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Topological invariants based on generalized position operators and application
to the interacting Rice-Mele model

A. A. Aligia
Instituto de Nanociencia y Nanotecnología CNEA-CONICET, Centro Atómico Bariloche and Instituto Balseiro, 8400 Bariloche, Argentina

(Received 13 October 2022; revised 11 February 2023; accepted 16 February 2023; published 27 February 2023)

We discuss different properties and the potential of several topological invariants based on position operators
to identify phase transitions, and compare with more accurate methods, such as crossing of excited energy levels
and jumps in Berry phases. The invariants have the form Im ln〈exp[i(2π/L)� jx j (m↑ n̂ j↑ + m↓n̂ j↓)]〉, where L is
the length of the system, x j the position of site j, and n̂ jσ the operator of the number of particles at site j with
spin σ . We show that mσ should be integers, and in some cases of magnitude larger than 1, to lead to well-defined
expectation values. For the interacting Rice-Mele model (which contains the interacting Su-Schrieffer-Heeger
and the ionic Hubbard model as specific cases), we show that three different invariants give complementary
information and are necessary and sufficient to construct the phase diagrams in the regions where the invariants
are protected by inversion symmetry. We also discuss the consequences for pumping of charge and spin, and the
effect of an Ising spin-spin interaction or a staggered magnetic field.
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I. INTRODUCTION

Many transitions in condensed matter have been under-
stood as a spontaneous symmetry breaking and the emergence
of a local order parameter as temperature is lowered [1]. How-
ever, there are other transitions, which are the subject of much
attention recently, in which two different phases differ in the
value of a symmetry-protected topological invariant [2–11].
While significant advances have been made at the single-
particle level, more recent studies have addressed many-body
cases [7,11–16].

A difference with the noninteracting case is that the
presence of zero-energy edge modes dictated by the bulk-
boundary correspondence is modified by the possible pres-
ence of zeros of the interacting Green’s functions at zero
energy [12,13]. Interestingly, these zeros are responsible for
a topological transition in a two-channel spin-1 Kondo model
with easy-plane anisotropy [17].

Many of the topological invariants used are extensions of
the Berry phase calculated by Zak for a one-particle state
as the wave vector sweeps the entire Brillouin zone in one
dimension [18] (see, for example, Refs. [6,16,19–22]). This
charge Berry phase γc is in turn the basis of the modern
theory of polarization [23–26] and has been extended to the
many-body case [27–30] and to multipoles [31,32]. Changes
in γc are proportional to changes in the polarization of the
system [27]. We have introduced the spin Berry phase γs,
which is a measure of the difference of polarizations between
electrons with spins up and down [33].

In systems with inversion symmetry, both phases are pro-
tected by this symmetry and can take only the values 0 or π .
Thus, they are Z2 topological invariants and have been used to
identify quantum phase transitions [27,34–37] and, in particu-
lar, to construct the phase diagram of the Hubbard chain with
correlated (density-dependent) hopping (HCCH) [34] and the
ionic Hubbard chain (the Hubbard model with alternating

on-site energies discussed in more detail in Sec. IV) [36].
Furthermore, for these two models, it has been shown [36]
that the jumps of the Berry phases coincide with crossings of
energy levels which are known to correspond to phase transi-
tions determined by the method of crossing of excited energy
levels (MCEL) based on conformal field theory [38–42].
Therefore, the results extrapolated to the thermodynamic limit
are expected to be highly accurate and more efficient than
calculating correlation functions, which change in a smooth
fashion at the transitions in finite systems. For the HCCH,
the phase diagram obtained from jumps in the Berry phases
coincides with that obtained from bosonization [43,44] for
small values of the interaction.

Using results of the MCEL [39], it has been shown that for
systems with spin SU(2) symmetry, the jump of the spin Berry
phase indicates the opening of a spin gap [33]. In a Kosterliz-
Thouless transition, the spin gap opens exponentially as it
is very difficult to identify the transition point from a direct
calculation of the spin gap in large systems. It is much more
efficient to determine these point extrapolating the jumps in
the topological invariant for small systems [34]

Resta [45,46] has shown (for an integer number of particles
per unit cell) that in the thermodynamic limit, the polarization
and the charge Berry phase, can be calculated from a ground-
state expectation value as α(1, 1) with

α(m↑ , m↓) = Im ln〈U (m↑, m↓)〉 mod 2π, (1)

where

U (m↑ , m↓) = exp[i(2π/L)� jx j (m↑n̂ j↑ + m↓n̂ j↓)], (2)

L is the length of the system, x j the position of site j, n̂ jσ

the operator of the number of particles at site j, and mσ are
integers. Although this expectation value is expected to be
less accurate than the charge Berry phase for a finite system,
it is easier to calculate and has been used extensively. For a
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noninteracting system, Resta has shown that α(1, 1) coincides
with the charge Berry phase in the thermodynamic limit [45].
One expects that this is also true in the interacting case. This is
supported by our calculations in a specific interacting model
presented in Sec. VI A.

Soon it was noticed that, in turn, at zero temperature,
α(1,−1) is an approximation to the spin Berry phase γs [34],
which is expected to coincide with it (except for a sign, as
explained in Sec. III) in the thermodynamic limit.

If the total number of particles per unit cell N/Nuc is an
irreducible fraction p/l , α(1, 1) is ill defined and should be
replaced by α(l, l ) [47]. In general, the conditions that mσ

should fulfill to lead to well-defined α(m↑ , m↓) are discussed
in Sec. III. The quantity

x(l, l ) = a

2π l
α(l, l ) mod

a

l
, (3)

where a is the lattice parameter, is a well-defined expectation
value of the sum of the positions of the particles per unit cell
[47,48]. Recently, it has been shown that α(l, l ) is a topolog-
ical invariant at finite temperature [14]. At zero temperature,
the quantity α(l,−l ) pointed out in Ref. [34] as an alternative
to calculate the spin the Berry phase for l = 1, was used by
Nakamura and Todo to study resonance-valence-bond states
in spin systems [49], using the symmetry properties explained
in Ref. [47]. The operator of Eq. (2) has also being generalized
as a tensor for different spin and position directions, allowing
us to express the ferrotoroidic moment as a quantum geomet-
ric phase [50]. Cumulants of α(l, l ) [48,51,52] were also used
to identify phase transitions [53–55], and 〈U (1, 1)〉 was used
to study scaling in disordered systems [56].

A Thouless pump can be regarded as a cycle in a space
of parameters in which a quantized amount of charge (or
spin) is transported, which is topologically protected [57,58].
Experimentally, quantized charge pumping has been real-
ized in ultracold quantum-gas experiments that simulate the
fermionic [59] and bosonic [60] Rice-Mele model (RMM)
[61]. A spin pump was also realized experimentally [62].
Recently charge pumping in the fermionic interacting RMM
(IRMM) has been studied experimentally [63] and theoreti-
cally [64–66]. For a recent review of Thouless pumping and
topology, see Ref. [67].

The RMM contains the Su-Schrieffer-Heeger model
(SSHM) [68] as a special case, with alternating hopping
matrix elements t ± δ. For the spinless SSHM or the noninter-
acting case choosing one spin, two different topological states
exists depending on the sign of δ, which are characterized
by different Zak Berry phases, either 0 or π mod 2π [20].
While the charge and spin transport in the adiabatic limit of
the IRMM can be well described in terms of the charge and
spin Berry phases described above or, equivalently, by α(1, 1)
and α(1,−1) [66], these quantities are unable to separate
the two topological phases of the SSHM. This is expected
because, since the average position (or polarization) of the
particles for both spins is the same, and 0 or π mod 2π ,
adding or subtracting them gives 0 mod 2π in both cases.
Recently, a study of the SSHM at finite temperatures found
α(1, 0) = ±π/2 in some cases [69]. In addition, in a recent
study on the strongly interacting SU(3) SSHM, it has been
stated that a Berry phase in which the flux is applied only to

one of the flavors [related to α(1, 0) or α(0, 1) in the SU(2)
case] can distinguish between the two topological sectors.

In this paper, we discuss for the general case, the conditions
on the mσ , so the generalized position operators are well
defined. They should be integers and it is convenient to choose
them as the smallest possible integers that guarantee trans-
lationally invariant position operators. We also study their
properties under inversion and their relation with the Berry
phases. The discussion is restricted to one dimension and two
flavors, but it can be generalized. For the specific IRMM, and
parameters for which the system has inversion symmetry, we
compare the topological transitions predicted from jumps in
several α(m↑ , m↓) with alternative methods. The size depen-
dence of the transitions is also studied. We find that to obtain
a complete picture of the topological sectors, three different
invariants should be considered, α(1, 1), α(1,−1), and either
α(1, 0) or α(0, 1). We also discuss the effect of terms that
open the spin gap, like an Ising interaction and staggered
magnetic field [66]. Finally, we used the generalized position
operators to analyze the charge and spin transport in pump
cycles.

The paper is organized as follows. In Sec. II, we briefly
review the calculation of the Berry phases and its relation
to the modern theory of polarization in the many-body case.
This facilitates the explanation of the position expectation
values and its symmetry properties for general Hamiltonians
discussed in Sec. III. In Sec. IV, we explain the IRMM with
the possible addition of Ising spin-spin interactions and stag-
gered magnetic field, which is used for numerical calculations
in Sec. VI. In Sec. V, we discuss the form of some general
symmetry properties discussed in Sec. III to particular cases of
the IRMM. In Sec. VI, we present different calculations using
exact diagonalization, in systems up to 14 sites, to compare
the predictions of the phase transitions obtained from jumps
in the topological invariants based on position operators, with
other (in general, more robust) known results. We also study
some pump cycles which shed light on the potential and limi-
tations of the different position operators. Section VII contains
a summary and discussion.

II. BERRY PHASES AND MANY-BODY POLARIZATION

For the discussion of the topological invariants, it is useful
to briefly review the formulation of the Berry phases and the
modern theory of polarization for many-body systems. This
theory is basically an extension of the formalism of Zak for
noninteracting particles [18]. Restricting to one dimension,
Zak calculated the Berry phase of a Bloch state as the wave
vector k sweeps all possible values 0 � k � 2π/a, where
a is the lattice parameter. This is equivalent to consider all
possible twisted boundary conditions (BCs) defined by a flux
� through a ring. To simplify the argument, ignore spin for
the moment and consider that the hopping term of the Hamil-
tonian has the form (extension to more involved cases are
straightforward)

Ht = −t�Ns−1
j=1 c†

j+1c j − tei�c†
1cNs + H.c., (4)

where Ns is the number of sites. The Hamiltonian can be
interpreted as a periodic chain with BCs such that a translation
of a one-particle state TL in the size of the system L = aNuc,
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where Nuc is the number of unit cells, gives

TLc†
j |0〉 = ei�c†

j |0〉. (5)

The eigenstates of the translation operator with a given wave
vector k satisfy

Tac†
k |0〉 = eikac†

k |0〉. (6)

Equations (5) and (6) and T Nuc
a = TL imply that the possible

values of k are

ka = 2πν + �

Nuc
, (7)

with ν integer. Then, changing adiabatically the flux is equiv-
alent to changing the one-particle wave vectors.

For a periodic many-body system with conserved number
of particles N , the total wave vector K is conserved, and the
change in K under an adiabatic change in � is given by


Ka = N

Nuc

�. (8)

Then, if the number of particles per unit cell N/Nuc is an
integer, and if a given state (in particular, the ground state) is
nondegenerate as � is swept from 0 to 2π , the ground state
returns to the ground state and captures a Berry phase. If,
however, N/Nuc is fractional, the state at � = 2π is different
from that at � = 0 (it has a different total wave vector) and
the cycle should be extended to the region 0 � � � 2π l , with
lN/Nuc integer [33,47].

In practice, it is convenient to perform a gauge transforma-
tion

c†
j = exp(i�x j/L)c̃†

j , (9)

where x j is the position of the site j, so the hopping term
becomes explicitly translationally invariant,

Ht = −t exp(i�b/L)
(
�

Nuc−1
j=1 c̃†

j+1c̃ j + c̃†
1c̃Ns

) + H.c.,

(10)

where b is the nearest-neighbor distance. In the more general
cases studied below, we also take a translationally invariant
form of the Hamiltonian.

The Berry phases considered here can be calculated from
the numerically gauge invariant formulation [27,33], splitting
the interval of the flux 0 � � � 2π l in M parts,

γ (m↑ , m↓) = − lim
M→∞

Imln

{[
M−2∏
r=0

〈g(�r ) | g(�r+1)〉

× 〈g(�M−1) | U (m↑ , m↓)g(0)〉
]}

, (11)

where |g(�)〉 is the ground state of the Hamiltonian in which
the hopping from site i to site j for spin σ has been changed
by a factor exp[imσ (x j − xi )�/L] and U (m↑ , m↓), given by
Eq. (2) transforms the ground state for � = 0 to that for � =
2π l using the gauge transformation Eq. (9). Usually the origin
of coordinates x j is chosen at an atomic position. If not, the
Berry phase is modified by a constant as explained in Sec. III.
In practice, a number of splittings M ∼ 10 is enough to obtain
accurate results.

The cases related with total charge γc = γ (l, l ) [27,33] and
total spin γs = γ (l ′,−l ′) [33] have been studied before. From
the modern theory of polarization in the many-body case, one
knows that if the parameters of the Hamiltonian are changed
as a function of a parameter θ , between θ1 and θ2, the change
of polarization (equivalent to the displacement of charge in
one dimension), can be expressed in terms in the Berry phase
γc. If the particles are electrons, the transported charge in units
of e where −e is the electronic charge, the transported charge
is given by


Q = 1

2π l

∫ θ2

θ1

dθ ∂θγc(θ ). (12)

Similarly, for the transported z projection Qs = Q↑ − Q↓ of
the spin, one has [33]


Qs = 1

2π l ′

∫ θ2

θ1

dθ ∂θγs(θ ). (13)

One is tempting to suggest that similar expressions could be
used for Qσ in terms of γ (1, 0) and γ (0, 1), respectively. This
is true in some cases, but not always. We return to this point
later for the specific case of the IRMM.

In systems with inversion symmetry, and choosing the
origin of coordinates at the inversion point, the result for the
Berry phases should be the same if the sign of the flux � is
inverted, which in turn leads to same Berry phase with the sign
inverted implying γ = −γ mod 2π [18]. Thus, in systems
with inversion symmetry, γ /π is a topological Z2 number
protected by symmetry that can take only two values, 0 or
1 mod 2. This fact has been used to construct the complete
phase diagram of the Hubbard model with density-dependent
hopping [34] and the ionic Hubbard model (IHM) [36] from
the values of γc and γs or crossing of excited energy levels
[38–41] which coincide with jumps in these Berry phases
for these models [36]. In presence of a rotation symmetry of
the spin in π around any axis perpendicular to the z axis [in
particular, in the presence of spin SU(2) symmetry], γs is also
a Z2 topological number protected by that symmetry [66].

III. GENERALIZED POSITION EXPECTATION VALUES

Generalizing previous developments, one can define posi-
tion expectation values from Eqs. (1) and (2). In addition to
the total position Eq. (3), one can define the expectation value
of the sum of the positions of the electrons with spin up per
unit cell as

x(m↑ , 0) = a

2πm↑
α(m↑ , 0) mod

a

m↑
, (14)

where a is the lattice parameter, and similarly for spin down.
For Sz = 0, the difference between the positions of the elec-
trons with spin up and down per unit cell is

x(1,−1) = a

2π
α(1,−1) mod a. (15)

In this section, we discuss the general properties of this quan-
tities as well as some conditions imposed by symmetry.

Comparing Eqs. (1), (2), and (11), one realizes that, ex-
cept for the sign, the second member of Eq. (1) is a crude
approximation to γ (m↑ , m↓), with only M = 1 point in the
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whole interval of flux 0 � � � 2π l . However, both quantities
are expected to coincide in the thermodynamic limit [45],
α(m↑ , m↓) has the advantage over the Berry phases of its sim-
plicity, its extension to finite temperature, and the possibility
to calculate if for open BCs [70], which allows for more ac-
curate density-matrix renormalization-group calculations. In
addition, we find that in certain cases it is difficult to calculate
γs = γ (1,−1) directly because of level crossings that take
place at finite values of the flux �.

In a ring, the positions of the particles x j are defined mod-
ulo L. This means that that x j + L ≡ x j should be satisfied.
Thus, for x(m↑, m↓) to be well-defined, the result should be
invariant if for any j, x j is replaced by x j + L. Since the
eigenvalues of n̂ jσ are either 0 or 1, the change in the exponent
of Eq. (2) is a multiple of 2π i (irrelevant) for any states if and
only if the mσ are integers.

Under an elemental translation in a unit cell a, one has

TaU (m↑ , m↓)T †
a = exp

⎡
⎣i

2π

L

∑
j

(x j + a)(m↑ n̂ j↑ + m↓n̂ j↓)

⎤
⎦

= exp

[
i
2πa

L
(m↑N̂↑ + m↓N̂↓)

]
U, (16)

where N̂σ = ∑
j n̂ jσ is the operator of the total number of

particles with spin σ . For the last equality, we used that any
two n̂ jσ commute.

To be well-defined, U (m↑ , m↓) should not depend on the
unit cell in which the origin of x j is chosen. Thus, the expo-
nential should be equivalent to 1 and this imposes

a(m↑ N̂↑ + m↓N̂↓)

L
= I = integer. (17)

The first member should be a conserved quantity of the Hamil-
tonian. Equation (17) implies, in particular, that for U (l, l ) to
be well-defined, the total number of particles N̂ = N̂↑ + N̂↓
should be conserved, and if the number of particles per unit
cell aN/L is an irreducible fraction, l should be chosen as the
denominator (as shown before with a slightly different argu-
ment [47]). For U (l,−l ), the total spin projection Sz = (N̂↑ −
N̂↓)/2 should be conserved. In the simplest case, Sz = 0, it is
convenient to choose l = 1. Finally, if mσ = l and m−σ = 0,
it is convenient to choose the minimum l that satisfies that
laNσ /L is an integer. In usual cases with Sz = 0, and one
particle per unit cell or less, this l is two times larger than
the corresponding one for U (l, l ).

The above-mentioned conservation laws imply that for an
extension to finite temperatures of α(l, l ) [14], the canonical
ensemble should be used. This fact seems to have been over-
seen in a recent work [69].

Note that Eq. (16) is also valid if the lattice parameter is
replaced by any finite displacement d . Following the same
procedure as above, it is easy to see that

x j −→ x j + d ⇒ α(m↑ , m↓) −→ α(m↑ , m↓) + d

a
2π I,

(18)
where I is the integer entering Eq. (17). While the symmetry
properties defined below take a different form for different d ,
this constant shift is, however, not important, since only differ-
ences in polarization have a physical meaning [see Eqs. (12)

and (13)] nd the magnitude of the jumps of α(m↑ , m↓) at phase
transitions remain the same.

While the calculation of the Berry phases imply an aver-
age over all twisted BCs, the calculation of the displacement
operators are usually performed either for closed shell BCs
(CSBCs), which correspond to antiperiodic BCs for Ns mul-
tiple of four and periodic BCs for even Ns not multiple of
four, or for open shell BCs (OSBC) in which periodic and
antiperiodic BCs are interchanged with respect to CSBCs. The
results for both cases are compared in Secs. VI A and VI B.

If the Hamiltonian is invariant under inversion R through
certain atoms and the coordinates are defined in such a way
that x j = 0 for one of these atoms j, then using translations
[Eq. (16)], one can define R such that Rxj = −x j . Clearly,

RU (m↑ , m↓)R† = U (m↑ , m↓), (19)

where the bar over U means complex conjugation. Since all
eigenstates should be either even or odd under R, the expec-
tation value of U (m↑ , m↓) should be real and this implies that
the second member of Eq. (1) is either 0 or π , implying that it
is a Z2 topological invariant protected by R.

If, however, the inversion symmetry R̃ has the invariant
point at xb between two atoms, one can define R̃x j = 2xb − x j ,
which is equivalent to a change of sign of x j plus a translation
giving

R̃U (m↑ , m↓)R̃†

= exp

[
i
4πxb

L
(m↑N̂↑ + m↓N̂↓)

]
U (m↑ , m↓). (20)

Implications for the particular case of the IRMM are dis-
cussed in Sec. V.

Note that the arguments above about topological protection
by inversion symmetry applied to zero temperature assume a
nondegenerate ground state and break down in the thermody-
namic limit if there is a spontaneous symmetry breaking. We
return to this point in Sec. VI C.

IV. MODEL

To test explicitly the properties of different generalized po-
sition operators and their accuracy as topological Z2 invariants
to determine phase transitions, we consider the IRMM. The
Hamiltonian is

H =
Ns−1∑
j=0

[−t + δ (−1) j]
∑

σ=↑,↓
(c†

jσ c j+1σ + H.c.)

+


Ns−1∑
j=0

∑
σ=↑,↓

(−1) j n̂ jσ + U
Ns−1∑
j=0

n̂ j↑n̂ j↓. (21)

For some calculations, we will also add to the Hamiltonian
either an Ising spin-spin coupling HZ or a staggered magnetic
field HB [66]:

HZ = Jz

Ns−1∑
j=0

Sz
jS

z
j+1, HB = B

Ns−1∑
j=0

(−1) jSz
j . (22)

For δ = 0, the model reduces to the IHM [36,71,72], which
has inversion symmetry with a center at any site, and for 
 =
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0 it coincides with the interacting SSHM (ISSHM) which has
inversion symmetry with a center at the midpoint between
any two sites. In both cases, the Berry phases and the po-
sition operators become topological Z2 invariants protected
by the corresponding inversion symmetry. Our discussion
here is limited to zero temperature, the number of particles
equal to the number of sites (N = Ns) and total spin Sz = 0.
Then, there are two particles per unit cell (Nuc = Ns/2) and
the smallest integers l = 1, mσ = 1 are enough to have well-
defined Berry phases and position operators [see Eqs. (3) and
(14)] (this is not the case for extensions of the model to more
sites per unit cell [73]).

Therefore, in the following we define αc = α(1, 1), αs =
α(1,−1), α↑ = α(1, 0), and α↓ = α(0, 1), for the charge,
spin, and spin-σ only expectation values. We take the position
of lattice site 0 as the origin (x0 = 0) [if the origin were taken
between two lattice sites, so x0 = a/4, αc would be shifted
by π , ασ by π/2 and αs would remain the same according to
Eq. (18)].

The phase diagram of the IHM has been determined ac-
curately using topological Z2 invariants [36]. A numerical
study of different correlation functions has been performed by
Manmana et al. [72]. The half-filled IHM hosts three phases.
For t → 0, there are only two phases, a band insulating (BI)
phase with alternating occupancies 0202... or 2020..., depend-
ing on the sign of 
 for U < 2|
| and a Mott insulating
phase with one-particle per site, described by an effective
Heisenberg model [74] for U > 2|
|. At finite t , a sponta-
neously dimerized insulator (SDI) with a bond-ordering wave
(BOW) [71] appears between the other two phases and the
boundaries move to larger U [36]. At the BI to SDI transition,
the charge Berry phase γc jumps from 0 to π , while at the
SDI to MI transition, the spin Berry phase γs jumps from
0 to π .

The BOW corresponds to stronger expectation values of
the hopping for odd than even bonds or conversely [see
Eq. (27)]. The SDI corresponds to one of these choices in the
thermodynamic limit. A finite δ breaks the inversion symme-
try and renders one of the BOW phases more favorable than
the other, and also the MI phase is converted to a BOW phase
[66].

The SSHM has two phases that can be distinguished by
the Berry phase for one spin [20]. In the ISSHM (U > 0),
the same behavior is expected [16], although the zero-energy
one-particle modes related to the topological phase disappear
[13].

V. PROPERTIES OF THE POSITION OPERATOR
WITH A GIVEN SPIN IN THE IRMM

According to the constraints imposed by symmetry pre-
sented in Sec. III, it is convenient to choose mσ = 1 in Eq. (14)
and its equivalent for spin down. The ISSHM (case 
 = 0
of the IRMM) has inversion centers at the midpoint between
two atomic positions, displaced a quarter of a unit cell from
the atomic positions. Choosing the origin of coordinates at
an atomic position, this implies that the inversion centers are
located at xb = a/4 plus a multiple of a/2. Using the filling
conditions assumed N↑ = N↓ = Nuc, and L = Nuca, Eq. (20)

leads to

R̃U (1, 0)R̃† = −U (1, 0), (23)

and the same for spin down. This implies that the expectation
values of U (1, 0) and U (0, 1) are purely imaginary in the
ISSHM. Therefore, from Eq. (1), ασ [α(1, 0) and α(0, 1)]
can only take the values ±π/2 mod 2π . Performing a similar
calculation for U (1, 1) and U (1,−1), it is easy to see that αc

and αs can only take the values 0 or π mod 2π .
As an example, for Nuc = 2, U = 0 and δ = −t , the

ground state is |g〉 = 
σ (c†
0σ + c†

1σ )(c†
2σ + c†

3σ )|0〉. Using
x j = b j, where b = a/2, a straightforward calculation gives
〈g|U (1, 0)|g〉 = 〈g|U (0, 1)|g〉 = −i/2, and then α(1, 0) =
α(0, 1) = −π/2 mod 2π. Changing the sign of δ corresponds
to a translation of half a lattice parameter and the ασ changes
signs.

A simple argument, validated by the numerical results pre-
sented below, is that for any parameters of the ISSHM, the
expectation values of the position operators for a given spin
are the same as the corresponding ones in which one has one
localized particle at the midpoint of each strong bond. For
negative δ, this means that the position of the particles with
a given spin are at xi = (i + 1/4)a, i = 0 to Nuc − 1. Then
�ixi/L = 1/4 + (Nuc − 1)/2, and using Eq. (1)

α(1, 0) = α(0, 1) = (−1)Nuc−1 π

2
if δ < 0,

α(1, 0) = α(0, 1) = (−1)Nuc
π

2
if δ > 0, (24)

where the last line was obtained from a translation of half a
lattice parameter. Eqs. (24) are confirmed by the numerical
calculations.

While for 
 = 0, the system described by H has inversion
symmetry at each lattice site [implying Eq. (19)] and, for δ =
0, the inversion points lie in between sites [implying Eq. (23)],
at the special point 
 = δ = 0 both symmetry operations are
present, and these equations imply that the expectation val-
ues of U (1, 0) and U (0, 1) should vanish. This fact suggests
that the phases jump at this point. Numerically, we find that
α(1, 0) = α(0, 1) jumps between −π/2 and π/2 for fixed

 = 0 changing δ and between 0 and π for fixed δ = 0
changing 
. The first jump is consistent with the two different
topological sectors of the ISSHM [13] and spin models related
with it [77], as discussed in Sec. VI B.

For U = 0, and very small t , the second jump is expected
from the phases for the states with occupancies 2020... and
0202... at both sides of the transition. Symmetry protection
allows us to extend the argument to large t . However, the
physical meaning it of the jump in the interacting case U �= 0
(for which the system is in the MI phase of the IHM) is not
clear.

VI. NUMERICAL RESULTS

In this section, we present results for the ground-state
expectation value of the different position operators by exact
diagonalization in systems between 6 and 14 sites, using the
Lanczos method [75]. We analyze the transitions of the cor-
responding topological Z2 invariants in the IHM and ISSHM
and its size dependence and compare them with alternative
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FIG. 1. Critical value of 
 for the charge transition of the IHM as
a function of the inverse of the number of sites for different boundary
conditions. Other parameters are t = 1, δ = 0, and U = 4. Full lines
correspond to a parabolic fit.

methods. This information is complemented studying pump-
ing cycles in the general IRMM, including a staggered field
and Ising spin-spin interactions.

A. Topological invariants in the IHM

As briefly explained in Sec. I, the phase diagram of the
IHM has been determined by the MCEL which coincides with
a jump in γc (γs) for the charge (spin) transition between BI
and SDI (SDI and MI) phases (see Sec. IV for the explanation
of the phases). Specifically, the charge transition is determined
by a crossing between the singlet state of lowest energy with
even parity under inversion (the ground state in the BI phase)
and the corresponding one for odd parity (the ground state
in the SDI and MI phases) with OSBCs [see Sec. II for a
discussion on the BCs]. In the spin transition between SDI
and MI phases, for OSBC the excited even singlet crosses with
the excited odd triplet, which has less energy in the MI phase
[36,66].

To what extend do the topological invariants based on
position operators reproduce these results?

The different α(m↑ , m↓) are protected by inversion sym-
metry with a center at each site and can take the values 0 or π

mod 2π (see Sec. III). We find that ασ [see Eq. (14)] does not
change at the transitions and has the value 0 (π ) if the number
of unit cells Nuc = Ns/2 is even (odd). We discuss this result
in Sec. VI C. Instead, extrapolating the results of the jumps in
αc and αs for adequate BC provide rather precise results.

In Fig. 1, we display the results for the jump in αc at the
charge transition for different system sizes and BCs. We find
that for most system sizes and OSBCs, the value of 
 at
the jump 
c coincides with the above mentioned crossing of
levels. For 14 sites, αc predicts a larger 
c (by about 0.003),
but the difference is smaller than the size of the symbols in
the figure. The results for CSBCs have a larger size depen-
dence, but the extrapolation to the thermodynamic limit using
a parabola in 1/Ns for both sets of BCs are very near each
other (
c = 1.123 for OSBC, 
c = 1.128 for CSBC). The
parabola seems to fit well to the data. In contrast, 〈U (l, l )〉

FIG. 2. Critical value of 
 for the spin transition of the IHM as a
function of the inverse of the number of sites for different boundary
conditions, and compared with the crossing of excited levels. Other
parameters are t = 1, δ = 0, and U = 4. Full lines correspond to a
parabolic fit.

is expected to have a power-law dependence with a model-
dependent exponent [76].

In Fig. 2, we show the results of the spin transition and
the more reliable result using the MCEL. A problem with the
OSBC is that for Ns � 12, both αc and αs change abruptly
with the ground state crossing with change of parity, and both

c and 
s coincide. For 14 sites, 
s is smaller as expected,
but the difference is very small. Larger system sizes would
be needed to correct this result. For the spin transition, the
CSBCs are more reliable, predicting an extrapolated value

s = 0.836 compared to 
s = 0.887 of the MCEL.

B. Topological transitions in the ISSHM including Jz

Here we consider the Hamiltonian H + HZ, where the two
terms are given in Eqs. (21) and (22), with 
 = 0. The moti-
vation is that for large U , this Hamiltonian reduces to an XXZ
Heisenberg model with alternating bond interactions [66],
similar to that studied by Tzeng et al. [77]. This model has
three phases, a Néel phase for small |δ| and two topologically
different dimerized phases for large negative or positive δ.

From the results of Sec. V, one knows that the different
αi are topological invariants protected by inversion symmetry
with center at the midpoint between any two sites. In Fig. 3,
we show the different invariants as a function of δ. For δ =
0, the system is in the MI phase of the IHM. As no charge
transition takes place, αc retains the same value π for finite
δ. Instead, αs shows jumps consistent with a transition from a
Néel state at small |δ| to dimerized BOW phases at large |δ|.
In contrast, ασ does not capture this transition but it is able to
differentiate between both BOW phases.

These results can be understood in simple terms. It is easy
to check that for a state with all particles localized either in
a Néel state (↑ ↓ ↑ ↓...) or an anti-Néel one (↓ ↑ ↓ ↑...),
Eq. (1) gives αs = α(1,−1) = π mod 2π . In a finite system,
the ground state contains a mixture of both states, and then the
position of the electrons with only one spin does not capture
the antiferromagnetic correlation. Instead, both BOW phases
can be distinguished by the value ±π/2 mod 2π of ασ , as
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FIG. 3. Topological invariants αi as a function of the alternation
in the hopping δ for t = 1, 
 = 0, U = 4, Jz = 0.4, and eight sites
with OSBC. The result for spin down is the same as for spin up.

explained in Sec. V. However, for both BOW phases, αc (αs),
which represents the sum (difference) of the positions for both
spins, gives a result π (0) mod 2π .

Therefore, α↑ = α↓ and αs give complementary informa-
tion and both are necessary and sufficient to characterize the
different phases of the model.

In Fig. 4, we analyze the dependence on size and bound-
ary conditions for the transition between the Néel and BOW
phases determined from the jump in αs. The finite-size ef-
fects are rather large. For Jz = 0 and large U , the model is
equivalent to a spin SU(2) invariant Heisenberg model with al-
ternating bond interactions [66] and, from results on the latter
model [78,79], one knows that a spin gap proportional to |δ|2/3

opens for small δ. Since the opening of a spin gap indicates a
crossing of excited levels and a jump in the spin Berry phase
to zero [33], one expects that in the thermodynamic limit, the
value of δ at the transition δc → 0. If one estimates the error
in δc from the difference between the extrapolated results for
open- and closed-shell BCs, the result for Jz = 0 is consistent
with the expected result δc = 0. Instead, for Jz = 0.4, the
extrapolated results for δc (0.021 for OSBC and 0.030 for

FIG. 4. Critical value of δ for the Néel-BOW transition as a
function of the inverse of the number of sites for two values of Jz and
different boundary conditions. Other parameters are t = 1, 
 = 0,
and U = 4.

FIG. 5. Indicators of the position of the particles in the pump
cycle Eq. (25) for Ns = 8, OSBC, t = 1, 
0 = 0, and U = 1.

CSBCs) suggest a small positive extrapolated value. To obtain
more precise values of δc for small Jz, larger system sizes are
needed.

C. Pumping circuits

When both 
 and δ are different from zero, all in-
version symmetries are lost and most position expectation
values lose their topological protection, except the spin one
α(1,−1), which in the absence of a staggered magnetic field,
is protected by spin rotation symmetry of π around an axis
perpendicular to the z one. To get further insight into the
position expectation values and their related topological Z2

invariants, we have studied two pumping cycles of the form


 = 
0 − 0.5t cos θ,

δ = 0.5t sin θ, (25)

where θ changes from 0 to 2π , in the IRMM with N↑ = N↓ =
Nuc = Ns/2. The corresponding amount of electrons trans-
ported in the cycle is expected to be


Ni = 1

2π

∫ 2π

0
dθ ∂θαi(θ ). (26)

Multiplying this by the electronic charge −e, one has the
corresponding charge transport [see Eqs. (12) and (13)]. We
discuss below some subtleties related with 
Nσ in the analysis
of the numerical results.

We take t = 1 as the unit of energy, OSBC, and Ns = 8.
The results are very similar for other system sizes except for
some details pointed out below. For the first cycle, illustrated
in Fig. 5, we take 
0 = 0 and U = 1. For the chosen param-
eters and δ = 0, the critical values of 
 for the charge and
spin transition of the IHM lie at 
c = 
s = ±0.177. Then,
for θ = 0 and θ = π , the system is in the BI phase of the IHM,
with site occupancies near 2020... for sites 0, 1, 2, 3... in the
first case and 0202... in the second one. As θ changes in the
interval 0 < θ < π , with positive δ, the hopping between sites
0 and 1, 2 and 3, etc. is smaller in magnitude than that between
1 and 2, 3 and 4, etc. Therefore, as 
 changes from negative
to positive values, the charges at the even sites displace toward
the odd sites moving to the left, taking advantage of the larger
magnitude of the hopping. In the remaining part of the cycle,
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FIG. 6. Same as Fig. 5 for 
0 = 1.3, U = 4, and including B =
0.2.

δ changes sign and the particles continue displacing to the
left from the odd sites to the even ones, to reach positions
equivalent to the original one. This physical picture explains
the results displayed in Fig. 5.

The results for spins up and down are the same. The
physics in essentially the same as in the noninteracting RMM
and for each spin, an electron is transported around the cycle.
Note that for θ = 0 and θ = π , αc = αs = 0 as expected in the
BI phase of the IHM. Also αs = 0 for all θ due to the presence
of a spin gap. For θ = π/2 (3π/2), 
 vanishes, the system is
described by the ISSHM model with symmetry protected αi,
and α↑ = α↓ = π/2 (−π/2) in agreement with Eqs. (24). For
an even number of sites not multiple of four (odd Nuc = Ns/2),
ασ have almost the same dependence on θ but are shifted in
π , as expected from Eqs. (24).

Note that in the whole cycle, αc = α↑ + α↓ and αs = α↑ −
α↓, so in this case, both ασ contain the whole information.
The same happens in the general case in the presence of a
staggered field (shown below) which isolates the ground state
from the remaining states breaking the degeneracies for all
parameters [66].

In the second cycle considered, corresponding to Fig. 6 we
take 
0 = 1.3 and U = 4. For δ = 0, we obtain 
c = 
s =
±1.739. Then, for θ = 0 the system is in the MI phase of the
IHM, while for θ = π , the system is in the BI phase of the
model. We have added first a staggered magnetic field HB [see
Eq. (22)], which simplifies the qualitative analysis in terms
of quasilocalized charges (that would correspond to small
hopping amplitudes). For θ = 0, the dominant configuration
is ↓ ↑ ↓ ↑... for sites 0,1,2,3... while for θ = π the dominant
configuration is 0202... Since in the interval 0 < θ < π , the
hopping between sites 1 and 2, 3 and 4, etc. is more favorable
than the remaining ones, as θ increases, the electrons with spin
down move to the left from the even to the odd sites. In the
remaining part of the cycle, π < θ < 2π , also the electrons
with spin down move from the doubly occupied odd sites to
the left reproducing the original configuration.

The evolution of the different expectation values for this
case is shown in Fig. 6. They are topologically protected by
inversion symmetry at each site only for θ = 0 and θ = π ,
where they have a value of either 0 or π . In agreement with the
argument above, at the end of the cycle, an electron with spin

FIG. 7. Same as Fig. 6 for B = 0. The inset shows ασ for several
system sizes.

down is pumped one unit cell to the left, while no net transport
takes place for spin up. However, for small staggered field B,
the difference between both spins is only important near the
MI phase (small θ mod 2π ). For other values of θ , ασ are
qualitatively similar but of smaller magnitude, as the result for
the previous cycle. As before, for an even number of sites not
multiple of four, ασ are shifted in π . We note that if pure spin
pumping without charge pumping is wished, one can change
the cycle to that of the shape of an eight [66] or change the
staggered field in the limit of large U [80]. In this limit, the
model is equivalent to a Heisenberg model with alternating
Heisenberg interaction [66] with a staggered magnetic field,
in which spin pumping is possible [80] and similar to the
effective model that corresponds to an experimental imple-
mentation of a spin pump with ultracold bosonic atoms in an
optical superlattice [62].

In Fig. 7, we present the different position expectation val-
ues for the IRMM with B = 0, restoring spin SU(2) symmetry.
For δ = 0, one has 
c = 
s = ±1.331 (as already displayed
in Figs. 1 and 2), therefore, as in Fig. 6, the critical points
lie inside the cycle given by Eq. (25). For both figures, the
results for αc and αs are consistent with previous results,
including time-dependent calculations of the charge transport
[66], indicating that a total of one charge (and no spin in this
case) is transported in the cycle. Instead, in this case with
B = 0, the results for α↑ = α↓ predict no charge transport, in
contradiction to previous results. Note that ασ is very near
αc/2 except near the MI phase θ near 0 mod 2π for which
important finite-size effects occur. In fact, as discussed in
Sec. VI B for 
 = 0, αs is expected to be 0 for any θ �= 0
and the value π near θ = 0 is also a finite-size effect [66].

The size dependence suggests that in the thermodynamic
limit ασ → αc/2 and half an electron with spin σ is trans-
ported in the cycle from θ = ε to θ = 2π − ε with ε → 0.
For L → ∞, as the system passes through the MI phase (θ =
δ = 0), there is a transition between the two possible BOW
phases [66] (or spin-dimerized phases for large U [66,77]).
The BOW order parameter is singular:

OBOW = 1

L

∑
j

(−1) j〈c†
j+1σ c jσ + H.c.〉 ∼ δ1/3. (27)

075153-8



TOPOLOGICAL INVARIANTS BASED ON GENERALIZED … PHYSICAL REVIEW B 107, 075153 (2023)

This explains the discontinuity in ασ in the thermodynamic
limit. As a consequence, Eq. (26) for i = σ which assumes
a nondegenerate smooth ground state fails for L → ∞ for a
path that passes through θ = 0. For a finite system, there is no
singularity at θ = δ = 0, but the inversion symmetry imposes
that ασ should be either 0 or π leading to large finite-size
effects, that are apparent in Fig. 7. Instead, αc is continuous
and well behaved near θ = 0. Summarizing these results, one
electron is transported in the cycle, in agreement with previous
time-dependent calculations [66] and half of it corresponds to
each spin.

We have also studied the effect of adding a Zeeman term
HZ [see Eq. (22)] to the results shown in Fig. 7. The results
are qualitatively very similar and therefore are not shown.
However, in this case, we expect that in the thermodynamic
limit for small θ (implying small δ) there is a spontaneous
symmetry breaking between the Néel and anti-Néel states, and
the behavior of the ασ would be similar to that shown in Fig. 6
but with B → 0.

VII. SUMMARY AND DISCUSSION

We have studied the general properties of topological Z2

invariants based on position operators of the form of Eqs. (1)
and (2). For the expectation values to be well-defined, mσ

should be integers, and in some cases different from ±1. In
addition, Eq. (17) should be satisfied.

In general, α(m↑ , m↓) gives the same information as the
corresponding Berry phase, except for the sign and quantita-
tive but not qualitative differences due to finite-size effects. In
some cases, there is a shift between both quantities, but the
changes in polarization coincide except for finite-size effects.
For small systems, the jumps in Berry phases provide more ac-
curate results for topological transitions, but the α(m↑ , m↓) are
easier to calculate, and using different boundary conditions
an accurate extrapolation to the thermodynamic limit can be

obtained. In addition, open boundary conditions can be used
[70] and the formalism can be extended to finite temperature
[14].

For the IRMM, αc = α(1, 1), αs = α(1,−1), and α↑ =
α(1, 0) give complementary information and using all of
them, one can determine the different topological sectors of
the model and construct the different phase diagrams. For
some parameters, the model reduces to the ionic Hubbard
model (IHM) and for others to the interacting Su-Schrieffer-
Heeger model (ISSHM). In both cases, the αi are topological
Z2 numbers protected by different inversion symmetries. For
the case of the IHM, αc and αs are enough to determine the
phase transitions, while α↑ does not show any jumps. The
spin transition converges faster to the thermodynamic limit if
closed shell boundary conditions (antiperiodic for a number
of sites multiple Ns of 4, periodic for even Ns not multiple
of 4) are used. For the ISSHM including Ising spin-spin in-
teractions, the jumps in αs (which can take the values 0 or π

mod 2π ) and α↑ (which can take the values ±π/2 mod 2π )
identify the phase transitions, while αc is featureless.

The pump cycles shown in Sec. VI C revel subtle finite-
size effects in ασ near vanishing hopping alternation. They
are related with closing gaps in the thermodynamic limit.

Our study was limited to SU(2) symmetry in the spin sector
and one dimension but it can be generalized to SU(N) systems,
like half-filled two-orbital ones [81] and others [16], and more
dimensions. In addition, more information can be extracted
using the cumulants of the topological indicators [51–55].
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