ground state of the quadratic
Hamiltonian is a Gaussian state, which plays a significant role
in continuous variable quantum information [41]. Instead of
dealing with the infinite dimension of the associated Hilbert
space, one only needs to deal with the 6 x 6 covariance matrix
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FIG. 3. The excitation energy A; as a function of the dimension-
less coupling strength A. The blue solid line, red dashed line, and
yellow dotted line correspond to A, A,, and Aj, respectively.

o which is capable to give the complete description of an ar-
bitrary Gaussian state (up to local unitary operations) [41,42].
The covariance matrix o is defined as

o = 3{E®— (&), & = #'),

with (A) corresponding to the expectation value of operator
A. Given the symplectic transformation S, it’s easy to confirm
that the covariance matrix can be written as o = SS7 /2 [42].
The quantum fluctuations in X; and p; are characterized by the
standard deviations which are given by the diagonal elements
of the covariance matrix o, namely,

(28)

(Ax;)* = () — (&) = o,

(29a)
(29b)

The quantum fluctuations in x; and p; quadrature are shown
in Figs. 4(a) and 4(b), respectively. Near the quantum critical
point Ay, the quantum fluctuation in x; quadrature tends to
exponentially diverge, whereas that in p; quadrature tends
to a finite value. Furthermore, (A p,~)2 < % indicates a strong
squeezing effect especially near the quantum critical point
[43].

The von Neumann entropy, which characterizes the entan-
glement between different subsystems, is directly related to
the Heisenberg’s uncertainty relation for the quadratic Hamil-
tonian of interacting bosonic systems [42,44]. In terms of Ax;
and A p;, the von Neumann entropy S; can be written as

1 1
S,' = (AxiAp,- + 5) IOg (AxiAp,- + 5)

1 1
— (Ax,Ap,- — 5) log (Ax,Ap,- — 5)

which describes the entanglement between the ith large spin
and the other two large spins. A growing interest has recently
been devoted to the study of quantum phase transitions from
the entanglement point of view. As illustrated in Fig. 4(c), the
von Neumann entropy diverges near the quantum critical point
A+, which indicates the strong correlations between different
large spins ignored by the mean-field approach.

(Ap) = (p7) — (Pi)* = 0343+

(30)
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FIG. 4. (a) The quantum fluctuation in x; quadrature (Ax;)?,
(b) the quantum fluctuation in p; quadrature (Ap;)?, and (c) the von
Neumann entropy S; as a function of the dimensionless coupling
strength A for the ith large spins. The blue solid line, red dashed
line, and yellow dotted line correspond to site index i =1,2,3
respectively.

From now on, we present the detailed analytical exact
results for the excitation energy, quantum fluctuation, and von
Neumann entropy, especially near the quantum critical point
in different phases.

A. Disordered paramagnetic phase

In the disordered paramagnetic phase (A_ < A < 1), 6, =
Oleadsto€ = 1and j; ; = A [Eq. (21)]. The quadratic Hamil-
tonian corresponds to a translationally invariant harmonic
chain with nearest-neighbor interactions. According to the
Bloch’s theorem, the wavenumber in the first Brillouin zone
corresponds to k = 0 and =277 /3. The symplectic transforma-
tion can be obtained analytically [41], with which we achieve
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FIG. 5. Critical behaviors near the quantum phase transition point. (a) and (d) show the lowest excitation energy A, as a function of the
coupling strength A near A_ and A, respectively. (b) and (e) show the quantum fluctuation in the x; quadrature (Ax;)?. (c) and (f) show the von
Neumann entropy S;. The circle, square, and triangle correspond to the analytical exact results obtained from the symplectic transformation
for the paramagnetic phase (PP), ferromagnetic phase (FP), and antiferromagnetic phase (AFP), respectively. The solid lines refer to the linear

fitted results whose slopes are shown near each line.

the excitation energies A} = /1 +2X for k =0 and A, =
Az = /1 — A for k = £2m /3. The lowest excitation energy
corresponds to Apin = AjforAi_ < A <0and Ay = Ay =
Az for0 < A < A4. Therefore, the critical behavior associated
with the excitation energy is Ay, & (A — A2 fora — A_,
whereas it is Ampin o< (A4 — A)/2 for A — A, as shown in
Figs. 5(a) and 5(d).

The quantum fluctuations obtained from the symplectic
transformation can be written as

(Ax)* = gl2(1 = 1)+ (1 +22)712),
(Ap)* = L1201 = )" 4+ (1 +20)'7].

(31a)
(31b)

Near the quantum critical point which corresponds to the
paramagnetic-ferromagnetic phase transition (A — A_), the
quantum fluctuation in p; quadrature tends to a finite value
with (Ap;)? — +/6/6, whereas the exponentially diverged
quantum fluctuation in x; quadrature is given by

(Ax;)* oc (b = 2) 712, (32)
as shown in Fig. 5(b). Near the quantum critical point which
corresponds to the paramagnetic-antiferromagnetic phase
transition (A — A, ), the quantum fluctuation in p; quadra-
ture tends to a finite value with (Ap;)? — +/3/6, whereas
the exponentially diverged quantum fluctuation in x; quadra-
ture is given by

(Ax))* o< (hy = 2)7112, (33)
as shown in Fig. 5(e).

The quantum fluctuation in x; quadrature given by Eqgs. (32)
and (33) can be unified as

(Ax)? o [h — Ay |12, (34)

Since Ax;Ap; > 1 near the quantum critical point, we can
simplify the von Neumann entropy in Eq. (30) as

S ~ log Ax;Ap; ~ —Llog A — Ay| + G, (35)

with C; a constant independent of the coupling strength, which
explains the divergence in S; as shown in Figs. 5(c) and 5(f).

B. Ordered phase
1. Ferromagnetic phase

In the ferromagnetic phase (A < A_), the global Z, sym-
metry is broken. From Eqgs. (10) and (21), we obtain

& =¢€=-2A, (36a)
1

Xii=X=—. 36b

Xij = X I ( )

Therefore, €; and j; ; don’t depend on the site index, similar
to those in the paramagnetic phase. The excitation energies
correspond to Ay = +/4A2 — 1 and A; = A3 = V422 + %
Near the quantum critical point (A — A_), the lowest exci-
tation energy satisfies Ay = Ay o< (A_ — A)!/2, as shown in
Fig. 5(a). The quantum fluctuations are given by

1 |: -\ —1/2 5 —1/2

(Ax;)? = - 2(1 — ) + (1 +2T) , (37a)
6 € €
1 -\ 12 5 1/2

(Ap)* = 5[2<1 - g) + <1 +2€> } (37b)

Similar to those in the paramagnetic phase, near the quan-
tum critical point (A — A_), the quantum fluctuation in p;
quadrature tends to a finite value with (Ap;)> — +/6/6,
whereas the exponentially diverged quantum fluctuation in x;

| >

| >
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TABLE I. Excitation energy A ;,, quantum fluctuation (Ax;)?, and von Neumann entropy S; near the critical point.

Ferromagnetic phase (A < A_)

Paramagnetic phase (A < A < A;)

Antiferromagnetic phase (A > Ay)

Amin ()"— - }‘)1/2
(Ax;)? (=272
S; —i log(A_ — 1)

[ — Ayl = Ay)
A — Axl”1/2P =)™
—%10g|)»—)»i|° —%log()\—)ur)

AA = A )2 forA — A_and (A, — A)/2 for A — AL
P —=A_)""2forx — A_and (AL — X))V for A — Ay
¢—1log(h —A_) for A — A_and —}log(As — A) for A — A,

quadrature is given by
(Ax;)* oc (= — 2712, (38)

as shown in Fig. 5(b). Accordingly, the von Neumann entropy
shares the same form as that in Eq. (35).

C. Frustrated antiferromagnetic phase

In the frustrated antiferromagnetic phase (A > A,), both
the global Z, symmetry and the translational symmetry
are broken. 6; depends on the site index i, so do other
properties related with 6;. The exact analytical expressions
for A;, (Ax)?, (Ap;)?, and S; become much more te-
dious. Therefore, we just give the critical behaviors near
the quantum critical point (A — A.). The lowest excitation
energy satisfies Apn o (A — Ay), as verified in Fig. 5(d).
Near the quantum critical point which corresponds to the
paramagnetic-antiferromagnetic phase transition (A — i),
the quantum fluctuation in p; quadrature tends to a finite value
with (Ap;)> — +/3/6, whereas the exponentially diverged
quantum fluctuation in x; quadrature is given by

(Ax)* oc (L —ay)7 1, (39)

as shown in Fig. 5(e). Accordingly, the von Neumann entropy
near the quantum critical point depicted in Fig. 5(f) can be
written as

S ~ log Ax;Ap; ~ —Slog (A — Ay) + C]. (40)

Obviously, the critical behaviors of the excitation energy,
quantum fluctuation in x; quadrature, and von Neumann en-
tropy in the frustrated antiferromagnetic phase are different
from those in both paramagnetic and ferromagnetic phases,
which demonstrate the significance of the geometric frus-
tration. A mnemonic summary of the critical behaviors in
different quantum phases is provided in Table I.

It should be noted that the aforementioned analyses are
valid in the thermodynamic limit (/ — 400). Beyond the
thermodynamic limit (finite J), higher order terms pro-
portional to J~ with [ > 0 are not negligible after the
Holstein-Primakoff transformation, which leads to a non-
quadratic effective Hamiltonian. Such a Hamiltonian cannot
be solved by the symplectic transformation, but rather more
sophisticated techniques, such as the continuous unitary trans-
formation [34,45-47]. Neither the global Z, symmetry nor the
translational symmetry will be broken for finite J, which can
be confirmed by the absence of the nonzero order parameter
J*. The higher-order terms can be employed to study the

finite-size scaling behavior near the quantum critical point
[34,47], which is beyond the scope of this work.

V. CONCLUSIONS

As a natural generalization of the TFIM, the coupled-top
model describes large spins with ferromagnetic or antiferro-
magnetic interaction. It has been widely employed to study the
quantum phase transition, chaotic phenomena, and quantum
scar, etc. In this paper, we study three interacting large spins
located on a triangle. Compared with the original coupled-
top model with two large spins, the third large spin cannot
simultaneously satisfy antiferromagnetic interaction with the
other two, which introduces the geometric frustration. Similar
phenomena have been found in the Rabi ring [11,12], which
can be mapped into a frustrated magnetic system with interact-
ing large spins. Here we focus on the quantum phase transition
in the triangular coupled-top model, especially on the novel
critical behaviors induced by the geometric frustration.

The triangular coupled-top model admits three phases:
disordered paramagnetic phase, ferromagnetic phase, and
frustrated antiferromagnetic phase, depending on whether the
ground state preserves or breaks the global Z, symmetry and
translational symmetry. The quantum critical points which
separate three phases, as well as the order parameters J; in
different phases, can be obtained by the mean-field approach.
In the paramagnetic phase (A < A < X.), the ground state is
nondegenerate. Both the global Z, symmetry and translational
symmetry are preserved with J¥ = 0. In the ferromagnetic
phase (A < A_), only the translational symmetry is preserved
and the ground state is twofold degenerate. The breaking of
the global Z, symmetry leads to nonzero order parameters J;'.
In the antiferromagnetic phase (A > A, ) where the geometric
frustration comes into play, the ground state is sixfold degen-
erate. Neither the global Z, symmetry nor the translational
symmetry is preserved. The order parameter J depends on
the site index i.

Further insight into the quantum effects beyond the
mean-field approach can be achieved by employing the
Holstein-Primakoff transformation and the symplectic trans-
formation. After the Holstein-Primakoff transformation, three
interacting large spins are mapped into coupled harmonic os-
cillators described by the quadratic Hamiltonian, which can be
solved exactly by the symplectic transformation. The energy
gap between the ground state and first excited state closes
near the quantum critical point. The quantum fluctuation in
x; quadrature tends to exponentially diverge, whereas that in
p; quadrature tends to be a finite value, which is a signature of
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FIG. 6. Bottom-left corner corresponds to an elementary unit
formed by three spin—%s = %) on the triangle. Increasing the
number of sites leads to the TFIM on a triangular lattice, as
shown in the bottom-right corner. Increasing J on each site leads
to the triangular coupled-top model in this work, as shown in
the top-left corner. The thin and thick arrows correspond to the
spin—% and large spin respectively. The dot refers to the frustrated
spin.

the squeezing effect. The von Neumann entropy also diverges
near the critical point, which indicates a strong correlation
between different large spins. It is noteworthy that the critical
behaviors in the antiferromagnetic phase are different from
those in the paramagnetic and ferromagnetic phases. The
triangular coupled-top model opens up new opportunities to

investigate novel critical behaviors induced by the geometric
frustration.

The geometric frustration plays a significant role in both
the triangular coupled-top model and the TFIM on a trian-
gular lattice with antiferromagnetic interaction. They can be
regarded as a generalization of an elementary unit formed by
three spin-%s = %) on the triangle, as shown in Fig. 6. The
elementary unit has no quantum phase transition. The Ising
model on a triangular lattice is achieved by increasing the
number of sites, which manifests much richer phenomena. In
the absence of the transverse field, it exhibits a macroscopic
degeneracy and is disordered at T = 0 [2]. Introducing the
transverse field leads to the TFIM, which possesses a three-
sublattice state with long-range magnetic order due to the
mechanism known as order by disorder [22]. The coupled-top
model is achieved by replacing the spin-%s in the elementary
unit with large spins (J > %), which yields novel critical
behavior in the frustrated antiferromagnetic phase. It is inter-
esting to replace spin-%s of the TFIM on a triangular lattice
by large spins, which are left to future research.
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