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Gauging a global symmetry of a system amounts to introducing new degrees of freedom whose transformation
rule makes the overall system observe a local symmetry. In quantum systems there can be obstructions to gauging
a global symmetry. When this happens the symmetry is dubbed anomalous. Such obstructions are related to the
fact that the global symmetry cannot be written as a tensor product of local operators. In this paper we study
nonlocal symmetries that have an additional structure: They take the form of a matrix product operator (MPO).
We exploit the tensor network structure of the MPOs to construct local operators from them, satisfying the same
group relations; that is, we are able to localize even anomalous MPOs. For nonanomalous MPOs, we use these
local operators to explicitly gauge the MPO symmetry of a one-dimensional quantum state obtaining nontrivial
gauged states. We show that our gauging procedure satisfies all the desired properties that the standard on-site
case does. We also show how this procedure is naturally represented in matrix product states protected by MPO
symmetries. In the case of anomalous MPOs, we shed light on the obstructions to gauging these symmetries.
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I. INTRODUCTION

The gauging of a global symmetry, that is, promoting it
from global to local by adding new degrees of freedom, the
gauge fields, plays a key role in physics: it is the origin of the
fundamental interactions in the standard model. The gauging
of a symmetry is usually prescribed at the level of Lagrangians
or Hamiltonians, but gauging global symmetries at the level of
states has been previously proposed [1]. This is particularly
relevant for constructing families of variational states that
exhibit the gauged symmetry and can be used to study, for
example, lattice gauge theories [2–6].

Interestingly, in quantum systems there are global sym-
metries that cannot be gauged. This situation happens when
the symmetry in a theory has a ’t Hooft anomaly [7]. In
condensed-matter physics, a natural situation where anoma-
lies arise is at the boundary theories of systems exhibiting a
symmetry-protected topological (SPT) order of a finite group
G. If the SPT order is nontrivial, the global symmetry is trans-
lated at the boundary into an operator that cannot be written as
the tensor product of local operators acting on every site (from
now on referred to as on-site). This nonlocal operator captures
the quantum phase of the d-dimensional SPT bulk, encoded in
an element of Hd+1[G,U (1)] (the d + 1th cohomology group
of G), and it corresponds to an anomalous symmetry of the
boundary [8–11]. Importantly only nonanomalous symmetries
can have unique gapped ground states [9,12].

That picture is very well understood in terms of sym-
metries in tensor network states [13]. This class of states
is defined on lattices by placing local tensors in every site,
where the contracted edge indices are the so-called virtual
degrees of freedom. Tensor network states have arisen as the

main analytical tool to classify SPT phases in one dimension
(1D) [14,15] and two dimensions (2D) [16,17] outside zero
correlation length points. Instrumental to this analysis is that
symmetries in tensor network states are encoded at the level
of the local tensors and this encoding determines the map-
ping between the bulk symmetry operators and the boundary
symmetry operators acting on the virtual indices [17–19].
In 2D, projected entangled pair states (PEPS) constitute the
main class of tensor network states describing gapped phases
[20]. In SPT phases described by PEPS, the global on-site
symmetry action of G is translated at the boundary to a matrix
product operator (MPO) representation of G; UgUh = Ugh.
This MPO, an operator with a tensor network structure, has
a discrete label ω ∈ H3[G,U (1)] that characterizes the SPT
phase.

If the SPT phase is nontrivial, which is characterized by an
ω that does not belong to the trivial class [1] ∈ H3[G,U (1)],
the MPO cannot be on-site Ug �= ⊗

i ug. If we consider a one-
dimensional system placed at the boundary which is invariant
under the MPOs, we say that the 1D system has a symmetry
characterized by the anomaly ω.

In this paper we explore the possibility of gauging one-
dimensional states with MPO symmetries. The key is that we
are able to exploit the local tensor structure of the MPOs to
construct local operators from them (see Fig. 1). Concretely, it
has been shown [17,21] that under the appropriate conditions,
the group relations UgUh = Ugh of the MPOs are encoded
locally, i.e., that there exist so-called fusion tensors that carry
out the decomposition of the product between the local tensors
of Ug and Uh to the local tensor of Ugh. This allows us to
construct local operators ûg, which satisfy ûgûh = ûgh for any
MPO, even for anomalous ones.
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FIG. 1. Sketch of the procedure proposed in this paper to gauge
MPO symmetries at the level of states. Left: The initial configuration
with the MPO fulfilling UgUh = Ugh and Ug|ψ〉 = |ψ〉. Right: The
local symmetry operators ûg are constructed by localizing the MPO
Ug and become the local symmetry of the state |ψ̂〉.

For nonanomalous MPOs, ω ∈ [1], we are able to use such
local operators to generalize the approach taken in Ref. [1]
for gauging quantum states with on-site symmetries to MPO
symmetries. This approach implements a projector to the
gauge-invariant subspace by a group averaging procedure.
This projector can then be applied to any matter state by first
embedding it in the total gauge-and-matter Hilbert space.

For anomalous MPOs we identify where the obstruction to
the above gauging procedure appears. However, we can still
provide a symmetrization procedure using the local operators
that completely decouples the matter fields: it results in a
trivial gauge theory.

The paper is structured as follows. In Sec. II we cover the
necessary background we build upon: we recall the gauging
procedure for on-site symmetries that we later emulate [1];
we review matrix product states (MPS) and their local on-site
symmetries; and finally we introduce MPO representations of
symmetries and MPS symmetric under such MPOs. In Sec. III
we apply the group averaging approach [1] to nonanomalous
MPO representations. We provide gauging procedures for
states and operators that are compatible. We show how the
gauging of a normal subgroup N of G results in a global sym-
metry given by the quotient G/N . We also show that when our
procedure is particularized to on-site symmetries we recover
the one of Ref. [1]. We end the section by applying the aver-
aging procedure to a symmetric MPS to obtain another MPS
where we provide the tensor for the gauge fields explicitly. In
Sec. IV we show how to localize anomalous MPOs and point
out where the gauging procedure for nonanomalous MPOs
fails in the anomalous case. We include a similar localization
procedure for anomalous MPOs representing fusion category
symmetries in Appendix B. Finally, in Sec. V we conclude
and comment on the outlook of this work.

II. BACKGROUND: GAUGING ON-SITE
SYMMETRIES AND TENSOR NETWORKS

A. Gauging quantum states

Similar to the case of Lagrangians and Hamiltonians, gaug-
ing at the level of states should be thought of as a map
G : Hm → Hm+g, which when acting on states with a global
symmetry

⊗
i ui(g)|ψ〉 = |ψ〉 produces a state with a local

symmetry ûi(g)|ψ̂〉 = |ψ̂〉 for all i. The target Hilbert space

includes additional degrees of freedom (d.o.f.) corresponding
to the gauge field Hm+g = Hm ⊗ Hg. The gauge d.o.f. are
positioned on the edges connecting the vertices hosting the
matter d.o.f. Here we are dealing with 1D spin chains, then
for every site i of the chain we refer to the d.o.f. to the left and
to the right of spin i as sites [i]l and [i]r , respectively, with [i]r

and [i + 1]l denoting the same site. The local Hilbert space
around site i is then

Ĥlocal
i := H[i]l ⊗ Hi ⊗ H[i]r ,

where the local group representation ûi acts. Each gauge d.o.f.
at site [i]r ≡ [i + 1]l can be transformed by the action of either
ûi or ûi+1. The Hilbert space representing the gauge d.o.f. is
chosen to be C[G], the space of (square integrable) complex
functions of the group elements with basis {|g〉, g ∈ G}. This
space admits the left and right regular representations: Lg|h〉 =
|gh〉 and Rg|h〉 = |hg−1〉. The local group action on Ĥlocal

i is
then defined as û[i]

g = R[i]l
g ⊗ u[i]

g ⊗ L[i]r
g .

In Ref. [1], it was shown that the local group operators
ûi can be used to construct a projector to the gauge-invariant
subspace. First we define the local projectors by

Pi = 1

|G|
∑
g∈G

û[i]
g

(or by the corresponding integral in the Lie group case). Then
the global projector is defined as P = �iPi, where the order
in the product is immaterial since the left and the right group
representations commute [Lh, Rg] = 0.

One can construct gauge invariant states by taking a matter
state |ψ〉 ∈ Hm, coupling it with an appropriate state of the
gauge fields ⊗i|e〉[i]r , and applying the global projector P ,
such that the gauging map is G|ψ〉 = P (|ψ〉 ⊗

i |e〉[i]r ).
Similarly, one defines a gauging map for operators � :

L(Hm ) → L(Hm+g). These procedures satisfy the properties
(i) û[i]

g G = G and [û[i]
g , �[O]] = 0,

(ii) G · Ug = G,
(iii) �[O]G|ψ〉 = GO|ψ〉 when [O,Ug] = 0.
One also can gauge just part of the global symmetry, in

particular, a normal subgroup N of G. It can be seen that the
remaining global symmetry is given by the quotient G/N re-
alized by the operators Ûg = ⊗

i(ug ⊗ RgLg) = �iû[i]
g , where

RgLg is an automorphism of N by conjugating with g: n →
gng−1. These operators satisfy

ÛgG = GUg.

The partially gauged state is, therefore, invariant under any
operator of the form

Û[g] :=
⊗
gi∈[g]

(ugi ⊗ Rgi Lgi ) =
∏

gi∈[g]

û[i]
gi

, (1)

where [g] ∈ G/N is a coset of G by N .

B. Matrix product states and their global on-site symmetries

MPSs are vectors defined by a set of D × D matrices Ai,
where i = 1, . . . , d , constructed as

|ψA〉 = Tr(Ai1 · · · AiL )|i1 · · · iL〉 ∈ (Cd )⊗L,

where we consider the translationally invariant case with peri-
odic boundary conditions (PBCs) for simplicity. We represent
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the MPS defined by the tensor A graphically as

An MPS tensor is called injective if it is injective as a map
from the virtual space to the physical [22]. An injective MPS
is the unique ground state of its so-called parent Hamiltonian.
Moreover, MPSs are in the family of tensor network states
describing the ground states of 1D local gapped Hamiltonians
[23–25].

We say that the MPS is symmetric under the global on-site
operator U = u⊗L if U |ψA〉 = |ψA〉. If the tensor A is injec-
tive, the symmetry under U can be characterized locally [19].
Namely, there exists a (projective) representation V : G →
MD such that the following holds for all g ∈ G:

(2)

C. Matrix product operator symmetries

A MPO is constructed by a set of d2 matrices {T i, j}i, j=1,...,d

of dimensions χ × χ , where χ is called the bond dimension of
the MPO and i, j = 1, . . . , d label a basis of the local Hilbert
space H = Cd . The MPO generated by the tensor T on a chain
of length L with PBCs is

OT =
∑
{ik}

Tr(T i1, j2 · · · T iL, jL )|i1 · · · iL〉〈 j1 · · · jL| .

In this section we consider MPO representations of a finite
group G in a subspace. We denote the MPO corresponding
to the element g ∈ G by Ug = OTg , where the tensor Tg is
injective with bond dimension χg. The MPO Ug is represented
graphically as

These MPOs satisfy UgUh = Ugh and we assume that there are
fusion tensors

that satisfy the following:

(3)

together with the orthogonality relations

(4)

The MPOs are a representation of G on the subspace
Ue·

⊗
i Hlocal

i since Ue is not, in general, the identity (it is the
projector onto the invariant subspace). The associativity of the
MPO product implies that the fusion tensors are associative up
to a phase factor:

(5)

where ω ∈ U (1) is a 3-cocycle since it satisfies

ω(g, h, k)ω(g, hk, l )ω(h, k, l ) = ω(gh, k, l )ω(g, h, kl ).

Equation (3) is invariant under Wg,h → βg,hWg,h and
W −1

g,h → β̄g,hW −1
g,h , where β ∈ U (1). That change modifies

the 3-cocycle as ω → ω
βh,kβg,hk

βg,hβgh,k
: multiplication by a 3-

coboundary. Then, 3-cocycles are classified by quotienting by
these transformations, which results in the third cohomology
group of G: H3[G,U (1)].

In what follows we consider an injective MPS |ψA〉, with
bond dimension D, that is invariant under the MPOs:

Ug|ψA〉 = |ψA〉, ∀g ∈ G. (6)

We assume that the action of the MPOs on the MPS is
realized locally by a set of action tensors,

(7)

that satisfy

(8)

and the orthogonality relations

(9)

Associativity of the MPO action on the MPS results in the
following equation:

(10)

Assuming Eq. (6) already constrains the possible MPOs: ω

should belong to the trivial class. For on-site symmetries,
Lg,h is the 2-cocycle that classifies SPT phases [14,15]. For
a complete analysis see Ref. [21], where it is shown that the
different classes of L symbols, previously defined, classify the
quantum phases of MPSs protected by MPO symmetries.

III. GAUGING NONANOMALOUS MPO SYMMETRIES

In this section we propose a procedure to gauge nonanoma-
lous MPO symmetries, which are representations of groups
when they are restricted to a certain subspace. These MPOs
arise naturally as symmetries in the boundaries of 2D both
trivial intrinsic and trivial-symmetry-protected topologically
ordered states described by projected entangle pair states
[16,17,26,27].

A. MPO properties

In this section we consider an MPO representation of a
finite group G satisfying Eqs. (3) and (4). We further require
the existence of the following:

(i) A vector |v〉 ∈ Cχe satisfying

(11)
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where the equations also hold when |v〉 is applied on the upper
legs,

(ii) a matrix Zg for every group element that maps the
block g to g−1 and satisfies

(12)

We remark that these conditions are satisfied for the regular
“triple line” representation of MPOs [28] and they have been
proven for certain algebra structures in Ref. [29]. We notice
that combining Eqs. (11) and (12) we obtain the defining
property of Zg:

(13)

The nonanomalous condition comes from the fact
that the 3-cocycle of the fusion tensors is trivial; i.e.,
ωβh,kβg,hkβ

−1
g,hβ−1

gh,k = 1; it is a 3-coboundary. This means that
there is a transformation on the fusion tensors, namely, mul-
tiplication by the phase factor βg,h, that makes ω = 1 for all
group elements such that they satisfy

(14)

and using Eq. (4) we arrive at

(15)

which will allow us to properly localized the MPO.

B. Gauging procedure

We assume that there is a state |ψ〉 ∈ Hm = (Cd )⊗L invari-
ant under the action of MPOs:

Ug|ψ〉 = |ψ〉,

for every g ∈ G.
As in Sec. II A, the gauging procedure introduces gauge

fields by decorating each edge of the chain with a Hilbert
space

⊕
g Cχg , where χg corresponds to the MPO bond di-

mension of the block g. As above, we refer to the edge to the
left (right) of site i by [i]l ([i]r ) and identify [i]r = [i + 1]l .

We define the local operators acting on Ĥlocal
i = H[i]l ⊗

Hi ⊗ H[i]r , which will correspond to the local symmetry of
the gauged state, using the MPO tensor and the fusion tensors
as follows:

(16)

Let us first show that the operators so defined satisfy the
group property ûg1 ûg2 = ûg1g2 :

where we denote g12 := g1g2 and use Eq. (3) in the first
equality and Eq. (15) in the second one.

The operators û[i]
g and û[i+1]

g′ overlap because both act on
[i]r = [i + 1]l . In the case of a nonanomalous symmetry the
neighboring operators commute. We now show that[

û[i]
g , û[i+1]

g′
] = 0. (17)

To do so it is enough to prove Eq. (17) in the Hilbert space
where the operators overlap, i.e., H[i]r = ⊕

g Cχg , and in every
block Cχh of the total direct sum, so we need to prove that for
all h, g, and g′

(18)

The left-hand side of Eq. (18), without the MPO tensors, can
be rewritten as

by using the property Eq. (12). Also, using again the property
Eq. (12) the right-hand side of Eq. (18) is

Then, applying Z−1
g to both sides and using Eq. (14) proves

Eq. (18) and subsequently Eq. (17).
With the desired commutation relation at hand we can

define the local projectors:

P [i] = 1

|G|
∑

g

û[i]
g ,

so that they satisfy P2 = P and also [P [i],P [ j]] = 0 because
of Eq. (17). The total projector onto the gauge-invariant sub-
space is then P = ∏

i P [i].
Finally the gauging procedure G : Hm → Hm ⊗ Hg maps

a state |ψ〉 ∈ Hm symmetric under Ug to a state symmetric
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under û[i]
g for all g ∈ G and for all i. The procedure is obtained

by first coupling |ψ〉 to a certain state of the gauge field and
then applying the projector to the invariant subspace:

G|ψ〉 = P
(

|ψ〉
⊗

i

|v〉[i]r

)
,

where |v〉 is the vector supported on the unit block e of the
MPO satisfying Eq. (11).

Using Eq. (11) we can write the action of the gauging map
on the matter Hilbert space explicitly:

(19)

In what follows we show that

GUg = G. (20)

To do so we write explicitly the following,

We now can use Eqs. (3) and (14) to manipulate the previous
operator and we obtain

(21)

which shows that the action of Ug on G is given by gi → gig,
which leaves the product gig

−1
i+1 invariant and it can be ab-

sorbed into a relabeling gig → g̃i in the sum so that Eq. (20)
is satisfied.

Therefore, if |�〉 does not transform trivially under the
MPOs Ug, i.e., Ug|�〉 = βg|�〉, the gauging procedure an-
nihilates |�〉 (as in the on-site case [1]). This can be
seen by the characters’ orthogonality relations: G|�〉 =

1
|G|

∑
g GUg|�〉 = 1

|G| (
∑

g βg)G|�〉 = 0.
For completeness we provide a gauging procedure for op-

erators � : L[Hm] → L[Hm ⊗ Hg] such that [�[O], û[i]
g ] = 0

for any operator O ∈ L[Hm], any site i and any element
g ∈ G. Let O be an operator supported in some segment 	

of the spin chain. We define the gauging procedure for opera-
tors as �[O] = S ◦ E	[O]. The enlarging map E	 : L[Hm

	] →
L[Hm

	 ⊗ Hg
	] is defined by

E	[O] = O ⊗ ρv,

where ρv = ⊗
i∈	 |v〉[i]r 〈v|[i]r . The symmetrization map S :

L[Hm
	 ⊗ Hg

	] → L[Hm
	 ⊗ Hg

	] is defined as

S[O] = 1

|G|
∏
i∈	

∑
gi∈G

û[i]
gi

Oû[i]
g−1

i
.

The gauging procedure for operators and the gauging pro-
cedure for states are compatible; that is,

�[O]G|ψ〉 = GO|ψ〉, (22)

for an operator O that commutes with the MPO Ug for all g ∈
G. We show this in Appendix A.

The gauging procedure is well defined in the sense that
by projecting back to the initial gauge field configuration
we recover the initial matter operators and states. By using
Eq. (11) we see the following for an MPO-symmetric state
|ψ〉 and an operator O commuting with the MPO:( ⊗

i

〈v|[i]r

)
G|ψ〉 ∝ |ψ〉, Trg(ρv�[O]) ∝ O.

Note that if the above relations hold with an equality instead of
a proportionality relation, one can then show that the gauged
state G|ψ〉 must be a product state between gauge and matter
fields.

C. Gauging a subgroup and its remaining global symmetry

In this section we consider the gauging of a normal sub-
group N of G of a state |ψ〉 with nonanomalous MPO
symmetry {Ug, g ∈ G}. This is done by using the operators
{ûn, n ∈ N} defined as

where now the gauge d.o.f. are supported in C[N]. With these
operators we construct the global projector PN so that the par-
tial gauging procedure is then GN |ψ〉 = PN (|ψ〉 ⊗

i |v〉[i]r ).
We show here that the remaining global symmetry of the
gauged state GN |ψ〉 is given by the quotient G/N . The global
symmetry operators now have to act on the matter and gauge
d.o.f., i.e., they belong to L[Hm ⊗ Hg]; we propose the
following:

(23)

We remind that since N is normal in G, gng−1 ∈ N .
These operators satisfy the following relations (see proof in
Appendix A):

ÛgÛh = Ûgh (24)

and

ÛgGN = GNUg, ∀g ∈ G, (25)

and since GN = GNUn and û[i]
n GN = GN the global symmetry is

given by G/N because the whole symmetry is [compare with
Eq. (1)]

Ûg

⊗
{ni}

û[i]
ni
GN = GNUg′ ,

for any g′ ∈ [g].

D. On-site case and relation to previous gauging procedures

In the following we show how our gauging procedure
reduces to the one of Ref. [1] when considering on-site sym-
metries. For this one has to consider the global symmetry

075137-5



JOSÉ GARRE-RUBIO AND ILYA KULL PHYSICAL REVIEW B 107, 075137 (2023)

Ug = ⊗
i ug as an MPO with tensor

(26)

where the virtual space is one dimensional and keeps track of
the group element. The total virtual space of the MPO is then
C[G] and the fusion tensors are

(27)

so that Eq. (16), the local symmetry operator, is

ûg =
∑
h,k

|hg−1〉〈h| ⊗ ug ⊗ |gk〉〈k| = Rg ⊗ ug ⊗ Lg.

The previous local symmetry operator, together with the fact
that the symmetrization is done by group averaging, shows the
equivalence to the procedure of Ref. [1].

E. Particularizing for MPS

The previous gauging procedure has a very natural form
when the MPO-symmetric state is an MPS |ψ〉 = |ψA〉. We
show here that applying the gauging procedure on a sym-
metric MPS gives rise to another MPS that can be written as
follows:

G|ψA〉 = |ψÃB〉. (28)

Using Eq. (19), the gauged MPS is written as

To show Eq. (28) we first calculate the following:

where in the first equality we have used Eq. (8) and for the
second Eq. (10). Then, the tensor B can be written as

(29)

and the new site tensor Ã = A ⊗ 1G is just A augmented with
a trivial virtual space.

F. Examples

In this section we exemplify our gauging procedure using
the MPOs coming from the symmetries of boundary theories
of 2D topological orders. In particular, let us consider 2D
PEPS describing topological orders based on groups [28]
whose main property is the virtual invariance of the PEPS
tensors under MPO representations of a finite group. The

MPOs that we are interested in are anomaly free, i.e., they
are characterized by a trivial 3-cocycle, and the corresponding
PEPS describe quantum double models. So if we consider a
1D state living at the virtual boundary of the PEPS, this will
inherit the MPO virtual symmetries of the PEPS as global
symmetries. In what follows we use the MPO group repre-
sentations appearing in Ref. [21], which are based on the ones
of Ref. [28].

The local Hilbert space of these MPOs is C[G] ⊗ C[G].
Since the sites have an internal tensor product structure we la-
bel their left and right components as [i]l and [i]r , respectively.
Let Og denote the PBC MPO described by the MPO tensor Tg:

(30)

where the virtual space is C[G], for every g, and every
three-line intersection corresponds to a |G|-dimensional delta
tensor. In particular, the PBC MPO corresponding to the trivial
element e is the projector

where � = ∑
g |g, g〉〈g, g|. We note that the projector � acts

on two consecutive sites, i and i + 1. For any g ∈ G we can
write

Og =
(⊗

i

L[i]l
g ⊗ L[i]r

g

)
Oe .

These operators satisfy OgOh = Ogh and O†
g = Og−1 , so

they form a representation of G on the subspace Oe · (C[G] ⊗
C[G])⊗n of the full Hilbert space (C[G] ⊗ C[G])⊗n.

The fusion tensors are given by

(31)

It is easy to verify that these fusion tensors satisfy Eqs. (3)
and (14). Using these fusion tensors and the MPO tensor of
Eq. (30) we obtain that the local symmetry operators defined
in Eq. (16) are

where the new gauge d.o.f. are depicted in red and its Hilbert
space is C[G] ⊗ C[G]. The new gauge d.o.f. have also a tensor
product structure, so we denote their components as {i}l and
{i}r (the gauge site {i} is located between the matter sites [i]
and [i + 1]).

Using these local operators we construct the gauging map
defined in Eq. (19):

In order to better understand this example we compare it with
the gauging of on-site symmetries. In that case, when the local

075137-6



GAUGING QUANTUM STATES WITH NONANOMALOUS … PHYSICAL REVIEW B 107, 075137 (2023)

operators of the global symmetry are ug = Lg, the gauging
map has the form

If we then consider the state |+〉⊗n
G = ( 1

|G|
∑

g |g〉)⊗n invariant
under L⊗n

g and we gauge it, we obtain

Gon|+〉⊗n
G = (|+〉⊗n

G

)
m

⊗
⎛
⎝⊗

gi

∣∣gig
−1
i+1

〉⎞⎠
g

,

where we can see that matter and gauge fields are decoupled.
It is interesting to note that the resulting gauged state has an
emergent global symmetry acting only on the gauge fields:∏

i Z {i}
α , where the single-site operator Zα transforms accord-

ing to a one-dimensional irrep of G: Zα|g〉 = α(g)|g〉, where
α(g)α(h) = α(gh). If the group G is Abelian their irreps are
one-dimensional and form a group isomorphic to G, so they
satisfy α · β = αβ ∈ Irrep(G) so that ZαZβ = Zαβ . Then, the
new emergent symmetry is a representation of G. The case for
non-Abelian groups turns out to be more complex where the
resulting symmetry is a representation of the fusion category
Rep(G) and it is outside the scope of this work. Emergent sym-
metries have recently gained attention due to their connection
with dualities (see Refs. [30,31] and references therein).

We can now compare this with the situation for our gauging
map of non-on-site symmetries. To do so, we first consider
an MPO-symmetric state |W 〉 = ∏

i |ω〉[i]r ,[i+1]l , where |ω〉 =
1

|G|
∑

g |g, g〉 so that Og|W 〉 = |W 〉 for all g ∈ G. Then, after
gauging we obtain

In contrast with the on-site case, the resulting gauged state is
not a tensor product state between gauge and matter fields;
i.e., they cannot be decoupled. This fact cannot be obtained
from the general theory that we have derived above and it
has to be checked case by case. Apart from this difference we
notice that, similarly to the on-site case, there is an emerging
global symmetry acting on the gauge fields:

∏
i Z {i}l

α (G|W 〉) =
G|W 〉, where α is any one-dimensional irrep (so, as before, for
Abelian groups the new global symmetry is a representation
of G).

IV. LOCALIZING ANOMALOUS MPOs

An anomalous MPO representation is characterized by fu-
sion tensors that satisfy Eq. (5) with ω being nontrivial so that
Eq.s (14) and (15) are not satisfied for all group elements.

If we define the local operators as in Eq. (16), we find out
that they no longer satisfy the group product relations because
of the nontrivial ω factors in Eq. (5). Alternatively, we could
try to use the following condition from associativity of the
product,

, (32)

to define the local operators as follows (correlating the left and
the right side):

, (33)

which satisfy ǔgǔh = ǔgh.
The main problem to proceed from here is that if we add

the new d.o.f. as in the previous section, [i]r ≡ [i + 1]l , we
cannot ensure that ǔ[i]

g and ǔ[i+1]
h commute.

In order to make them commute we could split the gauge
Hilbert space: the left and right local operators have to
be supported in different Hilbert spaces; that is, we introduce
H[i]r ⊗ H[i+1]l between matter sites i and i + 1. Since the
operators ǔ[i]

g only act on the sites [i]r ⊗ i ⊗ [i]l and do not
interact with any other site, the new d.o.f. can be considered
as matter fields. We notice that whole symmetry is realized in
a tensor product form:

⊗
i

ǔ[i]
gi

.

However in the next section we show how we can use ǔg to
symmetrize states and operators satisfying similar relations as
the previous section.

A. Symmetrizing (group averaging) the localized anomaly

We introduce gauge fields by decorating each site of the
chain with a left and a right Hilbert space with H[i]r = H[i]l =
Cχ . But now the total Hilbert space of the gauge fields is Hg =⊗

i(H[i]r ⊗ H[i+1]l ).
We define the local operators acting on Ĥlocal

i = H[i]l ⊗
Hi ⊗ H[i]r as in Eq. (33). In general, ǔe is not the identity on
H̃local, but it is a projector ǔ2

e = ǔe. Then, ǔg is a representation
on the subspace ǔe · Ĥlocal.

The local projectors are defined using ǔg by group averag-
ing so that the symmetrization is given by

Gφ|ψ〉 = P (|ψ〉 ⊗ |φ〉),

where |φ〉 is any state in Hg. It can be checked that for |V 〉 =⊗
i |v〉[i]r |v〉[i+1]l we have

GV |ψ〉 =
∑

g1,g2,···

1

|G|
(
T [i]

gi

)
α,β

|ψ〉|α〉[i]l |β〉[i]r ,

or in graphical notation

(34)

For convenience, we define the state |〉 =⊗
i |ω〉[i]r ,[i+1]l ∈ Hg, where |ω〉 = 1√

χ

⊕
g |ωg〉 and

|ωg〉 = ∑χg

s=1 |s, s〉. Then, it can be seen that

〈|GUg|�〉 = 〈|G|�〉,
for any |�〉 ∈ Hm. This arises from the fact that 〈|P|〉 ∝∑

g Ug.
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For operators, we define the map �[O] = S ◦ E	[O], where
the enlarging map is

E	[O] = O
⊗
i∈	

(|v〉[i]l 〈v|[i]l ⊗ |v〉[i]r 〈v|[i]r ),

and S is defined using the ǔg operators. Interestingly, the
symmetrizing procedure of operators and states is compatible
in the following sense:

〈|�[O]G|ψ〉 = 〈|G(O|ψ〉),

where we have assumed that the state |ψ〉 and the operator O
commutes with the MPO Ug for all g ∈ G.

B. On-site case and relation to previous gaugings

In the following we show how the previous symmetrization
map for on-site symmetries is connected to the gauging pro-
cedure of Ref. [1] by performing a renormalization procedure.

We first consider the total Hilbert space of the gauge
fields,

⊗
i H[i]r ⊗ H[i+1]l , and we map isometrically the even

sites H[2i]r ⊗ H[2i+1]l to H[i] and project out the odd sites.
Then, we compress isometrically the matter fields between
the projected-out gauge fields: H2i−1 ⊗ H2i → Hi, so that the
total Hilbert space of the gauge and matter fields is

⊗
i Hi ⊗

H[i].
The MPO representation of on-site symmetries is given in

Eqs. (26) and (27) so that the local operators of Eq. (33) for
this case have the form

ǔg =
∑

h

|gh〉〈h| ⊗ ug ⊗ |gh〉〈h|.

The previously described transformation on the Hilbert space
maps ǔg ⊗ ǔg to Lg ⊗ ug ⊗ Lg, where Lg is the left regular
representation (isomophic to the right regular representation).

C. Particularizing for MPS

The previous gauging procedure has a very natural form
when the MPO symmetric state is an MPS |ψ〉 = |ψA〉. In this
section we show that the resulting gauged state of Eq. (34) is
also an MPS with the following form:

GV |ψA〉 =
∑

α

|ψABα
〉,

where α stands for the blocks of A = ⊕
α Aα and the tensor

Bα , whose explicit form will be given, corresponds to the
gauge fields. It is important to note that in this case the MPOs
perform a permutation of the injective blocks Ug|ψAx 〉 = |ψAy〉
for some y that we denote by y ≡ g·x.

Let us now show the explicit form of GV |ψA〉 =∑
α GV |ψAα

〉; to do so we calculate GV |ψAx 〉 as

where in the second equality we have used

so that the tensor Bx has the following form:

It is instructive to rewrite |ψABx 〉 = |ψCx 〉, where

which shows directly the triviality of the state and its invari-
ance under the action of ǔ[i]

g .

V. CONCLUSIONS AND OUTLOOK

In this work we have shown explicitly how to gauge
nonanomalous symmetries at the level of quantum states in
1D. The main assumption is that the symmetry is realized by
an MPO whose local tensor structure allows for the construc-
tion of local symmetry operators with the same group relations
as the MPOs (see Fig. 1 for a sketch). Those local operators
allow us to construct a projector to the gauge-invariant sub-
space by a group averaging procedure. While showing that
the resulting gauging procedure satisfies all the desired prop-
erties as in the on-site symmetry case, we repeatedly relied
on the trivial 3-cocycle relation Eq. (14)—i.e., the absence
of an anomaly. This sheds light on the question of what is
it that obstructs the gauging of anomalous symmetries. For
anomalous MPO symmetries a nontrivial phase appears in all
the required relations. We explored the possibility of fixing
this obstruction by localizing the operators which resulted in
trivial (tensor product) symmetries.

Some open questions arise from this work. It would be
interesting to see how MPO symmetries can be gauged at the
Hamiltonian level and if our procedure can be generalized
to nonanomalous symmetries beyond the group case, e.g.,
semisimple Hopf algebras. We left these questions for future
work.

In Ref. [30], the authors study what is the structure of
the remaining global symmetry after gauging a nonanomalous
subgroup. We are able to do it just in the case where the whole
symmetry is nonanomalous, obtaining results similar to those
of the on-site case. In Ref. [32], the authors propose a gaug-
ing procedure for anomalous symmetries in a boundary by
considering the boundary theory of the gauged bulk. We won-
der if our symmetrization for anomalous symmetries matches
with their proposal and if this implies a relation between
gauging or symmetrization procedures and the bulk-boundary
correspondence.

Our procedure of constructing local operators from MPOs
is based on the existence of fusion tensors that decompose the
product of local MPO tensors. This could be generalized to 2D
(nonanomalous) operators with a tensor network structure, the
so-called projected entangled pair operators [13], satisfying
some group relations using their generalized fusion tensors.
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APPENDIX A: SOME PROOFS

In this section we prove Eqs. (22), (24), and (25). We show
Eq. (22) for a three-site operator whose gauging procedure
looks as follows:

where the Z matrices come from the use of Eq. (13).
Let us calculate directly �[O]G|ψ〉 for a three-site operator

O:

. (A1)

Let us compute first the isolated term

which helps us to rewrite Eq. (A1) as

where we have also used Eq. (12). Now we can use the fact
that O commutes with the MPO, so we obtain

.

A direct application of Eq. (21), bearing in mind the identities
in the sum’s terms, leads us to GO|ψ〉, which shows Eq. (22).

Equation (24) is implied by the following:

where we have used Eqs. (12) and (14) repeatedly.
To prove Eq. (25) we use an expression for the gauging

map GN analogous to Eq. (19) and directly compute the fol-
lowing expression:

which is equal to GNUg since conjugation with g on N is an
automorphism and amounts to relabeling the elements in the
sum. We notice that in the last equality we have used the
following property:

for h = gng−1.

APPENDIX B: MPO FUSION
CATEGORY SYMMETRIES

Recently, there has been increased interest in studying 1D
systems with more general anomalous symmetries [12,21,33].
Those symmetries do not necessarily form a group, rather
they are representations of fusion categories [34], for exam-
ple, the Fibonacci fusion category which is given by two
objects: the trivial element 1 and τ such that τ × τ = 1 + τ

corresponds to the only nontrivial product. Fusion categories
can also be represented in the form of MPOs and they arise
naturally as the boundary symmetries of PEPS exhibiting
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intrinsic topological order [26–28]. One can consider states
at the boundaries of such systems whose symmetries are then
MPO representations of fusion categories.

In this section we consider MPOs that represent fusion
categories. We show how we can construct local operators
with the same algebra relations as the MPOs and how to use
them to symmetrize a state. We then particularize for the case
of MPSs symmetric under these MPOs.

1. MPOs from fusion categories

We start by listing the main properties of fusion categories
that we use (for a formal exposition, see Ref. [34]).

A fusion category C is a set of simple objects labeled by a,
b, c, etc., with a product, called fusion, that satisfy a × b =∑

c Nc
abc, where Nc

ab is the fusion multiplicity. There is an
identity object, labeled by 1, that fuses trivially with the others
and that for every object a there is an ā ∈ C such that N1

aā �= 0.
The multiplicities satisfy Nc

ab = Nc
āb = Nb

ac and we assume for
simplicity that Nc

ab = {0, 1}, the non-multifusion case. To ev-
ery object a, the positive value da = dā can be assigned, called
quantum dimension, and they satisfy dadb = ∑

c Nc
abdc and∑

a,b Nc
abdadb = D2dc, where D2 = ∑

a d2
a is the total dimen-

sion squared. These properties allow one to define the element
	 = ∑

a
da
D2 a, satisfying 	2 = 	 and a × 	 = 	 × a = da	

that we use later on.
MPO representations of fusion categories have been stud-

ied in Refs. [27,28]. We denote by Oa the MPO representing
the object a ∈ C and we represent it graphically as

The relation OaOb = ∑
c Nc

abOc is satisfied by the existence of
fusion tensors that fulfill the following:

(B1)

In the previous equation we have omitted the factors Nc
ab in the

sum; we do so by considering only fusion tensors with Nc
ab �=

0. By virtue of associativity of the product the following is
satisfied:

(B2)

It is important to mention the existence of the MPO O	 =
1
D2

∑
a daOa, which is a projector and satisfies OaO	 =

O	Oa = daO	.

2. Localizing and symmetrizing MPOs from fusion category

As in Sec. IV, the gauge Hilbert space between sites i and
i + 1 is H[i]r ⊗ H[i+1]l = Cχ ⊗ Cχ , where χ = ∑

a χa corre-
sponds to the virtual dimension of the MPO. We define the

following local symmetry operators:

(B3)

which, by virtue of Eq. (B2), are a representation of the fusion
category C:

ǑaǑb =
∑

c

Nc
abǑc.

The local projectors that we use to symmetrize are con-
structed using the element 	, so that the projector onto the
symmetric subspace is

P =
∏

i

Ǒ[i]
	 , Ǒ	 = 1

D2

∑
a

daǑa.

The symmetrization of a state |ψ〉 is given by

Gφ|ψ〉 = P (|ψ〉 ⊗ |φ〉),

where |φ〉 is any state supported on the gauge Hilbert space.
The resulting state Gφ|ψ〉 is invariant under Ǒ[i]

a , on every site
i, in the following sense:

Ǒ[i]
a · Gφ|ψ〉 = da · Gφ|ψ〉. (B4)

The main difference with the group case is that the states
are not completely invariant under the operators; they are
invariant up to da.

3. MPS case

MPSs invariant under MPOs representing fusion category
symmetries have been studied in Ref. [21]. The MPS |ψ〉
invariant under the MPO {Oa} is a superposition of injective
MPSs. We label the injective MPSs by |ψAα

〉, where α takes
values in x, y, z, etc. The action of the MPOs on every injective
MPS is given by

Oa|ψAx 〉 =
∑

y

My
a,x|ψAy〉, (B5)

where My
a,x is the action multiplicity and we assume that is

either 0 or 1 for simplicity. Equation (B5) is satisfied by
the existence of a set of action tensors that decompose the
action of the MPO tensor onto the MPS tensor and satisfy the
following:

(B6)

An MPS invariant under the MPOs can be constructed by
|ψ〉 = O	|ψAx 〉, for any x, and satisfies the invariant equation:

Oa|ψ〉 = da|ψ〉.
Let us particularize the gauging procedure for the injec-

tive MPS |ψAx 〉. For simplicity we take as the initial gauge
field state |V 〉 = ⊗

i |v〉[i]r |v〉[i+1]l , where |v〉 is the vector
supported on the unit block e of the MPO satisfying

075137-10



GAUGING QUANTUM STATES WITH NONANOMALOUS … PHYSICAL REVIEW B 107, 075137 (2023)

Then,

,

where in the second equality we have used Eq. (B6).
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