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We consider compact U*(1) gauge theory in 3 4+ 1 dimensions with a general 2 -quantized topological term
>y Su [ F'AF', where K is an integer symmetric matrix with even diagonal elements and F' = dA'.
At energies below the gauge charges’ gaps but above the monopoles’ gaps, this field theory has an emergent
Z,((i) X Z,((i ) x ... l1-symmetry, where k; are the diagonal elements of the Smith normal form of K and Z(()l)
is regarded as a U(1) l-symmetry. In the U*(1) confined phase, the boundary can have a phase whose
infrared (IR) properties are described by Chern-Simons field theory. Such a phase has a Z;{ll) X Z,E;) X e
1-symmetry that can be anomalous. To show these results, we develop a bosonic lattice model whose IR
properties are described by this continuum field theory, thus acting as its ultraviolet completion. The lattice
model in the aforementioned limit has an exact Z,(;) X Zg) X +-- l-symmetry. We find that the short-range
entangled gapped phase of the lattice model, corresponding to the confined phase of the U*(1) gauge theory,
is a symmetry protected topological (SPT) phase for the Z,({]]) X Z,(;) X -+ 1-symmetry, whose SPT invariant

. in Yy Ky [pqa Br—Bj+Br—dB; in ¥, _;Kij [ya dBr<dBy . .
is e ’ M e h M 2. Here, the background R/Z-valued 2-cochains B; satisfy

dB; =) ,;B;K;; =0 mod 1 and describe the symmetry twist of the Z,E:) X Z,ﬁl) X - -+ 1-symmetry. We apply
this general result to a few examples with simple K matrices. We find the nontrivial SPT order in the confined
phases of these models and discuss its classifications using the fourth cohomology group of the corresponding

2-group.
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I. INTRODUCTION

Symmetry protected topological (SPT) phases of quantum
matter are short-range entangled gapped phases whose ground
states cannot be adiabatically connected to a trivial product
state due to the presence of a symmetry [1-4]. The boundary
of a SPT phase is nontrivial because the symmetry is realized
anomalously on the boundary. Since the SPT bulk has a trivial
intrinsic topological order, the boundary theory by itself (i.e.,
without bulk) is perfectly consistent as a lattice theory, and
the 't Hooft anomaly ensures it cannot be in a trivial phase.
However, upon turning on background gauge fields of the
symmetry, the boundary theory is no longer a physical theory
and can only exist as the boundary of an invertible phase (i.e.,
an SPT). From the prospective of anomaly inflow, the SPT
order in the bulk provides a unique characterization of the ’t
Hooft anomaly on the boundary.

Since their discovery, there have been numerous interesting
generalizations of SPT phases. This includes SPT phases with
intrinsic topological order in the bulk [5-8], SPT phases with a
gapless bulk [9-11], and higher-order SPTs where edge states
exist only on a subregion of the boundary [12,13]. In this
paper, we consider the generalization where the SPT order is
protected by a higher symmetry [14-21].

Global symmetries, called 0-symmetries, are symmetries
whose transformation acts on a codimension-1 submanifold of
space-time (e.g., all of space), and the charged operators act
on a single point in space-time, creating a zero-dimensional
object in space. Higher symmetry is a generalization that
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includes p-symmetry, where now the symmetry transforma-
tion acts on a codimension-(p + 1) submanifold of space-time
and the charged operators act on p-dimensional closed
submanifolds [22-26]. A p-symmetry is mathematically
described by a (p + 1)-group' [30-32]. Just like global sym-
metries, higher symmetries can be spontaneously broken [33],
can be anomalous [34], and can be gauged [35].

Generic lattice Hamiltonians do not commute with closed
string, membrane, etc., operators and thus do not have
exact higher symmetries. Instead, the lattice models with
exact higher symmetries are quite special. For instance,
the Hamiltonians of many exactly soluble models [36—41]
with topological orders [42-44] have exact higher symme-
tries. While higher symmetries are typically not exact UV
symmetries, they can nevertheless be emergent symmetries
occurring in the IR. Intuitively, this is because at high energies
the charged p-dimensional closed objects can become open,
and (p — 1)-dimensional excitations living on their bound-
ary explicitly break the p-symmetry. At energies smaller
than the gap of the excitations that explicitly break a higher
symmetry, the corresponding higher symmetry can emerge.
While emergent O-symmetries are typically approximate,
emergent higher-form symmetries can exactly constrain the
infrared (IR) despite not being ultraviolet (UV) symmetries

'Here we will consider only pure p-symmetries, and not the more
general p-group symmetries where there are multiple symmetries of
different degrees that mix [27-29].
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[19,45-53]. In this sense, emergent higher-form symmetries
are exact emergent symmetries [53].

This gives rise to an interesting scenario where some
low-energy excitations condense, while the higher-symmetry
breaking excitations remain to have a large energy gap. If
the condensed phase happens be a short-range entangled state
[54] with the exact emergent higher symmetry, it can be an
SPT phase protected by the exact emergent higher symmetry
[19]. We denote such a higher SPT phase as an n-SPT phase
if it is protected by an n-symmetry.

In particular, suppose a higher-form symmetry emerges
at E < Enig1r, 1 not spontaneously broken, and is realized
anomalously on the boundary. A corresponding nontrivial
SPT order could also emerge at £ < Epjgr and cause the
system to be in an SPT phase. The nontrivial bulk SPT order
allows an IR observer to turn on background gauge fields
due to an anomaly inflow mechanism. The bulk theory for
said IR observer would be an invertible topological field the-
ory, called the SPT invariant, which characterizes the SPT
order and its universal physical properties (i.e., through a
generalized magnetoelectric effect [55]). Furthermore, since
emergent higher-form symmetries are exact emergent sym-
metries [53], no local IR measurements could reveal that the
high-form symmetry is not exact in the UV.

However, according to a UV observer, the bulk theory
would not follow the typical SPT lore since it is the IR degrees
of freedom forming an SPT, not the UV degrees of freedom.
It is conceivable that a UV observer could directly probe the
topological response of the SPT by measuring UV degrees of
freedom in a very particular way to couple to the IR degrees of
freedom. Nevertheless, there are still direct signs of the emer-
gent SPT order at the boundary, even in the UV. In the context
of the SPTs we consider here, the boundary has nontrivial
Abelian topological order and thus this UV observer could
measure the anyon excitations and their nontrivial braiding.
The gap of the anyons would be on the scale E ;4. 1r, and their
presence would explicitly break the higher-form symmetries
in the UV. However, their braiding would nevertheless reflect
the ’t Hooft anomaly structure and thus the emergent SPT
order.

In this paper, we extend the work presented in Ref. [19] and
further investigate this mechanism for creating SPT phases
protected by emergent higher symmetries. In particular, we
consider Abelian gauge theory in 3 + 1 dimensions [(3 +
1)D] which at energies smaller than the gauge charge’s and
monopole’s gap has two exact emergent U (1) 1-symmetries
[which we denote as U (1)"] commonly denoted as the elec-
tric and magnetic symmetries. In the strong coupling limit,
the gauge theory is in a short-range entangled gapped con-
fined phase where the monopoles condense and the magnetic
U(1)M symmetry is explicitly broken. However, at energies
below the gauge charge gap, the electric symmetry is still
present in the confined phase. This gives rise to the afore-
mentioned scenario and the possibility that the confined phase
has nontrivial 1-SPT order protected by the emergent electric
symmetry.

In fact, here we will show that with 2w-quantized topo-
logical terms, the confined phase of Abelian gauge theory
has nontrivial emergent 1-SPT orders. Usually, a topological
term can affect the dynamics of the strong coupling limit in a

very nontrivial way, and can make it impossible to calculate
the physical properties (such as energy gap) in this limit.
However, 2m-quantized topological terms are much easier
to handle [2,56-58], and we can still determine the strong
coupling limit to be a short-range entangled gapped confined
phase.

The remainder of this paper is organized as follows. In
Sec. II we introduce the notations used in this paper. In
Sec. III, we present a simple example of a nontrivial 1-SPT
order in the confined phase of (3 + 1)D Z, gauge theory. In
doing so, we review the cochain lattice field theory formalism
and techniques which we use throughout the rest of the paper.
Then, in Sec. IV we consider the same scenario but in (3 +
1)D Abelian gauge theory with « types of U (1) gauge fields
and 2w -quantized topological terms. Using the bosonic lattice
model we develop, we find that the total emergent electric
symmetry U (1)1 x U(1)" x - .. below the gauge charges’
gaps and the monopoles’ gaps is reduced to Zkf) X Z,((l) X e
at energies above the monopoles’ gaps (but still below the
gauge charges’ gaps). Subsequently, we find that the confined
phase of U“(1) gauge theory with 2mw-quantized topologi-
cal terms has nontrivial Z,(;) X Z,((i) x --- 1-SPT order. We
construct the associated 1-SPT invariant and consider some
examples.

II. NOTATIONS AND CONVENTIONS

In this paper, we will use the notion of cochain, cocycle,
and coboundary, as well as their higher cup product — and
k

Steenrod square Sg*. A pedagogical introduction aimed at

physicists of chains and cochains along with the cup product

—=-+— and higher cup products — can be found in the Ap-
0 k

pendix of Ref. [20]. We will abbreviate the cup producta — b
as ab by dropping —. We will also use = to mean equal up to
a multiple of 1, and use = to mean equal up to df (i.e., up to a
coboundary). An important identity which we will repeatedly
use is that for cochains f,, h,:

d(fm \A/ hn) = dfm \k/ hy + (_)mfm \,:/ dhy,
+ (_)m+n7kfm : h, + (_)mn+m+nhn ]:/1 fm-
(H

Furthermore, in this paper we will deal with many Z,-
valued quantities. We will denote them as, for example, atr,
However, we will always lift the Z,, value to Z value, so the
value of %" has a range from — L51to |51, where [x] denotes
the integer that is closest to x (if two integers have the same

distance to x, we will choose the smaller one, e.g., I_%] = 0).

Zy L

In this case, the expression like a“"a“" makes sense.

11 7 1-SPT ORDER IN (3 4+ 1)D THEORIES

In this section, we review one of the simplest ways to
realize 75" 1-SPT order in (3 + 1)D [19,32]. Our purpose of
doing so is to introduce the formalism we use and warm up in
a simple context before beginning Sec. IV, where things get
more involved. We start by considering a twisted Z, 2-gauge
theory. By considering its confined phase, we then construct a
model with Zé') 1-SPT order by “ungauging” the twisted Z,
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2-gauge theory. The Z;l) 1-SPT order is exact in this model,
but survives elsewhere in the confined phase diagram as an
exact emergent Z(zl) 1-SPT, existing at energies much smaller
than the Z, gauge charge gap.

A. Twisted Z, 2-gauge theory

To construct a (3 4+ 1)D bosonic model that realizes Z;l)
1-SPT order, we first construct a local bosonic model with
topological order described by a Z, 2-gauge theory. We
triangulate space-time M* and, working in the Euclidean
signature, consider the lattice path integral of cochain fields
[59]. The bosonic degrees of freedom for the Z, 2-gauge
theory are described by a Z;-valued 2-cochain field bL . As
a 2-cochain, %2 is a map from 2-chains to Z», as opposed to
1-gauge theory which is described by a 1-cochain field.

Consider the local bosonic model

z z
Z(./\/l4’ g = Z 672%' Zi_;kt(db;/fz’zt%dbf/fﬂ)’ 2)

b2

where }_,,, sums over all space-time 3-simplices for a fixed
triangulation, and szz sums over all the 2-cochain fields
corresponding to the path integral. In the exactly solvable limit
g — 0, the path integral becomes

7= Z 1, (3)

db?220

where db?2 = 0 means db?> =0 mod 2. Now, Z captures
the topological order described by the deconfined phase of
pure Z, 2-gauge theory. However, we note that in (3 + 1)D,
Z, 2-gauge theory is dual to Z, 1-gauge theory.” Thus, the
topological order is also described by Z, 1-gauge theory,
which is Z, topological order. In fact, Eq. (3) is the (3 4+ 1)D
toric code.

We now consider the equivalent limit in a twisted Z, 2-
gauge theory. This is described by a different bosonic model,
which is Eq. (3) but with the 1 replaced with the action
amplitude e/™/at @™ Indeed, the path integral is

ZMY = D7 el )

dv?220

where we use the shorthand (b%2)* = b* — b% and [,
is a sum over all 4-simplices of M*. Note that this action
amplitude is correctly invariant under the gauge transforma-
tion b2 — b% 4+ 2n%, where n? is an arbitrary Z-valued
2-cochain. The twisted Z, 2-gauge theory realizes a twisted
Z, topological order where the Z, charges are fermions [59].

%In Z, 2-gauge theory in (3 + 1)D, loop excitations carry Z, gauge
charge while particle excitations carry the Z, gauge flux. On the other
hand, in Z, 1-gauge theory in (3 + 1)D, particles carry the Z, gauge
charge and loops carrying the Z, gauge flux. The duality between Z,
2-gauge theory and Z, 1-gauge theory in (3 4 1)D simply switches
which excitations are called gauge charges and which are called
gauge fluxes.

B. Lattice model with Z, 1-SPT order

We now use the twisted Z, 2-gauge theory in Eq. (4)
to obtain a local bosonic model that realizes a 1-SPT order
protected by the Z, 2-group. The classifying space of the Z;
2-group is a topological space denoted by B(Z,, 2), which sat-
isfies m,(B(Z,,2)) = Z, and ,,(B(Z;, 2)) = O forn # 2. The
as(sl())ciated symmetry is a Z, 1-symmetry, which we denote as
Z5'.

’ The 7, 2-gauge theory can be “ungauged” by first
parametrizing the dynamical 2-cochain field b7> as

"> = B® + da”, 5)

where a?? is a Z,-valued 1-cochain field describing the pure
2-gauge fluctuations. However, we now reinterpret the mean-
ing of B> and a?? by treating a?> as the dynamical field and
B?2 as a 7,-valued 2-cocycle background field. This produces
a new local bosonic model whose resulting path integral is
obtained from the twisted Z, 2-gauge theory (4):

ZM* BP) = 3 i I (B a2, 6)

a?2
This path integral is invariant under the gauge transformation
a? — a® +a®,

B» — B® — do™.

B?%> describes the symmetry twist of the Z;l) 1-symmetry.
Turning off the background symmetry-twist field, and hence
ungauging the Z;l) 1-symmetry, the model becomes

Z(M*0) =) el (a2 (7

a?2

which has an exact Z(zl) 1-symmetry generated by Z,-valued
1-cocycles a2

2

a®? = ad® +a”, doa® Z0. (8)

By construction, there is no obstruction to gauging the Zgl) 1-
symmetry and therefore the Z;l) 1-symmetry is anomaly free.
This can further be seen from the fact that the path integral
Z(M*) is invariant under the Z$" transformation even when
M* has boundary.

Using that fMA‘(daZZ)2 = fa/w a”>da”>, when space-
time M?* is closed (i.e., 9M* =) then [, . (da”)* = 0.
Therefore, the action amplitude e/ /a+(44*2)* = 1 and so for
a closed space-time

Z(M*,0) = el faan(da e ©)

a2

where N, is the number of the edges in the space-time complex
M?*. According to a conjecture presented in Ref. [60], this im-
plies that the ground state of the model (7) has no topological
order (i.e., is short-range entangled).

Since the ground state has Z;I) I-symmetry and
no topological order, it may have a Z(zl) 1-SPT or-
der, which is classified by the fourth cohomology group
H*(B(Z,,2),R/Z) = Z, [18-20,32]. To see which 1-SPT or-
der is realized, we note that the SPT order is characterized by
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the volume-independent partition function

Z(M*, B%)

Z(M*,0) °
which is called the SPT invariant [61-64]. We compute the
1-SPT invariant from Eq. (6), by integrating out a?> for closed

space-time M* and for dB%> = 0 mod 2. Using Eq. (9) and
the fact that BZ> is a cocycle, we find that

ZP(M*, BY) = (10)

ZtoP(M4, BZZ) — eirr fM4(BZz)2

= eigzﬂf/vﬂ SQZ(BZZ)|m=2‘ (11)

Here, the generalized Steenrod square Sqg* is defined as

Sefen = —a+a — da, (12)

where ¢; is any /-cochain. From the above 1-SPT invariant,
we see that the model defined by Eq. (7) realizes a Zg) 1-SPT
order that corresponds to 2 € Z4 in the confined phase.

C. Emergent Z;l) 1-SPT order in the confined phase of Z,
gauge theory

The fact that the theory (7) has an exact Zg” symmetry
makes it rather special. Indeed, for a typical condensed matter
model, the lattice theory would be more like

ZIM*, g h] = Z o7 Iaa(da®2?=h 3 (@)

a2

e~ 3 Lipn(da®2)ip=21 3 (da"2)i] 13)

where }_,, sums over all the triangles and }_,; sums over all

the edges of M*. This path integral does not have the Zgl)
symmetry (8), it is explicitly broken by the & term. Only when
h =0 does Eq. (13) have the 2(21) symmetry. Thus, at first

glance, when /1 # 0 this generic model does not realize a Zg)

SPT state since it does not even have the symmetry. However,
. (1) .

while the Z,” symmetry is no longer a UV symmetry, for

small |h| the low-energy sectors of the Hilbert space enjoy an

exact emergent 7, ) symmetry. Indeed, since only the motion

of the Z, charge excitations can break the Z(zl) 1-symmetry

(i.e., the h term), a Z(Zl) symmetry emerges at energies much
smaller than the Z, charge excitation gap.

When |h| < 1 and |g| < 1, the model (13) realizes the
Z, topological order described by the deconfined phase of
7, gauge theory. As we increase g, it will undergo a phase
transition into a confined phase with short-range entangle-
ment. Let us assume this transition is continuous (if it is not,
we can modify the model to make the confinement transi-
tion nearly continuous). Then, approaching the transition, the
Z,-flux fluctuations are low-energy excitations while the Z,
charge excitations remain to have a large ener(%%/ gap. This
is exactly the scenario for the exact emergent Z,’ symmetry.
So in the confined phase (i.e., when the Z, charge excitations
energy gap remains large), the model realizes an 1-SPT order
protected by the exact emergent Zgl) 1-symmetry, described
by 2 € Z4 (see Fig. 1).

The low-energy effective theory describing the phase
with emergent 1-SPT order is Eq. (7). Introducing the

Trivial Phase

Z,

topological

order

FIG. 1. The schematic phase diagram of the model described by
Eq. (13). There is a topologically ordered phase described by the
deconfined phase of Z, gauge theory (shown in green), and a gapped
short-range entangled phase (corresponding to the regions shaded
in orange and purple). At energies below the Z, gauge charge gap,
the confined phase (colored in purple) has an exact emergent Zgl)
symmetry, while the symmetry is absent at all energy scales in the
trivial phase (colored in orange). At 4 = 0, this Zél) symmetry in the
confined phase is exact. Due to the 2w -quantized topological term,
the confined phase has a nontrivial SPT order protected by this exact
emergent Z;l) symmetry. The SPT invariant describing this 1-SPT
order is given by Eq. (11).

Poincaré dual® of da?2, denoted as f, the lattice action
[y(da®)? is equal to the intersection number of f:
S (da™)? = #(f - f). We note that f corresponds to the
world sheets of Z, flux loops so #(fA . f ) is the intersection
number of Z, flux world sheets in space-time. The topological
term e!™ /ami (44”2 g therefore

i aa(da®2? _ (_yHED), (14)

In general, the path integral of a Z, gauge theory may or

may not contain the topological term (—1)*/"/). When the
topological term is included, then the confined phase of the
Z, gauge theory will be a 1-SPT state protected by the exact
emergent Z;U 1-symmetry. However, when the path integral
does not include the topological term, then the confined phase
of the Z, gauge theory will be a trivial SPT state of the
exact emergent Zgl) 1-symmetry. Therefore, in a (3 4+ 1)D
Z, gauge theory, by adjusting the presence or the absence of
the topological term (—1)*/"/) (i.e., the intersection term for
the Z,-flux world sheet), we can control the presence or the
absence of the 1-SPT order protected by the exact emergent
Zg) 1-symmetry in the confined phase.

D. Using confined phases of (3 + 1)D Z,, gauge theory to realize
7V 1-SPT orders for even n

For simplicity, we have presented the above in the Z, case,
but it can easily be generalized by replacing Z, with Z,,, where
n is a positive even integer. Indeed, introducing the Z,-valued

3The Poincaré dual of the (D — p)-cycle C with respect to the
D-dimensional complex M, denoted as C‘, satisfies fca = fMaC‘,
where a is any (D — p)-cochain.
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1-cochain field a?, the generalized generic lattice model is

7 — Z einln’ Spqa SO (da®)=h Y, (a®n);

aZn
x e—nig Z,-jk(daZ")ijk—nL%(daZ”)i]H’ (15)
where the topological term is now  propor-

tional to fM“ Se*(da?). In Ref. [20], it was

shown that Sg’(da’" + nb) = Sg*(da?) and  that
eimh Iaa 597 da®) — 1 when M* is closed. Thus, the
inclusion of the topological term e!™ % Jas Se(da™) doeg
not affect the local dynamics of the model.

As a result, when |h| < 1 and |g| <« 1, the model (15)
realizes the Z,, topological order described by the deconfined
phase of a Z, gauge theory. As we increase g, the model
will undergo a confinement phase transition. Assuming the
transition is continuous, near the transition the Z,-flux energy
gap is much smaller than the gap for the Z, charge excitations.
So near the transition, the model has an exact emergent Z(
1-symmetry, at energies much less than Z, charge energy
gap. After the confinement transition, the confined phase has
1-SPT order protected by the exact emergent Z{!) 1-symmetry
and described by m € H*(B(Z,,2); R/Z) = Z», for even n.*
Here B(Z,,?2) is the classifying space of the Z, 2-group de-
scribing Z(' 1-symmetry. It satisfies 72(B(Z,, 2)) = Z, and
wi(B(Z,,2)) =0, i3 2. The physical consequence of ZELI)
1-SPT order, such as boundary states, as well as a Hamiltonian
description of this phase, was discussed in [20].

IV. EMERGENT 7)) x 7 x - - - 1-SPT ORDER IN A
(3+ 1)D U*(1) BOSONIC MODEL

In the last section, we saw how Zéln) 1-SPT state can be
realized in the confined phase of (3 + 1)D Z, gauge theory.
Now we investigate more complicated 1-SPT orders which are
protected by finite 1-symmetries. In this section, we will con-
struct a (3 + 1)D bosonic model, that corresponds to lattice
U“(1) “gauge theory” with a 2rr-quantized topological term.
We will show that, due to the topological term, the model has
a reduced Zg) X Z,(cp X --- l-symmetry. We will also show
that the confined phase of the U*(1) gauge theory can have a
1-SPT order protected by the Z,((}) X Z,((i) x -+ l-symmetry.

A. 3+ 1)D U“(1) pure gauge field theory and 2x-quantized
topological term

Before we consider the bosonic lattice model, we first
consider the corresponding continuum theory. We do so in a
timely, but nonrigorous, fashion to see how the results from
the lattice theory which we present in the next sections are
hinted towards in the continuum theory. It will set the stage
for the lattice theory where the formal manipulations are much
more involved than those in the field theory.

“The lattice model (15) is well defined even for m ¢ Z. However,
when m ¢ Z it is not clear if the model has a gapped confined phase
when |g| > 1.

We consider the theory described by the Euclidean action

1 74 74
S:z—éﬂZI:/wa*f + Stops (16)

where @' with I =1, ...,k are R/Z-valued 1-form fields,’
the 2-form curvature f/ = da’, and k;; € Z. The first term
is Maxwell’s kinetic term and the second term is the 27m-
quantized topological term (topological in the sense that it is
independent of the metric)

Sp = =271 Zk,,/ Fiaf. 17)
M4

I<J

Furthermore, the quantity k;; [ f’Af” is quantized as an in-
teger when M* is closed. Thus, for closed M* the action
amplitude of the topological term is unity, but for M* with
a boundary it can have a nontrivial effect.

Since the action depends only on f7, it is left unchanged by

d —-d+T1!, ar’=o. (18)

This corresponds to a real symmetry transformation (not a
gauge transformation) when § T/ # Z. Since there are « fields
a' Ge,I=1,...,k), Eq. (18) is associated with « differ-
ent U(1)) 1-form symmetries: U (1)1 x U(1)) x - ... The
associated Noether current can be found by introducing a
background symmetry-twisted field B’ in Lorentzian signa-
ture and having da’ — da' — B'. Noting that the conserved
current J' minimally couples to B as [ B’ A xJ!, we find that
for the transformation of the /th field

1
J = g_2f1 +27 ZK” * f7, (19)
J

where K;; is given by

Kip =2k, Ky=Kjy=ky, I<J. (20)

The fact that the current is conserved means that d'J' = 0,
where d' = * d * in the adjoint of 4.

In the above analysis of the symmetry, we consider the
field theory without U (1) charges and U (1) monopoles. This
UMD x U1)D x - is really an exact emergent 1-form
symmetry at energies below the U (1) charge gaps and the
monopole gaps. Indeed, at energies above the U(1) gauge
charge gaps, terms like [ a’ % j’ will contribute to the action
and this symmetry will be explicitly broken.

Let us now introduce the 1-form j! = x df’, the Dirac
monopole current density associated with the Ith field a’and
the Poincaré dual of * j! gives the world line of the monopole.
The continuity equation d'J’ = 0 then implies that

1 .
g—zd*f’ = 27Ky j7. (1)

The effect of the nonzero right-hand side is a generalized
version of the Witten effect where U (1) monopoles of the Jth
field carry K;; units of the /th U (1) gauge charge.

STypically, the U(1) connection is a map A : R* — R/27Z. We
define a = A/2m to absorb factors of 27 and match the convention
used in the bosonic lattice model. In terms of the coupling constant
g, the typical U (1) coupling constant is e = 27 g.
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The presence of magnetic monopoles complicates things.
At energies below the U(1l) charge gaps but above the
monopole gaps, due to the topological term, the monopole
fluctuations imply U (1) charge fluctuations. This may break
the U(1)M x U(1)D x ... 1-form symmetry to a smaller
symmetry.

In the continuum, monopole configurations can be easily
considered by parametrizing the curvature as ' = da’ + G'.
The 1-form fields @ describe the smooth local fluctuations
of a' and satisfy the Bianchi identity d(da') = 0, while the
2-form fields G capture the singular monopole configurations
and satisfy j/ = «dG'. At energies above the monopole gap,
the field theory that describes the lattice model instead has the
topological term

Siop = —2ni2k11/4 da' ndd’ +G' G’

I<J M
—2m’21<,,[ al a sl (22)
1J M

This is equivalent to Eq. (17) up to a boundary term. For all
practical purposes, we may treat the density in Eq. (22) as
the definition of f/Af” for energies above the monopole gap.
This distinction is important as the U(1)" x U(1)P x - -.
symmetry of Eq. (17) is broken down to a finite subgroup in
Eq. (22), agreeing with the symmetries of the lattice model we
study.

Indeed, above the monopole energy gap, Eq. (22) is invari-
ant under the transformation

i —-a+T1!, ZK,,% ez, d4r'=0, (23)
I c

for any closed 1-submanifold C'. The additional restric-
tion Y, Ky 9501 I'" € Z ensures that the action amplitude
¥ Xia K @ % i s nvariant since §  ji € Z. We note
that this term in Eq. (22) also recovers the Gauss-Witten law
(21). Thus, at a fixed point in space-time, the values of allowed
I'! form a rational lattice K~!. So, above the monopole gap
the theory has the 1-symmetries Z,(J) X Z,(;) X ---, where k;
are the diagonal elements of the Smith normal form for K.
Below the monopole gap when j! vanishes, this constraint
on I'M does not apply so there are instead the aforementioned
UMD x UMD x - .. symmetries.

Let us now turn on 2-form background fields 3’ that are the
flat connections describing the twist of the Z,(C:) X Z;Cl) X oo
symmetry and satisfy the quantization conditions

ZK,,% Bez (24)
I, c?

for any closed 2-submanifold C2. We will work locally at
the level of differential forms, ignoring topological subtitles
and monopoles. The background fields minimally couple to
the dynamical fields @' by replacing the curvature da’ in the
Euclidean action by da’ — B'. Making this replacement and
taking the g — oo limit, the action becomes

S=-—2mi Zk”/ (dd' —BYr(dd' —B)).  (25)
M4

I<J

We can use Eq. (25) to find the continuum SPT invariant
which describes the 1-SPT order in the confined phase. In-
deed, let us consider space-time M* to be closed. Then, since
we ignore monopoles and because dBB; = 0, integrating by
parts we can rewrite the Euclidean action as

S = —2niZkU/ B A B’
M4

1<J
:—in’ZKU/ B AB. (26)
I, M

Thus, the path integral Z in this limit is
Z[M4, Bl] — /D[al] ein’ Zl.] K]j fM4 BIABJ

— Voll(([R/Z)eiﬂ Z[.J Ky fMA BI/\BJ, (27)

where we have used that the action amplitude does not depend
on the dynamical fields a’ and introduced

Vol“(R/Z) = /D[a’].

The SPT invariant is given by the volume-independent part
of the path integral

Z(M*, B
Z(M*,0)

Therefore, using Eq. (27) we find that in the continuum theory
the 1-SPT invariant is

ZtOP(M4, Bl) — ein ZI.JK”fM‘i B,ABJ. (29)

Z°M*, B = (28)

Thus, without much work we can characterize the 1-SPT or-
der. However, in doing so we ignored nontrivial fiber bundles
and magnetic monopoles. In the remainder of this section, we
will regulate this continuum theory by considering a bosonic
lattice model whose IR properties are described by the field
theory. Using this lattice model, we will be able to recalculate
the SPT invariant more rigorously [see Eq. (75)], and find
lattice-dependent terms in addition to one which captures
Eq. (29).

B. Lattice regularization of U“(1) gauge theory
with 2-quantized topological term

We now regulate the field theory discussed in the previous
section by triangulating space-time. The 1-form fields a’ will
be represented by R/Z-valued 1-cochains af/ £ There are
three key properties that the U* (1) gauge theory on a lattice
must include:

(1) Letting m,Z be an arbitrary Z-valued 1-cochain, the

. . . . R/Z R/Z
action amplitude is invariant under a,’~ — a,
when space-time M?* has a boundary.

(2) When M* is closed, the action amplitude of the 27-
quantized topological term becomes unity.

(3) In the smooth-field limit (the low-energy limit) when

daf/ Z Ldaf/ Z'|, which implies no monopoles, the action

=+ m,Z, even

amplitude reduces to its continuum limit e/ 27 Jus Zi<skiuf'sf”

Regularizing the Maxwell term on the lattice is straight-
forward, but the 2m-quantized topological term is highly
nontrivial. Noting the relationship between the topological
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term and Chern-Simons theory in the continuum, this moti-
vates us to define the 27-quantized topological term on the
lattice as the derivative of the lattice Chern-Simons action.
Indeed, we start with (2 + 1)D U*(1) Chern-Simons theory
on space-time lattice B3 obtained in Ref. [65]:

Zcs = / D[alf/?] e/ Lieshas fss e @151

R/Z R/Z

« 127 Licshs [y ap'* (daj/* ~ | da P P

H—Llda; '\al

RIZ | 4 R/Z;2

; R/Z R/Z . di —ld
67127{ Treshus [y’ Tdtdu’/ Te721153 1% eéﬂ,
)

(30)

where af/ % are the aforementioned R/Z-valued 1-

cochain, the path-integral notation is shorthand for
1
S Dlay*1=T1;;, /2, d@;/®);. and k;y € Z. This lattice

model is rather complicated as it captures the effects of
magnetic monopoles. We note that Ref. [65] found that
Eq. (30) is invariant under the gauge transformation

af/z — af/z—i—mlz 31
for any Z-valued 1-cochain m? even when B* has boundary.
The path integral of the (3 + 1)D bosonic model (for
space-time M* with or without boundary) is then obtained
from Eq. (30) by taking a derivative and setting g3 — oo.
Using the properties of the (higher) cup product, the first line
of Eq. (30) vanishes since it is already the d of something, the
second line of Eq. (30) becomes

0127 [ Ky d(al* (da¥'% = da¥ ")~ dal F1a )
— pi2rhy Sags(day® =L dai ) (dal'® — [ da/*7)
. R/Z R/Z R/Z R/Z
w o2k [ a* d|dat " 1—d| dal e ’ (32)

and the third line of Eq. (30) becomes

efian” S d(af/ZTdeaﬁR/Z])

_ e—ian,, v daf/ZTdea}R/Z]

. R/Z R/Z R/Z4 R/Z
« ek [o o dLda; 1+ d L day #1a5E (33)

Putting this all together and including the lattice Maxwell term

| da;R/Z —LanIR/ZWIZ

e~ Xilms g , we obtain a (3 + 1)D bosonic model
on space-time lattice with a 2 -quantized topological term

R/Z7 —i27 iy [o4 da/%—d|da™'
7 — /D[a,/ ]8 Zlg] fM Y 1

« i Lics ks Saa(dal/® = dal " D(day/ "~ dd ")

R/Z R/Z;p

0127 Sus Kur [oqs af/Z d1daf/®] ;= X1 s %
(34)
where Kj; is given by
Ky =2ky, Ky=Ky=ky, I<J. (35

Because the lattice Chern-Simons path integral was in-
variant under the gauge transformation (31) even when M?*

has boundary, by definition the path-integral equation (34) is
also invariant. Thus, requirement (1) from above is satisfied.
Furthermore, since we defined the action as the derivative
of something, requirement (2) is also automatically satisfied.
Lastly, let us check that Eq. (34) satisfies requirement (3).
In the g ~ 0 limit, the Maxwell term enforces fluctuations
daf/z - Lda}R/Zl ~ € to be small. Therefore, using that

de ~ d(day/* — | da;’* ) = d|da;"] (36

R/Z

since d|da;""] = 0 and € is small, this implies that

d| da;’*] =0, (37)

R/Z .
and hence there are no monopoles. When a J/ describes a

monopole, it cannot be smooth and thus d Lda[JR/ Zl #0. In
fact, Ldag?/ Z} is the Poincaré dual of the Dirac monopoles’
world sheets (i.e., the trajectory of the Dirac strings of the
monopole in space-time). Thus, dl_daﬁ/ Z] is the Poincaré
dual of the boundary of the Dirac world sheet, which is the
world line of the U (1) monopoles.

Therefore, the g ~ 0 limit corresponds to the smooth-field
limit. In this limit, the action amplitude for the topological

term in Eq. (34) becomes

0127 Yies ks [aqa(dap’® =L da#1)? (38)

Relating the 1-form field @’ to the 1-cochain (aﬁR/ %), i by

/] a' = (af/z)u (39

and the 2-form curvature field f/ = da’ by

£ = (da;"* - | daj’"]),,

i . (40)

the action amplitude (38) becomes

0127 Xieshis [s (day*

“Ldaf " o127 ik s S0 (41
Therefore, in the smooth-field limit (the low-energy limit) the
2m-quantized term on the lattice is captured by the continuum
field theory and requirement (3) is satisfied.

In the absence of monopoles, Eq. (41) correctly be-
comes unity on a closed space-time. For large g, how-
ever, due to the presence of monopoles the lattice term
0127 ek [us (da L daf Fdaf P 1 daf 1) i 1o Tonger unity
when M* is closed and thus is neither 27-quantized nor
topological. Therefore, for large g the low-energy limit of
the lattice model may not be described by the continuum
topological term (17) since the lattice topological term must
be described using all terms in Eq. (34). It is more likely
that the low-energy physics of the lattice model for large g,
where the highly nontrivial terms in the first and third lines
of Eq. (34) are included, is better captured by the continuum
topological term (22).

C. 1-symmetries in (3 + 1)D U*(1) bosonic model

Now that we have introduced the U*(1) bosonic model,
we now focus our attention on studying its symmetries and
phase diagram. First, let us review the case when M* has
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Trivial Phase

u) 7MW s« 70 5 ...
deconfined k ko
phase SPT

8

FIG. 2. The schematic phase diagram of the model described by
Eq. (34) w1th the additional term contributing to the action amplitude

hZ,,,a, ,, . When h = 0, there are no fluctuations of U (1) gauge
charge, and the model has an exact Z“l) X Z(;) - 1-symmetry. For
h # 0, this becomes an exact emergent Z;{:) X Z,({? X -+ - l-symmetry
existing below the energy gaps of U(1) gauge charges, which exists
in the green and purple shaded regions. Due to the 2m-quantized
topological term, in the confined phase (shown in purple) there is
an SPT order protected by the exact emergent Zf(]]) X Z,(('z) X oo 1-
symmetry whose SPT invariant is given by Eq. (70).

no boundary and the topological term vanishes and Eq. (34)
becomes Maxwell’s theory

ldaf/Z 4/ 2

ZM*Y = / Dla*] e Xl = (42)

When g ~ 0, the lattice curvature da}R/ Z fluctuates weakly
and so the above model is in a deconfined phase of a com-
pact U*(1) gauge theory and has a gapless photon excitation.
On the other hand, when g — oo the model is in a gapped

1
confined phase. Using that ffl d(a[R/ Z), ;j = 1, the partition

[N

function is
Z(M*) = / D[a;"] =1 (43)

for any closed space-time M*. According to a conjecture in
Ref. [60], this implies that the gapped confined phase has a
trivial topological order.

In what follows, we now consider M* with a boundary so
the 2m-topological term contributes to the path integral. We
will show that the gapped confined phase now has a 1-SPT
order characterized by k;; (see Fig. 2). This is similar in spirit
to Sec. III where in order to get Zg) SPT order we had to
include the twist term (4).

Regardless the value of g and even on M* with boundary,
the path integral (34) is invariant under the transformation

s ST pRT Y T, e 7. dpRE Lo,
1

(44)

Q/ £ are Q/Z-valued 1-cocycles to ensure that the quan-

tmes da[R/Z LdaR/Zl and dea[R/Zl are invariant un-
der the transformatlon (44). If this were the only re-
quirement, Eq. (44) would correspond to the « differ-
ent U(1)"Y 1-symmetries. However, the additional con-

straint that ), ﬁ;Q/ £K;; are Z-valued cochains is required
when there are magnetic monopoles to ensure the term

i [as Ziyay “Kiydlday1 i invariant. Indeed, under the
transformation (44), this term changes by a phase factor

027 [ans Zis B K,,dea[R/Z1’

which is 1 provided ,B}Q/Z satisfy >, ;Q/ZKH €.
As an integer matrix, K has the following Smith normal
form:

ki
K=U b v, 45)

where k; are integers and U, V are invertible integer matrices.
Now the 1-symmetry can be written as

+87 =a;" + ZB}Q/Z(U_I)JI,

> B Uk = B ke 2, dBRFT =0, (46)
1

R/Z R/Z
a;’” — a;

We see that the 1-symmetry is a Z(l) X Z(l) - 1- symmetry

generated by the quantized ,3 > £ When k; = 0, ,3 % is not
quantized and generates U (1)) 1-symmetry. The above result
remains valid if we regard Z (D as the U(1)™ 1-symmetry.

We note that, since the Z(l) X Z(l) - 1-symmetry is valid
on the space-time lattlce 'with or w1th0ut boundary, the 1-
symmetry is anomaly free.

In addition to giving rise to a finite 1-symmetry, the term
127 Jaat Xy “KindLda;" 1 a1s0 causes the U(1) monopoles to
be bounded with the U(1l) charges. In particular, the unit
monopole of the Jth U (1) field carries the /thU (1) charge K.
This is precisely the lattice version of the generalized Witten
effect discussed in the continuum theory [see Eq. (21)].

For large g, these monopole-charge bound states con-
dense which gives rise to a gapped oblique confined phase
with Z(l) X Z(U 1-symmetry. We note that the (2 +
HD lattlce U"(l) Chern Simons theory (30) also has the
Z ) Z,(cl) X --- l-symmetry, which can actually be anoma-
lous [65]. Slnce the (2 + 1)D lattice U*(1) Chern-Simons
theory is the boundary of the U“(1) model in the gapped
confined phase, from the point of view of anomaly inflow
[30,66] the gapped confined phase may have a nontrivial
Z,({:) X Z,(;) X 1-SPT order. Indeed, in the next sec-
tion we will show that this confined phase is characterized
by the K matrix and has a 1-SPT order protected by the
Zg) X Z/ii) X - -+ l-symmetry. Indeed, the 1-SPT invariant
found in the next section is given by Eq. (82).

Before concludmg this subsection, we remark that the fact
that the Z,((” X Z - 1-symmetry is exact in the bosonic
model is a spec:1al feature of the theory. A more generic lattice

theory would also include the action amplitude e W14 in
the path integral, which explicitly breaks the Z{)’ x Z{ x
1-symmetry. However, like in the Z, gauge theory case dis-
cussed in Sec. III C, for energies below the U (1) gauge charge
gaps, there is a region of & # 0 where the Zg) X Z;{l) X
1-symmetry is an exact emergent symmetry. In this region, the
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corresponding 1-SPT order would also affect the low-energy
physics and be protected by the exact emergent symmetry (see
Fig. 2).

D. Gauging the Z(l) X Z(l) - 1-symmetry

The fact that the boundary Chern-Simons theory has an
anomalous Z(l) X Z - 1-symmetry [65] means that the
bulk theory has 1- SPT order in the large-g confined phase
protected by Z(l) X Z(l) x ---. In this section, we will charac-
terize the 1- SPT theory in the bulk (3 + 1)D theory by finding
the SPT invariant obtained by gauging the 1-symmetry. This
subsection contains mostly detailed calculations in order to
derive the 1-SPT invariant given by Eq. (82).

Before gauging the symmetry, it is convenient to first
slowly turn on addition terms in the action which will not
affect the 1-SPT order. In particular, to the Euclidean lattice
action we add

SOU Zcos (271 Z K,,). @7
ij,J
Note that in the U — oo limit, this term makes af/ z satisfy
the quantization condition
> i K = 0. (48)
i

Crucially, this preserves the Z,({}) X Z,(;) X --- l-symmetry
whose transformation is Eq. (44). Furthermore, when g — oo
the path integral for any closed space-time changes smoothly
as U changes from 0 to co. This is because in this limit the
only term in the action is Eq. (47) which is independently
defined on each 1-simplex of the space-time triangulation
(i.e., noninteracting). Thus, the U = O state and the U — oo
state belong to the same phase and so the (g, U) = (co, 00)
phase has the 1-SPT order as the (g, U) = (o0, 0) phase.
By considering the U — oo state, the quantization condition
turns the U (1) cochain fields af/ Z into discrete cochain fields

Q/ Z6 satisfying Eq. (48), which allows us to use results and
techmques for discrete fields from Sec. III to study the 1-SPT
order in the U (1) model.

We now consider the U — oo state, which in the strongly
interacting limit g — oo the path integral (34) becomes

2>

z 1
¥ ai“Kiy=0

alia e ki g da“,Q/ZTdea;Q/Z]

% eiZJrZ,gk”fM4(da;Q/Z—Lda;Q/Z])(daf/Z—Ldaf/Z]) (49)

where we have use that for quantized a}Q/ z satisfying Eq. (48),

ei2ﬂfM4 Zudl K”deaR/Z.\ = 1 (50)

RIZ . . . z
Ga,/ is renamed as agQ/ since the quantized a}Q/ ’s,

! a;Q/ZKn < 0, have values in Q/Z.

As mentioned, just like the original path integral (34), this path
integral (49) also has the anomaly-free 1-symmetry

a?/z N a?/z Q/Z ZﬂQ/ZKI ez, d,BQ/Z !
(51)
Lastly, using that Lda[R/ZT — dea[R/Z] €7 and

d(da[R/Z) = 0, we insert unity of the form

| —e thZ,<lk,JfM4LdaR/Z'\ d|da™*

elzn Z,<Jk”fM4(da[R/Z—Lda[R/ZD] d(da™'?) (52)

into Eq. (49) such that the path integral becomes

7 Z ei2n ek fM4(da$/ZfLda?/z'l)\rd(da?/zfLdaF/Z'l)

¥ ' “ Ky=0
% ei27rZ,Qk,,([M4(daP/Zf[da;Q/Z"l)(da?/Zdea?/Z])' (53)

To determine the SPT order realized by the theory (49),

we gauge the l-symmetries by first replacing da?/ £ with

dag/ £ Bg/ % which for convenience we will denote as

bV* = da'* — BY?, (54)
where ng/ Zisa background symmetry-twist field satisfying

ZBP/ZK,, 0. (55)
1

Q/Z L
dBY% L

ITRRT)

We use “=" instead of “="" here since shifting B;Q/ z by a
Z-valued 2-cochain corresponds to performing a gauge trans-
formation. After this, the path integral (53) of course becomes

7= ¥

z 1
¥4 “ Ky =0

RED VLTIV =07 E D d b —157751)

% @i Yk [ =107 D@ 16771 (56)

Note that for M* with or without boundary, Eq. (56) is im-
portantly invariant under the gauge transformations

a?/z - a}Q/Z +mf,
pVE 5 pUT 4 pZ, (57)
where m? = 0 and n? = 0. If we had not inserted Eq. (52)

into Eq. (49), the gauged theory would have not been gauge
invariant.

The path integral (56) is a bit cumbersome in its current
form and it is hard to see how M* being opened or closed
changes the action amplitude. Thus, let us massage the action
amplitude of Eq. (56) a bit to get it in a more enlightening
form. First, we consider the first line of Eq. (56). Using that

d bg/ £ L 0and rewriting

REDVRLY s @7 E =17 21— d @ =167 50)

20 Yy ep ki s O F = d 0~ 10 7)
—e I<J fM J 1 1 1 , (58)
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bt

we then can use Eq. (1) and once again d =0 to write

this as

ei2n ek [oa b“}’/ZTd(b?/Z—Lb?/ZU
B eizn Sres ki gt d(b“f/ZT(b?/Z—LbF/ZW))—db?/ZTb?/Z

. z z z z
« 61271 Y r<s ki faqa \.b?/ -‘quQ/ 7b?/ LbP/ ]. (59

Next, we consider the second line of Eq. (56). We can use the
fact that since [b}/*1|b%Y*] € Z, then

0127 Xies ks [ @7 F =107 E D@ 167 T)

. z z z z z z
PR W T W s e U B Ut (60)

Using these simplifications, the gauged model (56) can be
rewritten as

7= %

1
¥ ap“Kiy=0

L e ki g O EONE dbf/ZTb?/Z

% o Xk fpes d(”ﬁ/ZTd(b}Q/Z_Lb?/ZD), (61)

where we have used that ), b$/ZKU =0,
/27 Tierkur [ =0 F IR0 (62

Therefore, starting from the U*(1) bosonic model and gaug-
ing the Z,(;) X Z,((i) x ---, Eq. (61) gives the path integral of the
gauged model from which we can find the 1-SPT invariant.
When the space-time M* has no boundary, the total deriva-
tive term in Eq. (61) vanishes and the path integral becomes

z(B) = 3

1
¥ aFKiy=0

2 Kb [ B O 0

(63)

We note that Eq. (63) is invariant under the following gauge
transformation:

b = b+ dop® Y of PRy 0. (64)
1

It is straightforward to check that this is indeed the case. When
dM* = ¢, the gauge transformation (64) changes the term
2™ Tieshur fpus b 207 by a factor

0127 Lieshas [ dof “0 2 4b7% dof* 4 do'® dof!®

— o127 Yresku [pqn 0] dbE—dbF Fwp® (65)
. i Q/Z 1, Q/Z
However, using that el i Ku [y 0 AT — 1 from
Eq. (64), and also Eq. (1), we can rewrite Eq. (65) as
o127 Trerks [ dof? S an® (66)

Furthermore, the gauge transformation (64) changes the term
i2 k bYE— ap®
¢! Lk Ly b b by a factor

REL e ki o de/ZTdb$/Z

(67)

Equations (66) and (67) perfectly cancel each other and, there-
fore, the action amplitude in Eq. (63) is gauge invariant.

Because the action amplitude is invariant under Eq. (64), it
will not depend on the coboundaries da?/ % and, therefore, we
will be able to evaluate the path integral (61) when I M* = @.

Plugging in b?/ £ and integrating by parts using that M* is
closed, the path integral (63) becomes

7= ¥

1
Zl a}Q/ZKH=0

. z z z z
ezZn Z,Q kiy fM“ 7a}Q/ dBF/ +d6’?/ a?/

o2 e ki [y B?/ZBF/ZMB?/ZTWP/Z—dB}Q/ZTB;Q/Z

Now, we can use Eq. (1) to rewrite the terms aGJQ/ z dB}Q/ Z and
a’Bﬁz/ Za;Q/ % such that Z becomes

2>

VA 1
¥ a Kiy=0

REL Skt fpqs BFB/ZBP/Z—dBS/ZTBS/Z

x i@ 0 K [y e dB$/Z

Because the path integral only sums over a?/ £ satisfying the

quantization condition ) , a?/ ZKI 7 = 0 and that qu]Q/ ZL 0,
the term in the second line of Z becomes unity. Then, using
Eq. (1) to rewrite dBjQ/ z_ B?/ % the path integral becomes

1

2>

z 1
¥ ai“Kiy=0

e Yrerkis [ B E B A +B1E — aBE

o oK [ dBf/Z\z/dB?/Z

First, note that the action amplitude on the second line is unity
since dB}Q/ zZ_ dB}Q/ Lez. Additionally, the action ampli-

tude no longer contains the cochains a?/ £ which the path
integral is summing over. Thus, performing the sum we obtain

) Q/ZpQIZ | pQIZ _ ;pQ/Z
Z = |det(K)|e o7 B bt BB AR )

where N, is the number of edges in the triangulated space-time
M*.
E. The 1-SPT invariant

The SPT order is characterized by the volume-independent
partition function

zZ(M*, B
Z(M*,0)
From this, we find that 1-SPT invariant for the 1-SPT state is

Z°(M*, BY7) = (69)

o Sreskir [pqs B E B A B S — dBE

ZtOp(M4, B?/Z) = )
(70)

where as a reminder

dB/* =0, Y Bk, =0. (71)

1

Such a nontrivial 1-SPT invariant (70) suggests that the 1-SPT
order can be nontrivial. We note that, as confirmed in the
Appendix, this 1-SPT invariant is correctly gauge invariant.
However, before going on consider some examples of non-
trivial 1-SPT invariants (see Sec. IVF), we want to show
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that any two matrices K and K related by K = UTKU with
U € GL(k, Z) actually describe the same 1-SPT invariant. We
will first try to express the 1-SPT invariant (70) in terms of
only the K matrix instead of k;;. In doing so, we will also find
a nice form for the 1-SPT invariant which we can use when
considering examples in the next section.

Consider the term Bg/ ZBjQ/ % in the SPT invariant (70). We
can first rewrite it as

> ki / By BY* = Zk, / BY*BY* — BY*BY*

I<J I<J

+ —ZKuf B;Q/ZB?/Z.
2 T M

Then using Eq. (1) and the fact that M* is closed, this can
become

_Zkll/ BQ/Z B?/Z _’_B‘GIQ/Z \;/ dBjQ/Z

1<J
1
Q/Z gQ/2
+§ZK”fMAB, B;

:_Zk”/ dB'* — B'* — B* — aB}/*

I1<J

- Q/ZpQ/Z | pQ/Z _ p0/Z
+22K”/MAB, B;'* +B," — dB}".

Plugging this expression for BS/ ZB;Q/ z

Eq. (70), we find

Zk”/ B BYE + B — aB)*
I<J

into the action in

1
B Q/ZpQ/Z Q/Z Q/Z
> E K”//\A4BI B;'" +B;"" — dB;

41 Zk” / aBY? < B 4 B — 4B,
1<J

We can go further by again using Eq. (1) to rewrite the second
line of the right-hand side and get

> ki / BYBE + BY* — aB}/*
1<J

1
2 QZpQZ | po/Z 0z
_ZE:K”//WBI B}* + B/* — aB;

— = Zk” / dBY* - dBY”. (72)

1 <J
Therefore, the 1-SPT invariant that characterizes the 1-SPT
order has the form

. Z,Q/Z z z
Zlop(M4 BQ/Z) _ elﬂZl.JK”fM‘lB?/ B;Q/ +B;Q/ ‘l’dBjQ/
E) 1 -

ei” Yk [aqe dBF/Z‘Z’dB?/Z

(73)

We can recast the relationship between k;; and Kj;, given by
Eq. (35), by treating k;, as the elements of the upper triangular
integer matrix k that satisfies

K=k+k'. (74)

Then, using that dBQ/Z dBQ/Z 4 dBQ/Z dBQ/Z

from Eq. (1), we can replace Z,Q kiyby Y ,_; Kiyin Eq (73)
to obtain

1 5 K [ BB 4B a5

ZtOP(M4,B?/Z) —e

o™ Krer K [t BT BT g
Equation (75) thus provides a form of the 1-SPT invariant in
terms of only the K matrix. However, due to the sum on the
second term only being over I < J, it is not covariant.

We see that, from Eq. (73), the 1-SPT invariant is charac-
terized by a pair of integer matrices (K, k). At first glance,
due to the k£ dependence, or equivalently Eq. (75) not being
covariant, it appears that the SPT invariant is changed by the
transformation ng/ ‘- §$/ Z and K — K where

BYE =w",B¥Y*, K=UTKU, (76)
and Uj; € GL(k, Z). Therefore, it would appear that K and K
do not describe the same 1-SPT invariant.

However, it turns out that K and K actually do describe the
same 1-SPT invariant. To show this, we first show that the 1-
SPT invariant is left unchanged when & is replaced by another
integer matrix k' (not necessarily upper triangular) such that
K =k’ +k'T. The difference A = k — k' is an antisymmetric
integer matrix. The respective lattice Lagrangian densities of
the 1-SPT invariant (73) for k and k' (after dividing by 27)
differ by

A
> A 4B apd?.
1,J

Using that A is antisymmetric, that integer multiples of 27 can
be added to the Lagrangian density without changing the path
integral, and Eq. (1), this can be rewritten as

> L an® s
1,J 2 :
LN A Q/z Q/z

which vanishes on a closed manifold. Therefore, the two La-
grangian densities differ by only a coboundary term and give
the same topological invariants for a closed M?*.

The above result allows us to show that the SPT invariant
is unchanged under the transformation (76). Indeed, we now
only need to check the k;; term in Eq. (73). Let k be an integer
matrix defined by

kiy =Y W ik Uy, (77)
<y
such that K =k+k'. Using that, from Eq. (76),

BY* = U, BY? and plugging it into the second line of
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Eq. (73), it becomes

ei” Zl</ kg fM4 dBP/Zde?/Z _ ei” Y kiy fM4 dg?/zjdgg/z

(78)

Let us now introduce the upper triangular integer matrix k
such that K = k + k'. Using the above result for a closed
M?#, the SPT invariant is unchanged by replacing k with k.
Therefore, the SPT invariant (73) is unchanged under the
transformation (76). -

The fact that K and K describe the same SPT invariant
also allows us to find a convenient expression for the SPT
invariant. Indeed, recall that the integer matrix K has the
Smith normal form given by Eq. (45). From the above discus-
sion, we see that, without losing generality, we may transform
K — UTKU without changing the SPT invariant and thus
may assume K to have the following form:

k1 kl
ky ky
-
K=V ks = ks 14
(79)
The invertible integer matrix V satisfies
Vi k
VOky =kVip =kViy or - =21, (80)
Vit ki

Using this expression for K, the 1-SPT invariant in its original
form given by Eq. (70) can be rewritten as

. Z Q2 z z
Zlop(M4 BQ/Z) _ e”[ZIk’V”fM“BP/ B;Q/ +B;Q/ ‘l/dB;Q/
£ 1 -

e e kiVis [ B CBY B — B

Furthermore, the quantization condition on the background
cochain field then becomes 21 BS/ ZkIVU = 0. This can be
automatically satisfied if we let B}Q/ % take the form

BYZ = kg, (81)

where B,Zk’ is a Z-valued 2-cocycle and thus satis-
fies dB,Zk’ L. Using this, the 1-SPT invariant for the
Z,({}) X Z,((l) X - -+ l-symmetry becomes

_ Zyy Zk, Zy, Zy,
Zy inY, Vuk' [ 4B, "B, +B, " —dB, "
ZtOP(M4,Bl l)=€ Zl 1 fM I 1 1 ; 1

. oy Zy; Zk, Zy Zy
612” >ier Vl!kJ]jM4 B, jBl I+Bl ’\]/dBj /

(82)

F. Some examples of SPT invariants

In the previous section, we found that U*(1) gauge the-
ory with a 2m topological term in the confined phase has a
nontrivial 1-SPT invariant (70). We then massaged the SPT
invariant into other forms, such as Egs. (75) and (82). This
suggests that generically there is a phase in the confined
phase with nontrivial 1-SPT order which is protected by the
Z,({:) X Z,(Cl) x - -+ symmetry discussed in Sec. IV C. Now we

will consider same simple examples of different K matrices
and the corresponding 1-SPT order. The first example will
have k = 1 while the second and third will be k = 2.

1. Example 1

Let us first consider the case where there is only one type of
cochain field a®/Z so ¥ = 1 and the K matrix would become

K = (2n), (83)

with n € Z. In this case, the (3 + 1)D bosonic model on
space-time lattice (34) becomes

7z = /D[a[R/Z] 67‘[/\"4

i2mn [ a(da®% —| da®/%7)(da®/% - da®/?7)

1ddR/Z | aaRIZ 2
8

X e

ei47‘rnfM4 u[R/Zd[daR/Z]—daR/ZTdeaR/Z] )

(84)

From our previous discussion, this theory has a Z(Zil) symmetry.
Let us see this explicitly. The path integral is invariant un-

der the transformation a®/% — a®/% + L 87 where B is an

arbitrary Z-valued 1-cochain satisfying d% = 0. The phys-
ical part of g7 is defined modulo 2n because shifting 7
by 2n-valued 1-cochain corresponds to shifting /% by an
integer-valued 1-cochain, which is a gauge transformation.
Therefore, this theory indeed has a Z(ZL) symmetry. When
g < 1, the above bosonic model at low energies describes
the deconfined phase of U (1) gauge field theory. At energies
much smaller than the energy gap of the U(1) monopole,
d|da®"1 = 0 and the Z{}) symmetry is promoted to an emer-
gent U (1)) symmetry.

When g > 1, the above bosonic model is in a gapped phase
with Zg} 1-symmetry, which corresponds to the confined
phase of the U(1) gauge theory. From our general discus-
sion, this gapped phase is an SPT phase protected by the
Z(ZL) 1-symmetry. Indeed, using Eq. (82), this SPT phase is
characterized by the 1-SPT invariant

e,’ % ([M4 BZ2n BZon +Bzzan312n

ZtOP(M4, BZZ,,) —

= ei%fj\/ﬂ SQZ(BZZ"). (85)

The (3 + 1)D 1-SPT order for the Z5!) 1-symmetry is clas-
sified by H*(B(Z3,,2);R/Z) = Z4, [20]. From the SPT
invariant, we find that the 1-SPT order realized by the confined
phase is given by 1 € Z4,, and thus is the generator of the SPT
orders classified by H*(B(Z2,, 2); R/ Z).

2. Example 2
Let us now consider an example where there are two types
of 1-cochain fields aF/ Z and af / Z, so k = 2, and the K matrix
is given by
2 1
k=7 1) (86)

We would like to find the SPT invariant for this K matrix using
Eq. (82). This requires us to first find the integers k;, k» and
the integer matrix V from Eq. (79). The diagonal elements of
the Smith normal form of K are (ki, k) = (3, 1). Thus, by
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finding k; we can immediately conclude that the 1-symmetry
is Z;l) Z(]) Z“) However, there does not exist an integer
matrix V Wthh w111 work for this K.

To find the SPT invariant, we can instead consider the

matrix
~ 6 3
K = (3 2) . 87)

Since K = UKUT, where
1 1
U= (1 O) e GL(2,7), (88)

our results from Sec. IV E show that the SPT order of K is
equivalent to that of the K matrix (86). Therefore, we now
attempt to find the SPT invariant using the same approach but
now with K. First note that the diagonal elements of the Smith
normal form of K are still (ki,ky) = (3, 1). The K matrix can
be written as

~ (6 3 3 0\/2 1
K=<3 2)=(o 1)(3 2)’ (89)

and we find the integer matrix V to be

2 1
)
From the k; and V found for K , we have that

(Vuk“)=(§ 1) (90)
J 1 2)

Using E((]1 (82) the corresponding 1-SPT invariant for the
Z 1) )= Z ) 1- -symmetry is given by

o F I B B +B,° —dB"

Ztop (M4 Zkl) —

o2 s BB 4B, —dB;!

ei2ﬂfM4 BZZIBZZ‘+BZZ‘TdBZZ‘ o1)
We can now use the fact that the SPT invariant is invariant
under the gauge transformation 32Zl — B? + m?, where m”?
is a Z-valued 2-cochain, to set 32Z ' = 0. Doing so, the SPT
invariant simplifies to

Ztop (M4 Zkl) — ei ZTY fM‘* Biszle +Blz3\]/d3123
Therefore, the 1-SPT invariant of the K matrix (86) is given
by Eq. (92). 1-SPT order protected by the 1-symmetry Zgl) is
classified by H*(B(Z3,2); R/Z) = 75 [20]. Therefore, from
Eq. (92) the SPT order realized in the confined phase for the
K-matrix (86) is given by 1 € Z3 and is thus the generator for
SPT orders classified by H*(B(Z3, 2); R/Z).

92)

3. Example 3

For our final example, let us again consider the scenario
where there are k¥ = 2 cochain fields afz/ Z, but now where the
K matrix is

K:(S 8) nel. 93)

The diagonal elements of the Smith normal form of this K
matrix are (ki, k») = (n, n). Therefore, the model with this K
matrix hasa Z(" x Z{) symmetry. Furthermore, this K matrix
can be written as

0 n n 0\/0 1
(o) =6 0 o) e
Thus, unlike example 2, using the K matrix we start with,
there exists the integer matrix

0 1
V- (1 0). 95)
From this matrix V and from k;, we find that
| (U
v = (0 5) )

Using Eq. (82), the corresponding 1-SPT invariant for the
7V x 7V 1-symmetry is given by

o BZZ” BiZ” +BZn_ gpZn

Ztop(M4 BZ,,) — jM [ 2 . (97)

Thus, we find that the 1-SPT order in the confined phase of
U()x U(1) 3+ 1)D gauge theory with K matrix (93) is
a mixed SPT order between the two Z{" 1-symmetries. In
other words, the boundary Chern-Simons theory has a mixed
anomaly between two Z( 1-symmetries. This Chern-Simons
theory describes (2 + 1)D Z, topological order. Indeed, the
loop operators charged under the two Z(" 1-symmetries are
the loop objects whose open ends correspond to e- and m-type
anyons, respectively. Furthermore, the fact that the e and m
anyons have nontrivial mutual statistics is a manifestation of
the mixed anomaly between the two Z{" 1-symmetries.

V. CONCLUSION

In this paper, we have considered (3 + 1)D compact
U*(1) gauge theory with 2w -quantized topological terms. In
Sec. IV B, we developed a bosonic lattice model acting as
the UV regularization for the continuum theory. Working with
this lattice model, we found that at energies much smaller than
the gauge charges’ gaps but larger than the monopoles’ gaps,
there is an exact emergent Z Z(l) X -+ l-symmetry. We
found that the confined phase of the U "(1) gauge theory
(i.e., the symmetric gapped phase of the bosonic model)
has nontrivial symmetry protected topological (SPT) order
which is protected by the exact emergent Z,((l) X Zki) X oo
1-symmetry. We then went on to gauge this symmetry in
Sec. IVD and found the corresponding SPT invariant in
Sec. IVE. We gave some examples of different K matrices
where the confined phases of the U (1) gauge theories real-
izes a Z(ZL) 1-SPT phase, a Zgl) 1-SPT phase, and a Z(" x Z{
mixed 1-SPT phase.

Note added. Recently, we noticed the independent work
[55] which studied the emergent 1-symmetry for the x =1
case in a phase where monopoles were only partially con-
densed.
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APPENDIX: GAUGE INVARIANCE
OF THE 1-SPT INVARIANT

In Sec. IVE of the main text, we found that the 1-
SPT invariant for the Z}(}) X Z,(;) X - -+ l-symmetry given by
Eq. (70):

e Srerkis [ B S B E+B1 % — dB®

Z[OP(M“,B;Q/Z) _

Here, BjQ/ Z, with I =1,...,k, are background symmetry
twist 2-cochain fields satisfying

ZB?/ZK,, = 0.
1

dBY* L,

In this Appendix, we confirm a claim made in the main text
that the above 1-SPT invariant for closed M* is invariant
under the gauge transformations

BY* = BY" v+ ny, BY” — BYT 4+ da?,  (A))
where n; are Z-valued 2-cochains and a;Q/ Z are Q/Z-
valued 1-cochains satisfying the quantization conditions
Zl a}Q/ZKH é 0.

First, we’ll check the Z-gauge transformation
BgQ/ z_ BS/ z + n;, which causes the 1-SPT invariant to

change by a factor

: Q/Z | pQ/Z
. z z — ~
612”ZIgJ ks fM“ n,B?/ +B$/ ny 612”21</ ki fM4 Y dB;""+B, ; dny .

Assuming that 3 M* = @ and using (1), this can be rewritten
as unity:

. Q/Z Q/z
eiz” ey ks fM4 n,B?/Z+B$/2n, 61271 sk fM4 nITdBJ +B, Tdn/
. Q/Z . Q/Z Q/Z
— 6127'[ ZLJ K]j fM4 BJ/ ny 6127'[ Zlg_l k]_/ -[M“ I‘l_/B[/ 731/ ny

y ei27‘r e ki [ andB?/Z-kBF/ZTdn,

ei27r Yies ks [qs —dBY ZTnJ -BY ZTdnJ

% ei27r Yk [aqa deBﬁq/ZJrB}Q/ZTdnJ

ei2:'r e ki [ n,\]/dB_“,Q/Z—dB;Q/Z\]/n,

ei27‘r Yies ki [ n,TdB?/Z+n/TdBP/Z+dn,?dB}Q/Z

_ eiZTr ZI_J K]j fM4 I‘L]\]/dBF/Z

=1.

Therefore, the SPT invariant is unchanged by the gauge trans-
formation sz/z — B?/Z + ny.

Lastly, let wus check the gauge transformation
B}Q/ z_ B;Q/ z + dag/ Z, which causes the 1-SPT invariant to
change by a factor

RES Yies ki [oqs daFBRZ+BY® daF/Z+daF/ZTdB_“3/Z

Once again, assuming 9 M* = @ and using (1), we can show
that this change is equal to unity:

i Yicskis fags daEBRELBYE da?/zmaF/ZTdBE/Z
i Yrer ks [ags daf'* B - da# B —daf* — aBj®
i2 k da®'*— 4BY/*
« el ”Zlg/ IJfM4 ar yas,
: Q/Z pR/Z
— elznZl,JKUfM“ daj B, — 1 (A2)

Therefore, the SPT invariant is also unchanged by the gauge
transformation Bﬁw s BﬁQ/ s dag/ z,
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