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The planar Hall effect in Weyl semimetals has been proposed as a key feature of chiral anomaly and nontrivial
Berry curvature, while the effect of fundamental spatial symmetry remains to be explored. Here, we show
with general symmetry analysis and lattice model calculations that the planar Hall effect can be significantly
modulated by a certain class of spatial symmetry operations. The odd terms of conductivity with respect to
magnetic field, including the linear terms, vanish in the plane perpendicular to the axis of twofold rotation
(C,) or the C, combined symmetry operations (mirror, twofold screw rotation, glide plane). When applying the
magnetic field perpendicular to the glide plane, we find that the planar Hall conductivity in bulk forbidden by
glide symmetry becomes nonzero in its quasi-two-dimensional counterpart with broken glide symmetry. It is
further clarified that the nonzero planar Hall conductivity comes from surface states. This signature can be used
to distinguish bulk and surface transport in Weyl semimetals.
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I. INTRODUCTION

Weyl semimetals [1-11] host linear energy dispersions
through the Weyl points in electronic band structure and
exhibit remarkable chiral anomaly effect [12—-14] of Weyl
fermions. The chiral anomaly effect can induce a negative lon-
gitudinal resistance [14—19], under a magnetic field parallel to
the electric field which is associated with the nontrivial Berry
curvature in the semiclassical regime. Recently, the chiral
anomaly has been proposed to give rise to a kind of trans-
verse transport phenomenon in Weyl semimetals besides the
negative longitudinal resistance [20-23], which is commonly
called planar Hall effect (PHE) in subsequent studies [24-33].
By convention, the PHE [24,25,34-39] refers to the produc-
tion of nonzero transverse voltage coplanar with the applied
electric and magnetic fields. The transverse conductivity in
PHE does not necessarily change its sign as that in the normal
Hall effect when the magnetic field is reversed. It is not a
true Hall response if the transverse conductivity is quadratic
in magnetic field [28].

PHE does not solely originate from the chiral anomaly or
the Berry curvature effect in Weyl semimetals. It can also be
induced by the conventional anisotropic orbital magnetoresis-
tance [40—43]. These two different origins of the PHE cannot
always be clearly distinguished in experiments, because
the experimentally observed quadratic magnetoresistance
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supports both kinds of mechanisms [26,27,44-46]. It is worth
noting that the Berry curvature could contribute to an ad-
ditional linear magnetoresistance if the Weyl cone is tilted
[23,24,47]. This linear magnetoresistance can thus be re-
garded as an indicator of the PHE induced by Berry curvature
[33,45]. For the linear magnetoconductivity in Weyl semimet-
als, the previous theoretical analyses discussed the effects
of band bending [48], band tilting [23,24,47,49-51], and the
associated effect between spin-orbit coupling and momentum-
dependent ferromagnetic exchange interaction [52]. Little
attention has been paid to the role of spatial symmetry [53],
which is a more fundamental and straightforward feature of
crystals than band structures and usually brings strict con-
straints on the transport coefficients. Therefore, an aim of
the present work is to investigate the influence of spatial
symmetry on the emergence of linear magnetoconductivity in
the PHE.

Another essential property of Weyl semimetals is the Fermi
arc surface states [2,4,8]. However, it is challenging to sep-
arate the contribution of surface states from bulk states in
transport [54-56]. In view of symmetry, the spatial sym-
metry of a plane in quasi-two-dimensional structure can be
lower than that in bulk for nonsymmorphic lattices. The re-
duced symmetry in quasi-two-dimensional structure puts less
constraints [56] on PHE, therefore probably brings differ-
ent features compared with bulk. This inspires us that PHE
could be used to separate surface transport from bulk. There-
fore, a second aim of this work is to study the PHE in the
quasi-two-dimensional structure and find a possible scenario
to distinguish the bulk and surface transport. In this paper,
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we studied the constraints of spatial symmetries on linear
magnetoconductivity in PHE. Some spatial symmetry opera-
tions can reverse the sign of the magnetic-field components,
thereby suppressing the appearance of linear magnetocon-
ductivity. Specifically, the sign of the magnetic field can be
flipped by twofold rotation (C;) and C, combined operations;
that is, mirror plane C, P, twofold screw rotation {C, ¢}, and
the glide plane {C,P|t}, where P represents the spatial in-
version and ¢ is a fractional translation of a Bravais lattice
vector. Our symmetry analyses showed that the linear terms
of magnetoconductivity are absent in the plane perpendicular
to the C, rotation axis, which is consistent with the linear
magnetoconductivity observed in magnetic Weyl semimetal
Co3Sn,S; [57]. The symmetry analyses were then verified
by our numerical calculations based on a lattice model pre-
serving glide symmetry but breaking time-reversal symmetry.
Finally, if the glide symmetry in bulk is destroyed in its
quasi-two-dimensional counterpart, the planar Hall conduc-
tivity forbidden by glide symmetry becomes nonzero. In this
situation, the planar Hall conductivity is entirely contributed
by the surface states. This signature can be used to character-
ize the transport of surface states in Weyl semimetals.

II. SPATIAL SYMMETRY ANALYSIS

In the framework of linear-response theory, the conductiv-
ity as a rank-2 tensor is related to the electric field E and
the electron current J through the equation J = o E. When an
external magnetic field B is applied, the series expression of
conductivity in the magnetic field can be categorized into odd
and even order terms for the purpose of symmetry analysis.
It is well known that the magnetic field is a pseudovector
which is invariant under inversion. In point-group operations,
C, and improper C, can change the sign of the magnetic
field components, where the latter is equivalent to a reflection
perpendicular to the rotation axis. Under C,, the magnetic-
field vector remains unchanged along the rotation axis and is
reversed along the direction perpendicular to the rotation axis.

The planes vertical and parallel to C, axis are considered
separately. In the plane vertical to the C, axis, J, E, and
B all change signs and the equation J; = 0;;(B)E; becomes
—Ji = 0;j(—=B)(—Ej). i, j are the direction axes vertical to
rotation axis. Therefore, it can be found that the odd-order
terms of conductivity, including the linear part, are absent in
the plane perpendicular to the (im)proper C; rotation axis. In
this case, the second-order terms of the conductivity on the
magnetic field may become dominant. In the plane parallel to
the C, rotation axis, the linear terms of magnetoconductivity
are allowed but still restricted by C, rotation. Under C,, op-
eration, Jy, = o,,(By, By)E, becomes —J, = 0,,(B, —B,)E,,
which guarantees that o, only contains the odd order terms on
By and o, = 0 at B, = 0. In essence, the zero oy, is protected
by C, rotation after applying the magnetic field parallel to the
rotation axis [44]. Once the C,, related symmetry is destroyed
by the surface in nonsymmorphic lattice [56], o, is allowed
to be nonzero.

The above spatial symmetry-based analyses are performed
without any approximation, and thus apply in general. How-
ever, it should be noted that the time-reversal symmetry also
restricts the microscopic dynamics of electrons, as revealed

TABLE I. Symmetry analysis of PHE when the C, rotation axis
is vertical or parallel to the observed xy plane. All the symmetry-
allowed linear terms of conductivity on the magnetic field B or
magnetization M are listed below.

Axis Conductivity Linear terms o<

CZz Oxxs Oyx MZ

CZX Oxx Bxs an BxMx
Oyx By, B,\M,

by the famous Onsager reciprocal relation [58,59] where
0xx(B) = 0,x(—B) and oy, (B) = 0,.(—B). These constraints
required by time-reversal symmetry always work, regardless
of the direction of magnetic field and thus are naturally suit-
able for the PHE where the magnetic field is coplanar with the
electric field and the Hall voltage.

For a nonmagnetic system with time-reversal symmetry,
the Onsager reciprocal relation indicates that the longitudi-
nal conductivity o,.(B) contains only even powers of the
magnetic field, whereas the Hall conductivity o,.(B) allows
both even and odd contributions from B in principle. For
a magnetic system without time-reversal symmetry, the On-
sager relation is destroyed and we only need to consider
the restrictions of spatial symmetry. For instance, when the
magnetization is not parallel to the z axis, the Cy, rotation or
C,, combined symmetry (mirror or glide plane perpendicular
to z; screw axis along z direction) of the lattice is broken if the
magnetization is considered. In this case, the odd terms of B
are retained in both o, (B) and o,,(B). The vertical or in-plane
C, rotation allowed linear terms of conductivity are listed in
Table I. These features can be easily verified in experiments by
changing the direction of magnetic field and magnetization.
On the basis of these analyses, we can conclude that the
conductivity of the PHE has the following characteristics: (i)
the odd terms of o, (B) exist only in a time-reversal breaking
system that has no C,, rotation or C,, combined symmetry. (ii)
The odd terms of oy, (B) are allowed if there is no Cy; or Cy,
combined symmetry, regardless of whether the time-reversal
symmetry is broken.

To gain insight into the modulation of spatial symmetry
on Berry curvature effect, we then review the semiclassical
theory of the PHE for Weyl semimetals and present detailed
symmetry-based considerations about the linear magnetocon-
ductivity. The Berry curvature effect has been involved in
the equations of motion for Bloch electrons [60] and then
in the Boltzmann equation [22,24,47,61]. By the relaxation-
time approximation and ignoring high-order contributions,
the longitudinal and Hall conductivity under an electric field
along the x axis E = EX and a magnetic field in xy plane
B = Bcosfx + Bsinfy are given by

2 9 A 2
O = /d3kD< fq)[u,f+%Bcos9(vk-szk)] :

T @ny O
(D
_ e’t 3 0 feq . e
o = Q2r)? fd kD<_ o€x )[vk + EB cos 0w - Slk)]

y € : 6,2 3 z
x[v + ZBsin6 (v 20| + E/d kg, ()
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TABLE II. Symmetry modulations of the magnetoconductivity with a glide (or mirror) plane in the xy plane or twofold rotation (or screw)
axis along the z direction. Because the spatial orientations x and y are equivalent in view of symmetry, we only present the analytic results of

the magnetic field in the xy and xz planes.

Magnetic field Conductivity Order Dominant terms
Ly . . 2
B = BcosO% + Bsin6j Opr 2 E;lfz (032} cos O — vy sin 6 + viQ; cos b))
. 2
oy 2 8 (up 2 sin @ — v} Q2 cos @ + vj G sin )
Oy 2 “zh?z (v cos O — v sin 6 + Vi cos O) (v Ry sin & — v, Q2 cos O + v sin b))
2
B = Bcos8% + Bsin62 Opr 1 —<sin 0Q; (vf)
o, 1 —% sin QQk(v,;)z + % sin Qv; (vg - )
Oy 1 —% cos O uivy + %cos@vi(vk-ﬂk)

where D =[1+e/A(B - R;)]”". € and v; are the Berry
curvature and the group velocity at the wave vector k, re-
spectively. foq is the equilibrium Fermi-Dirac distribution
function with the energy dispersion €. T is the relaxation
time, and e is the positive electron charge. The last term in
Eq. (2) is the intrinsic anomalous Hall conductivity in terms
of Berry curvature and is independent of B. To clarify the
dependence of conductivity on the magnetic field, we use the
second-order Taylor expansion of the phase factor with D =
1 —e/h(B - Q)+ (e/h)*(B - R;)%. The linear and quadratic
terms in Eqs. (1) and (2), expanded in magnetic field, are
subsequently obtained. In reciprocal space, the mirror and
C, rotation operations can change the signs of momentum k,
group velocity vg, and the Berry curvature €2 along certain
directions. Therefore, it is possible to make the linear terms
vanish from the perspective of Brillouin-zone integration. The
glide plane and the twofold screw rotation are expected to
have the same effect as the mirror and C, rotation, because the
additional fractional translation operation does not influence
the above discussions about vy and €2y.

Detailed expressions of the aforementioned arguments are
presented here. The mirror or glide plane with respect to the xy
plane connects the momentum k to k', satisfying k) = ki)
and k, = —k.. The components of the group velocity and the

Berry curvature obey the relations vz,(y ) — vz(y ). Vi, = — Vg,

QY = -, and @, = Q;. Similarly, C; or the twofold

”
screw axis along the z direction leads to v,f,(y) = —v,f(y),
v, = vy, Qz,(y) = -, and Q, = Q; with the momentum
relations kyy) = —k,, and k; = k. By applying these sym-

metry considerations to the Brillouin-zone integration of the
conductivity in Egs. (1) and (2), the leading terms of the mag-
netoconductivity for different planes are formally analyzed
in Table II. When the mirror (or glide) is in the xy plane or
the twofold rotation (or screw) axis lies along the z direction,
the linear terms of the longitudinal and Hall conductivities
vanish in the xy plane as required by our general symmetry
analysis on the vertical C, axis. In the xz plane, some linear
terms of conductivities survive. oy, and o,, are in proportion
to B, and o, is in proportion to B,. The results are consistent
with our general symmetry analysis and can be extended to
other directions if the corresponding symmetry operations are
present.

On the other hand, the time-reversal symmetry requires
that Q_; = —Q, and v_; = —vg, which counteracts all the
linear terms of B in Eqgs. (1) and (2). Therefore, to observe
any significant linear magnetoconductivity induced by the
chiral anomaly and Berry curvature effect, a time-reversal-
breaking system with a suitable measured plane is needed.
However, if the band structure, group velocity, and the Berry
curvature are significantly affected by the external magnetic
field, the semiclassical approach becomes inapplicable. It
would become meaningless to only discuss the linear parts
because the magnetoconductivity may be present beyond per-
turbation theory [53,62]. We now apply above analyses to
the recently observed PHE in Co3Sn,S,, wherein the lin-
ear magnetoconductivity is attributed to the chiral anomaly
[57]. Co3Sn,S, [63,64] has a rhombohedral structure with
the space group of R-3m (No. 166), and the magnetization is
approximately parallel to the threefold rotation axis along the
z direction. The linear magnetoconductivity was observed in
the xy plane, which conforms to our symmetry-based analysis
because there is no twofold rotation (screw) axis along the
z direction or mirror (glide) on the xy plane. In fact, PHE
has also been observed in a series of nonmagnetic systems
(TaAs [46], GdPbBi [26,28], Na3Bi [28], CdsAs, [30,31],
VAl; [29], WTe, [45], MoTe; [32,40], NiTe, [41], and ZrTes
[33,65]). However, the applied magnetic field in experiments
is not always strictly lying in the expected plane, which
brings a component of the magnetic field perpendicular to
that plane. In this case, the symmetry constraints on Hall
conductivity are broken down, and the antisymmetric part
of the measured Hall conductivity can be nonzero owing
to the normal Hall effect and the Berry curvature effect.
Thus, to investigate the pure in-plane transport, one should
be careful to reasonably remove the effect of misalignment
and precisely control the direction of the magnetic and electric
fields.

II1. LATTICE MODEL CALCULATIONS

To numerically show the modulation of spatial symmetry
on the PHE, we perform magnetoconductivity calculations
for a Weyl semimetal based on a time-reversal-symmetry-
breaking cubic lattice model with glide plane symmetry
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FIG. 1. The energy dispersion of the lattice model of the Weyl
semimetal with glide symmetry, described by Eq. (3). Panels (a) and
(b) show band structures with k, = 0.84 and k, = 0, respectively.
Panels (c) and (d) show the band structures of the (100) and (010)
slabs, respectively. A pair of Weyl nodes are marked by red dots, and
the Fermi arcs are plotted in cyan.

[66,67]. The Hamiltonian is expressed as follows:

Hy = (m —tcosk, —t cosk, — t cos k;)ags3 + popsi

+ P . kx - ¢ kx + . kx
sSin COS —O1§ SIn —032S
) ) 191 ) 291

+ tsink,o0s; + t sink; 0351, 3)

where the parameters r+ = 0.1 eV, m = 2.5¢, p = 0.6¢, and
¢ = 0.4. 0 and s describe the lattice and orbital degrees of
freedom, respectively. oy (s9) is a 2 x 2-order identity matrix.
o; and s; (i = 1, 2, 3) are Pauli matrices. The band structures
are shown in Figs. 1(a) and 1(b) with a pair of Weyl points
located at (0.84, 0, £0.59), and the surface Fermi arc states
are shown in Figs. 1(c) and 1(d) with (100) and (010) surfaces,
respectively. The energy dispersions around the Weyl points
in the k,-k, plane is slightly tilted. This feature is essential
for linear magnetoconductivity according to previous studies
[23,24,47]. The present lattice model holds the glide plane G
consisting of a mirror in the xy plane and a half-translation
along the x axis. The Hamiltonian under the glide plane G
yields the relation

GeHi G, ' = Hy, 4
where k' = (k, ky, —k;) and Gy = e ®/20y55. The re-

lated Berry curvature and group velocity satisfy 2, =
(=, —, Q) and vy = (v, vy, —vi).

FIG. 2. The angular dependence of the longitudinal magnetocon-
ductivity (Ao = 0 — o(3—0)) and Hall conductivities for the lattice
model given by Eq. (3). In panels (a)-(c), the magnetic and electric
fields are in the xy, yz, and xz planes, respectively, with B = 4 T. All
conductivities are computed with the Fermi energy of Er = 0.02 eV
and are normalized by the longitudinal conductivity along the z di-
rection without a magnetic field (¢°). Note that the nonzero intrinsic
anomalous Hall effect contribution o, is ignored in panel (c), since
it is independent of magnetic field.

The magnetoconductivities are computed based on this
lattice model using Eqgs. (1) and (2) with T = 25 K. The de-
pendence of conductivity on the magnetic field B is discussed
from two aspects: its direction and amplitude.

The longitudinal and Hall conductivity in xy, yz, and xz
planes as functions of the angle 6 between the magnetic and
electric fields are calculated and plotted in Figs. 2(a)-2(c).
When the magnetic field is in the xy plane, the in-plane mag-
netoconductivity shown in Fig. 2(a) displays sine or cosine
oscillations with a period of 7. The vanishing of linear terms
meets the requirements of glide symmetry. Compared with
the leading terms listed in Table II, the calculated o,, and
oy, only display a cos 26 dependence without the sin 26 part,
whereas the oy, only show sin26 dependence without the
cos 20 part. This is guaranteed by an additional symmetry
composed of time reversal and a mirror in the yz plane. When
the magnetic field is in the yz or xz plane, both the longitudinal
conductivity and the Hall conductivity have a period of 27, as
shown in Figs. 2(b) and 2(c). This completely conforms to the
symmetry requirements listed in Table II.

The magnetoconductivity as a function of B is shown in
Fig. 3, where the angle 0 is set to be zero (or 77 /4) in the longi-
tudinal (or Hall) conductivity calculations as typical examples
[24]. The magnetoconductivity oy,, oyy, and oy, quadratically
depend on B, whereas oy, 0, and o, show a linear depen-
dence on B. According to the symmetry analysis in the last
section, the glide plane in the xy plane eliminates all the linear
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FIG. 3. The longitudinal conductivity (B || E) and the Hall con-
ductivity (0 = 7 /4) as functions of the magnetic-field amplitude B
for the lattice model given by Eq. (3). (a) The computed oy, 0., and
oy, show a linear dependence on the magnetic field B. (b) 0., oy,
and o,, show a quadratic dependence on B.

parts of the in-plane longitudinal and Hall magnetoconduc-
tivity. Therefore, we can see that the numerical results are in
agreement with the symmetry analysis. These semiclassical
numerical results quantitatively prove that the basic behavior
of magnetoconductivity can be successfully predicted by our
spatial symmetry analyses.

Having discussed the PHE in bulk, we now extend the
discussion to quasi-two-dimensional transport which contains
the contribution of surface states. It is obvious that the glide
symmetry can be broken on the (100) slab by violating the
fractional transnational symmetry along the x direction. The
symmetry difference between the bulk and (100) slab remains
after applying the external magnetic field parallel to the z
direction. In this case, the magnetoconductivity in the (100)
slab is expected to have a distinct behavior compared with the
bulk transport [56]. In the bulk, the absence of o, shown in
Fig. 2(b), is owing to the preserved glide plane. Under the
glide plane operation, the electric current J, changes sign and
the electric field E, remains unchanged, which forces o, to
be zero according to J; = o,E,. However, in the (100) slab,
the breaking of glide plane symmetry relaxes the constraint on
0.y, and the resultant o, is allowed to have nonzero values at
0 = /2 and 37 /2.

To prove our arguments and further explore the contribu-
tion of surface states, we study the planar Hall conductivity
o0,y in slabs with increasing layer thickness by employing
Kubo-Streda formula [68-70], in which the interband transi-
tion could be properly taken into account. The magnetic field
is handled by the standard Peierls substitution implemented
with a magnetic supercell. The conductivities are evaluated
with a finite electron lifetime broadening approximation to
the Green’s function [71]. Figure 4(a) shows the dependence
of o, on the number of layers n where the magnetic field is
parallel to the z direction. When the slab is thicker than 10

(a)

@ - () =m/2
)
@ -0 =3m2
i 50
n
(b) 1
1.0
S | oo
205 ! wo=m2
N
S 3 =@ =3m/2
O 1
1 10 50
n

FIG. 4. The calculated in-plane magnetoconductivity in (100)
slab. (a) The Hall conductivity o, and (b) the longitudinal con-
ductivity o,, as functions of the number of layers n. § = 7 /2 and
0 = 3w /2 represent the magnetic field along the z and —z direc-
tions, respectively. A 1 x 100 x 1 magnetic supercell is employed to
implement the z-direction magnetic field during the magnetoconduc-
tivity calculations based on Kubo-Streda formula. The conductivities
are evaluated with Green’s functions broadened by a finite electron
lifetime T = 6.58 x 107 s.

layers, o;, converges to a nonzero value, indicating that the
bulk state does not contribute to the planar Hall conductivity.
The longitudinal conductivity o,, is computed and plotted in
Fig. 4(b) for comparison. o, increases linearly with n after
0,y has already converged. What is more, the increasing rate
of oy, on thickness exactly matches the value of conductivity
in bulk. Therefore, the linear increase of o,, originates from
the increase of bulk states, and in turn the converged o,
should be attributed to surface contributions. In this way, glide
symmetry breaking enables a pure surface transport.

IV. CONCLUSIONS

To summarize, we have demonstrated the influence of
spatial symmetry in the PHE of Weyl semimetals. The
symmetry analysis clearly shows that the odd terms of mag-
netoconductivity, including its linear part, vanish in the plane
perpendicular to the rotation axis under C, or C, combined
symmetry operations including mirror, twofold screw rota-
tion, and glide plane. If the C; or C, combined symmetry
is absent in a time-reversal-breaking system, a significant
linear magnetoconductivity is allowed by the chiral anomaly
and Berry curvature effect. It is then examined by our nu-
merical results based on a lattice model preserving glide
symmetry.

We further studied the magnetoconductivity in the quasi-
two-dimensional slab, which contains the contribution of
surface states. When the magnetic field is perpendicular to the
glide plane, the planar Hall conductivity is found to be zero
in bulk, whereas it is nonzero in the slab with broken glide
symmetry. This distinct behavior between bulk and quasi-two-
dimensional systems provides a signature to distinguish the
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surface contributions to magnetoconductivity and paves a way
to explore the surface Fermi arc states in Weyl semimetals.
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