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Steady-state dc transport through an Anderson impurity coupled to leads with spin-orbit coupling
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We study the steady-state dc transport characteristics of a system comprised of an interacting quantum
dot, modeled as an Anderson impurity, coupled to two metallic noninteracting leads with Rashba spin-orbit
coupling (SOC), using an interpolative perturbative approach (IPA). The single-particle spectra, current, and
differential conductance are obtained in weak- and strong-coupling regimes over a wide range of SOC and bias
values. Extensive benchmarking of the IPA validates the method in the linear as well as nonlinear response
regime. The universal, zero-bias (V;; = 0) peak with a width proportional to the Kondo scale (7x) and two
nonuniversal finite-bias peaks around V,; = £U in the zero-temperature differential conductance show a clear
separation with increasing U or increasing SOC. In the strong-coupling regime, increasing temperature induces
melting of the zero-bias peak, leading to a crossover from a three-peak conductance to a two-peak conductance.
Recent experiments find the emergence of a two-peak structure by increasing SOC at a fixed temperature.
Our results appear to provide a qualitative explanation of these observations as a SOC tuned crossover from
weak /intermediate to strong coupling, and a simultaneous crossover from low-7 /T to high-T /T ratio. We

also reproduce the experimentally observed temperature dependence of the zero-bias conductance.
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I. INTRODUCTION

The Kondo effect and its interplay with bias in the leads
is a rich and well-studied problem. This nonequilibrium
Kondo effect has been observed in a wide variety of sys-
tems such as quantum dots [1-3], molecular systems [4,5],
carbon nanotubes [6-9], and quantum point contacts [10—14].
Correspondingly, experiments also observe a wide range of
phenomena in these systems such as quantum interference
[15], spin-selective transport [16], etc. The single-impurity
Anderson model (SIAM) has been the standard paradigm
for modeling such systems both in and out of equilibrium.
The SIAM in equilibrium has been studied extensively using
methods such as the Bethe ansatz [17] and numerical renor-
malization group [18,19].

In recent years, a whole range of theoretical methods has
been developed and used to study Kondo systems out of
equilibrium. However, unlike in the case of equilibrium where
a reasonable consensus has been achieved, the physics of
nonequilibrium interacting systems is still under debate. In the
case of the SIAM, the splitting of the Kondo peaks, the effects
of magnetic field and spin-orbit coupling (SOC) on the Kondo
effect, and the effects of bias and temperature have been stud-
ied using various methods such as numerical renormalization
group [20-23], noncrossing approximation [24], perturbative
methods [25-27], quantum Monte Carlo methods [28], exact
diagonalization methods [29], Bethe ansatz [30], hierarchical
equation of motion [31], and master equation approaches [32],
among many others.
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SOC is an important parameter and is well known to be
an integral aspect of exotic materials, such as topological
insulators and topological magnets, and is useful in many
spintronics applications. Quantum dot systems have been
studied both with SOC on the dot and with SOC in the leads.
Experiments with the SOC on the dot include directly measur-
ing the SOC in two-atom quantum dots [33], the observation
of an anomalous Josephson current [34], and controlling the
SOC using magnetic field direction [35], among many others.
The case with SOC in the leads has also been studied, with
phenomena such as the gate voltage tunability of SOC [14,36],
magnetotransport [37], etc. having been observed.

In equilibrium, the effect of the SOC on the Kondo res-
onance has been theoretically studied in detail [38—40]. A
driven quantum dot, coupled to normal metallic leads, with
SOC on the dot has been investigated using the finite-U slave
boson method [41] and the findings show that the Rashba SOC
(RSOC) introduces new conductance peaks next to the Kondo
peak while suppressing the Kondo peak. Quantum wire sys-
tems have also been studied and interesting observations, such
as the destruction of spin accumulation due to an impurity [42]
and multichannel effects [43], have been made. A quantum dot
connected to a nanoribbon with SOC has also been studied
using the Hubbard III approximation [26].

A powerful tool in experimentally studying the effect of
bias on quantum systems is the paradigm of quantum point
contacts (QPCs). QPCs are realized by constricting a two-
dimensional (2D) electron gas between contacts which have
a source drain and gate voltage applied. Multiple experiments
on QPCs have observed quantized conductance along with
some well-known anomalies [44-46]. Recent experiments in
systems with quantum point contacts have also seen the in-
terplay of SOC and Kondo physics. In particular, Smith et al.
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[14], have realized a QPC setup where they can tune the SOC
and have observed a two-peak conductance in the large SOC
regime, along with an increase in the zero-bias conductance
(ZBC) with temperature.

In this paper, we study the interplay between Rashba spin-
orbit coupling on the leads, a constant bias, and interactions
on the steady-state dc transport through a quantum dot system.
As mentioned before, the effect of Rashba SOC in the leads
on the Kondo effect in equilibrium has received significant
attention [38—40]. When subjected to a dc bias, the studied
system will be out of equilibrium and the interplay of bias
and SOC in the leads becomes an important consideration. We
employ the interpolative approximation (IPA) [47], which re-
duces in the particle-hole (p-h) symmetric limit to the Keldysh
second-order perturbative theory (KPT2), to investigate trans-
port through the dot with Rashba SOC on normal metallic
two-dimensional leads. Since the method is approximate,
we begin with a benchmarking of the method against exact
methods such as the time-evolving block decimation (TEBD)
[29] and identify the regimes within which the results from
KPT?2 are reliable. We have investigated the effect of SOC on
(1) universality and scaling in the linear response regime and,
subsequently, on (ii) differential conductance in the nonlinear
bias regime. We find the equilibrium universal scale, i.e., the
quasiparticle weight controls the extent of the linear response
regime and is also crucial in determining the thermal scaling
of the system when comparing the theoretical and experi-
mental results. The features in differential conductance are
investigated in a wide parameter space, and characteristic sig-
natures of the interplay of bias, interactions, Rashba SOC, and
temperature are identified. Finally, we compare some of our
results corresponding to the strong-coupling regime to recent
experiments and offer a qualitative explanation for some of
the observations.

We begin with a brief outline of the model and formalism
in the next section. Subsequently, we present our results in
three parts in Sec. III. A short discussion and the conclusions
are presented in the final section. A few details regarding the
derivation of some results are presented in an Appendix.

II. FORMALISM

The Hamiltonian for a quantum dot system connected to
two leads with Rashba spin-orbit coupling (RSOC) can be
written as

H = Hy + Hq + Hrsoc + Hiyp, 1

where the two-dimensional conduction band reservoirs (L/R)
are represented by Hy = ) . eakc:;kacaka and the Hamil-
tonian for the quantum dot is given by Hy = Y €q4d.d, +
Ungyng, where @« = L/R and 0 =% / | are the lead and spin
indices, respectively. The RSOC term is represented by [38]

Hrsoc = Y My (k X 3): v, 2

ak

where k = (ky, ky) and [, = (¢l . ¢}) ). Finally, the hy-
bridization between the quantum dot and the leads is given

by
Hpyp = Z(chakg +H.c). 3)

ako

The conduction-band terms, namely, Hy and Hgrsoc, may
be combined [38], which leads to the emergence of chiral
conduction bands. This is accomplished using an angular mo-
mentum expansion for the conduction band operators as

Cko = Ckikyo =

m Z Cmo EXP(imbi),  (4)

where k = |Kk|, with inverse transform being defined as ¢y, =
Jk2m foh dO gy e ™Mk,

Substituting the above expansion [Eq. (4)] into the Hamil-
tonian and assuming an isotropic dispersion, given by €x =
?k?/2m, the following form of the Hamiltonian is obtained
[38]:

H = Zekh Ckh 1 ¥ m+2
khm
+ ZS ()Vk ckh ) dT + h(ckh )Td¢ + H.C.]
khm
+ Hy, (@)

where h = £1 is an emergent chiral quantum number. This
also allows us to define an emergent angular momentum
quantum number, given by j, = m + %, with only the bands
corresponding to j, = :I:% coupling to the dot, while the
rest of the bands are decoupled. The renormalized dispersion
€, now depends on & and the spin-orbit interaction A, as
given by the expression & = (€; + hik)/k = & + hi. For
a free-electron-like dispersion, &, will be linear in k. Hence,
RSOC introduces a Zeeman-type splitting of the conduction
band, without breaking the time-reversal symmetry. Further,
the hybridization matrix elements are assumed to be isotropic,
i.e., Vk = Vk, and Vk = Vk«/27'[/k.

In order to study the interplay between the RSOC and a
constant voltage bias, we consider the left and right leads to
have a lead-dependent chemical potential ., applied to all
the emergent 4, j,, channels in each lead, such that the voltage
bias is given by Vyy = ;. — pg. This leads to the Hamiltonian

Her = Y Hy + Hiyy + Haor, (6)
a=L,R

where the individual terms are given by

.
Hy = Zekahcakhjmcakhjm’ (7
khjm
Hyy = kaa akh sl d, + he e ldl +Hece],  (®
akh
Hyq = Y €ang + Unyny, )

with &yn = €, + e The model described above can be vi-
sualized by the schematic in Fig. 1. We note that this model
was investigated using a quantum master equation (QME)
approach in a recent work [14], and the results were used
to explain specific experimental observations of differential
conductance reported in the same work. The present work,
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FIG. 1. Schematic of the correlated quantum dot connected to
two leads, split further by spin-orbit coupling into chiral bands,
subject to a voltage bias, Vyy = p; — [Ug-

using the IPA, provides a different perspective and fresh in-
sight into these experiments [14] and hence may be viewed as
complementary to the QME results.

In the presence of a finite bias (V; # 0), the steady-state
current (J) can be computed using the symmetrized Meir-
Wingreen formula, given by [48]

2
J = % ; / dw{[TL(w) — Tr(@)]G, ()

+ 2i[fL(@) (@) — fr(@)r(@)IMGy, ()} (10)

In the above, the G, and G/ represent the lesser and retarded
dot Green’s functions computed within Keldysh formalism,
and f, is the Fermi-Dirac distribution function of the «:th lead.
The I', (w) represents the dot-lead coupling and is given by

['y(w) = —ImA,(w), (11

where the hybridization function for the «th lead, A, (w), is
given by

Ag(@) =" Ve
alW) =
+ —
kh w €kah
_yw 1 N 1
o - k wt —&u+A2 ot —&y—A
=) Aw(®) = Eu(0) = iTo(w). (12)
h

With a suitable choice of the V; dependence on k as
V2 = Vg f(k), we can transform the summation over k into
an integral that has the form of a Hilbert transform, and hence
the hybridization function can be obtained as

Apo(@) = ViHlw" — 1y — hA], (13)

where H|[z] is the Hilbert transform with respect to a “density
of states” (DOS), py(€), given by

HM=/ﬁ?g. (14)

Note that the pp(e) in the above equation stems from the
k dependence of the hybridization matrix element. The
conduction-band density of states is already incorporated
through the electron dispersion of a free-electron form [see
the discussion below Eq. (4)]. We have explored three types
of po(e): (i) a Gaussian (G), which is not bounded, but can

be interpreted as having an effective finite bandwidth, (ii)
a semielliptic (S) form, which has a compact support, and
(iii) a wide, flat form (F). The expressions for the three forms
are

G 1 €’
pg (€) = ﬁexp 2) (15)
1 2\ 12
po€) = —- (1 - @> , (16)
F 1
Py (€) = 59(& — |eD). 17

We define an energy scale, Ay = nvoz,oo(O), which is known
to determine the scaling of dynamics and transport properties
in equilibrium [49], and hence can be expected to play an
important role in the steady state as well. In terms of this
scale, the dot-lead coupling is given by 'y, (@) = Agpo(w —
Uo — hA)/po(0). For all our calculations, we have used the
semielliptic or the Gaussian forms with 7, = 1, except for
benchmarking where we have used the flat-DOS form with
a large z,, but a finite Ag. In all the calculations described in
this work, we have chosen Ay = 0.1, implying that the choice
of Vj is not the same for the three forms. The infinitely wide
flat-DOS hybridization is obtained by using the limit ¢, — oo,
and a concomitant scaling of Vo ~ +/Z, such that Ay = 0.1.
Thus, in such a limit, the hybridization does not have a bias
or spin-orbit coupling dependence, while the semielliptic and
the Gaussian forms do, and this difference leads to several
observable consequences as we will discuss in Sec. I11.

The dot Green’s functions used in the current expression,
given by Eq. (10), may be computed using the Dyson’s equa-
tions given by [47]

[Gy(@)] " =[gh(@)] ' = = (), (18)
N PN (771 C)
G; () = |Gy()| (lg:, o~ % (w)), (19)

where g, g5 represent the noninteracting (U = 0) Green’s
functions of the dot, and X", X< are the retarded and lesser
self-energies, respectively. Obtaining the self-energies repre-
sents the greatest challenge in computing the current. We have
employed the interpolative perturbative approximation (IPA),
introduced by Aligia [47], which is equivalent to the second-
order Keldysh perturbation theory (KPT?2) in the steady-state
p-h symmetric limit, and to the iterated perturbation theory
(IPT) [50] in the equilibrium limit, to get the self-energies.
The second-order expressions for the retarded and lesser self-
energies are as follows [47]:

3
T (w) =U? / []‘[ deiD(ei)} @ +te—a—e)
i=1

x [f(—eNf(—e)f(e3) + fle1)f(e2) f(—e3)]
(20)

and

T<(w) = = 2inU? / deidersD(€1)D(e2)D(€1 + €3 — )

x [fleNf(e)f(w— € — )], (1)
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where D(w) = —(1/7)Im{g(w)} is the spectral function
calculated from the Hartree-corrected, retarded dot Green’s
function given by

2 @)] ' = 0" = Au(w), (22)

and f(w) =Y, Tu(@)fu(w)/ >, Ta(®) is the weighted
Fermi function, with I'y(w) = —ImA,(w) [Eq. (12)], and
fo(®) = f(w — uy) is the Fermi function for the oth lead. In
writing the above, we have assumed the p-h symmetric limit,
where €¢; = —U /2 cancels the first-order Hartree contribution.
To obtain the lesser Green’s function [G ()], we need the
Hartree-corrected lesser Green’s function of the dot, which is
given by

% (@) = 2i|Z, @)Y Ta@)falw).  (23)

Solutions of Egs. (10) to (23) yield the physical picture of
the interplay of bias, interactions, and SOC on the spec-
tra and current-voltage characteristics. The self-energies in
Egs. (20) and (21) are evaluated as convolutions using the
Fourier transform. The details of the numerical implementa-
tion of the convolution can be found in earlier works [51]. The
differential conductance is calculated as G = dJ/dVy; and
numerically implemented through a derivative of the splined
current [52]. We present our results for spectra and transport
quantities in the next section.

II1. RESULTS

In equilibrium studies of the p-h symmetric Anderson
model, the IPT [50], based on the second-order perturbation
theory, is a good approximation in the weak-coupling limit,
and by coincidence also reproduces the atomic limit. Hence,
the IPT has been extensively used as an interpolating ap-
proximation for lattice models such as the Hubbard model
and the periodic Anderson model within dynamical mean-
field theory to investigate Mott transition and heavy fermion
physics [53]. Various Keldysh perturbation-theory-based ap-
proximations including IPA have been used quite widely in
the out-of-equilibrium case as well [25,27,47]. In this work,
we carry out a simple benchmarking exercise to ascertain
the regime of validity of the IPA and subsequently use it to
investigate the effect of spin-orbit coupling.

A. Benchmarking

As a first benchmark, we compare the current-voltage (IV)
curves for the flat-DOS and the semielliptic DOS cases with
the steady-state results from Nuss et al. [29], who have used
the time-evolving block decimation (TEBD) method on a
model with 150 sites comprising two leads and a quantum
dot subjected to a dc bias. As shown in Fig. 2, we find
that the J — Vi; curves match the TEBD results very well
[54]. The presence of a peak in the current at a specific bias
roughly around half the bandwidth is seen in the case of the
finite-bandwidth semielliptic DOS case. The peak position
moves to higher bias values for increasing interaction strength
and concomitantly the peak current magnitude decreases. In
the case of the infinitely wide, flat hybridization function,
we see a saturation of the current at high-bias values and

8 T I T I T I T
— U=0
| — U=4a, .
— U=8A,
6 U=12A
U

| N
0 10 20 30 40
V /A
sd 0

FIG. 2. The current-voltage curves computed within IPA (A = 0)
for various values of U (mentioned as legends) compared to TEBD
results of Nuss et al. [29]. The solid lines represent the current
computed for a semielliptic hybridization, while the dashed lines
correspond to the flat hybridization. The symbols are data extracted
from Nuss et al. [29] and the current is scaled by a factor of 3.33.

the saturation current decreases with increasing U. Both
of these results show that the IPA captures the current
characteristics very well over a wide range of interaction
strengths. As a second benchmark, we compare our results
with fourth-order perturbation theory by Fujii ef al. [25] (for a
flat/uniform hybridization, with U = 6A( and SOC strength
A = 0) in Fig. 3 and see that the interacting dot DOS matches
very well with their results. We see that there is a reduction
in the zero-frequency weight with increasing bias and also
splitting and broadening of the central peak. Next, we examine
the effect of equilibrium scales on transport characteristics in
the linear response regime.

B. Linear response regime: Scaling and universality

The excellent agreement with TEBD and fourth-order per-
turbation theory yield strong confidence in the validity of IPA
in a wide bias and interaction range. We now explore the ex-
tent of the linear response regime and examine if equilibrium
quantities describe the response of the system at finite bias,
but close to equilibrium.

As we can see from Fig. 2, the linear dependence of the
current at low values of bias agrees well with the TEBD
calculations and the extent of the linear response regime de-
pends on the value of the interaction and SOC strengths. In
equilibrium, the quasiparticle weight, which can be calcu-
lated as Zy = {1 — Re[dE(w)/da)|w:0]}’1, where X(w) is the
self-energy, happens to be proportional to the Kondo scale
and hence determines the extent of the universal regime [49].
In order to understand the dependence of the self-energy on
SOC and bias, we have carried out a simple analysis (details
in the Appendix) of the second-order expression [Eq. (20)]
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FIG. 3. The DOS of the dot computed within IPA for U = 6A,
and the flat hybridization in the absence of SOC. A splitting of the
zero-frequency peak with increasing bias (indicated as legend) is
seen, which matches with the results of a fourth-order calculation
of Fujii et al. [25].

assuming that the Hartree-corrected density of states is not
varying rapidly in the neighborhood of @w = 0 for low val-
ues of bias, and SOC, i.e., D(w) ~ Dy = —Im{g), (v = 0)}
for |w|, |Vial, A << t,. Dy may be found by considering the
expressions for the retarded Green’s functions in Sec. II, as
shown below. From Eq. (22), we see that

[gti(r(a) = 0)]71 = V02 Z/ d
ah

where n — 0. Using the above expression, we note that at
o = 0, the Hartree-corrected noninteracting Green’s function
g, is purely imaginary since

Re[Z), (w=0)] = V7 ZP/

Po(€) o4
Ug +hA +€—in

__pole)
o« T o +hA+€
(25)
for a p-h symmetric py(¢). In the above equations, u; =
Vsa/2, ur = —Via/2,h = £1, and P denotes the principal
value. Thus,
i
& (@=0)=— .6
¢ TVE Yy Lo + I

using which we can write, for zero bias, Dy =
[472VZpo(A)]~'. We find that the imaginary part of the
retarded self-energy in terms of Dy is given by (for @ — 0
and T = 0, details are provided in the Appendix)

UDy [w2 + ﬂ} (27)
il

Using the Kramers-Kronig transformation, the real part of the
retarded self-energy is given by

2p3 32
_M[Az _ _Sd]w’ (28)

—llm{E} (o) =
T

Re X' (w) =
e (@) A 4

where A is a high-energy cutoff that represents the extent of
the quadratic dependence of the imaginary part of the self-

energy.
Thus, using the definition of the quasiparticle weight
as Re X" (w) = w(1l — —) we get the analytical expression

(please refer to the Appendlx for details of the calculation),

U*D} 3V 7!
Z(U,A,de)z(l+ - [AZ—TS‘]D ) (29)

Using this, we note that since the IPA is based on
second-order perturbation theory, the equilibrium quasiparti-
cle weight, Zy = Z(U, A, Vyg = 0), decays algebraically with
increasing interaction strength (at zero bias) as U~2. The
dependence on SOC enters through Dy. For a flat density
of states, since Dy does not depend on A, the quasiparticle
weight, Zy will be independent of SOC. The Kondo scale is
proportional to the product of bandwidth and Zj, and since
the chiral bands move outward with increasing X, the effective
bandwidth will increase and hence will give rise to a linearly
increasing Kondo scale. However, for a frequency-dependent
density of states such as the semielliptic or Gaussian den-
sity of states, Dy increases as o, 3(0). For example, for the
Gaussian and semielliptic forms of the hybridization, the Dy
is proportional to exp(3A?/¢2) and (1 — A?/4t2)%/2, respec-
tively. Hence the quasiparticle weight will decrease sharply
with increasing A as Zg o Dy 3 [from Eq. (29)]. So, even
though the effective bandwidth increases linearly with in-
creasing SOC in parallel to the flat hybridization case, the
strong decrease due to the factor of D, ? dominates. The equi-
librium quasiparticle weight Z; shown in the bottom-left panel
of Fig. 4, for the semielliptic and the Gaussian hybridization
functions (denoted as SE and G, respectively), is seen to
decrease sharply with increasing A/A, in agreement with the
arguments above.

Consistent with the decrease of Z, with A, the linear re-
sponse regime in the current-voltage (J — Vy,) relationship
shrinks considerably with increasing interaction strength (for
A = 0), as seen in the top-left panel of Fig. 4, and with increas-
ing A for U = 20A, as seen in the top-right panel. However,
when the current and bias are scaled by Zj, all the curves of the
top two panels collapse up to a bias of Vg >~ ZyA( (shown in
the bottom-right panel), which confirms that the equilibrium
quasiparticle weight or, equivalently, Tx determines the extent
of the linear response regime [55].

Equilibrium investigations of the SIAM have shown that
the Kondo scale decreases exponentially with increasing U
for . = 0 [17]. In the presence of A on the leads and U on the
dot, the Kondo scale has been shown to increase or decrease
depending on whether the leads have a wide, flat form or a
finite bandwidth [38,40], respectively. In our work, we have
shown [see Eq. (29)] that the quasiparticle weight, and hence
the Kondo scale, depends on U algebraically (decreasing as
U~2) and on A through the density of states, namely, as
[po(M)]3. The algebraic decrease of the scale with U is known
to be an artifact of the perturbative approximation employed
to obtain the self-energy, while exact methods such as the
Bethe ansatz [17] find an exponential decrease. Since pg(€)
is usually chosen to have a maximum at the chemical po-
tential, and decreases monotonically with increasing |¢|, the
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FIG. 4. Current (J/Ay) as a function of bias (Vy;/Ag) is shown
in the top two panels. The left panel shows the result for various
values of interaction strength U/A( and SOC strength A = 0, while
the right panel shows the result for U = 20A, and various values
of A/Ay. The bottom-left panel shows the dependence of equilib-
rium (Vy; = 0) quasiparticle weight Z, on the spin-orbit coupling for
the semielliptic (SE) and Gaussian (G) forms of hybridization. The
bottom-right panel shows the collapse of all the curves in the top two
panels up to a bias given by V;;, >~ ZyA(, when the current and bias
are scaled by Z,, thus determining the linear response regime.

Kondo scale will also decrease monotonically with increasing
A, as discussed above. The precise form of this decrease will
depend on the form of the density of states. We see from
Fig. 4 (bottom-left panel) that the quasiparticle weight scale
decreases sharply with increasing A. Although the qualitative
trend is the same for the semielliptic and the Gaussian hy-
bridization, the scale decreases much more rapidly for the
latter. For the same value of the parameters, the scale corre-
sponding to the Gaussian hybridization is much smaller than
that of the semielliptic case. Hence, for the strong-coupling
regime, we choose to work with the Gaussian hybridization.

Additionally, in the strong-coupling [56] (Tx — 0) regime,
a clear separation of scales (Tx vs bandwidth U) occurs,
which is the best distinguishing feature of this regime and
will be seen to have important consequences on the evolution
of spectra and conductance with increasing temperature, and
will be discussed later.

Subsequent to the benchmarking and a study of the scales
and the linear response regime, we now present the main
results of our work, which focus on the interplay of spin-orbit
coupling and electron-electron interactions on the single-
particle spectra and the differential conductance. Since the
SOC does not alter the hybridization functions in the case of
the infinitely wide, flat/uniform DOS, the results do not show
any dependence on A. Therefore, we will consider the semiel-
liptic and Gaussian hybridization forms where the effective
bandwidth is modified by X, as seen from Eqgs. (13)—(17).

—— Dot spectral function =
— = Leftlead hybridization |
- — - Right lead hybridization

FIG. 5. The dot spectral function (solid black line), and the
left and right lead hybridization functions (red dashed and blue
dot-dashed lines, respectively) as a function of w/A, showing the
variation of spectral features with increasing SOC and bias for a fixed
interaction strength, U = 20A,. The top panel is for A = V,; =0,
while A = 15A is turned on in the middle panel keeping bias zero,
and the bottom panel has A = 15A and V,; = 20A. The semiellip-
tic hybridization function has been used here.

C. Evolution of density of states with interactions,
SOC, bias, and temperature

Since the separation of scales is an important consid-
eration in our analysis, we will investigate the transfer
of spectral weight in the weak-/intermediate-coupling and
strong-coupling regimes separately.

1. Weak- [intermediate-coupling regime

In order to be in the weak-/intermediate-coupling regime,
we will choose U = 20A¢, . = 15A( and the semielliptic
hybridization, for which, as the bottom-left panel of Fig. 4
shows, the Zy >~ 0.2. At equilibrium (zero bias) and in the
absence of SOC, but with finite U (2, bandwidth), the dot
spectral function acquires Hubbard bands at w 2> £U/2, as
the top panel of Fig. 5 shows. For a flat/uniform hybridization,
the Hubbard bands are known to lie close to £U/2 [57],
but for a dispersive DOS such as semielliptic or Gaussian,
these incoherent peaks lie somewhat beyond +U/2. If we
now turn on SOC, keeping V,; = 0, then, as the middle panel
shows, the left and right lead hybridization functions broaden
significantly. This is because the chiral bands that are split
by the SOC, when superimposed, give rise to a hybridiza-
tion that has a width equal to D + 2A, and for the middle
panel, since D = 40A and A = 15A,, the band edges are at
+(D/2 + A) = £35A. Since for this larger bandwidth the
hybridization appears less dispersive and appears similar to
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I Dot I Il Dot r

FIG. 6. The hybridization and the dot density of states for the
Gaussian hybridization function in the strong-coupling regime. I,
is the lead hybridization with « = L/R for left (black)/right (blue),
and the central (red) curve shows the dot density of states. Similarly,
o represents the chemical potential of the «th lead. The interaction
strength is fixed at U = 20A, while SOC, temperature, and bias are
turned on sequentially from (a)—(d) as follows: (a) A =T = V,; = 0;
(b) A =18Ag, T =V,y =0; (c) A =18A,, T =0.05A¢, V,y =0;
(d) A =18A¢, T = 0.05A¢, Vyy = 25A. The shaded regions rep-
resent the 7 = 0 occupied states. The dotted and dashed lines are
guides to the eye.

a uniform DOS, the Hubbard bands become more prominent
and their location is almost at £U /2.

Next, as bias is turned on and raised to 20A, the band
centers (chemical potentials) of the two leads move apart
(ur = Viq/2 and pug = —Vy4/2) and, concomitantly, the dot
spectrum (solid black line in the bottom panel of Fig. 5)
goes over to a two-peak structure in nonequilibrium from a
three-peak structure at equilibrium. In the same panel, the
red dashed and blue dot-dashed lines, which are the left and
right lead hybridizations, have small bumps at precisely these
energies for V,; = 20A. Since the Hubbard bands are also
at £U/2, which are £10A( in Fig. 5, a maximum in con-
ductance may be expected to occur when the bias becomes
equal to the peak position difference of the Hubbard bands
[25]. Indeed, this will be confirmed in Sec. III D 1.

2. Strong-coupling regime

In parallel to the previous section, we will analyze the
changes in the spectra and hybridization as we sequentially
turn on SOC, temperature, and bias for U = 20A,. The
strong-coupling regime will be accessed through a choice
of the value of the SOC, and the hybridization function, as
A = 18A, and the Gaussian, for which, as the left-bottom
panel of Fig. 4 shows, the scale is Zy ~ 1073,

Figure 6 (please see footnote [58]) shows the left lead
and the right lead hybridization functions as I'; and 'k in

black and blue colors, respectively. The dot spectral function
is shown in the center as a red solid line. The vertical axis
is energy/frequency. Figure 6(a) represents a situation where
U =20Ap, but A =T =V = 0. The dot spectral function
has a three-peak structure, with the central peak being the
Kondo peak, and the other two being the Hubbard bands
at £U/2. As we turn on A = 18A, keeping T =V,; =0,
Fig. 6(b) shows that the central peak in the dot spectral
function becomes extremely narrow (width =~ ZoAy ~ 107%),
while I'; and 'k show the development of chiral bands due
to the SOC. The clear separation of the Kondo peak and
the Hubbard bands is evident, and is a characteristic of the
strong-coupling regime. When we turn on a small, but finite
temperature of T = 0.05A, Fig. 6(c) shows that the central
peak melts, leaving the Hubbard bands as the only distinct
features in the spectrum. Finally, when a bias of Vy; = 25A,
is turned on, there are minor changes in the positions of the
spectral peaks, while the ', and 'y move up and down,
respectively. The occupied region of the left lead is seen to
overlap with the region between the Hubbard bands and the
unoccupied region of the right lead. This overlap can very
likely lead to finite-bias peaks in the conductance. Next we
analyze the dependence of the differential conductance on
bias, SOC, interactions, and temperature.

D. Conductance

We have divided the conductance results into two sections.
In the first section, we present the differential conductance
in the weak-/intermediate-coupling regime, focusing on the
evolution of various features with U, A, SOC, and T. The
second section focuses on the strong correlation regime and
qualitative comparison to experimental results.

1. Weak- [intermediate-coupling regime

Figure 7 shows color contour plots of the conductance for
various values of U € [0, 20]Ag and A € [0, 15]Ag at T = 0,
computed with the semielliptic hybridization function. Within
this range of parameters, the quasiparticle weight is in the
range of Z, € [0.2, 1], so the choice of the range of param-
eters corresponds to the weak-/intermediate-coupling regime.
The conductance is computed by fitting a cubic spline to the
current vs Vy,; data and taking the first derivative. The color
bar on the right of each panel shows the association of a
given color with the value of the conductance. The top-left
and -right panels represent varying interaction strength on the
y axis, but fixed SOC of zero and 15A, respectively, while
the bottom-left and -right panels represent varying SOC on
the y axis, but fixed U of zero and 15A, respectively. The
ZBC peak is seen to be a universal feature in all panels, and
it is interesting to note that the width of this peak decreases
with increasing U with or without A, while the effect of A
on the peak width at U = 0 is very weak (bottom-left panel),
but in the presence of U, A leads to a sharp narrowing of the
zero-bias peak (bottom-right panel), which is consistent with
the bottom-left panel of Fig. 4.

With increasing bias, a negative differential conductance
(NDC) regime is seen in all panels. In order to understand the
origin of the NDC, we first focus on the U = 0 results since
the calculation of conductance for U = 0 does not depend
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FIG. 7. Variation of the differential conductance with interaction (U), spin-orbit coupling (SOC), and bias. The colors correspond to the
values of the conductance, G = dJ/dV,,, as mentioned in the color bar, with certain values marked by the black contours. The dashed lines
represent the negative differential resistance regime The top-left and -right panels correspond to varying U and fixed SOC equal to zero and
15Ay, respectively. The bottom-left and -right panels correspond to varying SOC and fixed U equal to zero and 15A,, respectively. Note that
the top- and bottom-right panels show the x axis on the logarithmic scale for clarity, since the linear response regime is highly compressed for

large U and/or SOC.

on the second-order approximation for the self-energy, and is
hence exact. The noninteracting regime also exhibits NDC at
high-bias values, as seen in the top panels and the bottom-left
panel. We confirm that the finiteness of the bandwidth of
the hybridization is responsible for the NDC [59] since the
wide, flat hybridization does not yield NDC. Additionally,
the top-right panel shows an intermediate-bias regime where
NDC is obtained at large-U values. In the strong-coupling
regime, reached by increasing U and/or A, the width of the
central Kondo peak in the dot DOS, being proportional to Tk,
shrinks exponentially. However, adiabatic continuity to the
noninteracting limit ensures that the Kondo peak has precisely
the same form as the noninteracting dot DOS if the frequency
is scaled as w/ZyA( [60]. This fact implies that the system
has an effective bandwidth of ZyAy in the strong-coupling
regime, and hence as the bias value crosses the linear re-
sponse regime, an NDC regime may be obtained in parallel to
the noninteracting regime. Since IPA is perturbative and not

accurate in strong coupling, the NDC seen in strong coupling
at intermediate-bias values could be due to both the finite
support of the hybridization and the approximation used for
computing the self-energy.

The top-left panel of Fig. 7 shows that in the absence
of SOC, the conductance decreases monotonically with in-
creasing bias, and the linear response regime (over which the
conductance is close to 1) shrinks with increasing interac-
tion strength. The top-right panel shows that in the presence
of strong SOC (15Aj), the conductance becomes highly
nonmonotonic and a light band (for U 2 10A,) appears, sig-
nifying a peak at a nonzero bias that shifts to higher bias with
increasing interaction strength. In fact, we observe that the
bias value at which the peak occurs is almost the same as
the interaction strength. Another interesting observation can
be made from the bottom-right panel of Fig. 7, which shows
the existence of a finite-bias conductance peak for A 2 10A,,
whose position (on the bias axis) is almost independent of the
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value of SOC. Thus, we see that the position of the finite-bias
peak correlates very well with the interaction strength, but
is independent of X, which suggests that the Hubbard bands
and their increasing prominence with increasing A are giving
rise to this peak. A physical basis for the emergence of this
finite-bias conductance peak in terms of the spectral functions
and the hybridization functions may be constructed using the
results of Sec. Il C 1.

As Fig. 5 shows, an argument for the conductance peak at
a bias value equal to interaction is that the chemical poten-
tial of the left lead matches with one Hubbard band, while
that of the right lead matches with the other, and hence the
conductance is peaked due to a resonant situation when the
SOC is large (Z10A¢), as the bottom-right panel of Fig. 7
shows. Indeed, the left-bottom panel, for which U = 0, shows
that the conductance decreases monotonically with increasing
bias, while the bottom-right panel shows a peak at bias around
15A, which is present only for large SOC (Z10A¢), but
independent of the value of SOC. Thus, we find that at T = 0,
in addition to the zero-bias peak, a finite-bias peak arises in the
presence of strong spin-orbit coupling, which is positioned at
a bias roughly equal to the value of the interaction strength.

We now focus on finite-temperature effects on conductance
and also examine whether the IPA results conform to universal
Kondo scaling of the ZBC. We extend the bias to negative
values and show the conductance at zero temperature and a
fixed SOC of A = 15A¢ as a function of bias, for various U
values, and a semielliptic hybridization function, in the main
panel of Fig. 8. The conductance at T = 0 is seen to have
a three-peak form consistent with the p-h symmetric regime,
and the results of Fig. 7. For the finite-U values, the locations
of the side peaks correspond closely to the value of U/A,,
while the zero-bias peak is characteristic of the linear response
regime. We can also see that the full width at half maximum
(FWHM) of the central peak decreases sharply with increas-
ing interaction, while the conductance at zero bias is pinned at
unity. The width of the central peak is roughly proportional to
the zero-bias quasiparticle weight [61], which decreases ex-
ponentially (algebraically within IPA) with increasing U/ Ay.
The left inset of Fig. 8 shows the temperature dependence of
the conductance for the largest U/A( considered in the main
panel. Interestingly, the central peak melts and thus, at modest
temperatures, we see a two-peak structure, which resembles
the results of a recent experimental study [14]. However, the
right inset shows that the conductance at zero bias decreases
monotonically with increasing temperature, in accordance
with the universal Kondo behavior [1], while the “double
zero-bias peak” feature seen in experiments [14] exhibits the
opposite behavior, namely, an increase of G with temperature.
A rise in the ZBC is indeed observed at higher temperatures,
but the rise is very modest and bears little comparison to
experimental results [14]. Moreover, the finite-bias peaks melt
rapidly with increasing temperature (left inset, Fig. 8), leading
to a broad featureless conductance. Such “spectral weight”
transfer over large scales is indeed a characteristic of the
weak- /intermediate-coupling regime. Hence, the finite-bias
conductance peak in the weak-/intermediate-coupling regime
fails to explain the experimental results. As we will show
below, the latter is best understood within the IPA framework
from a strong correlation perspective.

S
%
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[—4
>

*
o

-20

FIG. 8. The main panel shows the 7" = 0 differential conduc-
tance in units of G, as a function of scaled bias (V,;/A,) for three
values of interaction strength, namely, U = 0 (dot-dashed line),
10A, (dashed line), and 20A, (solid line). The SOC is fixed at
A = 15A and a semielliptic hybridization function has been used
in the calculations. The left inset shows G vs Vi, /Aq for U = 20A
at four different temperatures, mentioned as legends. The central
peak is seen to melt with increasing temperature. The right inset
shows the ZBC as a function of T /Tx. The black symbols represent
IPA data, and the red dashed line represents a fit, G(T') = Go[l +
(25 — 1)(T /Tx)*]~* with s = 0.22 and Ty = 0.58A as appropriate
for universal Kondo behavior.

2. Strong correlation regime and comparison to experiments

As we noted earlier, the experimental results of Smith
et al. [14] are in clear disagreement with our results from the
low/intermediate correlation regime. Thus, in this section, we
will study the system in the strong correlation regime. The
temperature interval over which the resistivity shows universal
behavior when viewed on an absolute scale, i.e., as T/Ag
(and not as T /Tk), shrinks drastically in the strong interac-
tion and strong spin-orbit-coupling regime because 7 /Ay =
(T /Tx)(Tx / Ap), and the latter term is exponentially small in
the strong-coupling regime. In such a regime, a clear sepa-
ration of scales happens in the conductivity as well as in the
spectra. We show this in the top-left panel of Fig. 9, where the
conductance is shown as a function of bias, computed within
IPA at T =0 for U = 20A¢, A = 18Ay, using the Gaussian
form of hybridization.

The quasiparticle weight that determines the linear re-
sponse regime and the U scale that determines the finite-bias
conductance peak show up as distinct features in the form
of an extremely narrow zero-bias peak (width ~ZyAy ~
1073 A¢) and broad, finite-bias peaks. The top-right panel
shows that the ZBC decreases rapidly with increasing temper-
ature and reaches a value three orders of magnitude smaller
than the T =0 unitary limit at T ~ 1072A,. The ZBC
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FIG. 9. Scaled conductance G(Vy;, T) as a function of bias,
Via/ Ao, for various temperatures 7'/A, indicated as legends in the
main panel. The parameters (except for bias) are the same as those
considered in Fig. 6(c). The left inset shows the zero-temperature
conductance as a function of scaled bias, while the right inset shows
the ZBC, G(V,; = 0, T'), as a function of scaled temperature.

follows the evolution of the dot spectral function and, as Fig. 6
shows, the melting of the Kondo peak manifests in the rapid
decrease of the ZBC. However, as the temperature reaches
nonuniversal values beyond 0.5A, the Hubbard bands be-
come accessible and the ZBC starts to rise again. The bottom
panel shows the conductance as a function of bias for various
temperatures in this rising ZBC regime. The two finite-bias
peaks are the only distinct features of the conductance in a
wide temperature interval of T € (1073 Ag, 0.5A¢). For T >
0.5A, consistent with the top-right panel, the ZBC starts
rising, filling in the gap between the finite-bias peaks and,
concomitantly, the latter slightly diminishes in magnitude. An
isosbestic point, commonly seen in many correlated systems,
is visible around V;; >~ 10Ay. In contrast to the results of the
weak-/intermediate-coupling regime of the previous section,
the finite-bias peaks retain their form even at 7 /A = 6.0,
as the bottom panel of Fig. 8 shows, and this behavior is
characteristic of the strong-coupling regime.

In arecent experiment by Smith ez al. [14], the conductance
through a point contact in an InGaAs/InAlAs heterostructure
and a split-gate geometry was measured as a function of
source-drain bias with varying in-plane and transverse mag-
netic fields. The highlight of this study was the tunability of
the Kondo effect through the tuning of the Rashba spin-orbit
coupling of the leads. The split-gate voltage V,, was used to
control the electron density, which, in turn, determines the
strength of the RSOC (). At a fixed temperature of about
25 mK, a single zero-bias peak was observed at low A, while
a double zero-bias peak was observed at high A (see Fig. 1(i)
of Smith et al. [14]).

The zero-bias peak is known to be related to the equilib-
rium Kondo scale, and in the absence of a magnetic field, the
zero-bias peak must be present in the conductance at 7 = 0,

T T T 0.4

I
A=184,

0.2

0
V/A,

FIG. 10. The conductance plotted as a function of V,,;/A, for
various values of SOC strengths, as marked on the curves. The in-
teraction and temperature are kept fixed at U = 20A,, T = 0.05A,,
respectively. The crosses track the location of the V,, = £U peak,
while the stars track a satellite feature of the zero-bias peak. The
left and right insets correspond to the low (A = 2A() and high (A =
18Ay) SOC strengths, respectively. The insets show the different
single- and double-peak conductance in these regimes.

no matter how strong the correlation is. But since the experi-
ment is performed at a fixed and finite absolute temperature,
the scenario becomes drastically different. As A is increased,
the Tx value decreases, so the ratio of T'/Tx increases expo-
nentially. This implies that the system with low A experiences
a low-T /T ratio, while the system with high X is at a very
high-T /T ratio for a given T. We have shown in Fig. 9 that
the central zero-bias peak melts rapidly on a scale of Tx at
high X, while the finite-bias peaks retain their form. Thus, we
conjecture that the experimental finding of a crossover from a
single peak to a two-peak structure by increasing A is arising
through a combined crossover of a weak to strong coupling
(exponentially decreasing Tx) and from a low-T /T ratio to a
high value of T /Tx (due to a fixed T').

We consolidate this speculation in Fig. 10, where the top
two panels show the conductance as a function of bias at low
A =2Ay (left panel) and high A = 18A (right panel) com-
puted within IPA at a fixed temperature of T = 0.05A, and
U = 20A for a Gaussian hybridization. We see that a single
zero-bias peak has transformed into a double-peak structure.
We emphasize that the single zero-bias peak is a universal
feature, implying that its form and temperature dependence
are determined by the Kondo scale, but the finite-bias peaks
are nonuniversal features whose position, and form are de-
termined by nonuniversal parameters such as V;, U, and A.
The bottom panel shows the conductance for the same pa-
rameters as the top two panels, but with varying A marked
as numbers. The conductance curves are shifted vertically
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by a constant number to provide clarity. The graph shows
the gradual evolution of the single-peak structure into a two-
peak structure. The dashed line marks the evolution of these
finite-bias peaks (marked by crosses). Interestingly, the central
peak is flanked by two satellite structures, which we identify
visually (marked by stars). These peaks drift to higher V,,
with increasing A, and merge with the “Hubbard peaks,” and
continue the blueshift for higher-A values. Similar features
are observed in the experimental results (see Fig. 4(c) of
Smith ez al. [14]). Naturally, experimental results are far richer
than what our simple model and the perturbative calculation
reveal. However, the theoretical model used for explaining
the experimental results [14] is exactly the same as the one
used in the present work, and our results based on IPA may
be viewed as complementary to those found by the quantum
master equation approach.

IV. DISCUSSION AND CONCLUSIONS

We have investigated the interplay of electron-electron in-
teractions, bias, and spin-orbit coupling on the conductance
through an Anderson impurity, using a second-order Keldysh
approach. We validated the method and our implementation
through extensive benchmarks. The linear response regime
and its relation with the equilibrium quasiparticle weight (Zy)
is explored, and the decrease of Z; with increasing spin-orbit
coupling (X), for finite-bandwidth hybridization functions, is
highlighted and discussed in detail. This decrease turns out
to be crucial for explaining the experimental observation of a
crossover of a single zero-bias peak into a double-peak struc-
ture with increasing A. The quantum master equation approach
[14], which was used for explaining the experimental results
[14], while recovering the split-peak structure, addresses the
finite field effects. However, the dependence of the Kondo
scale on A was not incorporated and finite-temperature effects
have not been addressed, and these two aspects have been
incorporated and investigated in detail in our work.

One of the inferences made from the experimental results
[14] is that the Kondo scale increases with increasing A. This
inference directly contradicts our results since in our study the
Kondo scale is represented by ZyAp, which has been found
to decrease with increasing A (Fig. 4) and hence deserves a
discussion. We note that the Tk is determined experimentally
for the experimental system at high A by increasing the mag-
netic field (parallel to the SOC field), which induces Zeeman
splitting of the spin-degenerate levels, until the double-peak
form of the conductance converges to a single zero-bias peak
structure, and then fitting the temperature dependence of the
ZBC. It is well known from equilibrium studies that the
quasiparticle weight increases monotonically with increasing
magnetic field [62], so the determination of Ty for the high
magnetic field system is probably not representative of the Tx
for the zero-field system with the double-peak conductance.
In fact, for this system, if our results are any indication, then
the Tk is probably around the lower limit of the temperatures
considered in the experiments. Increasing the magnetic field
is akin to a crossover from a strong- to weak-coupling regime,
and hence is equivalent to decreasing spin-orbit coupling.

And hence the merging of the double-peak conductance to a
single peak with increasing magnetic field may be viewed as
decreasing A in Fig. 9.

A 0.7 anomaly has been observed in the experimental re-
sults and we provide a brief discussion of this feature vis-a-vis
our results. The 0.7 anomaly is seen as a plateau or shoulder
in the conductivity when the gate voltage is varied. The origin
of the 0.7 anomaly has been under intense study and has been
attributed to the Kondo effect [45] and, more recently, to van
Hove ridges [63,64]. While the Kondo and van Hove ridge
physics apply to quantum dots and 1D nanowire models, it has
been shown that the low-energy physics of the two systems are
identical [63]. In the present work, changing the gate voltage
amounts to moving away from the p-h symmetric limit. The
scope of the present paper is limited to the p-h symmetric
limit and broad featureless hybridization functions (hence rul-
ing out van Hove singularities), hence, even in principle, the
present work does not have any bearing on the physics of the
0.7 anomaly.

While the IPA has been shown to work well in the pa-
rameter regime under consideration, it fails to capture many
subtler aspects such as the exponential decrease of Z, with
increasing interaction strength, which requires a method ca-
pable of capturing true strong-coupling physics where spin
fluctuations are incorporated nonperturbatively. The IPA has
been generalized for finite magnetic fields [47] as well as
for the p-h asymmetric case [47], incorporating which will
yield fresh insights into magnetotransport measurements and
the influence of valence fluctuations, and possibly the 0.7
zero-bias anomaly as well. We plan to pursue these directions.
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APPENDIX: DERIVATION OF AN ANALYTICAL
EXPRESSION FOR THE QUASIPARTICLE WEIGHT

In order to get a better insight into the dependence of the
self-energy on interactions, bias, and SOC, we calculate an
analytical expression for the quasiparticle weight using the
second-order self-energy expression (20),

f—enf(—e)f(e)

ot + 6 —€6 —€

Z’(w) =U2D(3)/d61d62d63<

Xy

Al
ot + 6 — 6 —€ (AD

L fef@f-e) )

%

where Dy is the Hartree-corrected density of states at w = 0.
The two terms X , are not independent and we can show that
Yi(w) =[] (—a;)]*. When we consider the zero-temperature
limit and define py = —1/7Im{X{(w)}, the expression then
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reduces to a product of Heaviside step functions given by

U*D}
Py (@) = 3 2 /d61d62<|:®(vsd/2 —€)+0O(-Vy/2 - 61)“:6(‘411/2 —€)+0(-Vy/2 - 62)i|-
a a by by
X |:®(Vsd/2 +tw—€—)+0(—Vy/24+w—e€ — 62)]>~ (A2)

€1

The various products of the terms a;, b;, c; are tabulated below.

| a;bic; | 8051 labic;/(U?Dy)
aibic, W7 /2 430V /2 + V2 +V2/8
aibic, 0?)2+ @Viq/2 + V28
aibyci 0?)2 + @Viq/2 + V28
aibyc; (@?/2 — WV /2 4+ V2 /8)O(w — Viy/2)
arbicy 0?)2+ @wVig/2 + V28
arbic; (@?/2 — WV /2 4+ V2 /8)O(w — Viy/2)
arbyc (@?/2 — WV /2 4+ V2 /8)O(w — Viy/2)
abycr | (@?/2 =30V /2 +VE +V2/8)0(w — 3V,4/2)
(A3)
Adding all the terms, we get
23 2
oy = %[wz + 3‘%"} (Ad)

We can use the Kramer-Kronig transform to calculate the real
part of the self-energy as
Im{X}" (")

o —w

Re X' (w) = %P/da)’ (A5)

(&)

(

which we can write by considering a high-energy cutoff A as

U2D3 A 72 3‘/2 4
Re ¥/ (w) = 20/ da)’w_’,_—w/. (A6)

A w —

Considering particle-hole symmetry and truncating terms of
O(w?), we get the expression

U*D} 3V2
Re X/ (w) = —TO[A2 - Td}" (A7)

Using the definition of the quasiparticle weight as
Re ¥ (w) = w(1 — %), we get the analytical expression
[Eq. (29) in the main text] as

UD} 32T\
zz<1+ AO[AZ—T”D . (A8)
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