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Ionic conductors such as AgI with ultralow thermal conductivities (κl ) are of increasing interest because of
their excellent thermoelectric properties. However, the origin of their intrinsic low κl values remain elusive. In
this study, comprehensive theoretical calculations of the lattice dynamics and the thermal transport properties of
γ -AgI (zinc-blende structure) and β-AgI (wurtzite structure) as functions of temperature were carried out based
on many-body perturbation theory and phonon Boltzmann transport theory. First, the mean-squared displace-
ments (MSDs) of Ag+ were significantly larger than those of I− in both γ - and β-phases below the order-disorder
phase transition temperature (Tc ), which led to a characteristic “rattling” feature and low-frequency, nearly flat
local phonon vibrations. According to our previous work [Xie et al., Phys. Rev. Lett. 125, 245901 (2020)],
such nondispersive flat phonon band structures are expected to give rise to four-phonon resonance and result in a
dramatic increase in the four-phonon scattering over the conventional three-phonon scattering. For γ -AgI, similar
four-phonon resonance behavior was also discovered for the low-lying transverse acoustic phonon branches, and
it was found that their four-phonon scattering rates were an order of magnitude larger than the corresponding
three-phonon scattering rates. Considering the four-phonon scattering, the theoretical κl of γ -AgI was predicted
to be ∼ 0.32 W/m K at 300 K, which was in good agreement with the value deduced from our experiments
(∼ 0.36 W/m K at 300 K). Compared to γ -AgI, the acoustic phonons in β-AgI were more dispersive, and they
intertwined with low-energy optical phonons at the zone boundaries. It was found that three-phonon resonance
became as important as four-phonon resonance for the nearly flat longitudinal phonon band. The theoretical κl for
β-AgI was determined to be around ∼ 0.32 W/m K at room temperature, closely reproducing our measurement
value ∼ 0.29 W/m K. Our results for AgI demonstrate the strong quartic anharmonicity in materials characterized
by the rattling of weak bonding atoms as well as dispersionless phonon band structures. It is believed that this
intimate relationship between the low-κl and flat phonon dispersion can be employed as a good indicator when
searching for material systems with ultralow κl values, e.g., cagelike rattling structures, quasi-two-dimensional
structures, and chainlike structures.

DOI: 10.1103/PhysRevB.107.064308

I. INTRODUCTION

Materials with ultralow lattice thermal conductivities have
attracted great attention because of their potential uses in
practical applications, e.g., thermoelectric (TE) devices. The
use of nanocrystallization and the introduction of hierarchical
structures has proven to be an effective strategy for lowering
κl , which is closely related to the increased phonon scatter-
ing and decreased group velocity caused by grain boundaries
and defects [1–4]. In addition to optimizing the κl values of
existing materials to improve energy-conversion efficiency, a
search for new materials is also inevitable in order to obtain
outstanding TE properties. The key to finding new materi-
als lies in anharmonic interactions, which trigger additional
phonon-phonon scattering and result in low lattice thermal
conductivities. One of the most common and simplest meth-
ods is to introduce “rattling” [5,6]. For example, materials
like clathrates and skutterudites are a certain class of new TE
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materials with exceptionally low κl values [7–10]. They typi-
cally have complex, periodic, cagelike crystal structures with
a specific guest atom rattling in the center. The weak bonding
between the guest- and the neighboring host atoms leads to
large vibration amplitudes of the guest atom. In addition to the
materials with such apparent cagelike, complex structures, Li
et al. proposed that rattling can also be introduced into materi-
als with simple structures as long as the vibrations of an atom
are substantially larger than those of its neighboring atoms [8].
For example, single-crystalline Tl3VSe4, with a simple body-
centered-cubic lattice structure, has been recently reported to
have an ultralow κl ≈ 0.3 W/m K at 300 K [11], in which
the Tl atoms have larger mean-squared displacements (MSDs)
than their surrounding atoms. Thus, ultralow κl materials can
be sought from the materials that exhibit the rattling mode,
in which there are large MSD discrepancies between atoms.
For instance, the typical ionic conductors are good candidates,
e.g., Cu2−xSe and AgCrSe2 due to the larger vibration am-
plitudes of mobile Cu+ or Ag+ ions than their surrounding
anions [12–15].

In principle, guest atoms vibrating with larger atomic
displacements in comparison to the neighboring atoms lead
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to significant anharmonicity, which thus lowers κl . Based
on the first-principles calculation, the anharmonicity and
thermal transport can be explained in the framework of
the many-body perturbation theory. The lowest-order per-
turbation theory, i.e., three-phonon interactions, has been
shown to work well for relatively simple materials with stiff
bonds and high three-phonon scattering phase spaces, and
the results are in good agreement with experiments [16–20].
However, it has recently been found that three-phonon in-
teractions fail to describe materials with weak interatomic
bonding or small three-phonon scattering spaces. In this case,
higher-order perturbation theory and four-phonon scattering
processes have attracted attention for their improved de-
scription of the thermal transport physics in those materials,
e.g., BAs, TaN, α-Al2O3, and AlSb [13,21–24]. Accord-
ing to Feng et al., three-phonon processes are described
by the first-order perturbation H

′
λ1λ2λ3

, which include split-
ting processes (λ1 → λ2 + λ3) and combination processes
(λ1 + λ2 → λ3) [21]. The four-phonon scattering processes
are described by the second perturbation term H

′′
λ1λ2λ3λ4

, which
include three kinds of processes: traditional splitting, com-
bined processes (λ1 → λ2 + λ3 + λ4, λ1 + λ2 + λ3 → λ4),
and the redistribution process (λ1 + λ2 → λ3 + λ4) [25]. To
further illustrate these phonon-scattering processes, we have
drawn a schematic of the phonon-phonon scattering processes
in Fig. S1(Supplemental Material) [26]. Although considering
high-order perturbation terms is a more rigorous approach
for determining the heat-transport properties, it is still almost
impractical to perform large-scale high-throughput screening
due to the high computing cost. To avoid the waste of comput-
ing resources, we reviewed and summarized some particular
characteristics of the reported dominant four-phonon scatter-
ing materials. There are two types of remarkable features
in phonon dispersion for materials exhibiting strong four-
phonon scattering effects: (1) large phonon band gaps [27]
and phonon energy bunching [28], which suppress the phase
space for the three-phonon scattering while allowing four-
phonon processes; and (2) flat phonon dispersions [25] that
favor four-phonon redistribution processes. Materials with the
above-mentioned characteristics usually have strong anhar-
monicity, and four-phonon scattering or even higher-order
scattering processes are in principle non-negligible.

AgI as an ionic conductor in solid electrolytes has attracted
great attention. Above Tc ∼ 420 K, it is a superionic conduc-
tor with the body-centered-cubic Im3̄m structure (α phase)
[29–31]. In the superionic conducting phase, some of the
Ag+ cations are disordered across the tetrahedral interstices
formed by I [32]. Below Tc, it is suggested that AgI is stable
with the coexistence of a zinc-blende γ phase (space group:
F 4̄3m) and wurtzite β phase (space group: P6̄3mc) [33–37].
The atomic structures of γ - and β-AgI are displayed in Fig. 1,
in which γ -AgI has iodine anions in a cubic-close-packed
structure. Meanwhile, β-AgI consists of stacked iodine tetra-
hedra with a silver atom in the center [35,37,38]. Both yield
a four-coordinated lattice, in which each atom is surrounded
by four heterogeneous atoms as its nearest neighbors. Ex-
periments showed that the κl value of β-AgI is extremely
low (∼ 0.36 W/m K at 300 K) [39], but the measurement
of γ -AgI is still lacking. In comparison, the theoretical κl

values β-phase AgI at 300 K in the literature were reported

FIG. 1. Helmholtz free energies of γ - and β-AgI, with the
wurtzite and zinc-blende structures drawn in the insets.

to be around 1.5 W/m K [40], which are more than five
times higher than the experimental values. The results indicate
that the lowest-order three-phonon interactions cannot fully
describe the anharmonicity and heat transport of AgI. In this
work, we found that the phonon dispersions of γ - and β-phase
AgI exhibit the characteristic four-phonon scattering features
mentioned above and show that the four-phonon scattering
processes lead to the intrinsic ultralow lattice thermal conduc-
tivity of AgI. To further verify the importance of fourth-order
perturbation in AgI, the thermal conductivity of single-phase
crystal β-phase AgI is measured in our work. The thermal
conductivity of single-phase crystal γ -phase AgI is deduced
from our measurement values of β-AgI and two-phase mix-
ture. Our theoretical predicted κl of both γ - and β-AgI are
comparable with experiments. Combining theory and experi-
ment, the significant effects of four-phonon scattering process
on thermal transport in AgI are verified.

II. MATERIALS AND METHODS

A. Calculation details

In this work, the calculations of the anharmonic lattice
dynamics of AgI were carried out using the temperature-
dependent effective potential method (TDEP) and the ab
initio molecular dynamics (AIMD) implemented via the VASP

code [41,42]. A supercell with a total number of 250 atoms
for the zinc-blende cubic γ -phase AgI and a supercell with
228 atoms for the hexagonal β-phase AgI were used through-
out the molecular dynamics (MD) simulations. The AIMD
simulation was performed with a plane-wave cutoff of 550 eV,
�-point sampling, and a time step of 2 fs in the NVT ensemble.
In order to ensure the external pressure was around ambient
pressure, several short AIMD simulations with different ini-
tial configurations at 300 K (total time steps = 1000 steps)
were carried out first. Then, the most stable configuration
was further used to run a 3000-time-step AIMD simulation.
From these 3000 MD configurations, 20 configurations were
chosen stochastically based on the last 1000 steps. Then, a
new 1000-time-step AIMD simulation for each new configu-
ration was performed again, and 20 000 configurations were
obtained in total. Using this method, we voided the high
cost of long AIMD runtimes while guaranteeing precision
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at the same time [43]. After, 200 representative uncorrelated
configurations were chosen by Monte Carlo sampling, and
self-consistent calculation was performed again for those 200
configurations with a finer 2 × 2 × 2 Monkhorst-Pack mesh
and a convergence threshold of the total energy of 10−6 eV.
The as-obtained potential energy U including anharmonic
terms is as follows:

U = U0 +
∑

i

P2
i

2mi
+ 1

2!

∑
i j
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αβ

�
αβ
i j uα

i uβ
j

+ 1
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i jk
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αβγ

i jk uα
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l + . . . , (1)

where ui denotes the displacement of atom i, α, β, γ , and δ

are Cartesian indices, and � is the nth − order interatomic
force constants (IFCs), which is equal to the derivative of
the potential energy. Then, the temperature-dependent force
constants, including the long-range dipole-dipole interactions,
were obtained using the TDEP software package [44,45]. The
cutoffs for the second, third, and fourth IFCs were 9.0, 7.0,
and 4.6 Å for the γ phase, and 9.0, 7.0, and 5.0 Å for the
β phase, respectively. Theoretical calculations of the lattice
thermal conductivity were based on the phonon Boltzmann
transport equation [17,21,46,47], which is

κ = 1

V

∑
λ

υ2
λCλτλ, (2)

where λ specifies the phonon mode; V is the volume of the
unit cell; and υλ, Cλ, and τλ are the group velocity, specific
heat, and phonon relaxation time, respectively. The scattering
rate can be written as the inverse of the phonon relaxation
time, τ−1. To solve Eq. (2), we obtain τλ from many-body
perturbation theory. The total Hamiltonian H including four-
phonon interactions can be expressed as [21,48]

H = H0 + H ′ + H ′′ + . . . (3)

H0 =
∑

λ

h̄ωλ

(
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λaλ + 1
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)
(4)
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, (6)

where H0 is the harmonic term, and H ′ and H ′′ are the
three-phonon and four-phonon perturbations, respectively. a†

λ

and aλ in Eqs. (4)–(6) denote the creation and annihilation
operators, and ωλ is the angular frequency of the phonon
mode λ. With the second-order perturbation term, the cur-
rent computing resources are limited when fully solving the

Boltzmann phonon-transport equation. Therefore, we con-
sider the phonon-scattering process with the simple relaxation
time approximation as follows:

τ−1 = τ−1
3ph + τ−1

4ph, (7)

where τ−1
3ph and τ−1

4ph represent the phonon-scattering rates due
to three- and four-phonon interactions, respectively. The scat-
tering rate can be rewritten as

τ−1 = 2�
′ + 2�

′′
, (8)

where 2�
′

and 2�
′′

represent the linewidths equal to the
imaginary part of the phonon self-energy due to three-phonon
and four-phonon scattering processes, respectively. The spec-
tral function and self-energy for the lowest-order perturbation
were calculated with a Monkhorst-Pack mesh grid with di-
mensions of 35 × 35 × 35 for the γ phase and 38 × 38 × 19
for the β phase. Due to the high computing cost, 10 × 10 × 10
and 10 × 10 × 5 Monkhorst-Pack mesh grids were used for
the γ - and β-phase AgI when four-phonon interaction pro-
cesses were considered.

B. Experimental details

We grew a β-phase AgI crystal using a temperature gra-
dient method. We first transferred the starting mixed-phase,
AgI (Aladdin, 99.99%) powder into a quartz tube. Then,
the tube was evacuated to a pressure of ∼ 10−3 Pa and flame
sealed. The tube was inserted into a larger fused-silica tube
to avoid breaking the tube due to the phase transitions and the
considerable differences in the thermal expansion between the
crystal and silica. After the above processes, the tubes were
evacuated and flame sealed again to avoid crystal formation
from oxidation by the air. The tube was slowly heated to
1023 K in 6 h and maintained at this temperature for 12 h to
completely melt the AgI powder. To maintain a temperature
difference of 130 K between the upper and lower parts of the
tube, the high-temperature region and low-temperature region
were cooled slowly to 803 and 673 K, respectively. This
temperature was maintained for 24 h to ensure the crystal was
solidified. Finally, the high-temperature and low-temperature
regions were cooled to 423 K simultaneously and kept at this
temperature for 120 h. To obtain a dense bulk mixture of AgI,
the powder was cold pressed into a cylinder with a diameter of
10 mm and height of 8 mm. After, the cylinder was inserted in
a cubic press (DS 6 × 10 MN) under a pressure of 1 GPa and
held at this pressure for 5 min.

X-ray diffraction (XRD) was performed with a Rigaku
SmartLab 9-KW diffractometer operating with Cu Kα1 x-ray
radiation (λ = 1.5406 Å). The Rietveld refinement analyses
of the XRD results of AgI (Aladdin, 99.99%) powder showed
that the γ - and β-phase AgI coexisted at room temperature
with a mass ratio of 47:53 [49,50]. Variable-temperature XRD
experiments were carried out every 20 K between 300 and
400 K for our prepared single β-phase polycrystalline sample.
The variable-temperature XRD data confirmed that there was
no phase transition between the β- and γ -phase AgI in the
range of 300–400 K, which indicated that our single-phase
sample was stable under 400 K.

Measurement of the lattice thermal conductivities of the
polycrystalline β-phase AgI and multiphase mixture AgI were
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performed on 3 × 3 × 2−mm3 samples using the Thermal
Transport Option for Physical Property Measurement System
[51]. A two-point measurement geometry was used with heat
flow along the 2-mm dimension to reduce the heat-radiation
losses during the measurement.

III. RESULTS AND DISCUSSION

A. Phase stability

It is well known that the stable wurtzite AgI structure
and the metastable zinc-blende AgI structure coexist at room
temperature [29,37,39,52]. There are some overall similar-
ities between these allotrope structures. For example, both
yield a four-coordinated lattice, in which each atom is sur-
rounded by four heterogeneous atoms as nearest neighbors
[38]. Thus, the γ - and β-phase AgI have almost the same
heat capacities, phase transition temperatures, and enthalpies
of phase transition [33,53]. It is difficult to separate the two
mixed phases, and there are also some disagreements about
the phase stability. Some researchers suggest that the γ -phase
is metastable at all temperature ranges [30,33], while only the
β-phase is thermodynamically stable at ambient atmospheric
conditions. However, it was found experimentally that the
β- and γ -polymorphs form in the same ratio when samples
are cooled after heating just based on the transition temper-
ature [31,32,35]. Due to the controversy over phase stability,
comprehensive research on AgI at room temperature is still
lacking. Here, we studied the phase stability of both β- and
γ -AgI in terms of their thermodynamics and lattice dynamics.

The theoretical phase stability can be investigated by min-
imizing the Helmholtz free energy, F = U−T S, where U is
potential energy, T is temperature, and S is entropy. In the
harmonic approximation, the integral form of the free energy
F is obtained from

Fvib =
∫ ∞

0
g(ω)

{
kBT ln

[
1 − e−(h̄ω/kBT )] + h̄ω

2

}
dω, (9)

where g(ω) is the phonon density of states, kB is the
Boltzmann constant, and T is the temperature. Generally, the
temperature effect is neglected and the potential energy of
a static lattice is used [54]. Here, we take advantage of the
method proposed by Hellman et al. to consider the third-order
and fourth-order anharmonic corrections on potential energy
as a function of temperature [55]. The temperature-dependent
free energy can be calculated as

FT = U0 + Fvib, (10)

U0 = UAIMD(t ) − 1

2

∑
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i (t )uβ

j (t )uγ

k (t )uδ
l (t ), (11)

where UAIMD(t ) is the potential-energy surface calculated by
AIMD; U0 is the static lattice potential energy. Based on
Eqs. (9)–(11), we studied the phase stability of the β- and

FIG. 2. Phonon dispersions of (a) γ -AgI and (b) β-AgI in the
temperature range of 100–400 K. Atom-projected densities of states
for (c) γ - and (d) β-phase AgI at 300 K.

γ -phases at different temperatures, and the results are shown
in Fig. 1. The energy differences between these two phases
are less than kBT , e.g., the energy difference is ∼ 0.003 eV,
while kBT ∼ 0.026 eV at 300 K, which indicates that these
two phases could coexist at room temperature. We also cal-
culated the phonon dispersions of both the γ - and β-phases
AgI in the temperature range of 100–400 K. As shown in
Figs. 2(a) and 2(b), these two structures were dynamically
stable, which further confirmed that both phases were stable
from 100 to 400 K. As shown in Figs. 2(c) and 2(d), the
partial phonon density of states (DOS) of Ag atoms dominated
the low-frequency region with a sharper peak than that of
I atoms, whereas I atoms contributed to the high-frequency
DOS at 300 K (due to the negligible difference of the DOSs
at different temperatures, only the results at room temperature
are shown here). The stability and rattling thermal vibrations
of AgI can be further validated by analyzing the MSD based
on molecular dynamics and lattice dynamics. According to
Ref. [45], the MSD of the jth atom can be expressed with
harmonic approximation as

〈|uα ( jl, t )|2〉 = h̄

2Nmj

∑
q,ν

ων (q)−1(1 + 2nν (q, T ))|eα
ν ( j, q)|2,

(12)

where t is the time, mj is the mass of atom j, N is the
number of the unit cells, q is the wave vector, ν is the index
of the phonon mode, nν (q, T ) is the phonon population, and
the bracket 〈|uα ( jl, t )|2〉 is the ensemble average over time
in the lth unit cell. As shown by Eq. (12), the MSD of
an atom is inversely proportional to its atomic mass. Thus,
light atoms have the potential to give rise to larger MSDs.
More importantly, the summation in Eq. (12) implies that
MSD is also intimately related to the phonon frequency ων (q)
weighted by the phonon population nν (q, T ) and the atom-
projected DOS |eα

ν ( j, q)|2. Specifically, atoms with dense
atom-projected DOSs [high |eα

ν ( j, q)|2] and low phonon fre-
quencies [large ων (q)−1] could result in larger MSDs as well.
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TABLE I. Mean-squared displacements (Å2) of γ - and β-phase
AgI in the temperature range of 100–400 K from AIMD.

Atoms 100 K 200 K 300 K 400 K

γ -phase AgI
Ag 0.024 0.043 0.078 0.133
I 0.015 0.024 0.041 0.055

β-phase AgI
Ag 0.022 0.044 0.067 0.118
I 0.014 0.027 0.034 0.048

This was the reason that Ag atoms had larger MSDs (lower
mass, higher projected DOSs at low frequencies). Harmonic
approximation formulations above may be inadequate in de-
scribing AgI with remarkable anharmonicity, but are still
useful to explain the appearance of significant MSDs dif-
ference between atoms. To include full anharmonic effects
in the calculation, the long-time AIMD simulations of γ -
and β-AgI at different temperatures are employed. Below
Tc, no diffusion of Ag+ and I− ions was observed from our
MD calculations, and the calculated MSDs are given in Ta-
ble I. At room temperature, the calculated MSDs of Ag+ in
γ -phase AgI and β-phase AgI from the AIMD were ∼ 0.078
and ∼ 0.067 Å2, which were substantially larger than that of
I− (∼ 0.041 and ∼ 0.034 Å2), respectively. As a comparison,
the experimental MSD values of Ag+ and I− were 0.074
and 0.043Å2, respectively [56,57]. All high-order anharmonic
terms, thermal expansion, and renormalization of phonons are
included within the molecular dynamics simulation [58,59],
resulting in better agreements with the experiments than
harmonic approximation (see the Supplemental Material).
Similarly, an ionic conductor with dense low-frequency vibra-
tions is more likely to have distinguishable MSDs between the
cation and anion, e.g., AgBr, CuCl, CuI, and CuBr [57]. As we
have discussed in the Introduction, the rattling mode applies
when the vibration amplitudes between the guest atom and
its neighboring atoms are distinguishable [8]. For example,
Cu3SbSe3 [60], CsCu3O2 [8], CsPbBr3 [61], Tl3VSe4 [11],
and TlInTe2 [62] are reported to have rattling-induced low
thermal conductivities due to the larger MSDs of Cu, Cs, and
Tl atoms. According to Table I, the MSD value of Ag+ is
much larger than that of I−, which indicates that the guest
atom Ag was rattling in its surrounding host I atoms and
potentially led to strong anharmonicity.

B. Anharmonic phonon lattice dynamics

In this section, we focus on the anharmonic lattice dynam-
ics of γ - and β-phase AgI in detail. As shown in Fig. 2(a),
there was a large energy gap between the transverse acoustic
(TA) phonons and the longitudinal acoustic (LA) or optical
phonons in the γ -phase AgI. In the temperature range of
100–300 K, the optical branches and the LA phonon branch
changed slightly. In contrast, the TA branches shifted down
to a substantially lower-frequency region at 300 K, which
resulted in a larger TA-LA and TA-O energy gap. Such a large
phonon band gap is well known to forbid two TA phonons
from combining into a new phonon, and only a high-order
four-phonon scattering process is allowed. At a temperature

close to Tc (400 K), it was found that all the phonon branches
softened, which was a clear indication of structural phase tran-
sitions. In addition, the closed acoustic branches bunched in
the frequency range of 0–1 THz, which forbade three-phonon
scattering processes. The split TA1 and TA2 branches parallel
to each other along the path X→U|K→� with flat phonon
dispersion facilitated four-phonon recombination processes.

For β-phase AgI, two transverse optical phonons (denoted
as TO1 and TO2) were intertwined with acoustic phonons
at the zone boundaries below 1.0 THz. Because of the
energy-conservation rule, the phase space of the three-phonon
scattering that only involved a low-frequency channel was
restricted [28,63]. The phonon dispersion as a function of
temperature was almost identical from 100 to 300 K. At
400 K, however, the softening of the optical branches was
more significant than that of the acoustic branches. Although
the energy gap between the low-frequency and high-frequency
phonons (in the range of 0.5–2.0 THz) became smaller, the
energies of the optical branches were still more than double
those of low-frequency acoustic branches and TO branches.
This indicated that the three-phonon scattering processes, by
which two acoustic phonons combined into an optical phonon,
or the splitting process in the β-phase AgI was also restricted
by the large energy gap. The above phonon-dispersion charac-
teristics, i.e., (1) energy bunching and the large phonon band
gap and (2) the flat phonon bands in both γ - and β-phase
AgI, did not forbid four-phonon scattering processes, sug-
gesting the important role of quartic anharmonicity in the
phonon dynamics and the lattice thermal conductivity of AgI.
The available three-phonon and four-phonon scattering phase
spaces of γ - and β-phase AgI are calculated quantitatively
[64]. As the results shown in Figs. 3(a) and 3(b), the four-
phonon scattering phase spaces are even almost overwhelming
in both γ - and β-phase AgI. Especially, the three-phonon
scattering spaces are remarkably low at the frequency range
of the “phonon band gap” in a range of 0.5–2.0 THz. The
low-frequency “split acoustic bands” in γ -AgI or “intertwined
acoustic bands” in β-AgI contributed to the sharply increased
four-phonon scattering phase space around 0.5 to 1 THz. In
addition, high-frequency “flat optical bands” over 2.7 THz
exist in both γ - and β-phase AgI also result in a significant
four-phonon scattering phase space. To perform a rough es-
timation of the strength of the four-phonon interactions, we
followed Feng et al.’s approach and calculated the strength
of the four-phonon scattering by |�4/�3|2/�2 [27]. Using
the self IFCs of Ag atoms at 100 K, the strengths of four-
phonon scattering were estimated to be ∼ 5.53 and ∼ 5.66 for
γ - and β-phase AgI, respectively. These values are com-
parable to those of materials in which four-phonon scat-
tering is dominant, e.g., CuCl (∼ 6.96) and AgCrSe2

(∼ 4.27 at 100 K) [25,27].
Next, we further study the anharmonic lattice dynamics

of γ - and β-phase AgI by directly calculating their phonon
spectral functions with and without four-phonon interactions
as follows [43,46,48]:

S	k,s(ω) = 2ω	k,s�	k,s(ω)[
ω2 − ω2

	k,s
− 2ω	k,s�	k,s(ω)

]2 + 4ω2
	k,s

�2
	k,s

(ω)
,

(13)
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FIG. 3. Scattering phase space of (a) γ -AgI and (b) β-AgI at 300 K. Dark-gray triangles represent the phase space available for three-
phonon scattering processes and blue squares represent the phase space available for four-phonon scattering processes.

where ω	k,s is the eigenfrequency of the phonon in the

mode 	k, s with the wave vector 	k and polarization index s,
and �	k,s(ω) and �	k,s(ω) represent the linewidth broadening
and frequency shift of the phonon self-energy

∑
	k,s(ω) =

�	k,s(ω) − i�	k,s(ω), respectively [65]. The effect of four-
phonon interactions in addition to the effect of conventional
three-phonon interactions can be readily taken into consider-
ation by simply writing the phonon self-energy

∑
	k,s(ω) as a

sum of the first-order cubic perturbation and the second-order
quartic perturbation

∑
	k,s(ω) = ∑′

	k,s(ω) + ∑′′
	k,s(ω). For the

expressions for the phonon self-energy see the Supplemen-
tal Material for details [25,66]. Figures 4 and 5 display
the calculated S	k,s(ω) for γ - and β-AgI in the temperature
range of 100–400 K with/without second-order quartic an-
harmonic perturbations, respectively. When considering only
first-order cubic perturbations in γ -AgI [Figs. 4(a)–4(d)], the
LA branch in the energy range of 0.8–1.5 THz was broad-
ened with increasing temperature, which originated from the

Fermi resonance of three acoustic phonons [67]. At 400 K,
the three-phonon Fermi resonance became more significant,
which resulted in a significant wide and fuzzy belt [the region
indicated by the dashed square in Fig. 4(d)] on the LA branch.
More importantly, the spectral functions of both the TA and
LA branches softened with increasing temperature, whereas
the TA phonons were unable to maintain their stability at
400 K. As a consequence, the three-phonon interactions alone
would lead to dynamic structural instability below the phase-
transition temperature of 420 K in γ -AgI [68,69]. However, as
shown in Figs. 4(e)–4(h) such dynamic structural instability
was well compensated for by the second-order quartic anhar-
monic interactions. Furthermore, the quartic anharmonicity
also led to a remarkable broadening of the TA branches. The
degenerate TA phonons even split into two diffuse bands at
400 K, and the three acoustic phonon branches became paral-
lel to each other. Meanwhile, the conservation of energy did
not rule out the traditional combination- or inverse-splitting
processes. The large phonon energy gap between the TA

FIG. 4. Phonon spectral functions including (a)–(d) only three-phonon scattering and (e)–(h) both three-phonon and four-phonon scattering
processes in the temperature range of 100–400 K for γ -phase AgI.
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FIG. 5. Phonon spectral functions including (a)–(d) only three-phonon scattering and (e)–(h) both three-phonon and four-phonon scattering
processes in the temperature range of 100–400 K for β-phase AgI.

and LA branches and the parallel acoustic branches con-
tributed to a broad phase space for four-phonon scattering
as well.

The anharmonic lattice dynamics of β-AgI are shown
in Fig. 5, in which the low-frequency optical branches in-
tertwined with the acoustic branches and formed bunching
below 1 THz. According to Yang et al., three-phonon pro-
cesses have difficulty occurring on such acoustic branches
owing to energy-conservation rules, which thus result in
weak three-acoustic phonon scattering [28,70,71]. To better
identify those intertwined phonon modes, the acoustic and
low-energy optical phonons are highlighted in Figs. 5(a)–5(d).
We surprisingly found that the low TA1/TA2/LA/TO1 fre-
quency branches and the LO1 optical branch (in the range
of 2–2.5 THz) could also combine into a high-frequency
phonon, which gave rise to nearly flat optical branches
and the notable broadening of these phonon bands above
2 THz. With increasing temperature, the fully diffused op-
tical branches showed significant three-phonon scattering.
The low-frequency phonons (acoustic phonons and TO1/TO2)
slightly shifted to lower frequencies with increasing tem-
perature [Figs. 5(a)–5(d)]. In contrast, they were slightly
more diffuse and shifted inversely to high frequencies with∑′′

	k,s(ω), as shown in Figs. 5(e) and 5(f). The four-phonon
scattering processes also played a role in β-AgI.

To further demonstrate the roles of the four-phonon in-
teractions in the phonon-phonon scattering processes in AgI,
the phonon spectral functions including both

∑′
	k,s(ω) and∑′′

	k,s(ω) (solid lines) at the U point for γ -AgI and the M
point for β-AgI, along with the three-phonon interactions as a
reference (dashed lines), are provided in Fig. 6. To see the fre-
quency shifts due to the phonon renormalization more clearly,
vertical bars are used to indicate the eigenfrequencies ω	k,s of
the bare phonons. Figures 6(a)–6(d) display the temperature-
dependent S	k,s(ω) curves at the U point of the γ -phase AgI.

Without
∑′′

	k,s(ω), the S	k,s(ω) curves of different phonon
modes, other than the LA branch, showed typical Lorentzian
shapes in the temperature range of 100–400 K. The Lorentzian
shape even remained near the structural phase-transition
temperature, which was indicative of weak three-phonon in-
teractions. Instead, the spectral function of the LA branch
resembled a saddle at 200 K, and it downshifted to a low-
frequency region with increasing temperature. Such a special
double-peak structure was also found in the CuCl system due
to Fermi resonance [25,43,67]. With both the three-phonon
interactions

∑′
	k,s(ω) and four-phonon interactions

∑′′
	k,s(ω),

the most important feature of the phonon’s spectral function
is that the peaks of TA1 and TA2 became weaker and broader,
which indicated significant renormalization of TA phonons.
Around Tc, the line shape of the TA1 branch resembled a
saddle, while the TA2 showed an inclined slide type. They are
both far from the typical Lorentzian shape. In this case, strong
anharmonic four-phonon Fermi resonance occurred and the
phonon quasiparticle description broke down. In addition, the
optical branches became weaker and broader as well when
the high-order four-phonon interactions were considered. For
β-AgI, the temperature-dependent S	k,s(ω) at the M point is
shown in Figs. 6(e)–6(h). The line shapes of the acoustic
branches also became weaker and broader with

∑′′
	k,s(ω). The

peak positions of the dressed phonons coincided with their
eigenfrequencies ω	k,s after the inclusion of

∑′′
	k,s(ω), which

revealed that the frequency shift caused by the lowest-order
perturbation was well compensated for. Unlike γ -AgI, the
spectral functions of β-AgI exhibited well-defined Lorentzian
broadening of individual peaks [43]. Nevertheless,

∑′′
	k,s(ω)

affected all the acoustic branches and also lowered κl . Thus,
the overestimation of the κl of AgI in previous theoretical
work was likely caused by neglecting four-phonon interac-
tions [39,40]. Similar results for γ - and β-phase AgI can also
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FIG. 6. Spectral functions Sk,s(ω) at the (a)–(d) U point for γ -AgI and (e)–(h) M point for β-AgI. Dashed lines are the results calculated
with the three-phonon interactions

∑′
	k,s(ω) alone, while the solid lines are the results calculated with both three- and four-phonon interactions∑′

	k,s(ω) + ∑′′
	k,s(ω). Colored vertical bars denote the phonon eigenfrequency ω	k,s. Linewidth broadening and frequency shift due to the four-

phonon interactions are evident.

be found at other representative reciprocal points (see Fig. S3
for further details in Supplemental Material).

As a crude estimation of whether the high-order quartic
anharmonicity played a critical role in the ultralow lattice
thermal conductivity in AgI, we also calculated the linewidths
of acoustic phonons. Figure 7 displays the imaginary parts
�	k,s(ω) for γ - and β-phase AgI at different temperatures. As
the linewidth of γ -phase AgI increased with temperature, the
difference between �

′′
	k,s

(ω) and �
′
	k,s

(ω) became significant,

especially for TA branches. For example, with increasing
temperature, the linewidth with both three-phonon and four-
phonon interactions (�′ + �′′) of the TA1 (TA2) branch at the
U point for γ -phase AgI increased substantially from 0.010
(0.010) THz at 100 K to 0.259 (0.249) THz at 400 K, while
the linewidth of the TA1 (TA2) branch with �′ alone was
only 0.007 (0.008) THz at 100 K and increased marginally
to 0.014 (0.039) THz at 400 K. For β-phase AgI, the �′ + �

′′

of the TA1 (TA2) branch at the M point increased from 0.004

FIG. 7. Imaginary part �
′
	k,s

(ω) (with three-phonon interactions shown by dashed lines) and �
′′
	k,s

(ω) (with three- and four-phonon inter-
actions shown by solid lines) of the acoustic phonon self-energy functions for the (a)–(d) γ phase at the zone-boundary point U and the
(e)–(h) β phase at the point M at different temperatures.
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FIG. 8. Experimental and theoretical thermal conductivities of
(a) the γ phase and (b) β phase as functions of temperature. Blue
spheres represent our measured thermal conductivity values. Mea-
sured κl values in (b) are comparable to the literature values [39]
(gray empty circles). Considering the boundary size, the theoretical
κl,3ph with a boundary size range from 500 nm to � is shown in
the purple-shaded area, along with the κl,3ph of 1 μm inside (pur-
ple triangles). The theoretical κl,3ph of γ - and β-AgI was in good
agreement with the previous theoretical work (orange asterisks) in
Ref. [40]. The calculated κl,3ph+4ph (black squares) were consistent
with our measured thermal conductivities.

(0.018) THz at 100 K to 0.039 (0.117) THz at 400 K, while the
�′ of the TA1 (TA2) branch increased from 0.003 (0.014) THz
at 100 K to 0.01 (0.028) THz at 400 K. It is interesting that
the peaks of �

′
	k,s

(ω) and �
′
	k,s

(ω) + �
′′
	k,s

(ω) almost coincided
with the bare phonon frequency of the LA branch, which
was indicative of a combined three-phonon and four-phonon
resonance in β-AgI. We also employed τ−1

4ph/τ
−1
3ph to compare

the scattering rates for these two individual processes, where
τ−1

4ph and τ−1
3ph represent the four-phonon scattering rate and

the three-phonon scattering rate, respectively [66]. According
to our calculations, the exceptionally large four-phonon scat-
tering of the TA phonons in the γ -phase AgI at the U point
resulted in τ−1

4ph/τ
−1
3ph ∼ 14.60 (5.58), 6.42 (3.42), 2.26 (1.71),

and 1.43 (1.25) for the TA1 (TA2) branch at 400, 300, 200,
and 100 K, respectively. It is clear that TA phonons were over-
whelmed exclusively by resonating four-phonon scattering.
In comparison, the τ−1

4ph/τ
−1
3ph ratios of the β phase were 2.80

(3.18), 2.46 (1.87), 1.70 (1.46), and 1.33(1.28) for the TA1
(TA2) branch at 400, 300, 200, and 100 K, respectively. As
a result, stronger quartic anharmonicity arose in the γ -phase
AgI due to the flat bands, which allowed both the traditional
phonon absorption and emission processes and four-phonon
Fermi resonance.

C. Lattice thermal conductivity

In this section, we compare the theoretical lattice ther-
mal conductivities when including both three-phonon and
four-phonon processes for γ - and β-phase AgI with the ex-
perimental results (Fig. 8). The theoretical results including
only three-phonon interactions, as calculated by Togo, are
also provided as a comparison [40]. The variable-temperature
XRD results in Fig. S2 verified that our single-phase β-AgI
crystal was successfully synthesized, and there was no transi-
tion between the β- and γ -phase AgI in the temperature range
of 300–400 K. Note that for γ -phase AgI, we had to deduce
its κl from the measured κl of single-phase β-AgI and their
mixtures because we were unable to synthesize single-phase
γ -AgI. According to the method proposed by Maxwell [72],

the thermal conductivity of the mixture can be obtained as
follows:

κm = κA[κB + 2κA − 2PB(κA − κB)]

κB + 2κA + PB(κA − κB)
(14)

where κA and κB represent the thermal conductivities of
single-phase A and B, respectively, PB is the phase-volume
fraction of phase B, and κm is the thermal conductivity
of the two-phase mixture. The measured κl values of the
multiphase AgI mixture are displayed in Fig. 8(a). The mea-
sured κl values for the β-phase AgI (κl ∼ 0.29 W/m K at
300 K) were consistent with the reported results [Fig. 8(b)].
The deduced κl of γ -AgI was only 0.36 W/m K at
300 K and was much smaller than the value predicted
(∼ 2.09 W/m K) [40] in previous theoretical work, in which
only three-phonon interactions were considered. Using a simi-
lar theoretical approach, we first compared the lattice thermal
conductivities of γ - and β-phase AgI calculated solely with
three-phonon scattering (κl,3ph) and those calculated with both
three-phonon/four-phonon scattering (κl,3ph+4ph). As shown in
Fig. 8, the theoretical κl,3ph of γ -AgI with a boundary size of
� was ∼ 2.10 W/m K, which was consistent with the theoret-
ical result of 2.09 W/m K at 300 K [40]. In the meantime, the
κl,3ph of β-AgI with an intermediate boundary size of 1 μm
was ∼ 1.62 W/m K at 300 K, which was comparable to the
predicted value of ∼ 1.51 W/m K in previous work [40]. In the
proximity of the phase-transition temperature, the calculated
κl,3ph of both the γ - and β-phase AgI (at 400 K) decreased
and deviated from the general κl ∼ T −1 rule for materials
with dominant three-phonon scattering [27], suggesting the
emergence of even stronger anharmonicity. However, when
we considered the four-phonon scattering process, the the-
oretical κl,3ph+4ph in the γ -phase AgI decreased noticeably
from ∼ 1.69 to 0.32 W/m K at 300 K, which agreed with
the measured value (0.36 W/m K). The mean value of the
theoretical κl,3ph+4ph for β-phase AgI decreased from 1.62 to
0.32 W/m K, which was comparable to the experimental value
(∼ 0.29 W/m K) as well.

IV. DISCUSSION AND CONCLUSIONS

In AgI, the rattling of Ag ions, the dispersionless phonon
band structure, and phonon Fermi resonance are intimately
related to each other and are the main cause of the ul-
tralow κl . This correlation is not solely restricted to AgI
but can also be readily applied to other material systems.
The key factor here is the low-frequency flat phonon dis-
persion. First, as we have pointed out in Sec. III A, the
general formulation given by Eq. (12) implies that a large
MSD can be achieved by a low atomic mass as well as
dense low-frequency phonon vibrations. Therefore, materials
with characteristic flat phonon dispersion at low frequen-
cies naturally lead to large (1 + 2nν )ω−1

ν |eα
ν ( j, q)|2 and they

are potential candidates having large MSDs (or MSD differ-
ences) [45]. However, the dispersionless phonon branch can
be viewed as localized vibrations of atoms within a potential
well, of which the depth is approximately proportional to
ω2

ν [73]. In fact, the so-called “localized vibration atoms”
can never completely localize, only weak coupling with the
surroundings. In the case of the low-frequency limit (ω ν → 0,
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or ω ν is much smaller than the Debye frequency), the atoms
are subjected to a shallow potential or weak interactions in
at least one direction, thus resulting in large-amplitude atom
vibrations or MSDs. Second, the low-frequency flat phonon
dispersion substantially lowered the phonon group velocities,
usually from the order of 103 to 102 m/s. This localized nature,
along with the dense DOS of the dispersionless phonons,
would significantly reduce the corresponding heat conduction
by these phonons. In addition, the low-frequency dispersion-
less mode might also suppress the dispersive acoustic phonons
and reduce their velocities. In the simplest condition, the
acoustic phonon velocity v is determined by the frequency of
the dispersionless phonon at the zone boundary ωs and the
zone-boundary reciprocal point with v = ωs/k. As a result,
the lower the vibrational frequency ωs of the rattling atoms is,
the smaller the sound speed v and κl become. Finally, the flat
phonon dispersion could also increase both the three-phonon
and four-phonon scattering phase space substantially, thus
reducing the phonon relaxation time and κl . Using the flat
phonon dispersion as a fingerprint and guide for materials
with low κl values, we can summarize some of the rattling
systems with characteristic flat phonon dispersion. The first
class includes materials that have cagelike structures with
atoms rattling in the center, which are weakly bounded in
three dimensions and tend to form dispersionless phonon
band structures with three flat phonon bands, i.e., SbNaLi2

[24], CsPbBr3 [61], KCaF3 [74], and YbFe4Sb12 [75]. The
second class includes materials with quasi–two-dimensional
structures like AgCrSe2 [25] and Mg3Bi2 [76], which form
two flat phonon bands due to the weak in-plane bonding.
The last group includes materials with chainlike rattling struc-
tures, i.e., TlInTe2 [62] and InTe [77], in which a single
low-frequency dispersionless phonon band structure is formed
as a result of the weak bonds along the chain. In addition
to the rattling systems, some layered thermoelectric materials
with significantly decreased κl values also exhibit character-
istic flat phonon dispersion, such as single-layer MoTe2 [78],
PbSe, and GeSe [79]. However, the four-phonon scattering or
higher-order interactions in those single-layer structures with

dispersionless phonon bands have rarely been discussed. Our
work has implications for materials with flat phonon band
structures and the study of these materials is within the scope
of our future work.

In summary, the temperature-dependent thermal transport
properties of γ - and β-AgI were studied by many-body
perturbation theory and phonon Boltzmann transport theory
in this work. The large difference in the MSDs between
Ag+ and I− is identified as the reason for the character-
istic rattling feature and inherent low-frequency, nearly flat
local phonon vibrations, which give rise to strong anhar-
monicity and resonant four-phonon scattering. Considering
fourth-order anharmonicity, the broadened spectrum of the flat
TA branches in the γ -AgI was indicative of the overwhelm-
ing role of four-phonon Fermi resonant scattering processes.
The “flat-band” effect also appeared in β-AgI due to the
presence of diffuse and broad nearly flat optical branches,
namely, the three- and four-phonon resonances were equally
important. The theoretical values of both γ -phase and β-phase
AgI were in good agreement with the experiments in the
temperature range of 100–400 K. Furthermore, the weak-
bonding rattling mode, dispersionless phonon band structure,
and phonon resonance were suggested to be intimately re-
lated to each other, which resulted in the low κl of AgI.
Such a relationship is not restricted to AgI, but also provides
insights for finding materials with ultralow lattice thermal
conductivities.
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[68] Đ. Dangić, O. Hellman, S. Fahy, and I. Savić, The origin
of the lattice thermal conductivity enhancement at the ferro-
electric phase transition in GeTe, npj Comput. Mater. 7, 57
(2021).

[69] U. D. Wdowik, K. Parlinski, S. Rols, and T. Chatterji, Soft-
phonon mediated structural phase transition in GeTe, Phys. Rev.
B 89, 224306 (2014).

[70] N. K. Ravichandran and D. Broido, Exposing the hidden in-
fluence of selection rules on phonon–phonon scattering by
pressure and temperature tuning, Nat. Commun. 12, 3473
(2021).

[71] R. Yang, S. Yue, Y. Quan, and B. Liao, Crystal symmetry
based selection rules for anharmonic phonon-phonon scattering
from a group theory formalism, Phys. Rev. B 103, 184302
(2021).

[72] S. C. Cheng and R. I. Vachon, The prediction of the thermal
conductivity of two and three phase solid heterogeneous mix-
tures, Int. J. Heat Mass Transfer 12, 249 (1969).

[73] M. N. Luckyanova, J. Mendoza, H. Lu, B. Song, S. Huang, J.
Zhou, M. Li, Y. Dong, H. Zhou, J. Garlow, L. Wu, B. J. Kirby,
A. J. Grutter, A. A. Puretzky, Y. Zhu, M. S. Dresselhaus, A.
Gossard, and G. Chen, Phonon localization in heat conduction,
Sci. Adv. 4, aat9460 (2018).

[74] F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, An-
harmonicity measure for materials, Phys. Rev. Mater. 4, 083809
(2020).

[75] W. Li and N. Mingo, Ultralow lattice thermal conductivity of
the fully filled skutterudite YbFe4Sb12 due to the flat avoided-
crossing filler modes, Phys. Rev. B 91, 144304 (2015).

[76] J. Ding, T. L. Atkins, M. Calderón-Cueva, A. Banerjee, D.
L. Abernathy, A. Said, A. Zevalkink, and O. Delaire, Soft
anharmonic phonons and ultralow thermal conductivity in
Mg3(Sb, Bi)2 thermoelectrics, Sci. Adv. 7, abg1449 (2021).

[77] M. K. Jana, K. Pal, U. V. Waghmare, and K. Biswas, The origin
of ultralow thermal conductivity in InTe: Lone-pair-induced
anharmonic rattling, Angew. Chem. Int. Ed. Engl. 55, 7792
(2016).

[78] X.-J. Yan, Y.-Y. Lv, L. Li, X. Li, S.-H. Yao, Y.-B. Chen,
X.-P. Liu, H. Lu, M.-H. Lu, and Y.-F. Chen, Investigation on
the phase-transition-induced hysteresis in the thermal transport
along the c-axis of MoTe2, npj Quant. Mater. 2, 31 (2017).

[79] P. F. Liu, T. Bo, J. Xu, W. Yin, J. Zhang, F. Wang, O. Eriksson,
and B. T. Wang, First-principles calculations of the ultralow
thermal conductivity in two-dimensional group-IV selenides,
Phys. Rev. B 98, 235426 (2018).

064308-12

https://doi.org/10.1103/PhysRev.128.2589
https://doi.org/10.1107/S0021889801002242
https://doi.org/10.1107/S0021889813003531
https://doi.org/10.1016/0011-2275(92)90358-H
https://doi.org/10.1007/s11182-010-9474-2
https://doi.org/10.1016/0167-2738(95)00031-Z
https://doi.org/10.1103/PhysRevB.3.4055
https://doi.org/10.1103/PhysRevB.87.104111
https://doi.org/10.1016/S0167-2738(98)00544-X
https://doi.org/10.1143/JJAP.36.781
https://doi.org/10.1103/PhysRevB.102.201201
https://doi.org/10.1103/PhysRevLett.124.065901
https://doi.org/10.1038/srep13643
https://doi.org/10.1103/PhysRevB.105.024302
https://doi.org/10.1021/jacs.7b01434
https://doi.org/10.1103/PhysRevLett.111.025901
https://doi.org/10.1016/j.cpc.2021.108179
https://doi.org/10.1103/PhysRev.139.A1569
https://doi.org/10.1103/PhysRevB.15.5957
https://doi.org/10.1103/PhysRevLett.56.938
https://doi.org/10.1038/s41524-021-00523-7
https://doi.org/10.1103/PhysRevB.89.224306
https://doi.org/10.1038/s41467-021-23618-7
https://doi.org/10.1103/PhysRevB.103.184302
https://doi.org/10.1016/0017-9310(69)90009-X
https://doi.org/10.1126/sciadv.aat9460
https://doi.org/10.1103/PhysRevMaterials.4.083809
https://doi.org/10.1103/PhysRevB.91.144304
https://doi.org/10.1126/sciadv.abg1449
https://doi.org/10.1002/anie.201511737
https://doi.org/10.1038/s41535-017-0031-x
https://doi.org/10.1103/PhysRevB.98.235426

