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Landau level spectrum and magneto-optical conductivity in tilted Weyl semimetal
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We present a systematic investigation of the magnetoresponses of the Weyl points (WPs) with a topological
charge of n = 2, 3, and 4, and with both linear and quadratic energy tilt. The linear tilt always tends to squeeze
the Landau levels (LLs) of both conduction and valence bands of all the WPs, and eventually leads to LL
collapse in the type-II phase. However, the quadratic energy tilt has more complex influences on the LLs of the
unconventional WPs. For charge-n (n = 2, 4) WP, the influence of the quadratic tilt on the LLs of conduction and
valence bands are opposite, i.e., if the LLs of conduction (valence) bands are squeezed, then that of the valence
(conduction) bands are broadened and the squeezed LL spectrum will be collapsed in the type-III phase. But, the
LL collapse generally cannot be found in the type-III charge-3 WP. Moreover, for charge-n (n = 2, 3) WP, the
quadratic tilt breaks the degeneracy of the chiral LLs regardless of the direction of the magnetic field, leading to
additional optical transitions and magneto-optical conductivity peaks at low frequencies. Interestingly, the four
chiral LLs in charge-4 WP are always not degenerate. Hence there inevitably exist magneto-optical conductivity
peaks at low frequencies for charge-4 WP. Since the density of state of the LL spectrum is very large, one can
expect that the low-frequency magneto-optical responses in unconventional WPs would be significant and may
be used for developing efficient terahertz photodetectors.
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I. INTRODUCTION

Weyl semimetal, a novel topological state of matter that
possess momentum-space singularities, has been attracting
broad interests in current research [1,2]. Such singularity,
named as Weyl point (WP), is a kind of double degeneracy
formed by nondegenerate conduction and valence bands [3].
Around the degeneracy, the conventional WP exhibits linear
dispersion along any direction in momentum space, respect-
ing the Weyl equation proposed in high-energy physics [3].
Henceeach conventional WP is assigned a chirality (unit topo-
logical charge) with |C| = 1.

However, the crystals do not have Lorentz symmetry and
hence the WP in crystals can take different forms, generally
manifested in two aspects. The first one is that, with certain
symmetries such as rotation axis, multiple conventional Weyl
points with the same topological charge can merge together,
leading to unconventional WPs [4–6]. Recently, we show that
there are only three possibilities for the crystalline-symmetry
protected unconventional WPs [6–8], which have topological
charge |C| = 2, 3, and 4, respectively. The charge-2 (C-2)
and C-3 WPs exhibit linear dispersion along rotation axis and
nonlinear dispersion in the plane normal to rotation axis [5].
More interestingly, the C-4 WP features nonlinear dispersion
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along any direction in momentum space [6,9,10]. The second
aspect is the tilt of the Weyl cone, as many energy tilt terms are
compatible with the crystalline symmetry. For conventional
C-1 WP, only the linear energy term is relevant, as the leading
order of k in the corresponding Hamiltonian is linear. But for
C-2 and C-3 WPs, both linear and quadratic energy tilt terms
are relevant and symmetry allowed [5,6]. Because the C-4
WP is located at the high-symmetry point with time-reversal
symmetry T or T ′ = T |t0 with t0 a half lattice translation
[6–8], which forbids the linear energy tilt, hence it has only
quadratic energy tilt.

Both linear and quadratic energy tilt do not change the es-
sential topological properties of the WPs, such as topological
charge, but they do have important influence on the geometry
of the Fermi surface. By increasing the linear energy tilt, the
C-n (n = 1, 2, 3) WP will undergo a phase transition from
type-I WP to type-II WP [11], for which the Fermi surfaces
respectively are a point and a surface constructed by electron
pocket and hole pocket. Similarly, the quadratic energy tilt
also can transform the Fermi surface of C-n (n = 2, 3, 4) WP
from a point to a surface, but which here is constructed by
two electron or hole pockets [12], distinct from the case in
type-II WP. Such WPs hence are referred to as type III to
be distinguished from the type-II ones. Since most of the
material properties are determined by the geometry of Fermi
surface and the density of states around Fermi level, one
can expect that the WPs with different topological charge or
with and without energy tilt will exhibit completely different
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signatures, which is also an important basis for experimentally
identifying these topological states [13–18]. Many materi-
als have recently been predicted as the unconventional Weyl
semimetals [9,12,19–22]. Particularly, nonmagnetic material
(TaSe4)2I and magnetic materials X2RhF6 and BaNiIO6 are
predicted as type-III Weyl semimetals [12,19,20]. The C-4
WP has been reported in the electronic band structure of BaIrP
without spin-orbit coupling [9].

Magneto-optical conductivity can serve as an experimental
tool for observing salient features of systems, which are not
available in direct-current measurement [23–25]. For exam-
ple, the information like energy gap and Fermi velocity of the
band structure of systems can be extracted from these resonant
peaks of the optical conductivity [26–32]. Hence optical spec-
trum measurement is a standard and fundamental approach
to detect and understand the band structure of target materi-
als. Recently, the magneto-optical conductivity of topological
Weyl semimetals has been studied by several works [33–36].
Ashby and Carbotte studied the magneto-optical conductivity
of the C-1 WP without energy tilt for different Fermi levels
and scattering rates [33]. By introducing linear energy tilt, the
C-1 WP becomes anisotropic and the LLs of the system would
have a strong dependence on the direction of the B field [37].
Particularly, in the type-II phase, the LLs of C-1 WP would be
collapsed at a critical angle between the B field and the tilt, and
the magneto-optical conductivity is distinguished from that of
type-I C-1 WP [37–39]. The magneto-optical conductivity of
C-2 and C-3 WPs with and without linear energy tilt were also
investigated in Refs. [39–42]. However, the magnetoresponse
of recently proposed C-4 WP and that of the C-n (n = 2, 3)
WPs with quadratic energy tilt has yet not been explored.

In this work, we present a systematic investigation of the
magnetoresponse of unconventional WPs with both linear and
quadratic energy tilt, based on the low-energy effective Hamil-
tonian and Kubo formula. We find that, for C-2 and C-4 WPs,
the additional quadratic energy tilt tends to squeeze the LLs
of one of the valence and conduction bands and broadens the
LLs of the other band. Hence, when quadratic energy tilt is
large and the C-2 (C-4) WP becomes the type-III one, only
valence or conduction band features LL collapse, which is
in sharp contrast to the type-II WPs, where the LLs of both
valence and conduction bands collapse [37]. Interestingly, the
LL collapse generally cannot be realized in C-3 WP regardless
of the presence or absence of the quadratic energy tilt.

The quadratic energy tilt also has important influence on
the magneto-optical conductivity of the unconventional WPs.
In the absence of quadratic energy tilt, both C-2 and C-3 WPs
have degenerate chiral LLs when the B field is parallel to the
principal rotation axis of systems [36,43]. Such degeneracy
will be broken by the quadratic energy tilt, which makes
a new transition between the chiral LLs and leads to addi-
tional peak(s) in the magneto-optical conductivity spectrum
at low frequencies. At the same time, the original longitu-
dinal magneto-optical conductivity peaks will be split and
the original transverse magneto-optical conductivity changes
from zero to a series of positive and negative peaks. But, the
four chiral LLs in C-4 Weyl point are always not degenerate
[6,44] and the absorption peaks from the transition between
different chiral LLs generally are much more significant than
that in C-2 and C-3 WPs. Besides, similar to the previous

investigation on type-II WPs [37], the type-III WPs exhibit
many intraband absorption peaks at low frequencies.

This paper is organized as follows. In Sec. II, we analyti-
cally calculate the LLs for C-2 and C-3 WPs with both linear
and quadratic energy tilt when the magnetic field is along
the z direction and numerically calculate the LL spectrum
of C-n (n = 2, 3, 4) WPs with different tilt parameters. Be-
side, we discuss the LL collapse in the unconventional WPs
based on a semiclassical picture. Then, in Sec. III, we present
the magneto-optical transition selection rules and show the
numerical results for the corresponding magneto-optical con-
ductivity for C-n (n = 2, 3, 4). At last, we summarize our
results in Sec. IV.

II. LL SPECTRUM

A. C-2 and C-3 WPs

A general low-energy effective Hamiltonian of C-2 (C-3)
WP without energy tilt can be written as [6]

H0 = vzkzσz + λ(km
−σ+ + km

+σ−), (1)

where vz and λ are real model parameters, m = 2 (m = 3),
σ± = (σx ± iσy)/2 with σi (i = x, y, z) the Pauli matrix, and
k± = kx ± iky. One observes that the leading order of k in
the effective Hamiltonian (1) along the kz direction is linear
and that in kx-ky plane is quadratic (cubic) for m = 2 (m = 3).
Hence a linear energy tilt term ∝ki will compete with vzkzσz

along the kz direction and dominate the energy dispersion
around the WP in the kx-ky plane. In practice, however, the
C-2 and C-3 WPs are located at high-symmetry line (kz axis
here) with multiple-fold rotation symmetry, which forbids
the appearance of linear and cubic terms in the kx-ky plane
[6]. Consequently, the relevant energy tilt for C-2 (C-3) WP
includes two parts: A linear energy tilt along the kz direction
and a quadratic energy tilt in the kx-ky plane, for which the
effective Hamiltonians read

Ht ilt = wzkz + w||k2
||, (2)

with k‖ =
√

k2
x + k2

y . The energy dispersion of the C-m (m =
2, 3) WP with energy tilt (2) is

E± = wzkz + w||k2
|| ±

√
v2

z k2
z + λ2k2m

‖ . (3)

When |wz| > |vz|, the Weyl cone is overtilted, leading to a
type-II C-2 (C-3) WP. But the influence of quadratic energy
tilt on C-2 and C-3 WP is different, which then leads to
different consequences for the LL spectrum, as shown below.
For C-2 WP, it becomes a type-III WP when |w||| > |λ|, as its
band structure in the kx-ky plane is E± = (w|| ± λ)k2

||. For C-3
WP with energy tilt, its energy dispersion in the kx-ky plane is
E± = w||k2

|| ± λk3
‖ , indicating the band structure of C-3 WP is

dominated by w||k2
|| for small k‖. Hence an arbitrary small |λ|

can transform a type-I C-3 WP to a type-III one. But, it should
be noticed that, for large k‖, the band structure of C-3 WP is
dominated by ±λk3

‖ .
We first consider a uniform magnetic field along the z

direction, as in such case the LL spectrum of C-2 (C-3) WP
can be analytically obtained. Notice that, in the following
calculations, we have neglected the Zeeman effect induced by
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magnetic field, as it is much smaller than the orbital effect
at accessible field strength. We make the usual Peierls substi-
tution k → � = k + eA/h̄ in the effective Hamiltonian with
the vector potential A = (0, Bx, 0). Here, we have chosen the
Landau gauge. By introducing the creation and annihilation
operators

â = lB√
2h̄

(�x − i�y), â† = lB√
2h̄

(�x + i�y), (4)

the Hamiltonian H = H0 + Ht ilt can be rewritten as

H = wzkz + vzkzσz + ω||(2â†â + 1)

+λ

(√
2

lB

)m

[âmσ+ + (â†)mσ−], (5)

where lB = √
h̄/eB denotes the magnetic length and ω|| =

w||/l2
B.

After straightforward calculations, the LL spectrum and the
eigenstates of C-2 WP (m = 2) are obtained as

εn(kz ) = (2|n| + 1)ω|| + (wz − vz )kz, (6)

�n = (0, |n〉)T , (7)

for n = 0, 1, and

εn(kz ) = (2|n| − 1)ω|| + wzkz + sgn(n)�n(kz ), (8)

�n = (αn||n| − 2〉, βn||n|〉)T , (9)

for |n| � 2 with

�n(kz ) =
√

(vzkz − 2ω||)2 + 4λ2

l4
B

|n|(|n| − 1), (10)

αn =
√

sgn(n) × (vzkz − 2ω||) + �(kz )

2�(kz )
, (11)

βn =
√

−sgn(n) × (vzkz − 2ω||) + �(kz )

2�(kz )
, (12)

and |n〉 the harmonic oscillator eigenstate.
Similarly, the LL spectrum and the eigenstates of C-3 WP

(m = 3) are obtained as

εn(kz ) = (2|n| + 1)ω|| + (wz − vz )kz, (13)

�n = (0, |n〉)T , (14)

for n = 0, 1, 2, and

εn(kz ) = 2(|n| − 1)ω|| + wzkz + sgn(n)�′
n(kz ), (15)

�n = (α′
n||n| − 3〉, β ′

n||n|〉)T , (16)

for |n| � 3 with

�′
n(kz ) =

√
(vzkz − 3ω||)2 + 8λ2

l6
B

|n|(|n| − 1)(|n| − 2),

(17)

α′
n =

√
sgn(n) × (vzkz − 3ω||) + �′(kz )

2�′(kz )
, (18)

β ′
n =

√
−sgn(n) × (vzkz − 3ω||) + �′(kz )

2�′(kz )
. (19)

The calculated LLs of C-2 and C-3 WPs with different
parameters are shown in Fig. 1 and Fig. 2. From Eqs. (8) and
(15), one observes that, in the kz = 0 plane, the LL energy
of C-2 WP is proportional to the magnetic field B whether
there is a tilt term or not, but that of C-3 WP is proportional
to B3/2 when w‖ = 0, which is different from the C-1 WP
[40]. Besides, we find that the influence of linear and quadratic
energy tilt on LLs are completely different. First, as shown in
Figs. 1(a)–1(d) and 2(a)–2(d), without any tilt or with only
linear tilt, there are two (three) degenerated chiral LLs for
C-2 (C-3) WP, consistent with previous results [36,42,43]. But
when the quadratic energy tilt is added, the degeneracy of the
two (three) chiral bands is broken, as shown in Figs. 1(f)–1(h)
[Figs. 2(f)–2(h)]. And, one observes that the splitting of the
chiral LLs is more significant for C-2 WP. Moreover, we find
that the quadratic energy tilt [(2|n| ± 1)w||/l2

B] always tends
to elevate the LL bands. Particularly, for type-III C-2 WP
(|w||| > |λ|), all the LLs at the kz = 0 point have positive
energy [see Fig. 1(h)]. But, this is not the case for type-III
C-3 WP, due to the presence of k3

+(−) terms in the Hamilto-
nian [Eq. (1)]. Second, the linear energy tilt tends to tilt and
squeeze the LL spectrum of C-2 (C-3) WP, while no obvious
tilt of the LLs can be observed for the C-2 (C-3) WP with only
quadratic energy. Increasing wz (with w‖ = 0), the LLs gets
more and more tilted and the chiral LLs become flat bands
when wz = vz, as the slope of the chiral LLs is determined by
wz − vz [see Eqs. (6) and (13)]. When |wz| > |vz|, the system
becomes type-II WPs and the resulting LLs are overtilted. In
contrast, increasing w|| (w|| > 0 with wz = 0), the LLs of the
valence band will be squeezed, while that of the conduction
band are broadened [see Figs. 1(f)–1(h) and Figs. 2(f)–2(h)].
Particularly, for C-2 WP, the valence band at the kz = 0 plane
becomes a flat band when w|| = λ. Generally, the LLs of a
trivial flat band are all degenerate at the same energy. But, for
a nontrival band with finite orbital momentum, its structure
will be modified when a magnetic field is applied [37,45–
47]. Since the C-2 WP exhibit significant Berry curvature and
orbital momentum, the original flat band here is modified to
have an energy variation, leading to nondegenerate LLs at
kz = 0 plane, as shown in Fig. 1(g). Interestingly, Rhim et al.
show that, in such case, the LL spacing is determined by the
quantum distance of the Bloch states of the Weyl point without
external magnetic field [48]. When |w‖| > |λ| in C-2 WP and
|w‖| > 0 in C-3 WP, the systems become type-III WPs and
the Fermi surface is no longer a point but contains two hole
pockets; then the Fermi level may or may not go through many
LLs depending on the size of the two hole pockets and the
strength of the B field [see Figs. 1(h) and 2(h)]. When both
linear and quadratic energy tilt are added, not only does the
band tilt, but also the degeneracy of the chiral LLs is broken,
as shown in Figs. 1(e) and 2(e).

When the B field deviates from the z direction, it is
generally difficult to obtain analytical expressions for the
LL spectrum. Alternatively, we calculate it numerically. It
was shown that the type-II C-1 WP features LL collapse,
which can be quantitatively understood within a semiclassical
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FIG. 1. LL spectrum of the C-2 WPs along kz with different energy tilts. We set vz = 1.5 eV Å, λ = 0.1 eV Å2, and lB = 1 Å. The arrows
mark some representative optical transitions.

picture [37]. Under a magnetic field, the semiclassical or-
bit of electronic motion in momentum space resides on the
intersection between a constant energy surface and a plane

perpendicular to the field direction. By tuning B away from
linear tilt direction (z-direction), the semiclassical orbit of
type-II C-1 WP changes from a circle to an open trajectory,

FIG. 2. LL spectrum of the C-3 WPs along kz with different energy tilts. We set vz = 2 eV Å, λ = 0.02 eV Å3, and lB = 1 Å. The arrows
mark some representative optical transitions. The units of the parameters of the quadratic tilt w|| are eV Å2.
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FIG. 3. LL spectrum of C-2 WP for B ‖ x. (a),(b) Semiclassical orbit of type I (green solid line), II (blue solid line), and III (red solid line)
C-2 WPs at kx = 0 plane for (a) conduction band and (b) valence band. (c)–(f) LL spectrum of C-2 WP with different energy tilts for lB = 1 Å.
We set vz = 1.5 eV Å and λ = 0.1 eV Å2.

leading to the collapse of LLs [37]. In this work, we show
that, when B field deviates from z direction, the type-II C-2
and C-3 WPs also feature the LL collapse for both conduction
and valence bands. But, for type-III C-2 WP, only the LL
spectrum of the valence (conduction) band collapses when
w‖ > 0 (w‖ < 0) and the type-III C-3 WP generally does not
feature LL collapse.

To explicitly show this, we plot the constant energy surface
of the C-2 and C-3 WPs with kx = 0, i.e., we assume B field
along x direction, for different linear and quadratic energy tilt
in Figs. 3(a), 3(b) and 4(a), 4(b). One can find that, for type-I
(type-II) C-2 and C-3 WPs, the constant energy surfaces are
always closed (open). In sharp contrast, for type-III C-2 WP,
the constant energy surface of the conduction band is still
closed but that of the valence band becomes an open trajectory
[see the red line in Figs. 3(a) and 3(b)]. And no open constant
energy surface can be found in type-III C-3 WP [see the red
line in Figs. 4(a) and 4(b)], as the ±λk3

‖ dominates the band
structure for large k‖.

We also numerically calculate the LLs of C-2 and C-3
WPs for B ‖ x in the region before collapse. The results show
that when approaching the phase boundary between type-I
and type-II, the LL spacing becomes smaller and smaller, as
shown in Figs. 3(c), 3(d) and 4(c), 4(d). When the LL spacing
vanishes, the LLs collapse. However, the LL spacing of the
valence (conduction) band of C-2 WP becomes smaller and
smaller (larger) when increasing the quadratic tilt (w|| > 0),
as shown in Figs. 3(e)and 3(f). Figures 4(e) and 4(f) show
that, while the LL spacing of C-3 WP also varies with w‖, it

generally does not approach zero and hence the LLs will not
collapse, consistent with the semiclassical analysis.

B. C-4 WP

Different from the C-2 and C-3 WPs, which can appear
at high-symmetry points and lines, the C-4 WP only appear
at the high-symmetry points with T or T ′ symmetry [6–8].
Hence the C-4 WP only has quadratic energy tilt, and a general
form of the effective Hamiltonian of C-4 is [6]

HC−4 = w||k2 + c1kxkykzσy +
√

3c2
(
k2

x − k2
y

)
σx

+c2
(
k2

x + k2
y − 2k2

z

)
σz, (20)

where k =
√

k2
x + k2

y + k2
z , w|| denotes the strength of

quadratic energy tilt, and c1(2) is real model parameters. The
energy dispersion of C-4 WP reads

E± = w||k2 ±
√

4c2
2k4 − 12c2

2g(k) + c2
1k2

x k2
y k2

z , (21)

where g(k) = k2
x k2

y + k2
y k2

z + k2
z k2

x . Because of the complexity
of Eq. (20), it is difficult to solve the LLs and eigenvector
of C-4 WPs analytically. Hence, in following calculations,
we numerically calculate the LL spectrum of C-4 WP with
different quadratic energy tilt. As shown in Fig. 5(a), without
any tilt, there are four nondegenerated chiral LLs crossing
the zero energy. By adding the quadratic energy tilt, the both
chiral and achiral LL bands are elevated, but the elevation
is more significant for the chiral LLs in the kz > 0 region.
Moreover, we find that, increasing w|| > 0, the LLs of the
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FIG. 4. LL spectrum of C-3 WP for B ‖ x. (a),(b) Semiclassical orbit of type I (green solid line), II (blue solid line), and III (red solid line)
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valence band will be squeezed while that of the conduction
band are broadened.

Again, we study the possibility of LL collapse in C-4 WP.
From Eq. (21), one knows that the C-4 WP exhibits a leading
order of cubic along the (111) direction (as well as the direc-
tions symmetry connected to it) and of quadratic along other
directions. Hence, when the energy tilt w|| is large enough and
tuning B away from the z direction, the semiclassical orbit of
C-4 WP will go from closed to open, leading to the collapse of
LLs. To explicitly show it, we rotate the coordinate axis of the
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FIG. 5. LL spectrum of the C-4 WP along kz with different
quadratic energy tilt. We set c1 = 1 eV Å3, c2 = 1 eV Å2, and lB =
3.16 Å. The unit of w|| is eV Å2.

system, causing kx,y,z to be qx,y,z. Here, qz is along the original
(111) direction. We plot the constant energy surface of the
C-4 WP with qy = 0, i.e., we assume the B field along the
(111) direction, for different quadratic energy tilt in Figs. 6(a)
and 6(b). One can find that, when w|| is large (w|| > 0), the
constant energy surfaces of the conduction (valence) band are
always closed (open). We also numerically calculate the LLs
of C-4 WPs for B along (111) direction before collapse. The
results show that the LL spacing of the valence (conduction)
band of C-4 WP becomes smaller and smaller (larger) when
increasing the quadratic tilt w|| > 0, as shown in Figs. 6(c)
and 6(d). The spacing of LL for the valence (conduction) band
approaches zero and the LL spectrum of the valence (conduc-
tion) band collapses when the w|| is large enough (w|| > 0).

III. MAGNETO-OPTICAL CONDUCTIVITY

In this section, we study the magneto-optical conductiv-
ity of a single unconventional WP with different topological
charge and energy tilt. The dynamical conductivity tensor can
be obtained from the Kubo formula [49,50]. Here, we focus on
the absorptive part of the magneto-optical conductivity with a
uniform magnetic field B ‖ z. Expressed in the Landau level
basis in the clean limit, we have [49,50]

σi j (ω) = −ih̄ e2

2π l2
B

∑
n,n′

∫
dkz

� f 〈n, kz|vi|n′, kz〉〈n, kz|v j |n′, kz〉
(εn − εn′ )(h̄ω + εn − εn′ + iη)

,

(22)
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FIG. 6. LL spectrum of C-4 WP for B ‖ (111) direction. Semi-
classical orbit of C-4 WPs at qy = 0 plane with different quadratic
energy tilts for (a) conduction band and (b) valence band. (c),(d) LL
spectrum of C-4 WP with different parameters for lB = 3.16 Å. We
set c1 = 1 eV Å3 and c2 = 1 eV Å2.

where i( j) = x, y, |n, kz〉 denotes the LL state, vi = ∂kiH is
the velocity operator along the i direction, h̄ω is the photon
energy, η denotes the scattering rate, � f = fn − fn′ are the
occupation differences between the two states involved in
the optical transition, and f (E ) = 1/[e(E−EF )/kBT + 1] is the
Fermi-Dirac distribution function with Boltzmann constant kB

and temperature T .

A. Optical transition selection rules

For C-2 and C-3 WPs, the velocity operators vx and vy are
given by

vx = ω1(â† + â) + ω2[âm−1σ+ + (â†)m−1σ−], (23)

vy = iω1(â† − â) + iω2[âm−1σ+ − (â†)m−1σ−], (24)

where ω1 = √
2w||/lB and ω2 = mλ(

√
2/lB)m−1 with m = 2

(m = 3) for C-2 (C-3) WP. By analyzing the above expression
of vx(y) and the eigenstates of C-2 [Eqs. (7) and (9)] and
C-3 [Eqs. (14) and (16)] WPs, the optical transition selection
rules can be inferred, i.e., the optical transitions only hap-
pen between the ±nth and (±n ± 1)th LLs for both C-2 and
C-3 WPs.

Actually, one can find that the effective Hamiltonians of
C-2 and C-3 WPs [see Eq. (1)] are invariant under any small
rotation along the z direction, leading to an emergent rotation
symmetry, which guarantees the dipolar transitions in C-2 and
C-3 WPs [51]. Different from the C-2 and C-3 WPs, the C-4
WP does not have the rotation symmetry along any direction;

hence both dipolar and nondipolar transitions can be found in
C-4 WP.

B. Numerical results of Re[σxx(ω)]

We then investigate the influence of the linear and quadratic
energy tilt on the magneto-optical measurements. The cal-
culated results of the absorptive part of the longitudinal
magneto-optical conductivity Re[σxx(ω)] of C-2 and C-3 WPs
are plotted in Fig. 7 and Fig. 8 (blue solid curves), where the
used parameters are the same as those in Fig. 1 and Fig. 2,
respectively. By inspecting the LL spectra in Fig. 1 and Fig. 2,
we can observe the following features.

First, without any energy tilt, the conductivity includes a
series of asymmetric peaks and the peak spacing is propor-
tional to B (B3/2) for C-2 (C-3) WPs [see Figs. 7(a) and 8(a)].
This can be directly obtained by checking the LL spectrum
[Eqs. (8) and (15)], where the energy extremal points reside
at the kz = 0 point [see Figs. 1(a) and 2(a)]. The positions of
the peaks can be easily obtaining by analyzing the transitions
happening between the LLs in kz = 0 plane.

Second, Re[σxx(ω)] does not have a dependence on linear
energy tilt in the type-I phase [see Figs. 7(a), 7(b) and 8(a),
8(b)], but shows distinctive features in the type-II phase. Since
the Weyl cone is overtilted in the type-II phase and the system
becomes a metal rather than a semimetal, the Fermi level will
cross both chiral and achiral LLs and, in such case, many tran-
sitions that can (not) happen in the type-I phase are forbidden
(occur), as shown in Figs. 7(d) and 8(d). As a consequence,
many absorption peaks appear at low frequencies and the
shape of the original peaks are changed from exhibiting long
tails to tailless. These are similar to the case in C-1 WP [37].

Third, as aforementioned, the quadratic energy tilt breaks
the degeneracy of the two (three) chiral LLs of C-2 (C-3)
WP. This leads to two interesting results. One is the transition
between chiral LLs, giving rise to one additional peak at low
frequencies, as shown in Fig. 7(f) and Fig. 8(f), respectively
(marked by the black arrows). Remarkably, we find that the
position of these additional peaks is 2w||/l2

B, indicating that
the peak position can be tuned by the strength of the B field
and the quadratic energy tilt. The other interesting result is
that the energy degeneracy of the transitions involving chiral
LLs also is broken. For C-2 WP with w|| = 0, the transition
energy for −2 → 1 and that for 1 → 2 are the same, and for
C-3 WP −3 → 2 and 2 → 3 are the same, which is marked
by red arrow in Fig. 1(a) and Fig. 2(a). In the presence of
finite w||, these degeneracies are broken and then the original
peaks in conductivity are split, as shown in Figs. 7(f) and 8(f)
(marked by red arrows). In addition, the quadratic energy tilt
also modifies the energy of achiral LLs of both C-2 and C-3
WPs, making the transition energy between −|n| → |n| − 1
and −(|n| − 1) → |n| no longer the same. Thus the peaks
resulting from transitions between the achiral bands also un-
dergo splitting, as indicated by the green arrows in Fig. 1(f)
and Fig. 7(f), and those in Fig. 2(f) and Fig. 8(f).

Fourth, for type-III C-2 WP, there also exists the invariable
presence of absorption peaks at low frequencies due to the
metal feature [see Fig. 7(h)]. But, for type-III C-3 WPs, the
LLs of conduction and valence bands generally are separated
in energy, when the strength of the B field is large or w‖ is
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small. Hence the type-III C-3 WP may or may not exhibit
significant absorption peaks at low frequencies, depending on
the model parameters, as shown in Figs. 8(f)–8(h).

At last, we discuss the magneto-optical conductivity of C-4
WP, the results of which are plotted in Fig. 9. One observes
that the magneto-optical conductivity of C-4 WP is irregular
due to the complexity of the corresponding LLs, completely
differing from that of C-2 and C-3 WPs. Thus the influence
of quadratic energy tilt on the magneto-optical conductivity
also is subtle and may have a strong dependence on the model
parameters and the strength of the B field. But two key ob-
servations can be inferred from the LLs and Fig. 9. Since the
four chiral LLs in C-4 WP are always not degenerate, the C-4
WP inevitably exhibits several transition peaks at low energy,
as labeled by the arrows in Fig. 9. Besides, there is almost
an absorption peak around the zero-energy position, as the
Fermi level always crosses the intersection of two subbands,
as marked by the black circles in Fig. 5.

C. Numerical results of Im[σxy(ω)] and Re[σ±(ω)]

In this subsection, we study the transverse magneto-
optical conductivity σxy(ω), as well as the conductivity under
circularly polarized light σ±(ω) = σxx(ω) ± iσxy(ω). The ab-
sorptive part of these two conductivities are Im[σxy(ω)] and
Re[σ±(ω)]. Notice that the circularly polarized light σ± ex-
hibits certain orbital angular momentum of ±1. Hence, under
left (right) circularly polarized light σ− (σ+), only the tran-
sitions between the ±nth and (±n − 1)th [±nth and (±n +
1)th] LLs happen for C-2 and C-3 WPs.

The calculated results of Im[σxy(ω)] of C-2 and C-3 WPs
also are plotted in Fig. 7 and Fig. 8 (red dashed curves).
Interestingly, Im[σxy(ω)] vanishes for the C-2 and C-3 WPs
without quadratic energy tilt, as shown in Figs. 7(a)–7(d)
and Figs. 8(a)–8(d). As discussed above, the possible optical
transition for C-2 and C-3 WPs under linearly polarized light
are from −|n| → |n| ± 1 LLs. In the absence of the quadratic
energy tilt w|| = 0, the two processes −|n| → |n| − 1 and
−(|n| − 1) → |n| exhibit the same frequency but opposite
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FIG. 10. Re[σ+(ω)] (blue solid curves) and Re[σ−(ω)] (red solid
curves) plotted for the (a),(b) C-2 and (c),(d) C-3 WPs in units
of σ0 = h̄e2

2π l2
B

. (a),(b) and (c),(d) correspond to Figs. 7(f), 7(h) and

Figs. 8(f), 8(h), respectively.

contribution to Im[σxy(ω)], leading to vanishing Im[σxy(ω)]
for all the frequency. But when the quadratic energy tilt
w|| is finite, the frequencies of the two processes −|n| →
|n| − 1 and −(|n| − 1) → |n| are no longer the same. Hence
the Im[σxy(ω)] show a series of positive and negative peaks
when w|| is not very large, as shown in Figs. 7(e)–7(g) and
Figs. 8(e)–8(h). For type-III C-2 WP, almost all the peaks of
Im[σxy(ω)] are negative [see Fig. 7(h)].

Moreover, one can find that the Re[σxx(ω)] equals
Im[σxy(ω)] at certain frequencies [see Figs. 7(d)–7(h)
and Figs. 8(d)–8(h)] as, in these frequency ranges, only
the transitions −|n| → |n| − 1 exist. This can be more
clearly understood in the results of Re[σ±(ω)], which are
shown in Fig. 10. In these frequency ranges, Re[σ+(ω)] =
Re[σxx(ω)] − Im[σxy(ω)] is zero, which is consistent with the
physics that Re[σ+(ω)] is solely induced by the transitions
between the ±nth and (±n + 1)th LLs and then must vanish
in the frequency ranges that do not have this kind of transition.
Also, the number of peaks in Re[σ±(ω)] is about half that in
Re[σxx(ω)] and Im[σxy(ω)], as a linearly polarized light can
be considered as a combination of left and right circularly
polarized light.

Again, we find that Im[σxy(ω)] and Re[σ±(ω)] of C-4 WP
are irregular, which can be inferred from Fig. 9, as all the
transitions including dipolar and nondipolar transitions can be
realized in C-4 WP for both linearly and circularly polarized
light.
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IV. SUMMARY

In summary, based on the low-energy effective Hamilto-
nian and Kubo formula, we have systematically studied the
magnetoresponse of WPs with both linear and quadratic en-
ergy tilt and with a topological charge of n = 2, 3, 4. We find
that the magnetoresponses of these systems with linear and
that with quadratic energy tilt exhibit completely different
signatures. For C-2 and C-3 WPs, the linear energy tilt always
tends to squeeze the LLs of both conduction and valence
bands, and eventually leads to LL collapse in the type-II
phase. In contrast, for C-2 and C-4 WPs, the quadratic energy
tilt tends to squeeze the LLs of either the valence or the con-
duction band and broadens the LLs of the other one. Hence,
when quadratic energy tilt is large and the C-2 (C-4) WP
becomes the type-III one, only valence or conduction band
features LLs collapse. Interestingly, the LL collapse generally
cannot be realized in C-3 WP regardless of the presence or
absence of the quadratic energy tilt.

For Re[σxx(ω)], we also find that, for type-I WPs, it does
not have a dependence on the linear energy tilt. But when the
linear energy tilt is large enough and the type-I WPs become
type-II ones, many additional absorption peaks appear at low
frequencies. In contrast, the degeneracy of the chiral LLs for
C-2 and C-3 WPs can be broken by the quadratic energy tilt,
which makes a new transition between the chiral LLs and
leads to one additional peak in the longitudinal conductivity
spectrum at low frequencies. The modification of LL bands
caused by quadratic tilt also leads to the splitting of the origi-
nal longitudinal conductivity peaks induced by the transitions

between achiral LLs. The transition between different chiral
LLs always can be found in C-4 WP, as the four chiral LLs in
C-4 WP are not degenerate whether or not there is a quadratic
energy tilt.

We also investigate the behavior of Im[σxy(ω)] and the
magneto-optical conductivity of the unconventional WPs
under circularly polarized light Re[σ±(ω)]. We find that
Im[σxy(ω)] vanishes for C-2 and C-3 Weyl points without
quadratic energy tilt and exhibits a series of positive and
negative peaks when the quadratic energy tilt is not very large.
The behavior of Re[σ±(ω)] then can be easily obtained from
the longitudinal and transverse magneto-optical conductivities
and our results are consistent with the physics analysis.

Note added. Recently, we became aware of Ref. [52],
which studied the magneto-optical conductivity of the type-
I and type-II C-n (n = 1, 2, 3) WPs with closed Fermi
surface.
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