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Short-wavelength axion dark modes of cavity axion polariton
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The cavity axion polariton represents a new frontier in the field of topological matter and light-matter
interactions. To realize strong axion-photon coupling and low damping of the axion mode, which are two key
factors for quantum information applications, we studied the short-wavelength axion modes and the axion-axion
interaction theoretically. Our results reveal an unconventional coupling between photon and standing wave axion
modes that is in the strong-coupling regime as the number of antinodes is large. When two axion modes are
coupled with cavity photons, cavity-mediated axion-axion coupling gives rise to the axion dark mode. Our
results suggest that short-wavelength axion dark modes may be potential candidates for quantum manipulation

and storage.
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I. INTRODUCTION

Recently, many exotic phenomena of magnetic topological
insulators have been revealed [1-5], especially the axion insu-
lator state [2,6-9] and axion electrodynamics [10-22], which
made a deep link between topological electronic states, mag-
netism, and optics. The axion quasiparticle emerges through
the axion action Sigpo = (0 /27)(e*/hcy) f d*xdtE - B from
the topological field theory [1,2], in which E and B are the
electric field and magnetic induction inside the insulators,
e is the charge of an electron, / is Planck’s constant, ¢ is
the speed of light in a vacuum, and 6 (modulo 27) is the
dimensionless pseudoscalar parameter as the axion field. In
antiferromagnetic topological insulators with breaking of both
the time-reversal symmetry and the inversion symmetry, e.g.,
a van der Waals layer Mn;,Bi,Tes, MnBi, Te4/Bi, Tes superlat-
tices, and MnBi; Te4 films, most of which have been predicted
and recently synthesized [9,23-30], the spin wave excitation
generates a dynamical axion field 6(r, t) [10,31]. Therefore,
based on these materials, one can tune the properties of the
antiferromagnetic spin wave to achieve the desired behavior
of the dynamic axion field.

In the field of dynamical magnetism, a spin wave can be
excited thermally or optically. At finite temperature and at
equilibrium, thermally excited spin waves have a population
that obeys the Bose-Einstein statistics. Temperature is the
main factor of this mechanism. In contrast to a thermal spin
wave, a spin wave excited by light or microwaves can be
manipulated by photon frequency, polarization, power, etc.
Hence optically excited spin waves present more tunability
than thermal spin waves. An antiferromagnetic spin wave
can be excited by terahertz-frequency photons, e.g., antifer-
romagnetic resonance [32,33], or by visible light, e.g., the
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magnon Raman effect [34,35]. Here, magnons are the quanta
of spin waves. The spin waves or magnons are in general
related to transverse magnetization oscillations [36,37]. Ax-
ion quasiparticles in antiferromagnetic topological insulators
have been predicted to originate from longitudinal magnetiza-
tion oscillation [10,31]. More specifically, for magnetizations
aligned along the z direction, the x and y components and the z
component of magnetizations induce the spin wave (magnon)
and dynamic axion field (axion), respectively. By shining a
light with magnetic component parallel to the magnetization,
one thus can achieve the longitudinal magnetization oscilla-
tion and dynamic axion field. Furthermore, when the light is
confined inside a cavity, a cavity axion polariton is formed
which reproduces a large axion-photon coupling [21]. These
novel characteristics enable the cavity axion polariton to be
used in axion-based quantum information manipulation and
storage.

For the quantum control of light-matter interaction, the
qubit in superconducting circuits [38] and the mechanical
oscillator in cavity optomechanics [39] have been widely stud-
ied. In comparison to these two systems, the axion presents
some advantages. First, the axion is described by the theories
of topological matter and light-matter interaction. Based on
the topological magnetoelectric effect [10], the axion-photon
coupling is greatly enhanced near the topological phase transi-
tion. To achieve strong coupling, one can engineer the atomic
structures of topological axion insulators and their superlat-
tices to realize the transition from a topological trivial phase to
a nontrivial phase [24]. Second, the axion frequency is in the
terahertz frequency range, while the superconducting qubit
and mechanical oscillator are in the gigahertz or megahertz
frequency. Due to its higher frequency and smaller population,
the axion is easier to cool to the ground state than the qubit
and mechanical oscillator. Ground-state cooling is important
to realize many quantum phenomena, e.g., quantum squeez-
ing and entanglement [38,39]. Third, by introducing static
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FIG. 1. (a) Schematic of the cavity geometry with two dynamical axion insulator (DAI) films. The photon propagates from the input port
(left) to the output port (right) through two DAI films. We consider the even mode of cavity resonances in which the electric fields at the DAIs
are the largest. A static magnetic field is applied with an angle ¢ with respect to the z axis and induces a coupling between the electric field
E of the photon and the dynamical axion field §6. [, I, and [, are the thickness of DAII, the thickness of DAI2, and the distance between
them. L is the length of the cavity. The light green arrows show the antiferromagnetic sublattice magnetizations. (b) and (c) |S,;| transmission
spectra of long-wavelength 8. (b) and B_ (c) axion modes. The zero-field axion frequency is 498.6 GHz in (b) and 576 GHz in (c).

magnetic field By and setting B = By in Siopo, One can see
that the axion-photon coupling strength is proportional to By.
This provides an easy way of tuning axion-photon coupling
by varying the static magnetic field.

For quantum information applications, strong coupling and
low damping are two key factors [40]. Strong coupling be-
tween axion and photon modes has been predicted for the
long-wavelength axion mode [21]. In general, there exists
only one long-wavelength axion mode with almost zero wave
vector. The short-wavelength axion mode has a finite wave
vector, which provides a number of possibilities for axion
mode selection. However, it is still unclear whether strong
coupling can be realized for short-wavelength axion modes.
On the other hand, in order to obtain low damping, the dark
mode is usually employed. In quantum optics [40], the in-
terference can result in a dark mode for which two modes
destructively interfere. Due to extremely weak coupling with
the surrounding environment, the dark mode can be used
for the storage of information, which has been extensively
studied in atomic, magnonic, superconducting qubit, and
optomechanical systems [41-43]. Therefore it is physically
meaningful to study the short-wavelength axion modes and
the axion dark modes of cavity axion polaritons.

The remainder of this paper is organized as follows. In
Sec. II, we provide a comprehensive description of theoretical
and methodological details of coupling between cavity photon
and short-wavelength axion modes. Section III is devoted to
the presentation and interpretation of our numerical results for
the short-wavelength cavity axion polariton. Conclusions are
drawn from the findings in Sec. IV.

II. THEORY AND METHOD

A. Short-wavelength axion modes

The dynamical equations of a short-wavelength axion po-
lariton are written as [10]

9’E 22 @ 3259B 0 "
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where By is the static magnetic field inside the insulators. €
is the dielectric constant, ¢ = co//€ is the speed of light
in the dynamical axion insulator (DAI), and w is the mag-
netic permeability. @ = e?/hicy is the fine-structure constant.
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The axion field 8 = 6y + §0, in which 6y and 86 are the
static and dynamic parts of the axion field. The dynamic part
originates from the longitudinal magnetization excitation with
material-dependent stiffness J, velocity v, mass (frequency)
m, and coefficient g [10]. I" is the intrinsic damping of axion
modes. In the above equations, the magnetic component of the
electromagnetic field is much smaller than the static field By
and thus is neglected.

As predicted in Ref. [10], the dynamic axion field 6 is
expressed by

80 oc (M — M?), 3)

where MA and MB are the z components of sublattice mag-
netizations MA and M? of an antiferromagnet. The saturation
magnetizations of two sublattices are along the z direction.
Equation (3) indicates that the dynamic axion field is physi-
cally equivalent to the longitudinal magnetization oscillations.
In the field of magnetization dynamics, such longitudinal os-
cillation can be achieved by parallel pumping, in which the
oscillating field is parallel to the magnetizations [21]. Based
on the antiferromagnetic parallel pumping theory [44], the
frequency of longitudinal magnetization oscillation is ! =
2wg £ 2y By, where y is the gyromagnetic ratio and By, is the
z component of By. wy is the zero-field frequency of antiferro-
magnetic resonance and is determined by the exchange field
and anisotropic field in an antiferromagnet [36]. So, we have
m = w!. For the sake of convenience, we refer to the mode
with m = my 4+ 2y By, and the mode with m = my — 2y By,

J

2.2
cki =

as B4 and B_ axion modes, respectively. Here, we define
my = 2wy. Moreover, Eq. (3) is derived based on antiferro-
magnetic collinear magnetism. At a high magnetic field, the
spin-flop transition occurs, and sublattice magnetizations be-
come canted [45], which may invalidate Eq. (3). Therefore the
magnetic field used in this paper is not so high that spin-flop
transition will not occur.

The last terms of Eqgs. (1) and (2) represent the axion-
photon coupling. To have nonvanishing coupling, the term
of By - E cannot be zero. Since the dynamic magnetic field
resulting in longitudinal magnetization oscillation is along the
7 axis, the dynamic electric field E is assumed to be in the
x axis. This indicates that the static magnetic field By has an
x component By,. On the other hand, By, is necessary for the
axion frequency. Therefore the static magnetic field is oriented
with an angle ¢ with respect to the z axis in the x-z plane. The
electromagnetic waves propagate along the y axis. With these
considerations, Egs. (1) and (2) can be converted into a scalar
form

9’E By, 8280

272
— —*VPE4+ — =, 4
ot? ¢ * we 0t? “)
8250 P 380  aBo,
— V0 +mP0+ T — — ——E=0. (5
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By considering the position and time dependence of E' and
860, i.e., e @tk we solve Egs. (4) and (5) simultaneously
and obtain two propagation states

20?4 (0% +iTw — m?)] + /[2ew? —

(0? + iTw — m?))? + 4b2w?v?

where b = \/a?Bj /8m3€g?] and v = £. One can calculate

the w-k relation and achieve an anticrossing gap, which is a
key feature of the polariton system. The size of anticrossing
gap is related to the parameter b which reflects the coupling
strength of the axion-photon coupling. The theory and method
of determining the value of b for MnBi,Tes-based DAIs are
given in our previous paper [21]. When v = 0, i.e., v = 0, the
propagation state of k_ corresponds to the long-wavelength
axion mode. Another state with ky — oo becomes unphysical
and thus is omitted.

B. Transfer matrix

Our next task is to deal with the propagation of an electro-
magnetic wave in a DAI-embedded cylindrical cavity, which
is shown in Fig. 1(a). To do so, we need to calculate the
transfer matrix with the propagation states given in Eq. (6).
We first discuss the transfer matrix of the long-wavelength
axion mode since it has only one propagation state in the DAI.
With the state k_, the electric and magnetic fields are written
as

B = (BTe ™ 4+ B¢, (7)

E = Z(Bte ™ — B=¢'), (8)

202 ’

(6)

(

where Z = % = —% is the impedance, k = k_ as v = 0, and
B* and B~ are the amplitudes of right-going and left-going
waves, respectively.

The magnetic and electric fields at the left (y = 0) and right

= [,) surfaces of a DAI layer are
o y
—0o=(B"+B")
E,_o=Z(B"—B")
By_y, = (BYe ™ + B~e™)

E — B¢k, )

=1, = Z(BTe

The transfer matrix connecting the fields aty =0 and y =

Iy is defined as
Ey:l E =]
) =T 77 ). 10
<By=ls> ‘ <By=0> 10

From Eq. (9), one can obtain the transfer matrix

T — ( cos(kly) —jz sin(kls)).

— £ sin(kly) cos(kly) an

Once the transfer matrix is obtained, the propagation of
an electromagnetic wave in a cavity or waveguide can be
easily treated. The derivations of the transfer matrix for
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long-wavelength axion modes were presented in our previous
work [21].

As for short-wavelength axion modes, we have v # 0.
There are two propagation states with k4 inside the DAI ac-
cording to Eq. (6). The electric and magnetic fields are written
as a linear combination of these two propagation states, i.e.,

2
B=) (Bfe ™ + B, "),

n=1

2
E =) Z,Bfe ™ — B ),
n=1

where n = 1 and n = 2 refer to k, and k_.
The fields at the left (y = 0) and right (y = ;) surfaces of
the DAI are

2
By—g=Y (Bf +B,)

n=1

2
E—o =Y Z,(BS —B,)
n=1

2
By, =Y (Bfe ™" + B )

n=1

2
E_;, = Z Z, (B e~ ks — B-efhlsy, (12)
n=1

Obviously, the above four equations, i.e., Egs. (12), are
insufficient to derive the transfer matrix, and thus two extra
equations are required. This is accomplished by introducing

J

e—ikils etkils
, Z, ekl _ 7, ekl
2,0, —Z10)
Zi0ve-hl 7,0,k

With Eq. (17), we can express sz with B,_; and E,_; and
then substitute them into the first and the second equations of
Eq. (12). Therefore the transfer matrix is given by

—1
A B

A=2Zilin —Ziln + 215 — Dly,

(19)

where

B =27 —Zib + 251 — 2oy,
C=ly+1n+h+1p,
D =11 + by + Ly + 1y

Here, the matrix I is the inverse of matrix J. I,,,,, is the element
in the nth row and the mth column of matrix /.

the boundary conditions of the axion field at the surfaces. The
simplest boundary condition of the axion field is written as

[46-48]

80y—9 =0, (13)

86,1, = 0, (14)

indicating that the axion fields at surfaces are totally vanish-
ing.
With Eq. (4), the relation between E and 86 is given by

80 =0Q-E, (15)

where Q = £ ) g;ﬁ;}wz).
The boundary conditions in Egs. (13) and (14) are rewritten
as

2
> 2,0.Bf = B,)=0

n=1

2
> 2,0.(Bfe " — B ety = 0.

n=1

(16)

To obtain the transfer matrix, we combine Eq. (16) and the
third and the fourth equations of Eq. (12) to construct a matrix
equation

Bl’ gy=l.r
D =170"| (17)
sz 0
B, 0
where J is written as
o—ikls ikl
Zye~ ik —Zyeikels
18
V£10)3 2,0 (18)
ZyQpe el —7, 0, ekl

C. Transmission coefficient

In Fig. 1(a), the cavity is driven by external sources through
the input port, and the signal emitted from the output port is
further analyzed by other external circuits and components.
The ratio of amplitudes of transmitted and incident waves
is defined as transmission coefficient S,;. To induce cavity
resonance, i.e., a standing wave, we consider strong reflection
at the input and output ports with reflectivity R & 1. Depend-
ing on the number of antinodes of the standing wave, the
cavity resonance can be either even mode and odd mode. In
this paper, only even mode is considered since it has strong
axion-photon coupling. Inside the cavity, two DAISs, i.e., DAI1
and DAI2, are placed at two antinodes of even mode. The DAI
layers are perpendicular to the propagation direction of the
electromagnetic wave in order to achieve strong axion-photon
coupling. The thicknesses of the DAIs are /; and [, and
the distance between the two DAIs is /j. In this paper, we
consider small thicknesses of DAI layers compared with the
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cavity length L, i.e., [; » < L, so that the sinusoidal functions
in Eq. (11) and the exponential functions in Eq. (18) can be
approximated to the linear order. In such a case, the axion and
photon modes are linearly coupled, and the coupling strength
is linearly proportional to \/E As the thickness increases
further, the high-order terms of sinusoidal and exponential
functions will play roles, reproducing the nonlinear effect
[21].

The magnetic and electric fields at the input and output
ports are connected by a full transfer matrix which is written
as T = To, T TopTo Toe. T;1 and Ty, are transfer matrices of
DAII and DAI2 and are calculated from Eq. (19). To,.0p.0¢ 1S
the transfer matrix in the air region between the input port and
DAI1 (0a), between DAI1 and DAI2 (0b), and between DAI2
and the output port (Oc). The transfer matrix of the air region
is obtained by replacing in Eq. (11) the quantities k, Z, and
[, with those of the air region, i.e., ko = Cﬂ, Zy = —cp, and
ly. Ip is the length of the air regions. With the transfer matrix
T, we can build the scattering matrix which gives the relation
between the amplitudes of the incident wave at the input port
and those of the transmitted wave at the output port and then
calculate the transmission coefficient S;.

D. Parameters

In the numerical calculations, we set the values of pa-
rameters as follows. We take the dielectric constant € = 15,
the permeability u = 1, the length of the cavity L = 5 mm,
the thickness /; = [, = 1 um for the two DAIs, the distance
between the two layers /;; = 0.277 mm, the reflectivity at
the two ports R = 0.99, and the intrinsic damping of the
axion I' = 2.4 GHz. The frequency of the cavity resonance
is 538.5 GHz. The velocity of the axion is v =5 x 10™*c.
The coupling strength b = 48.5 GHz at By, = 1 T. The axion
frequency at zero magnetic field varies for different systems
and is given in each figure. The values of parameters are the
same as those used in Ref. [21].

III. RESULTS AND DISCUSSION
A. Single DAI layer

We first briefly discuss the results of long-wavelength ax-
ion modes which have been studied in our previous work [21].
As shown in Figs. 1(b) and 1(c), we consider the B, (mg, =
mog, + 2y Bg;) and B_ (mg_ = mgg_ — 2y By;) axion modes.
The frequencies of axion modes increase or decrease with the
static magnetic field and cross the cavity resonance with an
anticrossing gap. The well-resolved anticrossing gap indicates
that the axion-photon system is in the strong-coupling regime.
The size of the anticrossing gap is determined by the parame-
ter b.

Next we show the results of the short-wavelength axion
mode and axion dark modes, which are the main results of
this work. Figure 2 shows the |S,;| spectra of standing wave
B+ and B_ axion modes for a single DAI layer. The spec-
trum displays many axion modes. Due to nonuniform axion
distribution, the axion field is written as 80 = A; cos(ky) +
A, sin(ky) with two coefficients A ;. The boundary condi-
tions in Eqs. (13) and (14) imply A; =0 and k = n?—’ with
integer n. So, the axion modes are standing wave modes with

finite wavelength. Moreover, only the standing wave modes
with odd integer n couple with the photon. As n is even, the
function §6 sin(n%y) has 3 positive regions [blue color in
Fig. 2(c)] and '5’ negative regions [light pink color in Fig. 2(c)].
When coupling with the photon mode, the positive and neg-
ative regions cancel each other. However, for odd integer n,
there are % positive regions and % negative regions. There
is always one positive region which participates in the axion-
photon coupling. The above analysis indicates that the discrete
modes in Figs. 2(a) and 2(b) are the odd-order standing wave
axion modes.

Based on Eq. (5), one can see that the resonance fre-

quency of the standing wave axion mode is given by m? =
(mo £ 2yBy.)* + (nz%)2 for B+ and B_ modes. At a given
frequency m, as By, inéreases, the mode integer n decreases
for the B, mode while it increases for the f_ mode. On the
other hand, the coupling strength b is proportional to the static
magnetic field By. As n increases, the magnetic field By, the
coupling strength, and the size of the anticrossing gap for the
B+ mode decrease as shown in Fig. 2(a). However, for the _
mode, one can see that the size of the anticrossing gap remains
almost constant except for the n = 1 mode. The reasons are
twofold and are depicted in Fig. 2(c). The first is the increase
in By, and coupling strength as n increases. The second is
the fact that the part of the axion field participating in the
axion-photon interaction decreases according to the scaling
of % The behavior of the 8, mode is analogous to those
found in magnon-photon coupled systems [47—49]. Due to the
small coupling strength, the high-n standing wave 8, modes
are not suitable for axion polariton applications. However, the
B- mode presents an unconventional feature of the coupling
between photon and high-n standing wave modes, providing
a possibility of using the high-n standing wave for future
applications of axion detection and manipulation.

B. Two DAI layers

The above discussion is for a single DAI layer with only
one axion mode. We next present the results when there are
two DALI layers inside the cavity and discuss the axion-axion
interference effect. In Fig. 3(a), two B axion modes have the
same frequency, i.e., m; = m;. One can see that the spectrum
displays only two modes even though three modes (one cavity
mode and two axion modes) are involved in the interaction.
However, in Fig. 3(b), where the two axion modes have dis-
tinct frequencies, three modes appear in the spectrum. In order
to understand this behavior, we consider the dynamical part of
the axion action of § o« §6E - By and quantize the dynamical
axion field 66 and dynamic electric field E as the axion and
photon based on the standard second-quantization procedure.
The Hamiltonian takes the form of

H = waaTa + a)ccTc + g(a%c + cTa), (20)

where a (a") and ¢ (c") are annihilation (creation) operators
of axion and photon modes with resonance frequency of w,
and w,. g is the coupling strength of the axion-photon interac-
tion. In the presence of two axion modes, the Hamiltonian is
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FIG. 2. |S,| transmission spectra of short-wavelength (a) 8, and (b) B_ axion modes for which the axion frequencies increase or decrease
with magnetic field. The zero-field axion frequency is 498.6 GHz in (a) and 576 GHz in (b). (c) As the number of antinodes » increases, even-n
modes do not couple with the cavity photons because the positive (blue color) and negative (light pink color) regions of the axion field cancel
each other. For the odd-n mode, only % of dynamical axion field participates in the axion-photon coupling, and thus the coupling strength
decreases with increasing n. On the other hand, the coupling strength is proportional to the magnetic field and thus increases with n for the S_
axion mode. The above two factors result in the behavior that the anticrossing gaps of large-n axion modes remain almost unchanged in (b).

rewritten as
H = w,a'a+ wpb'b+ w.cle
+ gala’c + cTa) + gp(b'c + 'b), (21)

where b (b"), wp, and g, are the annihilation (creation) opera-
tor, resonance frequency, and coupling strength of the second
axion mode.

To obtain the eigenfrequencies, we write the equation of
motion of Eq. (21)

4 (¢ w, 0 g4 a
d_ bl=-i]l 0 wp &b bl. (22)
! c 8a 8b @c c

By diagonalizing the matrix in Eq. (22), we obtain three
eigenfrequencies as o, = wp

W] = Wg, (23)
Wy + 0w, £/ (w, — w)?* + 4G?
w3 = v > , (24)

where G = /g2 + g2. In the transmission spectrum shown in
Fig. 3(a), the modes with frequency w, 3 appear, while the

mode of w; does not occur. To understand this behavior, we
consider an operator transformation

" b

B = M’ (25)
G
— g.b

p= 54" 82 (26)
G

for the bright (B) and dark (D) modes. As w, = wp, the Hamil-
tonian Eq. (21) is transformed into H = w,B'B + w,D'D +
wc.c'c 4+ G(cB' + Bc™). The dark mode D does not couple
with the photon mode ¢, and thus it does not appear in the
photon transmission spectrum. The axion dark mode repre-
sents a complete destructive interference of two axion modes
which is mediated by the photon mode. The condition of
w, = wyp 1s similar to those used to generate the interference
from two sources of optical waves, mechanical waves, and
even microscopic particles [50]. If w, # wp in Fig. 3(b), the
interference condition is no longer met, and thus the dark
mode occurs in the spectrum. Figures 3(c) and 3(d) show the
transmission spectra of one B axion mode and one §_ axion
mode. In contrast to two B, axion modes, the 8, and f_
modes have the same frequencies at the crossing point only.
Therefore the axion dark mode occurs at this point.
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FIG. 3. |5, transmission spectra of two long-wavelength axion
modes. The zero-field frequencies of the two modes are 498.6 and
498.6 GHz in (a), 496.2 and 501 GHz in (b), 498.6 and 576 GHz in
(c), and 501 and 578.5 GHz in (d).

The above results can be used to enhance the axion-photon
coupling and reduce the axion dissipation. In the field of
quantum optics, strong coupling and a low damping rate are
usually prerequisites of quantum manipulation and informa-
tion storage [40]. On the one hand, one can extend our results
to the case of N DAI layers in which the coupling between the

v 28
By increasing the number N, one can enhance the axion-
photon coupling. On the other hand, the axion dark mode
does not couple with the photon mode and thus is insensi-
tive to the external electromagnetic perturbation. Therefore
the axion dark mode can store the information for a long
time.

Finally, we present the results of short-wavelength axion
dark modes. Figure 4(a) shows the transmission spectrum of
one long-wavelength 8, mode and many short-wavelength
B_ standing wave modes. Due to the positive and negative
slopes of the mode curves, two kinds of modes cross at
many different magnetic fields and frequencies. This is an
advantage over the coupling of two long-wavelength 8. and
B— modes, for which only one crossing point appears. In
Fig. 4(a), one can see three types of couplings. The first is
the axion-photon coupling as discussed in previous sections.
The second is the cavity-mediated axion dark mode of the
long-wavelength B, mode and n = 1 standing wave axion
mode. The vanishing transmission due to destructive inter-
ference can be clearly seen at the crossing point of the two
modes. The third coupling results in a small anticrossing gap
between the long-wavelength 8, mode and n = 3, 5 standing
wave f_ mode. For n = 7 and above, the gap is negligible and
cannot be appreciated. To understand this behavior, we rewrite

bright axion mode and the photon is given by G =

o (GHz)

=1

o (GHz)

Bo, (T) Bo, (T)

FIG. 4. |S,;| transmission spectra of (a) and (b) long-wavelength
B, and short-wavelength _ modes, (c) short-wavelength 8. and f_
modes, and (d) two short-wavelength _ modes. The zero-field axion
frequencies are 498.6 and 576 GHz in (a), 489 and 576 GHz in (b),
498.6 and 576 GHz in (c), and 576 and 576.5 GHz in (d).

Eq. (22) as
da .
Tl —iw,a — igac, (27
db . .
o = —iwpb — igpc, (28)
dc : . :
—iw.c —igq,a — igpb. 29)

E =

For the third coupling, one can see from Fig. 4(a) that the

detuning w. — w at the anticrossing point is large. In such
a case, one can adiabatically eliminate the cavity mode, i.e.,

4¢—0, and then obtain ¢ = — Bag — & *b. Substituting ¢ into
Egs. (27) and (28), we obtain

d a
da _ —i(a)a . §>a + 8e8ly, (30)
dt [OR @¢
db a
— = —i(w;, - é)b+ L1 (31)
dt a)c w(,'

where the second terms on the right-hand side of Egs. (30) and
(31) imply an effective Hamiltonian

He = wia'a+ o b'b + ger(a’b + b'a), (32)

where ), , = wap — San and gefr = 88 Equation (32) indi-
cates that a dispersive couplmg between axion modes and the
cavity photon leads to an indirect axion-axion coupling. Due
to w. > ga.p, the effective axion-axion coupling strength ges
is small, which is in agreement with the small anticrossing gap
in Fig. 4(a).

Moreover, one can alter the axion mode spectrum to tune
the frequency and magnetic field at which the coupling occurs.
As seen in Fig. 4(b), we shift down the frequency of two
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axion modes and see that the couplings appear at various fields
and frequencies. Figure 4(c) shows the coupling of the cavity
photon and the short-wavelength B, and B_ axion modes. A
prominent feature is that more anticrossing gaps and coupling
appear than in the presence of long-wavelength axion modes.
Also, we show the coupling between two short-wavelength 8_
axion modes. Since the two modes have different frequencies,
they do not give rise to the axion dark mode.

C. Discussion

In the field of magnon-photon [51-56] and magnon-
magnon [57-59] interaction, the coupling between cavity
photon and long-wavelength magnon modes has been exten-
sively studied. The magnon dark mode has been demonstrated
in a cavity with multiple magnon modes [43]. Moreover,
direct magnon-magnon coupling has been observed in re-
cent experiments with hybrid ferromagnetic nanostructures
[57-59]. Among them, the long-wavelength magnon mode
and short-wavelength standing wave magnon modes couple
strongly due to the interlayer exchange and dipolar interac-
tion. This is similar to our results in Figs. 4(a) and 4(b). The
difference between this paper and Refs. [57-59] is that the
coupling described in this paper is mediated by cavity pho-
tons. The results of two short-wavelength axion modes shown
in Figs. 4(c) and 4(d) have not been observed or predicted in
the field of magnons. Our results indicate that the cavity axion
polariton with short wavelength is an excellent test bed for
achieving different types of axion-photon couplings.

It is important to make a comparison between this pa-
per and Ref. [21]. Although both works study cavity axion
polaritons, they differ in several aspects. First, this paper fo-
cuses on the short-wavelength axion modes and axion-axion
interference, while Ref. [21] studied a single long-wavelength
axion mode. Second, these two works reveal different physics.
This paper studies level repulsion due to linear axion-photon
interaction, while Ref. [21] considered nonlinearity-induced
level attraction. Third, the methods used in these two works
are distinct. In Ref. [21], the long-wavelength axion mode
has only one wave vector, which is calculated by combin-
ing the Maxwell’s equations and axion dynamic equation.
The analytic expression of the transfer matrix can be easily
obtained with one wave vector. However, in this paper, the
short-wavelength axion mode has two wave vectors. In order
to obtain the transfer matrix, we have to introduce the axion
boundary condition and make a numerical calculation.

We next discuss the effect of temperature and external
electromagnetic field on the frequency and damping of the
axion dark mode, which are important for axion-based quan-
tum information applications. As mentioned in Sec. IT A, the
axion frequency m is related to the antiferromagnetic reso-
nance frequency wy which is determined by the exchange
and anisotropic fields of an antiferromagnet [36]. As the tem-
perature decreases, the anisotropic field increases [33], and
thus the axion frequency m will increase. As for the axion
damping, it presents more complicated behaviors than the
axion frequency. First, the intrinsic damping usually decreases
with the decreasing temperature and in some special cases in-
creases with decreasing temperature at low temperature [52].
These distinct behaviors depend on the scattering with the

phonon, impurity, two-level systems, etc. [52]. Therefore the
intrinsic damping of the axion dark mode depends on the
dominant scattering process, which could be demonstrated
in future experiments. Second, a traveling wave is an elec-
tromagnetic environment which can coexist with a standing
wave (cavity resonance) in the cavity [60]. The decay of the
axion into traveling waves can give rise to extra damping of
the axion. Moreover, the simultaneous decays of axion and
cavity photons into traveling waves may result in dissipative
axion-photon coupling, which has been observed in a recent
study of magnon-photon coupling [60]. Third, the coherence
length L. of cavity photons is crucial for quantum information
transfer between axion modes on two DAI layers. £, = %Qc
with the wavelength of light A and the quality factor of the
cavity Q.. For a cavity with resonance frequency of 300 GHz,
we have A = 1 mm and Q. =~ 10? [61]. Thus the coherence
length of £, ~ 1 m is much larger than the distance (I, =
0.277 mm) between the two DAI layers, which indicates that
the axion state can be transferred coherently between the two
DAI layers.

Recent progress in terahertz-frequency photon sources and
magnetic topological insulators make possible our proposal
of a short-wavelength cavity axion polariton. A cavity with
resonance frequency up to 4 THz [61] has been reported,
which displays strong coupling and low dissipation. More-
over, many MnBi,Tes-based magnetic topological materials
have been discovered and offer a promising platform for the
study of axion electrodynamics [8,9,23-30,62—71]. The large
dynamical axion field of these materials is key to realizing the
proposal of a axion dark mode in this paper.

IV. CONCLUSIONS

In summary, we investigated the cavity axion polari-
ton in the presence of short-wavelength axion modes and
axion-axion interference. In contrast to long-wavelength ax-
ion modes studied in previous work, we find that the fully
pinned boundary condition at the surfaces results in the occur-
rence of a series of standing wave axion modes. For one type
of standing wave modes, the axion-photon coupling strength
decreases rapidly as the number of antinodes increases. How-
ever, for another type of modes, the coupling strength remains
almost unchanged, which makes possible the use of high-
order standing wave axion modes in the detection of axion
quasiparticles. Moreover, when two long-wavelength or two
short-wavelength axion modes are coupled with cavity pho-
tons, one can achieve the axion dark mode under the condition
that the two axion modes have equal frequencies. As one long-
wavelength axion mode and one short-wavelength axion mode
are present, one can obtain the direct axion-photon coupling,
cavity-mediated axion dark mode, and axion-axion coupling.
The latter two couplings can be tuned by frequency detuning
and the magnetic field. Our results provide much insight into
the study of the cavity axion polariton of short-wavelength
axion modes and can find applications in the fields of axion-
based quantum information manipulation and storage.
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