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Quench dynamics of the Kondo effect: Transport across an impurity coupled to interacting wires
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We study the real-time dynamics of the Kondo effect after a quantum quench in which a magnetic impurity is
coupled to two metallic Hubbard chains. Using an effective field theory approach, we find that for noninteracting
electrons the charge current across the impurity is given by a scaling function that involves the Kondo time. In
the interacting case, we show that the Kondo time decreases with the strength of the repulsive interaction and the
time dependence of the current reveals signatures of the Kondo effect in a Luttinger liquid. In addition, we verify
that the relaxation of the impurity magnetization does not exhibit universal scaling behavior in the perturbative
regime below the Kondo time. Our results highlight the role of nonequilibrium dynamics as a valuable tool in
the study of quantum impurities in interacting systems.
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I. INTRODUCTION

Quantum impurity problems in low-dimensional systems
have been of great importance to the understanding of
many-body systems for a long time [1]. The interaction be-
tween the impurity and the bulk degrees of freedom can
be approached theoretically using well-established analyti-
cal approaches based on exact solutions [2,3], and boundary
conformal field theory [4,5] and numerical methods such as
the numerical renormalization group [6] and the density ma-
trix renormalization group (DMRG) [7]. At the same time,
a steady development of experimental techniques to control
and probe synthetic quantum matter in quantum dots [8,9] and
ultracold atoms [10–13] opens the possibility of testing many
theoretical scenarios.

A currently active area of research is the study of the real-
time dynamics of quantum many-body systems driven out of
equilibrium [14,15]. A simple way of simulating the nonequi-
librium dynamics in closed systems is by means of quantum
quench protocols [15–18]. Consider a system described by a
Hamiltonian H (g), where g stands for a parameter or a set of
parameters, and suppose that the system is initially prepared
in the ground state |�0〉 of H (g). A quantum quench is defined
by a sudden (much faster than any other characteristic internal
time scale) change H → H ′ = H (g′), followed by the unitary
evolution of the system under H ′.

In this work, we investigate the formation of the Kondo
effect [19] in the real-time dynamics following a quantum
quench. In electronic systems, the Kondo effect arises when
the spin of a localized magnetic impurity couples to conduc-
tion electrons via an antiferromagnetic exchange interaction
with Kondo coupling JK > 0. The hallmark of this effect is
the emergence of an energy scale, kBTK , where kB is the Boltz-
mann constant and TK the Kondo temperature, which marks
a crossover from weak coupling at temperatures T � TK to

strong coupling at T � TK . The crossover can be detected in
various observables that behave as scaling functions of T/TK .
For instance, at high temperatures the impurity magnetic sus-
ceptibility exhibits a logarithmic scaling, χimp ∼ ln(TK/T ),
characteristic of the perturbative renormalization of the effec-
tive Kondo coupling. At T � TK , perturbation theory in the
Kondo coupling breaks down, and the low-temperature regime
T � TK is described by the localized spin forming a singlet
state with a conduction electron. In this regime, the impurity
susceptibility shows a (T/TK )2 dependence governed by irrel-
evant perturbations to the strong-coupling fixed point [20]. In
quantum wires with finite length L, the crossover can occur
at zero temperature as a function of the ratio L/ξK , where
ξK = h̄vF /(kBTK ) (with vF the Fermi velocity) is the size of
the Kondo cloud that surrounds and screens the localized spin
[21–26]. The Kondo cloud was recently observed in a meso-
scopic device [27]. By analogy and dimensional analysis, one
can argue for the existence of a Kondo time tK = h̄/(kBTK ). In
fact, the latter shows up in time-dependent response functions
[28] and can be interpreted as the time scale for the formation
of the Kondo cloud after the Kondo coupling is suddenly
switched on. The analogy with the equilibrium Kondo effect
has motivated the search for universal scaling behavior in the
time evolution after quenches in quantum impurity models
[29–45].

Our goal is to observe the emergence of the Kondo time
scale within an analytical approach for a quench protocol that
probes charge transport across a magnetic impurity. Similar
protocols have been studied in the anisotropic Kondo model
with noninteracting leads [32,33] and in junctions of Luttinger
liquids far from equilibrium without the localized spin [46].
Here we study the isotropic Kondo model including interac-
tions in the leads. The schematic setup is shown in Fig. 1.
We consider two electronic chains held at different chemical
potentials and coupled to a singly occupied quantum dot that
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FIG. 1. Schematic setup for a quantum dot coupled to two semi-
infinite chains. The hopping parameter in both chains is t1. The
quantum dot state at i = 0 has energy εd < 0 and on-site electron-
electron interaction Ud > 0. In the quench protocol, the single
electron in the dot is initially polarized and the left and right chains
are held at chemical potentials μ1 and μ2, respectively. At time t = 0,
the dot is coupled to the chains with hopping parameter t ′

1. After that,
a charge current starts flowing across the dot, with a time dependence
that reveals signatures of the Kondo effect.

acts as an S = 1/2 magnetic impurity. In the static problem
in the linear response regime, this setup reveals signatures of
the Kondo effect as the conductance across the dot scales with
T/TK , approaching the maximum value 2e2/h for T → 0 in
the particle-hole symmetric case [1,47]. Here we shall look
for scaling behavior as a function of the time ratio t/tK after
the chains are suddenly coupled to the impurity spin prepared
in a polarized state. We consider both regimes of t � tK
and t � tK , governed by the weak- and strong-coupling fixed
points of the Kondo model, respectively. Our results indicate
that the charge current in the post-quench dynamics can be
described by a scaling function of t/tK in the case of noninter-
acting electrons in the leads. We then turn to interacting chains
described by the Hubbard model and discuss how Luttinger
liquid effects modify the exponents in the time dependence
of the current as the system approaches the steady state. In
this process, we also generalize previous results [48] for the
real-time decay of the impurity magnetization, and show that
the latter is not a universal function in the regime t � tK .

This paper is organized as follows. In Sec. II we briefly
review the derivation of the Kondo model for a quantum dot
embedded between two tight-binding chains. We also intro-
duce the quench protocol and discuss the time scales involved
in the problem. In Sec. III we consider the current dynamics
in the case of noninteracting electrons in the leads, identify-
ing the scaling behavior as a function of t/tK in both weak-
and strong-coupling limits. In Sec. IV we discuss the effects
of electron-electron interactions in the chains. Section V is
devoted to the time dependence of the impurity magnetiza-
tion. Our conclusions are summarized in Sec. VI. Finally,
Appendix A contains the main bosonization formulas, and
Appendix B focuses on the three-point function used in the
perturbative calculations. Hereafter we set h̄ = kB = 1.

II. MODEL AND QUENCH PROTOCOL

We investigate the post-quench dynamics of a quantum dot
coupled to two semi-infinite chains, see Fig. 1. The system is
described by the time-dependent Hamiltonian

H (t ) = H0 + HU + Hd + θ (t )Hcoup. (1)

Here H0 = ∑
�=1,2 H� is the Hamiltonian for decoupled chains

with

H1 = −t1
∑
i�−2

(c†
i ci+1 + H.c.), (2)

H2 = −t1
∑
i�1

(c†
i ci+1 + H.c.), (3)

where t1 is the hopping parameter in the chains and c†
i =

(c†
i↑, c†

i↓), with c†
iσ the creation operator for an electron with

spin σ at site i. The corresponding number operator is niσ =
c†

iσ ciσ . The second term in Eq. (1) accounts for electron-
electron interactions in the chains:

HU = U
∑
i 
=0

ni↑ni↓, (4)

where U � 0 is the strength of the on-site repulsive interac-
tion. The Hamiltonian for the dot (denoted as site i = 0) is
given by

Hd = εd n0 + Ud n0↑n0↓, (5)

where n0 = n0↑ + n0↓, εd is the energy of the localized state
with respect to the Fermi level in the chains, and Ud is the
local interaction. To favor a local moment at the quantum dot,
we consider εd < 0 and Ud > 0. The coupling term reads

Hcoup = −t ′
1 (c†

−1 + c†
1)c0 + H.c., (6)

where t ′
1 is the hybridization between the dot and the end sites

of each chain.
The Kondo regime corresponds to t ′

1 � −εd ,Ud . In this
case, we apply a Schrieffer-Wolff transformation to derive
the effective Hamiltonian in the low-energy subspace with a
single electron at the dot [19]. We obtain

Heff (t ) = H0 + HU + θ (t )(HK + HW ), (7)

where

HK = JK S0 · (c†
−1 + c†

1)
σ

2
(c−1 + c1),

HW = W (c†
−1 + c†

1)(c−1 + c1). (8)

Here HK describes the Kondo interaction between conduction
electrons in the symmetric channel and the impurity spin S0 =
c†

0(σ/2)c0, with Kondo coupling

JK = 2t ′2
1

(
1

−εd
+ 1

Ud + εd

)
. (9)

The strength of the potential scattering term HW is

W = t ′2
1

2

(
1

−εd
− 1

Ud + εd

)
. (10)

Note that W vanishes in the particle-hole symmetric case εd =
−Ud/2.

We now focus on the model for noninteracting chains, U =
0, and analyze it in the continuum limit. We will discuss the
interacting case in Sec. IV. We replace c jσ by a fermionic field
operator c�,σ (x), where c1,σ (x) is defined for x < 0 and c2,σ (x)
for x > 0. To describe the low-energy modes in the chains, we
expand c�,σ (x) in terms of right (R) and left (L) movers:

c�,σ (x) = eikF xψR,�,σ (x) + e−ikF xψL,�,σ (x), (11)
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where kF is the Fermi momentum, assumed to be the same
for both chains at equilibrium. Particle-hole symmetry im-
poses half filling, kF = π/2. For t ′

1 = 0, the open boundary
condition c�,σ (0) = 0 can be cast as a constraint on the chiral
fermionic modes in each wire:

ψL,�,σ (x) = −ψR,�,σ (−x). (12)

The above constraint allows us to work with a single chiral
mode redefined in the domain x ∈ R [49]:

ψ
†
1 (x) ≡ (ψ†

L,1,↑(−x), ψ†
L,1,↓(−x)),

ψ
†
2 (x) ≡ (ψ†

R,2,↑(x), ψ†
R,2,↓(x)). (13)

In the continuum limit, the noninteracting Hamiltonian in the
leads can be written as

H0 = vF

∑
�

∫
dx ψ

†
� (−i∂x )ψ� , (14)

with Fermi velocity vF = 2t1 sin kF . For small t ′
1, we can treat

the local interactions as perturbations to the weak-coupling
fixed point JK = W = 0. In terms of the fermionic fields, we
have

HK = πvF λK S0 ·
∑
�,�′

: ψ
†
� (0)

σ

2
ψ�′ (0) :, (15)

HW = W ′ ∑
�,�′

: ψ
†
� (0)ψ�′ (0) :, (16)

where λK = 4JK sin2 kF /(πvF ) is the dimensionless Kondo
coupling, W ′ = 4W sin2 kF , and : : denotes normal ordering.

In the static problem, the effective Kondo coupling at
energy scale  obeys the renormalization group (RG) equa-
tion [5,19]

d

dl
λK = λ2

K + O
(
λ3

K

)
, (17)

where l = ln(0/) with 0 ∼ t1 the bare cutoff. In contrast,
the potential scattering parameter W ′ is strictly marginal. As a
result, the low-energy physics is dominated by the flow of λK

to strong coupling, in the form

λeff
K (l ) ≈ λ0

1 − λ0l
, (18)

where λ0 = λeff
K (0) is the bare coupling constant. In the lat-

tice picture for the strong-coupling fixed point λK → ∞, the
impurity forms a singlet with an electron in the symmetric
orbital associated with (c†

1 + c†
−1)/

√
2 [22,23]. At low ener-

gies, this symmetric orbital is blocked by a binding energy of
order TK ∼ 0e−1/λ0 � 0. This effect changes the bound-
ary conditions for the symmetric channel, but electrons can
move freely between the chains through the anti-symmetric
orbital associated with (c†

1 − c†
−1)

√
2. For W ′ = 0, the strong-

coupling fixed point is characterized by the ideal conductance
G0 = e2/π (in unit of h̄ = 1). More generally, the conduc-
tance is lowered by the potential scattering term allowed in
the case of broken particle-hole symmetry [22].

To study the post-quench dynamics of the model, we con-
sider that for times t < 0 the system is prepared in the state

|�0〉 = |ψ0〉1 ⊗ |↑〉 ⊗ |ψ0〉2, (19)

where |ψ0〉� for � = 1, 2 denote the ground states of the dis-
connected chains and |↑〉 is the spin-polarized state of the
impurity. For times t > 0, we switch on the Kondo interaction
and the state evolves nontrivially as

|�(t > 0)〉 = e−iHeff t |�0〉. (20)

By analogy with the static problem [19], we expect the in-
frared singularity associated with the Kondo effect to be cut
off by the finite time after the impurity is coupled to the
leads. Thus, the dynamics in the time regime t � tK must
be governed by the weak-coupling fixed point and λK can
be treated as a perturbative parameter. For times t ∼ tK , the
dimensionless Kondo coupling must become of order one,
implying that the perturbative expansion breaks down. For
t � tK , the dynamics is controlled by the strong-coupling
fixed point. Besides the Kondo time scale, the low-energy
theory may involve another important time scale, −1

0 , related
to the microscopic details of the lattice model in Eq. (1).
Since our quench is instantaneous, the latter is the shortest
time scale in the problem. The field theory results discussed in
the following require t � −1

0 , but we should still observe a
crossover in the physical properties of the system between the
intermediate-time regime −1

0 � t � tK and the long-time
regime t � tK .

III. CHARGE TRANSPORT ACROSS THE IMPURITY

In this section we discuss the dynamics of the charge cur-
rent after the impurity is coupled to the noninteracting chains
with a small voltage bias. Unless otherwise stated, we assume
particle-hole symmetry and set W ′ = 0.

A. Weak coupling

To study time-dependent transport, we consider different
chemical potentials μ� in the chains. The Hamiltonian for t >

0 is modified by

H → H +
∑
�=1,2

μ�N�, (21)

where N� is the total number operator for electrons in chain
�. The chemical potential term in Eq. (21) can be traded for
a time-dependent vector potential using the gauge transfor-
mation ψ� → e−iμ�tψ�, at the price of introducing an explicit
time dependence in H [46].

The current operator in the continuum limit is

ĵ(t ) = e
d

dt
(N1 − N2) = ie[HK , N1 − N2],

= ieπvF λK [eieV t S0 · ψ
†
2 (0)σψ1 (0) − H.c.], (22)

where V ≡ (μ2 − μ1)/e plays the role of a bias voltage. In the
following we focus on the linear response regime and assume
that eV is the smallest energy scale in the problem, therefore
all our time-dependent transport results are limited by the time
t � tV ≡ |eV |−1. The current at time t > 0 is given by

j(t ) = 〈�(t )| ĵ(t )|�(t )〉,
= 〈T ĵI (t ) UKel〉0, (23)
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where ĵI (t ) = eiH0t ĵ(t )e−iH0t is the current operator evolved
in the interaction picture, H0 is written in the continuum limit
as in Eq. (14), and 〈 〉0 denotes the expectation value in |�0〉.
Here T is the time-ordering operator in Keldysh contour γ

and

UKel = exp

[
−i

∫
γ

dt ′HK,I (t ′)
]

(24)

is the time evolution operator in γ [50] involving the Kondo
interaction HK,I (t ) = eiH0t HK e−iH0t with HK given in Eq. (15).

In the time regime t � tK , the Kondo coupling can be
treated perturbatively. Expanding the exponential in Eq. (24)
in powers of λK and rewriting

∫
γ

= ∫
γ + + ∫

γ − , with γ − (γ +)
the time (anti-time)-ordered branch, we obtain a perturbative
series for the current in Eq. (23). The lowest-order terms in
this series are

j (2)(t ) = i
∫ t

0
dt ′〈[HK,I (t ′), ĵI (t )]〉0, (25)

j (3)(t ) = −1

2

∫ t

0
dt ′dt ′′[〈 ĵI (t )T HK,I (t ′)HK,I (t ′′)〉0

+ H.c. − 2〈HK,I (t ′) ĵI (t )HK,I (t ′′)〉0]. (26)

Here j (n)(t ) stands for the current at order λn
K , generated by

expanding the time evolution operator to order λn−1
K . Note that

the current operator in Eq. (22) already contains one factor of
λK . Since [H0, S0] = 0, the time dependence of the impurity
spin correlators only comes from the time-ordering operator.

Calculating the correlator in Eq. (25), we obtain the linear-
in-V contribution

j (2)(t ) = 3ie2V λ2
K

8

∫ 0t

0
du

u

[h(u)]2
+ H.c., (27)

where h(u) = 1 + iu. While the above integral can be com-
puted analytically for arbitrary times, we are mostly interested
in the regime 0t � 1. In this case, the leading term in the
current behaves as

j (2)(t ) ≈ 3π2 j0
8

λ2
K

[
1 − 4

π0t
+ O(t−3)

]
, (28)

where j0 = e2V/π is the current for an ideal conductance.
This result is the same as that for the transport across a
nonmagnetic impurity [46]. As it stands, this result suggests
that the current would approach a finite value corresponding
to a small conductance of order λ2

K .
To capture the Kondo effect, we need to include the con-

tribution to the current at order λ3
K . Given the initial state in

Eq. (19) and the current operator in Eq. (22), the only impurity
correlator that contributes to the current in Eq. (26) is〈

T Sa
0 (t )Sb

0(t ′)Sc
0(t ′′)

〉
0 = εabc i

8
ε(t, t ′, t ′′), (29)

where εabc is the Levi-Civita symbol and ε(t, t ′, t ′′) = 1 if
t > t ′ > t ′′ and is completely antisymmetric under the ex-
change of t, t ′, t ′′. As for the conduction electrons, the nonzero
correlators involve, for instance,

〈T ψ
†
1↓(t )ψ2↑(t )ψ†

1↑(t ′)ψ1↓(t ′)ψ†
2↑(t ′′)ψ1↑(t ′′)〉0, (30)

〈T ψ
†
1↓(t )ψ2↑(t )ψ†

2↑(t ′)ψ1↓(t ′)[ρ1s(t
′′) + ρ2s(t

′′)]〉0, (31)

where ρ�s = (ρ�↑ − ρ�↓)/
√

2 is defined in terms of ρ�σ =:
ψ

†
�σψ�σ : and all the fields act at x = 0. After integrating over

t ′′ in Eq. (26), we obtain to linear order in V

j (3)(t ) = ie2V λ3
K

4

∫ 0t

0
du

u ln h(u)

[h(u)]2

{
1 − 2[h(u)]2

u(u − 2i)

}
+ H.c. + · · · , (32)

where we drop terms that decay as (0t )−1 or faster for
0t � 1. This approximation is equivalent to taking the scal-
ing limit of the Kondo model, 0 → ∞, JK → 0, with TK

fixed.
Evaluating the integral in Eq. (32) and combining the result

with the leading contribution from Eq. (28), we obtain

j(t ) ≈ 3π2 j0
8

λ2
K [1 + 2λK ln(0t )] + O

(
λ4

K

)
. (33)

In this perturbative regime, the time dependence of the cur-
rent can be cast in the form j(t ) = j[λeff

K (t )], where j[λK ] =
3π2 j0

8 λ2
K and

λeff
K (t ) = λK + λ2

K ln(0t ) + · · · (34)

is the effective Kondo coupling at time scale t . This result
confirms our expectation that the weak-coupling expansion
should break down at long times, since the effective Kondo
coupling diverges for t → ∞. From Eq. (34), we can define
the Kondo time by the condition λeff

K (tK ) ∼ 1 with bare cou-
pling λK = λ0 � 1. This condition gives tK ∼ −1

0 e1/λ0 �
−1

0 , as expected from the relation tK ∼ 1/TK . From Eq. (18),
we then have λeff

K (t ) ≈ [ln(tK/t )]−1 for −1
0 � t � tK , and

we obtain

j(t ) ≈ 3π2

8

j0
ln2(tK/t )

. (35)

This result was obtained in Ref. [33] based on poor man scal-
ing’s arguments. Here we have explicitly verified the scaling
of the effective Kondo coupling by computing the third-order
contribution to the time-dependent current.

The scattering potential term in Eq. (15) contributes to the
current at order (W ′)2 [46]. Since this term does not renor-
malize, the result in Eq. (33) is simply modified by a constant
term. Similarly to the low-energy limit of the Kondo problem
in the static case, the long-time limit of our dynamical prob-
lem is governed by the flow of λK to strong coupling. We will
address this limit in the next subsection.

B. Strong coupling

In the limit t � tK , the effective Kondo coupling diverges.
The impurity spin is completely screened and removed from
the low-energy theory. In the particle-hole symmetric case,
W ′ = 0, the scattering phase shift associated with the Kondo
effect in the symmetric channel [1,47] modifies the boundary
conditions at the origin to

ψL,2,σ (0) = ψR,1,σ (0), ψR,2,σ (0) = ψL,1,σ (0). (36)

Thus, the fixed-point Hamiltonian describes a single wire with
perfect transmission at the origin:

Hsc = vF

∫
dx [ψ†

R(−i∂x )ψR + ψ
†
L (i∂x )ψL]. (37)
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j(t)

j0

ln(Λ0t)ln(Λ0tK)

U = 0

U = U1 > 0

U = U2 > U1

FIG. 2. Schematic time dependence of the current across the
impurity spin after the quantum quench. Here j0 = G0V is the cur-
rent for ideal conductance G0 = e2/π . The solid line represents the
case of noninteracting electrons in the chains. In the time interval
−1

0 � t � tK , described by the weak-coupling fixed point of the
Kondo model, the current increases logarithmically with time, see
Eq. (33). The long-time regime t � tK is described by the strong-
coupling fixed point, see Eq. (39). The dashed and dot dashed
lines represent the behavior for two different values of the repulsive
electron-electron interaction in the leads, in which case the current
vanishes as ∼t1−K−1

c at long times [see Eq. (53) and Sec. IV C].

As a consequence, for sufficiently long times the current must
approach the ideal conductance limit, j(t � tK ) → j0.

To analyze the long-time behavior, we can perturb the
strong-coupling fixed point by its leading irrelevant operator.
Since the impurity is screened, its spin operator does not
appear in the low-energy effective Hamiltonian. According to
local Fermi liquid theory [1,20], the leading irrelevant opera-
tor that respects SU(2) symmetry is

δH = g : J2(0) :, (38)

where J(0) = ψ†(0) σ
2 ψ (0) is the spin density at the origin

and g ∼ 1/TK ∼ tK is the coupling constant. The operator in
Eq. (38) has scaling dimension equal to two; like any bound-
ary operators with dimension greater than one, g is irrelevant
in the RG sense. Considering the application of a small volt-
age V around the origin [51] and calculating the current at
long times by perturbation theory to order g2, we obtain

j(t ) ≈ j0

[
1 −

(
tK
t

)2
]
. (39)

Thus, in the long-time regime the Kondo time tK can be
extracted from the coefficient of the 1/t2 term, which is absent
in the intermediate-time regime, see Eq. (28). We recall that
we always consider the time range t � tV = |eV |−1. At finite
bias, the current would be influenced by oscillating terms with
frequency eV (see, e.g., Ref. [33]).

The results in Eqs. (33) and (39) are illustrated in Fig. 2.
They are analogous to the behavior of static properties of
Kondo systems at finite temperature, such as the impurity sus-
ceptibility χimp(T ) [19], with the correspondence T ↔ t−1.
This correspondence reveals that, in the post-quench dynam-
ics, time essentially acts as the inverse of an energy scale
and the dynamics is effectively controlled by the RG flow

from weak to strong coupling. At intermediate times, t ∼ tK ,
the problem becomes nonperturbative and we are not able
to derive analytical expressions. However, since the Kondo
effect is characterized by a crossover with a single emergent
energy scale TK , in general we expect a smooth function
j(t/tK ) connecting the asymptotic behavior in Eqs. (33) and
(39).

For a system without particle-hole symmetry, we need to
take into account an additional perturbation corresponding to
a local potential barrier:

Hsc → Hsc + W : [ψ†
R(0) + ψ

†
L (0)][ψR(0) + ψL (0)] :, (40)

where W is the strength of the scattering potential. For nonin-
teracting electrons, this term is a marginal perturbation. As
a result, the constant value of the current at long times is
reduced by a correction of order W2, but the time dependence
is qualitatively the same as for W = 0.

IV. LUTTINGER LIQUID EFFECTS

In this section we discuss how electron-electron interac-
tion in the chains affect the Kondo effect in the post-quench
dynamics. In this case, our model describes two semi-infinite
Hubbard chains prepared in the ground state of H0 + HU and
suddenly coupled to a polarized impurity spin.

A. Low-energy Hamiltonian

The low-energy excitations in the chains are described by
the Luttinger model [51,52]. Starting from t ′

1 = 0 (see Fig. 1),
we take the continuum limit and write the interaction in terms
of the chiral fermionic fields. The low-energy effective Hamil-
tonian for each chain reads

H int
� =

∫
dx

{
vF ψ

†
� (−i∂x )ψ�

+U
∑

σ

: ψ
†
�,σ (x)ψ†

�,−σ (−x)ψ�,σ (−x)ψ�,−σ (x) :

+U
∑

σ

ρ�,σ (x)[ρ�,−σ (x) + ρ�,−σ (−x)]

}
, (41)

where we used the constraint in Eq. (12). Here we have
omitted the Umklapp term, which oscillates in space for
kF 
= π/2 [51]. At halffilling, kF = π/2, the Umklapp term
becomes a relevant perturbation that drives the system to a
Mott-insulating phase for arbitrarily small U > 0. For this
reason, in the interacting case we stay away from halffilling,
which entails breaking particle-hole symmetry.

We can diagonalize the interacting Hamiltonian in Eq. (41)
using Abelian bosonization [51,52]. For open boundary con-
ditions, the fermionic field operator assumes the form [49]

ψ�(x) ∼ 1√
2πα

(
F�↑e−i

√
π
2 [φ�,c (x)+φ�,s (x)]

F�↓e−i
√

π
2 [φ�,c (x)−φ�,s (x)]

)
, (42)

where α ∼ vF /0 is a short-distance cutoff, F�σ are Klein
factors that ensure the anticommutation relations between
electrons with opposite spin, and φ�,λ(x) with λ = c, s are
chiral bosonic fields associated with charge and spin collective
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modes, which obey

[φ�,λ(x), φ�′,λ′ (y)] = iδ��′δλλ′sgn(x − y). (43)

In terms of bosonic annihilation operators η�,λ,q with momen-
tum q > 0, the fields φ�,λ(x) are given by

φ�,λ(x) =
∑
q>0

e− α
2 q

√
qL

[zλq(x)η�,λ,q + z∗
λq(x)η†

�,λ,q], (44)

where L is the length of the open chain, zλq(x) =
(1/

√
Kλ) cos(qx) + i

√
Kλ sin(qx), and Kc and Ks are the Lut-

tinger parameters in the charge and spin sectors, respectively.
For the Hubbard model with U � 0, we have 1/2 < Kc � 1,
with Kc = 1 corresponding to the free-fermion point. In the
spin sector, the SU(2) spin-rotation symmetry fixes Ks = 1
[51,52].

The bosonized Hamiltonian for an interacting chain in
Eq. (41) can be written as

H int
� = HLL

� + Hbs
� , (45)

where the first term describes a Luttinger liquid with open
boundary conditions:

HLL
� =

∑
λ=c,s

∑
q>0

vλq η
†
�,λ,qη�,λ,q. (46)

Here vc and vs are the velocities of the charge and spin bosonic
modes, respectively. While bosonization yields perturbative
expressions for the velocities and Luttinger parameters for
small U , the Luttinger liquid Hamiltonian holds in general as
the low-energy fixed point for any metallic (gapless) system in
one dimension [53]. The second term in Eq. (45) corresponds
to the backscattering operator in the second line of Eq. (41).
For the SU(2)-symmetric model with U > 0, this term is
known to be marginally irrelevant [51,52]. In the following we
neglect the effects of the backscattering term and approximate
H int

� ≈ HLL
� .

We can now couple the quantum dot in the Kondo regime
to the Luttinger liquid leads [49,54–56]. We rewrite the Kondo
interaction as

H int
K = πvF λK S0 ·

∑
�

: ψ
†
� (0)

σ

2
ψ� (0) :

+πvF �K S0 ·
[
: ψ

†
1 (0)

σ

2
ψ2 (0) + H.c.

]
: . (47)

In addition, we now distinguish between the dimensionless
Kondo coupling within the same wire, λK , and the coupling
�K associated with tunneling across the impurity because
these operators acquire different scaling dimensions in the in-
teracting case. The bosonization of the Kondo interaction can
be obtained from Eq. (42). Close to the weak-coupling fixed
point, the couplings λK , �K � 1 obey the RG equations [49]

d

dl
λK = 1

2

(
λ2

K + �2
K

)
, (48)

d

dl
�K = 1

2

(
1 − K−1

c

)
�K + λK�K . (49)

For a repulsive interaction, Kc < 1, the coupling �K initially
decreases under the RG flow. However, since λK > 0 always
increases, the second term in Eq. (49) ultimately drives �K to
strong coupling as well.

The perturbative RG equations indicate that the low-energy
limit of the Kondo model with interacting chains is still de-
scribed by a strong-coupling fixed point where the impurity
spin is screened by the conduction electrons. However, away
from halffilling, the scattering potential term in Eq. (40) is
allowed by symmetry as a perturbation to the fixed point
with ideal conductance. Even if we assume a small W , the
backscattering part of this term flows to strong coupling
as dW/dl = (1 − Kc)W/2. As a consequence, the effective
height of the potential barrier diverges. At low energies, we
recover two decoupled Luttinger liquids with open boundary
conditions, with one electron in the symmetric channel having
been removed to form a singlet with the impurity spin. This
picture for the Kondo effect in a Luttinger liquid suggests that
the time dependence of the current in our quench protocol can
be strongly affected by interactions, as we shall discuss in the
following.

B. Weak coupling

We now turn to the post-quench dynamics for interacting
electrons. As discussed in Sec. II, we assume that the system
has been prepared in the ground state of the Hamiltonian for
decoupled chains. Within the low-energy theory, the ground
state |ψ0〉� of the Hubbard chains corresponds to the vacuum
of charge and spin bosons, η�,λ,q|ψ0〉� = 0 for λ = c, s and all
q > 0.

Once again, we start by calculating the time-dependent
current using perturbation theory in the Kondo coupling. The
first terms in the series expansion of j(t ) are still given by
Eqs. (25) and (26), but we now use the bosonized expressions
for the current operator and the Kondo interaction given in
Appendix A. The bias voltage is implemented as a time-

dependent shift of the charge bosons, φ�,c → φ�,c +
√

2
π

μ�t.
The correlators involve exponentials of the bosonic fields, see
Eq. (42). At order λ2

K , we need two-point functions of the form
[51,52]〈

eiaφ�,λ(t )e−ibφ�′ ,λ′ (t ′ )〉
0 = δabδ��′δλλ′

[1 + i0(t − t ′)]a2/πKλ
, (50)

where a ∈ R. At order λ3
K , correlators such as the one in

Eq. (30) can be calculated using Eq. (50). On the other hand,
the bosonized form of the correlator in Eq. (31) is proportional
to 〈

Te−i
√

π [φ+
s (t )−φ−

c (t )]ei
√

π[φ+
s (t ′ )−φ−

c (t ′ )]∂xφ
+
s (t ′′)

〉
0, (51)

where we define the symmetric and antisymmetric combina-
tions

φ±
λ (x) = φ1,λ(x) ± φ2,λ(x)√

2
, (52)

which obey [φσ
λ (x), φσ ′

λ′ (y)] = iδσσ ′δλλ′sgn(x − y). To calcu-
late the spin part of this correlator, we need to contract ∂xφ

+
s

with the exponentials using Wick’s theorem as explained in
Appendix B. We have checked that our result agrees with the
correlator obtained in fermionic language in the noninteract-
ing limit Kc → 1.

After calculating the correlators, we find that the leading
contributions to the current in the interacting case are obtained
by replacing [h(u)]2 → [h(u)]1+K−1

c in Eqs. (27) and (32). The
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Luttinger parameter Kc also appears in the subleading contri-
butions omitted in Eq. (32). For the time regime 0t � 1, we
can calculate the integrals analytically to obtain

j(t ) = 3π j0
4

sin(πν/2)�2
K

ν(0t )ν
[1 + 2λK ln(̃0t )] + O

(
�4

K

)
,

(53)

where ν = K−1
c − 1, ̃0 = 0 exp[ 1

ν
− π

2 cot( πν
2 )] and we as-

sumed α0 ≈ vF . It is easy to verify that Eq. (53) reduces
to Eq. (33) if we take �K = λK and Kc → 1. In the above
expression we can recognize the competing effects in the
intertwined RG equations (48) and (49). At second order, we
find a power-law decrease in the effective tunneling amplitude
�K , but at third order there is a logarithmic enhancement due
to the coupling between �K and λK .

We can rewrite Eq. (53) in terms of a renormalized cou-
pling as

j(t ) = 3π j0
4

sin(πν/2)

ν

[
�eff

K (t )
]2

, (54)

where

�eff
K (t ) ≈ 1

(0t )ν/2

�K

1 − λK ln(̃0t )
. (55)

Besides two independent Kondo couplings, �K and λK , the
expression in Eq. (55) involves the high-energy cutoff in
the power-law decaying factor. The interactions in the wires
destroy the universal scaling of the Kondo problem in the
sense that it is no longer possible to write the current, or any
other physical quantity, as a function of t/tK only. Neverthe-
less, it is instructive to analyze the weakly interacting limit
U � t1, where we have Kc ≈ 1 − U/(πvF ) [51]. In this case,
λK and �K start off approximately equal and flow together
to strong coupling. Perturbation theory breaks down when
λK ln(̃0t ) ∼ 1, which gives an estimate for the time scale

t̃K ∼ tK

(
1 − πU

12vF

)
, (56)

where tK = −1
0 e1/λK is the Kondo time in the noninteracting

case and we have expanded the renormalized cutoff to first
order in U . In principle, at higher orders the dimensionless
Kondo coupling λK may pick up a U dependence as well, but
in the weakly interacting limit this dependence can be ignored
in Eq. (56). According to Eq. (56), the time t̃K decreases
with the interaction in the wires; in other words, repulsive
interactions in the wires speed up the formation of Kondo
singlet state. The same conclusion was reached numerically
in Ref. [48].

Since particle-hole symmetry is broken away from half-
filling, we also need to consider the perturbation in Eq. (16).
In bosonized form, the intrawire part of this potential scatter-
ing term is proportional to ∂xφ

+
c (0) and produces a constant

contribution to the current. On the other hand, the tunneling
term is proportional to cos[

√
πφ−

c (0) + eV t] cos[
√

πφ−
s (0)],

yielding a contribution that decays with time as 1/tν , as ex-
pected from the scaling dimension of this operator.

C. Strong coupling

We now turn to the long-time regime t � t̃K . As discussed
in Sec. III B, this regime is governed by perturbations to the
strong-coupling fixed point. The main difference from the
noninteracting case is that the potential scattering term in
Eq. (40) now has scaling dimension (1 + Kc)/2 and becomes
relevant for repulsive interactions. In this case, the stable
low-energy fixed point of the Kondo model consists of two
decoupled semi-infinite Luttinger liquids [49]. Since this fixed
point has vanishing conductance, we expect j(t → ∞) = 0.
The leading perturbation is the irrelevant tunneling between
the wires, equivalent to the interwire term in Eq. (16). Thus,
we conclude that, after the impurity spin has been effectively
screened, the current goes to zero as j(t ) ∼ 1/tν . This behav-
ior is represented by the dashed and dot dashed lines in Fig. 2.

V. IMPURITY MAGNETIZATION

In this section we consider the time evolution of the im-
purity magnetization after the quantum quench. The purpose
is to connect with the results of Ref. [48], where second-order
perturbation theory in the Kondo coupling was used to analyze
numerical data from time-dependent DMRG. Here we extend
this calculation to third order and contrast the behavior of im-
purity magnetization with that of the charge current discussed
in Sec. III.

We now consider the simpler setup in which the impurity
is coupled at the edge of a single chain, say � = 2 in Fig. 1. In
this case the Kondo interaction is

H ′
K = JK S0 · c†

1

σ

2
c1, (57)

where JK is still given by Eq. (9). To obtain the low-energy
effective Hamiltonian, we proceed as in Sec. IV. Using the
bosonization mapping and neglecting the irrelevant backscat-
tering term in the interacting case, we obtain the effective
Hamiltonian

H ′ = HLL + πvsλK

[
S+

0

e−i
√

2πφs (0)

2πα
+ S−

0

ei
√

2πφs (0)

2πα

− Sz
0

1√
2π

∂xφs(0)

]
, (58)

where we drop the index � in the fields for a single chain.
Remarkably, in the above Hamiltonian the Kondo interaction
only involves the spin boson φs. This is a result of spin-charge
separation in the geometry with an impurity coupled to the
edge of a single wire [25]. Thus, unlike the case of an impu-
rity embedded between two wires discussed in the previous
sections, in this case the charge sector remains free and, as a
consequence, the Luttinger parameter Kc does not appear in
correlators for the electron spin density.

The impurity magnetization is given by

m0(t ) = 〈�(t )|Sz
0|�(t )〉. (59)

We can apply perturbation theory in λK to obtain an expres-
sion for m0(t ) valid in the regime t � tK . Alternatively, we
can employ a description similar to that used in the calculation
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of the charge current and consider the quantity [cf. Eq. (22)]

ĵz
s = d

dt
Sz = πvsλK : ψ†(0)(S0 × σ)zψ (0) :, (60)

where Sz is the z component of the total spin operator for
electrons in the wire. The operator in Eq. (60) represents the
spin current that flows to the wire after the quench. In terms
of the bosonic fields, the spin current reads

ĵz
s = i

vsλK

2α

[
S+

0 e−i
√

2πφs (0) − S−
0 ei

√
2πφs (0)

]
. (61)

Since the entire system conserves spin, the impurity magneti-
zation is related to the spin current for t > 0 by

jz
s (t ) + d

dt
m0(t ) = 0, (62)

where jz
s (t ) = 〈�(t )| ĵz

s |�(t )〉. This continuity equation allows
us to obtain m0(t ) by integrating jz

s (t ) with the initial condi-
tion m0(0) = 1/2.

We can now calculate jz
s (t ) by perturbation theory in λK .

The expansion is analogous to Eqs. (25) and (26). At order
λ2

K , we find that jz
s (t ) decays as 1/t for 0t � 1. Integrating

this leading contribution in time according to Eq. (62), we
recover the logarithmic relaxation of the impurity magneti-
zation observed in Ref. [48]. Going further and computing the
third-order contribution, we obtain

jz
s (t ) = λ2

K

2t
[1 + 2λK ln(0t )] + O

(
λ4

K

)
, (63)

where we drop a subleading contribution that decays as 1/t2

in the regime 0t � 1. Thus, the spin current can be cast in
the form jz

s (t ) = [λeff
K (t )]2/(2t ) with λeff

K (t ) given in Eq. (34).
On the other hand, using Eq. (62), we find that the impurity
magnetization is given by

m0(t ) = 1

2
− λ2

K

2
ln(0t )[1 + λK ln(0t )] + O

(
λ4

K

)
. (64)

We note that m0(t ) is not a function of the effective Kondo
coupling and, consequently, not a function of t/tK . In hind-
sight, this conclusion could have been anticipated by noting
that the second-order term in Eq. (64) contains an explicit
logarithmic dependence on the high-energy cutoff 0 which
is not related to the Kondo effect. We can further interpret this
result using a simple scaling argument. The continuity equa-
tion implies that the current associated with any dimensionless
conserved charge has dimensions of energy (or inverse time).
For the charge current obtained in Eq. (33), the factor with
dimensions of energy stems from the voltage bias eV that
drives the current. In this case, the leading time dependence
in the scaling limit enters in the renormalization of the di-
mensionless Kondo coupling. By contrast, the spin current in
Eq. (63) is injected into the chain due to the relaxation of the
impurity spin in the absence of perturbations such as a spin
chemical potential bias. As a result of the scale invariance
of the unperturbed system, the dimension contained in jz

s (t )
appears as an explicit time dependence in the factor of 1/t .
This factor diverges for t → 0, which implies that the integral
of the spin current over time must include the short-time cutoff
−1

0 . This effect accounts for the additional cutoff dependence
in the result of Eq. (64).

Finally, we note that Eq. (64) also describes the impurity
magnetization in the embedded geometry of Fig. 1 for U = 0
since in this case we can rewritte the Kondo Hamiltonian only
in terms of a single noninteracting channel ψ+, where ψ± =
(ψ1 ± ψ2)/

√
2 [22]. In the interacting case, the expression for

m0(t ) in the embedded geometry contains a contribution that
decays as 1/tν in order �2

K [48].

VI. CONCLUSION

We studied a quantum quench in which a magnetic im-
purity is suddenly coupled to the boundary of open chains.
We focused on the real-time post-quench dynamics of two
observables, the tunneling current across the impurity, and
the impurity magnetization. For noninteracting electrons, we
found that the time-dependent current is a scaling function
of the ratio t/tK . The regimes t � tK and t � tK are gov-
erned by the weak- and strong-coupling fixed points of the
Kondo model, respectively. For interacting chains, the cur-
rent at intermediate times exhibits a power-law dependence
characteristic of Luttinger liquids physics and a logarithmic
enhancement associated with the Kondo effect. Analyzing the
weakly interacting case, we found that repulsive interactions
decrease the Kondo time scale and favor the formation of the
Kondo cloud, in accordance with previous numerical results
[48]. Concerning the impurity magnetization, we concluded
that the latter is not a function of the renormalized Kondo
coupling in the regime t � tK because the perturbative result
contains an explicit dependence on the short-time cutoff −1

0
which is not related to the Kondo effect.

Our results emphasize the importance of identifying suit-
able physical properties when searching for Kondo physics in
the real-time evolution. The scaling limit requires tK � −1

0 ,
making it challenging to observe the crossover from short to
long times in currently available numerical simulations. Some
advantage may be gained by considering time-dependent
spin transport in the spin chain version of the Kondo model
[57–59]. In this case, the charge degree of freedom is gapped
out, and the model can be realized in the Mott-insulating
phase of bosonic atoms in deep optical lattices. An important
difference is that a magnetic impurity embedded between two
Heisenberg spin chains gives rise to the two-channel Kondo
effect, with a non-Fermi-liquid fixed point that may be man-
ifested in the long-time post-quench dynamics. We leave this
problem as a possible direction for future work.
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APPENDIX A: BOSONIZATION FORMULAS

In this Appendix, we write down the bosonized expressions
for some important quantities in the interacting case.

After the gauge transformation ψ� → e−iμ�tψ�, the Kondo
Hamiltonian in Eq. (47) and the current operator defined in
Eq. (22) are given by

H int
K (t ) = πvF λK

[
S+

0 F (t ) + S−
0 F †(t ) + Sz

0G(t )
]
, (A1)

ĵ(t ) = ieπvF �K
[
S+

0 f (t ) − S−
0 f †(t ) + Sz

0g(t )
]
, (A2)

where

f (t ) = −i

πα
e−i

√
πφ+

s (0) sin[eV t + √
πφ−

c (0)], (A3)

g(t ) = −2i

πα
sin[

√
πφ−

s (0)] cos[eV t + √
πφ−

c (0)], (A4)

F (t ) = 1

2πα
e−i

√
πφ+

s (0){cos[
√

πφ−
s (0)]

+ C cos[
√

πφ−
c (0) + eV t]}, (A5)

G(t ) = − 1√
4π

∂xφ
+
s (0)

− C
πα

sin[
√

πφ−
c (0) + eV t] sin[

√
πφ−

s (0)], (A6)

where φ±
λ (x) are defined in Eq. (52) and λKC ≡ �K . For a non-

interacting system, we have λK = �K , consequently C = 1.
In the above expressions we do not explicitly write the Klein
factors, but they must be taken into account when calculating
the correlators.

APPENDIX B: THREE-POINT FUNCTION

In this Appendix, we present some details on the calcula-
tion of the third-order correlator in Eq. (51). The charge part
of the correlator reduces to a two-point function as given in

Eq. (50). The spin part is equivalent to the bosonization of the
fermion operators in

C ≡ 〈T ψ
†
↓(t )ψ↑(t )ψ†

↑(t ′)ψ↓(t ′)

× [: ψ
†
↑(t ′′)ψ↑(t ′′) − ψ

†
↓(t ′′)ψ↓(t ′′) :]〉. (B1)

For a noninteracting system, we can calculate this cor-
relator by applying Wick’s theorem. Using the Green’s
function 〈T ψ†

σ (t )ψσ (t ′)〉 = −i
2πvF

1
t−t ′ , we obtain the result for

t > t ′ > t ′′:

C = − 2i

(2πvF )3

1

(t − t ′)(t − t ′′)(t ′ − t ′′)
. (B2)

We can now calculate the same correlator using
the bosonization dictionary. For a system with open
boundary conditions, we use ψσ (t ) = Fσ√

2πα
e−i

√
πφσ (t ) and

: ψ†
σ (t )ψσ (t ) := − 1√

4π
∂xφσ (t ) for a chiral boson that obeys

[φσ (x), φσ ′ (x′)] = iπδσσ ′sgn(x − x′). The correlator in
Eq. (B1) becomes

C = −〈Te−i
√

2πφs (t )ei
√

2πφs (t ′ )∂xφs(t ′′)〉
(2πα)2

√
2π

. (B3)

Using Wick’s theorem for free bosons, we obtain

C = − i

(2πα)2
〈Te−i

√
2πφs (t )ei

√
2πφs (t ′ )〉

× [〈T φs(t
′)∂xφs(t

′′)〉 − 〈T φs(t )∂xφs(t
′′)〉]

= − i

(2πα)2

1

[1 + i(t − t ′)]2

×
[ −i/πα

1 + i(t ′ − t ′′)
− −i/πα

1 + i(t − t ′′)

]
α→0= − 2i

(2πvF )3

1

(t − t ′)(t − t ′′)(t ′ − t ′′)
, (B4)

for t > t ′ > t ′′ and Ks = 1. Thus, the result of the bosonic
calculation in Eq. (B4) is consistent with the fermionic one
in Eq. (B2).
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