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The adiabatic Born-Oppenheimer approximation is considered to be a robust approach that very rarely breaks
down. Consequently, it is predominantly utilized to address various electron-phonon properties in condensed
matter physics. By combining many-body perturbation and density functional theories we demonstrate the
importance of dynamical (nonadiabatic) effects in estimating superconducting properties in various bulk and
two-dimensional materials. Apart from the expected long-wavelength nonadiabatic effects, we found sizable
nonadiabatic Kohn anomalies away from the Brillouin zone center for materials with strong intervalley electron-
phonon scatterings. Compared to the adiabatic result, these dynamical phonon anomalies can significantly
modify electron-phonon coupling strength λ and superconducting transition temperature Tc. Further, the dy-
namically induced modifications of λ have a strong impact on transport properties, where probably the most
interesting is the rescaling of the low-temperature and low-frequency regime of the scattering time 1/τ from
about T 3 to about T 2, resembling the Fermi liquid result for electron-electron scattering. Our goal is to point
out the potential implications of these nonadiabatic effects and reestablish their pivotal role in computational
estimations of electron-phonon properties.

DOI: 10.1103/PhysRevB.107.064310

I. INTRODUCTION

Electron-phonon coupling (EPC) is crucial for under-
standing a vast number of phenomena in condensed matter
physics, including resistivity, optical absorption, band gap
renormalizations, structural phase transitions, charge den-
sity waves (CDW), and superconductivity [1]. Most of the
theoretical considerations of these properties rely on the adia-
batic Born-Oppenheimer approximation, where electron and
lattice degrees of freedom are treated separately and the
dynamical effects of EPC are absent [2]. However, there
are certain conditions under which the adiabatic approxima-
tion fails. Specifically, provided that the electronic dampings
are negligible, optical phonons around the center of the
Brillouin zone (i.e., q · vF < ω and 1/τ � ω) are expected
to be affected by the nonadiabatic (NA) corrections [3–5].
The latter was confirmed by various theoretical and exper-
imental (e.g., Raman and inelastic x-ray scattering) works,
where profound NA renormalizations of optical phonons
were found, for instance, in doped bulk semiconductors [6],
MgB2 [7–11], transition metals [12,13], graphene-based
materials [14–17], hole-doped diamond [18], and doped tran-
sition metal dichalcogenides [19–21].

Besides these studies, where the focus is on long-
wavelength optical phonons and several others where adia-
batic breakdown of electron band structure renormalizations
in infrared-active materials is analyzed [22–24], there are
very few quantitative studies going beyond and exploring
self-consistently dynamical corrections of electron-phonon
properties in realistic materials, like the coupling strengths,
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superconductivity, and resistivity [25,26]. Namely, it was
shown that the dynamical screening of phonons, provided
by the combination of molecular dynamics and real-time
time-dependent-density-functional theory, can lead to signifi-
cant modifications of EPC strength λ and superconductivity
transition temperature Tc [25], as well as potential energy
surfaces and anharmonicity [26]. In addition, important in-
sights were provided by the model calculations (e.g., Holstein
Hamiltonian), where the influence of the dynamical phonon
renormalization [27–31] and vertex corrections [32–34] on su-
perconductivity was demonstrated. For example, it was shown
that replacing the bare (adiabatic) phonon propagator with the
renormalized one (i.e., including phonon self-energy correc-
tions) in Migdal-Eliashberg equations improves considerably
its accuracy [28,29]. Also, accounting for phonon self-energy
corrections, damping in particular, was found to be instru-
mental for describing the superconducting dome structure in
ferroelectric materials [31].

Notwithstanding, the majority of the theoretical first-
principles studies of superconductivity are done in the
framework of the adiabatic approximation [1], and the role
of NA corrections is still not fully established.

Here we provide a detailed ab initio study on the NA
phonon renormalizations and the corresponding impact on λ,
Tc, as well as electron scattering rates 1/τ relevant in transport
and optical absorption. We use density functional perturbation
theory (DFPT) [2] and NA phonon self-energies [1,35] in
order to simulate NA corrections to phonon frequencies and
linewidths, which in turn are utilized to renormalize electron-
phonon properties. We investigate the NA effects in several
relevant bulk and two-dimensional (2D) systems, where
conventional, phonon-mediated superconductivity was con-
firmed by both experiments and theory or just in theory, i.e.,
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MgB2 [36–44], hole-doped diamond (C) [45–49], and doped
monolayers: graphene (1L Gr) [50–52], graphane (1L Gr-
H) [53], molybdenum disulfide (1L MoS2) [54–60], arsenene
(1L As) [61], indium selenide (1L InSe) [62,63], and wolfram
ditelluride (1L WTe2) [64,65]. Contrary to the common belief,
our results show that the NA frequency renormalization can be
significant also away from the long-wavelength q ≈ 0 region,
especially in the multiband and multivalley systems such as
MgB2, MoS2, As, and WTe2, where strong interband or inter-
valley electron-phonon scatterings are possible, forming Kohn
anomalies. Further, compared to the adiabatic calculations, we
obtained considerable modifications of λ and Tc once the NA
phonon frequency renormalizations and phonon linewidths
due to EPC are taken into account. Specifically, the relative
changes of λ, when going from adiabatic to NA results, can
range from small (e.g., 3% for MgB2) to considerable (e.g.,
42% for 1L InSe). The obtained modifications for Tc are even
more dramatic, varying from 10% in the case of MgB2 to
about 80% for 1L MoS2 and 1L InSe. Interestingly, in most
cases, the NA effects lead to the reduction of λ, while for
MgB2 and C the inclusion of the dynamical phonon linewidths
into the calculations of EPC results in its increase. Finally,
we show how the dynamical electron-phonon effects can sig-
nificantly influence, both qualitatively and quantitatively, the
functional dependence of the electron-hole pair scattering rate
1/τop(ω, T ) and mass enhancement factor λop(ω, T ) [66,67]
on frequency ω and temperature T . For instance, the inclu-
sion of the NA effects modifies the well-known behavior
of 1/τop ∝ T 3 to 1/τop ∝ T 2 [27,68], resembling the Fermi
liquid result for electron-electron scatterings. The latter might
provide further insights into enigmatic T 2 resistivity observed
in a number of complex materials [69–75].

II. RESULTS

A central quantity in many-body perturbation theory for
describing electron dynamics due to EPC is the electron self-
energy �, which is instrumental for understanding quasipar-
ticle spectral features [76,77], superconductivity properties,
such as Tc [67,78], electron scattering rates, and electron re-
sistivity [27]. Schematically, the electron self-energy can be
written as � = g2GD, where g are the screened EPC matrix
elements, G is the electron Green’s function, and D is the
phonon propagator [see diagram in Fig. 1(a)]. In the standard
calculations of � based, e.g., on DFPT, the phonon propa-
gator D is noninteracting with sharp (i.e., having infinitive
lifetime) adiabatic phonons [1,2,35]. In the following we in-
spect how general electron-phonon properties are modified
when dynamical properties are accounted for in D via NA
EPC, as diagrammatically depicted in Figs. 1(b) and 1(c),
where additional interaction between phonons and electron-
hole pairs brings about finite phonon lifetime and frequency
renormalizations.

When averaged over the Fermi surface, the electron self-
energy � is commonly expressed via the electron-phonon
spectral function or the Eliashberg function [27,78]

α2F (ω) = 1

πN (EF )

∑
qν

γqν


qν

Bν (q, ω), (1)

FIG. 1. (a) Diagrammatic representation of the electron self-
energy � = g2GD0, where g are the screened EPC matrix elements
(gray circles), G is the electron Green’s function (straight line), and
D0 is the bare phonon propagator (single wavy line). (b) The electron
self-energy � = g2GD, where the bare phonon propagator D0 is re-
placed with the dynamical (NA) phonon propagator D (double wavy
line). (c) Dressing of the phonons via the dynamical EPC, i.e., the
Dyson equation for the phonon propagator D = D0 + D0π̃D, where
π̃ is the NA phonon self-energy due to EPC.

where q and ν are phonon momentum and branch index,
N (EF ) is the density of states at the Fermi level, γqν are the
phonon linewidths in the double-delta approximation [79],
and 
qν are the phonon frequencies, while Bν (q, ω) is the
phonon spectral function. If one accounts for the dynamical
EPC effects, the latter quantities can be expressed via the
NA phonon self-energy π̃ν (q, ω), i.e., γqν = −Im π̃ν (q,
qν ),

2

qν = ω2
qν + 2ωqνRe π̃ν (q,
qν ), and

Bν (q, ω) = − 1

π
Im

[
2ωqν

ω2 − ω2
qν − 2ωqνπ̃ν (q, ω)

]
. (2)

Note that, in the standard adiabatic simulations of the EPC
properties, the dynamical effects are absent and one calculates
Eqs. (1) and (2) with π̃ν (q, ω) → i0 [1,35]. Here we calculate
NA phonon self-energy as π̃ν (q, ω) = πν (q, ω) − πν (q, 0)
[since the adiabatic frequency ωqν already contains πν (q, 0)],
where

πν (q, ω) =
∑
knm

∣∣gnm
ν (k, q)

∣∣2 fnk − fmk+q

ω + εnk − εnk+q + iη
. (3)

The electron-phonon matrix elements are denoted with
gnm

ν (k, q), Fermi-Dirac distribution functions are fnk, εnk are
electron energies, and η is an infinitesimal parameter. Equa-
tions (1)–(3) and the corresponding input parameters are
calculated in this work by means of DFPT [2,80] and Wannier
interpolation [81] of EPC matrix elements gnm

ν [35]. All the
necessary computational details can be found in Ref. [82].

In Fig. 2 we show the electronic structures of MgB2, hole-
doped 1L Gr-H, and electron-doped 1L As. The electronic
band structure of MgB2 around the Fermi level consists of
the holelike σ states around the center and π states at the
edges of the Brillouin zone. The former (red thicker lines)
are the most relevant for the formation of the Kohn anomalies
in the phonon spectra and provide a dominating contribution
to the superconducting state. In 1L Gr-H the Fermi surface
consists only of the hole σ states around the � point, while
in 1L As there are six electron pockets appearing between
the � and M points. All these states are involved in the
strong electron-phonon scatterings (see arrows in Fig. 1), in
these cases mostly with optical phonons, and are therefore an
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FIG. 2. Structure, electronic bands along high-symmetry points
of the Brillouin zone, and Fermi surface in the first Brillouin zone
for (a) MgB2, (b) graphane (1L Gr-H), and (c) arsenene (1L As).
Red/green color highlights the relevant electronic states at the Fermi
level that are involved in electron-phonon scatterings and formation
of the (adiabatic and dynamical) Kohn anomalies. Black arrows
depict the corresponding electronic transitions.

important contribution to the total electron-phonon coupling
strength λ and superconducting properties. Band structures of
other systems considered in this work (C, 1L Gr, 1L MoS2, 1L
InSe, and 1L WTe2) are provided in Fig. S1 [82].

Calculations of the phonon dispersions and EPC strengths
are outlined in Fig. 3, where standard adiabatic and dy-
namical results are compared. Interestingly, along with
the expected NA frequency renormalizations at the �

point for the systems with the strong EPC (1L Gr-H),
there are considerable NA corrections of phonons away
from the center of the Brillouin zone for MgB2 and
1L As. As shown in Fig. S2 [82], 1L MoS2, 1L InSe,
and 1L WTe2 are also characterized with strong dynam-
ical Kohn anomalies away from the � point. Therefore,
the NA condition q · vF < ω [4,5] only holds for simple
metals with parabolic band structure, while for the multi-
band systems, strong electron-phonon scatterings between
same or different valleys could lead to NA Kohn anoma-
lies at finite q = qc, provided that the εnk − εmk+qc � ω

condition is met. These q = qc dynamical transitions are
shown with arrows in Fig. 2 for MgB2, 1L Gr-H, and 1L
As, and represent the largest contributions to the electron-
phonon scatterings and total EPC strength λ. For instance,
in the case of MgB2 strong NA corrections are present for
the optical E2g mode around the � point, but also extending
along the � − M line, exactly where the phonon linewidths
γqν are largest. It is similar in other cases, where intra- (C, 1L
Gr-H, 1L Gr, 1L InSe) and intervalley (1L As, 1L MoS2, 1L
WTe2) electron-phonon scatterings bring about, at the same
wave vector qc and phonon branch, strong NA corrections
to phonon frequencies and large NA phonon linewidths γqν .
Notice that the conditions that lead to the finite-q NA Kohn
anomalies are similar to the criteria for the phonon-induced

FIG. 3. (a) Adiabatic (A; blue) and nonadiabatic (NA; red) phonon dispersions of MgB2, monolayer graphane (1L Gr-H), and monolayer
arsenene (1L As). Notice how strong dynamical corrections to the phonon bands can occur away from the center of the Brillouin zone, as
it is the case in MgB2 and 1L As. (b) The corresponding phonon linewidths γqν coming from the EPC. The size of the dots and colors
(defined within the color bars) represents the intensity of γqν . (c) Eliashberg functions α2F (ω) and cumulative EPC constant λ(ω) obtained for
MgB2, 1L Gr-H, and 1L As. Three different results are shown: adiabatic (A), where frequencies are obtained within the adiabatic DFPT and
without momentum and branch-resolved phonon broadenings γqν (blue), nonadiabatic (NA), where frequencies are corrected with NA effects,
while the corresponding NA phonon broadening due to EPC is not included (red), and full nonadiabatic (NA+τ ), where both NA frequency
renormalization and NA phonon linewidth effects are taken into account (yellow).
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CDW formation [83], which include considerable nesting fea-
tures of the Fermi surface or strong EPC matrix elements for
q = qc. In accordance to these results, the NA hardening of
the soft phonon modes at the edges of the Brillouin zone were
obtained recently also for TaS2 [84].

The aforementioned two NA effects are often insepara-
ble and should be included together when calculating the
Eliashberg function α2F (ω) and the total EPC strength λ.
In Fig. 3(c) we show the results of α2F (ω) and cumulative
EPC constant λ(ω) = 2

∫ ω

0 d
α2F (
)/
 for three different
approaches. Namely, we use the standard adiabatic approxi-
mation, where no dynamical effects are considered in Eq. (1),
i.e., π̃ν (q, ω) → i0 (blue), the NA approach with only dynam-
ical frequency renormalizations included, i.e., π̃ν (q, ω) →
Reπ̃ν (q, ω) + i0 (red), and the full NA method with both fre-
quency corrections and phonon dampings (yellow). The NA
frequency renormalizations are always positive [1] and, since
these shifts are accompanied by strong phonon damping rates,
the main peaks in α2F (ω) are blueshifted and λ is reduced.
For example, the NA blueshifts of the Kohn anomalies of
about 33 meV and 6 meV in 1L Gr-H and 1L As, respectively,
are reflected in the corresponding modifications in α2F (ω)
and in a considerable reduction of λ of about 0.29 and 0.14.
By including additionally the momentum- and mode-resolved
broadening γqν , the total EPC constant λ is not affected seri-
ously; however, the spectral weight of α2F (ω) is redistributed
and smoothed, so that the high-frequency main peaks con-
tribute less, while lower frequencies contribute more to λ(ω).
This frequency redistribution of the EPC due to NA effects
has pertinent consequences on the low-temperature and low-
energy behavior of the electron-hole scattering rate [27], as we
will show below. For more data on α2F (ω), see Fig. S3 [82].

Collected results for all of the studied systems are pre-
sented in Fig. 4, including the dynamical corrections of the
total EPC strength λ, the first moment of the phonon spectrum
λ〈ω〉, and the superconducting transition temperature Tc. The
first moment is calculated as λ〈ω〉 = 2

∫ ∞
0 d
α2F (
), and it

is considered important for McMillan’s expression for Tc [85],
as well as high-energy and zero-temperature estimation of the
electron-hole relaxation rate 1/τop appearing in the optical
conductivity formula [66,67,86,87]. For calculations of Tc we
use the Allen-Dynes version of McMillan’s formula [88].
While in some cases the dynamical renormalizations of fre-
quencies induce small relative modifications (compared to the
adiabatic result) of λ (MgB2, C), there are cases where it is
significantly decreased, i.e., by 19% to 42% (MoS2, 1L InSe,
1L WTe2, and 1L Gr-H). This is reflected in mild and con-
siderable reduction in Tc, respectively. For example, 8–12%
for MgB2 and 70–85% for InSe (as obtained with reasonable
choices of effective Coulomb repulsion μ∗). In most cases
the dynamical effects on λ〈ω〉 are small (the largest being
for 1L Gr-H), suggesting that high-energy limits of 1/τop and,
consequently, phonon-assisted optical absorption formula are
not strongly affected by the NA renormalizations. Interest-
ingly, the value of λ can be additionally increased by the NA
phonon broadening effects, while Tc can be either increased or
decreased, depending on an interplay between modifications
in the position of strong peaks in α2F (ω) (via 〈ω〉 or ωlog) and
changes in λ. For instance, the phonon-broadening-induced
reduction in ωlog (see Fig. S4 [82]) and increase in λ results in

FIG. 4. Total EPC strengths λ, the first moments of the phonon
spectrum λ〈ω〉, and superconducting transition temperatures Tc ob-
tained with three different approaches: adiabatic (A; within standard
adiabatic DFPT methodology), nonadiabatic (NA; by including NA
phonon frequency renormalizations), and full nonadiabatic (NA+τ ;
by including both NA frequency renormalizations and NA phonon
broadenings γqν). The results are presented for various bulk and 2D
superconducting materials. Bottom panels show the corresponding
relative changes (xNA/NA+τ − xA )/xA for Tc (left axis) and λ (right
axis). All relative changes are positive, except the NA+τ results of
x = λ for MgB2 and C (red diamond signs), and of x = Tc for C
(green-yellow circles).

further decrease of Tc for MgB2, 1L Gr, and 1L Gr-H. On the
other hand, the NA phonon broadening and the accompanying
redistribution of EPC in α2F (ω) induce small increase of
Tc in C (e.g., around 6% for μ∗ = 0.15). Note also a small
broadening-induced increase of Tc in the case of 1L WTe2.
The latter two examples serve as an illustration on how the NA
broadening effects can be quite beneficial for obtaining higher
values of Tc, and it is quite possible that these dynamical
corrections could be higher and more emphasized for systems
with soft phonon modes [89,90] that are anharmonic and
strongly coupled to electrons [30,31] (e.g., charge-density-
wave materials and systems at the verge of phase transition).

Having in mind the available experimental and theoretical
adiabatic results, we emphasize that the NA renormalizations
presented here generally improve the agreement. Namely, the
theoretical first-principles estimations of Tc for MgB2 are
50–55 K when anisotropic electron-phonon interaction and
averaged Coulomb repulsion terms are employed [44,91,92],
while experimental value is Tc = 39 K [41] (a difference of
about 22–29%). As we show here by using the isotropic Allen-
Dynes solution to Eliashberg equations, the substantial part
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FIG. 5. Frequency and temperature dependence of the optical (or electron-hole pair) scattering rate 1/τop(ω, T ) and the mass enhancement
(or energy renormalization) parameter λop(ω, T ) for various bulk and 2D materials as obtained with adiabatic (A), nonadiabatic (NA), and full
nonadiabatic (NA+τ ) methods. Note how the scaling of the low-frequency and low-temperature regime of 1/τop is modified under the effect
of NA phonon broadening.

of this discrepancy could be resolved by the NA effects (in-
ducing decrease of Tc by 8–12%). Additional improvements
might be achieved by accounting for vertex corrections in
the Eliashberg equations [93] and anharmonic effects [91].
Further, the ab initio results of Tc for the hole-doped diamond
are underestimating the experimental values [46,48], while the
present results demonstrate how the NA phonon broadening in
C can enhance Tc. However, we note that the obtained increase
is not enough to reproduce the experiments and that the boron-
related vibrational modes are instrumental for understanding
the superconductivity in hole-doped diamond [47,49]. Also,
regardless of the doping concentration and the type of cal-
culation, theoretical predictions of transition temperature in
1L MoS2 (Tc � 4 K) [55,56,60] are always much higher
than experimental values, which are ∼1–2 K [57,58]. Our
results suggest that the dynamical renormalizations could
improve this disagreement. Experimental results for WTe2

are available as well, however, only for small electron con-
centrations [64,65], where we do not expect significant NA
modifications.

We would also like to point out that the previous adiabatic
results of λ and Tc for all of the presented systems are in a
good agreement with our adiabatic results (see Fig. S4 [82]).

Recently, dynamical effects on superconducting properties
via dynamical screening of EPC matrix elements were stud-
ied by means of real-time time-dependent-density-functional
theory combined with molecular dynamics [25]. The corre-
sponding conclusion, based on the 1L Gr and 1L Gr-H cases,
is that the dynamical screening that enters g2, e.g., via the
dielectric function ε(q, ω), can overcome the effects of the

NA frequency renormalization (hardening) and lead to the
enhancement of λ and Tc compared to the static-screening
calculations. These results are, however, hard to compare with
the present work. On the one hand, the dynamical screening of
the EPC matrix elements g is unfortunately out of reach for the
present many-body perturbation approach that uses phonon
self-energy within DFPT [1,43,94,95]. On the other hand, the
approach from Ref. [25] includes the dynamically screened g
and NA frequency renormalizations, but does not account for
the NA phonon broadenings. Also, it uses a frozen-phonon
scheme to account for phonon dynamics and is therefore able
to include only a few modes in calculations of the total λ

(i.e., the q = 0 and q = K optical modes for 1L Gr and only
the q = 0 optical mode for 1L Gr-H). We stress that the fine
q grids are necessary to reach the numerical convergence
and account for the full NA effects of the Kohn anomalies.
Also, we do not expect that the dynamical screening of EPC
will play an important role in modifying the EPC properties
for the materials with NA Kohn anomalies away from the
� point, e.g., in multivalley materials such as 1L MoS2, 1L
As, and 1L WTe2, since ε(q, ω) ≈ ε(q, 0) for large q [77,96].
Nonetheless, the dynamical screening of g seems to be a quite
important feature of the NA theory, and it might be a crucial
(but still very demanding) extension of the present DFT-based
many-body approach, e.g., to explore the impact of the strong
plasmon-phonon coupling on the superconductivity and trans-
port [97,98].

Figure 5 depicts the results for the optical (i.e., electron-
hole pair) scattering rate 1/τop that enters the optical
conductivity formula (or current-current response tensor) and
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can be expressed in the following form [9,10,20,27,66,67]:

1/τop(ω, T ) = π

ω

∫
d
α2F (
)

[
2ω coth




2kBT

−(ω + 
) coth
ω + 


2kBT
+ (ω − 
) coth

ω − 


2kBT

]
, (4)

having frequency ω and temperature T dependence. In ad-
dition, the results of the concomitant mass enhancement
parameter (i.e., energy renormalization of electron-hole pairs)
λop(ω, T ) are shown. The latter quantity is obtained by per-
forming Kramers-Kronig transformation of Eq. (4). Both
1/τop and λop are essential in understanding the temperature
dependence of optical conductivity [27], plasmon [87,99], and
phonon [87] damping (when ω �= 0), as well as for resis-
tivity [86,100], band renormalization [101,102], and specific
heat [27,101] (when ω = 0). Note also that the EPC constant
is λ = λop(0, 0).

The results show intriguing modifications of the scaling
law for small-ω and small-T regime of scattering rate 1/τop.
Namely, the NA phonon broadening effects that enter the
phonon spectral function can significantly decrease the expo-
nents x and y in 1/τop ∝ aωx + bT y, generally, from about 3
to 2 (see Fig. S4 in Ref. [82]). This NA effect is particularly
emphasized for the cases where the optical phonons with large
phonon linewidths are present, e.g., for MgB2 and C. Then
the large phonon linewidths extend to the low-ω part and
modify the corresponding region of α2F (ω). It is interesting
to note that, even though the value of the measured resis-
tivity for MgB2 varies between different samples, it usually
shows roughly T 2 dependence at lower temperatures [103],
potentially confirming our predictions. The scaling change
is even more pronounced for systems with low-ω acoustic
modes at finite q having strong NA broadening, e.g., as it
is the case for 1L MoS2 and 1L InSe. The modification of
the scaling law for 1/τop from the usual T 3 to T 2 that comes
from the self-consistent treatment of the NA EPC was already
discussed ∼50 years ago [27,68], but it was never thoroughly
appreciated, examined, and applied to the real materials. Here
we confirm that the T 2 and ω2 dependence of 1/τop does not
necessarily refer to the Fermi liquid result for the electron-
electron scattering, but it can equally be a fingerprint of the
strong dynamical electron-phonon scattering. By combining
the diagrams presented in Figs. 1(b) and 1(c), it is obvious that
one can look at the present NA effects in 1/τop as the effective
electron-electron scatterings mediated by phonons, and thus
the same phase-space arguments for the Fermi liquid result
apply here. Note also the substantial modifications of 1/τop at
higher (i.e., linear) T that come from the large modifications
of EPC λ due to NA frequency renormalizations, like in the
case of 1L Gr-H and 1L InSe.

The NA effects are as well reflected in functional and inten-
sity modifications of mass enhancement parameter λop(ω, T ).
Note, for instance, that the ω and T scaling laws are also mod-
ified in λop for small ω and T when NA phonon broadening
effects are accounted for. Large NA-induced modifications of
λ, i.e., λop(0, 0), are extended to the finite-T region, as it is
evident for 1L Gr-H and 1L InSe. This should, for exam-
ple, have direct implications on the electron effective mass
and its temperature dependence m∗ = me[1 + λop(0, T )], i.e.,

the band dispersion renormalizations around the Fermi level,
and its microscopic ab initio explanations, which are usually
rooted in the adiabatic theory [69,104–106]. Further, finite
temperature λop(0, T ) [as well as 1/τop(0, T )], renormalized
by the NA effects, which enters electron self-energy in energy-
gap Eliashberg equations, can have some interesting impact on
estimations of high-temperature superconductivity [107,108]
(notice that such thermal-phonon effects are absent in McMil-
lan’s formula for Tc).

III. DISCUSSION

In summary, we have thoroughly examined the influence
of the NA phonon dynamics on electron-phonon properties in
several theoretically and experimentally established supercon-
ductors. Contrary to the common belief, we demonstrate that
the effect of “slow” electrons that lag behind the “fast” moving
atoms is actually quite common and it should be considered
not only for understanding the dynamics of electrons [22,24],
but also for phonon dynamics and consequently for many
physical phenomena that are founded in the electron-phonon
interaction. In fact, it was recently presented in a compelling
way that nonadiabaticity is linked with the Drude weight of
conduction electrons [109], which is always finite for metals
and doped semiconductors. The results in Refs. [10,19] show
that the most dramatic dynamical modifications will occur
when phonon-induced perturbations of conduction electron
density in adiabatic and nonadiabatic regimes are disparate
as well as associated with the strong EPC. See, for instance,
Fig. 3 in Ref. [10] for the nonadiabatic perturbation of charge
density in the case of MoS2 optical out-of-plane phonon
at q = 0. Here we show that the same applies for Kohn
anomalies away from the Brillouin zone center, with serious
repercussions on the total EPC constant λ and superconduct-
ing properties.

We thus believe that the NA-induced modifications of
EPC are quite universal and that an extension of the present
NA treatment might be applicable and useful for explain-
ing electron-phonon properties in a number of unusual and
strongly correlated materials hosting CDW, soft phonon
modes or Kohn anomalies, phase transitions, superconduct-
ing phase, and enigmatic T 2 resistivity. For instance, the
latter scaling law of resistivity was observed concomitantly
in materials characterized with the high-Tc superconducting
phase (e.g., cuprates [71]), Mott transition (e.g., SrVO3 [74]),
and structural phase transition and superconductivity (e.g.,
SrTiO3 [69,70]), as well as in more conventional systems
like Al [110] and TiS2 [111]. Recently, the T 2 law was
observed and discussed for novel graphene-based heterostruc-
tures, like graphene superlattice on hBN [112] and twisted
bilayer graphene [113]. The superconductivity phase was dis-
covered in the latter case, where the strongly coupled and
damped optical phonons might have an important contribu-
tion to the total EPC [114,115]. In all of these cases the
corresponding interpretations were typically given in terms of
the Fermi liquid theory (1/τFL ∝ T 2), i.e., electron-electron
scattering, or some corresponding deviations. On the other
hand, here we confirm Allen’s result [27] that T 2 scaling
is not unique to the Fermi liquid result for the scattering
rate, and it could also be a sign for the presence of the
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strongly damped phonons and enhanced EPC. Similar spec-
ulations were provided by Feton et al. [68], as well as by
MacDonald [110].

It would be interesting to examine if the NA renormaliza-
tions affect the superconducting properties in hydride systems
at high pressure [116], where first-principles prediction of Tc

is sometimes overestimating the experimental values [117]
and some signatures of Kohn anomalies in calculated phonon
spectra are present [118], as well as for proposed few-layer
and bulk derivatives of MgB2, where superconductivity was
theoretically studied [119–121].

Furthermore, notice that the NA corrections might be im-
portant for precise determination of transition temperature of
CDW and structural phase transition [63,84,122,123], since

we show that both q ≈ 0 and q > 0 Kohn anomalies are
often strongly affected by the dynamical renormalizations, as
well as for the electron-phonon part of the thermal conductiv-
ity [124].
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