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Quantum states in disordered media. I. Low-pass filter approach
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The current burst in research activities on disordered semiconductors calls for the development of appropriate
theoretical tools that reveal the features of electron states in random potentials while avoiding the time-
consuming numerical solution of the Schrodinger equation. Among various approaches suggested so far, the
low-pass filter approach of Halperin and Lax (HL) and the so-called localization landscape technique (LLT)
have received most recognition in the community. We prove that the HL approach becomes equivalent to the
LLT for the specific case of a Lorentzian filter when applied to the Schrodinger equation with a constant
mass. Advantageously, the low-pass filter approach allows further optimization beyond the Lorentzian shape.
We propose the global HL filter as optimal filter with only a single length scale, namely, the size of the localized
wave packets. As an application, we design an optimized potential landscape for a (semi)classical calculation
of the number of strongly localized states that faithfully reproduce the exact solution for a random white-noise

potential in one dimension.
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I. INTRODUCTION

Disordered semiconductors are in the focus of intensive
experimental and theoretical research because these materials
are successfully applied in various devices and promise many
fruitful applications in the future [1]. The term disordered
materials usually describes amorphous organic and inorganic
solids without perfect crystalline structure. However, multi-
component crystalline semiconductors with random atomic
occupancies also belong to the broad class of disordered
materials.

Alloying semiconductors is often used to tune material
properties, such as band gaps and effective masses of charge
carriers, depending on the device application. The price for
this tunability is the extra disorder caused by spatial fluctua-
tions in the distributions of the material components. These
compositional fluctuations cause spatial fluctuations of the
band gap which in turn create a random potential V(7 ) acting
on electrons and holes [2,3]. The random potential leads to
the spatial localization of charge carriers in electronic states
at low energies.

It is desirable to develop theoretical techniques for an
appropriate treatment of such localized states. A complete
solution of the Schrodinger equation to obtain all localized
states is too time-consuming. Therefore, theoretical tools to
obtain the essential features of localized states without solv-
ing the Schrodinger equation are of extreme value. One of
such tools is the recently introduced “localization landscape
theory” (LLT) [4-7].

*florian.gebhard @ physik.uni-marburg.de
TOn leave of absence from Rzhanov Institute of Semiconductor
Physics and the Novosibirsk State University, Russia.

2469-9950/2023/107(6)/064206(17)

064206-1

The LLT can be applied to any wave operator, quantum or
classical. In the case of the Schrodinger equation, the local-
ization landscape potential can be seen as a regularization of
the original potential, and provides an efficient access to the
features of the low-energy localized states. The random poten-
tial V(¥) is converted into the “effective potential” W (7) =
u~'(7), where u(7 ) is the solution of the LLT equation

2
—h—Au(7)+V(7’)u(?)= 1, €))]
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where m is the carrier mass, 7 is the reduced Planck constant,
and A is the Laplace operator. The LLT potential W (7 ) is then
used to describe, e.g., the spatial dependence of the band edge
E.(F) [4-T].

The LLT is widely considered as one of the efficient the-
oretical approaches to calculate the local density of states in
disordered systems, for instance, in GaN-based light emitting
diodes (LEDs) [8,9]. The LLT has been used to simulate
the carrier effective potential fluctuations induced by alloy
disorder in InGaN/GaN core-shell microrods [10] and for
direct modeling of carrier transport in multi-quantum-well
(QW) LEDs [11] and in a type-II superlattice InAs/InAsSb
photoconductor system [12]. The LLT is considered to be a
promising approach to simulate random alloy effects in III-
nitride LEDs [13], to connect atomistic and continuum-based
models of III-nitride QWs [14], and to simulate carrier escape
in InGaN/GaN multiple QW photodetectors [15]. Further-
more, the LLT has been applied to compute the eigenstate
localization length at very low energies in two-dimensional
disorder potentials [16]. Occasionally, the LLT is consid-
ered capable to reveal errors in the finite-element method
software in applications to alloys [17]. It is also used for a
three-dimensional modeling of minority-carrier lateral diffu-
sion length in (In,Ga)N and (Al,Ga)N QWs and to analysis
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of light-emission polarization ratio in deep-ultraviolet LEDs
by considering random alloy fluctuations [18,19]. Moreover,
the LLT frequently serves as a decisive ingredient in quantum-
corrected drift-diffusion models [20-22].

Several attempts to extend and improve the LLT approach
have been made. Chaudhuri er al. [23] suggested to_search
for the effective potential W (¥ ) replacing Eq. (1), Hu =1,
by the equation H?u = 1. This improves the convergence
of the calculated energies and the robustness of the method
against the chosen integration region for « to obtain the corre-
sponding energies. Balasubramanian et al. [24] extended the
LLT, developed initially for the single-particle Schrodinger
operator, to a wide class of interacting many-body Hamilto-
nians. Steinerberger and collaborators [25-27] suggested to
replace the LLT effective potential by a convolution of the
initial random potential with a kernel function arising from a
random Brownian motion. Altmann et al. [28,29] and Jia and
coworkers [30] addressed the relation between the LLT and
Anderson localization problem. Harrell and Maltsev adapted
the LLT approach for the eigenfunctions of quantum graphs
[31]. Chenn et al. [32] focused on studying the features of
the localized wave functions in the framework of the LLT.
GrubiSi¢ et al. [33] used the deep neural network model to
study eigenmode localization in the framework of the LLT.
Lemut er al. [34] adapted the LLT to construct the land-
scape functions for Dirac fermions. Herviou and Bardarson
[35] generalized the LLT approach to eigenstates at arbitrary
energies.

In view of the variety of applications and extensions, the
foundations of the LLT and its accuracy deserve more con-
sideration. For instance, Comtet and Texier have shown that
LLT does not reproduce the energy spectrum for some simple
exactly solvable models, namely for the Pieces model and
for supersymmetric quantum mechanics [36]. The group of
Witzigmann argued that the LLT is not practical because it
is either not deterministic or requires expensive experimen-
tal data. They found that when the LLT is restricted to a
numerically expensive three-dimensional simulation, it does
not perform well in optimization or calibration [37]. In their
work, the effect of compound disorder was investigated with
a statistical model. This modeling was embedded into a mul-
tiscale multipopulation carrier-transport simulator to study its
influence on the electronic features [37]. Therefore, the ques-
tion arises how to justify, and systematically improve, the LLT
for solid-state applications. In the present work, we elucidate
the meaning of the LLT as a Lorentzian low-pass filter to the
random potential, and propose and justify the Halperin-Lax
filter as a generic improvement.

Already in the 1960s, Halperin and Lax [38] suggested
applying a filter to smooth the random potential. They used
a variational approach to describe the shape of the low-energy
tail in the density of states in a random potential. The absolute
square of the wave function serves as their filter function,
whereby the width of the wave function depends on the energy
of the localized state [38]. Later, Baranovskii and Efros [39]
addressed the same problem by a slightly different variational
technique and confirmed the result of Halperin and Lax for the
density of states in a random potential.

However, neither of the two groups considered the indi-
vidual features of localized states but restricted themselves

to the description of the tails of the density of states. In the
present paper, we further develop the idea of Halperin and
Lax [38] to show that a low-pass filter applied to a random
potential permits us to reveal the energy together with the
spatial positions of low-energy localized states in disordered
media.

Our paper is organized as follows. In Sec. II we briefly
summarize and formalize the problem of localized states in
disordered systems and recall the main ingredients of the
localization landscape theory [4-7]. In Sec. III we outline
the low-pass filter approach and show that the localization
landscape theory, applied to the Schrodinger equation, is
equivalent to a low-pass filter of Lorentzian form. In Sec. IV
we show that low-pass filters belongs to the class of vari-
ational approaches to the low-energy localized states, and
discuss various local filters (Gauss, Gauss-Lorentz, Halperin-
Lax) that permit to find energy and position of individual
localized states from effective potentials without solving the
Schrodinger equation. Finally, we extend our analysis to de-
fine the Halperin-Lax low-pass filter globally. Comparing with
the results of numerical studies of the localization problem in
one dimension, we show that the global Halperin-Lax filter
is superior to the global Lorentzian low-pass filter used thus
far within the framework of the LLT. Moreover, we construct
a landscape potential that can be used for the semiclassical
approximation of the density of states in the band tails. Con-
cluding remarks are gathered in Sec. V. In Appendix A, we
concisely rederive the exact integrated particle density for the
case of a random white-noise potential in one dimension. In
Appendix B, we identify the generic energy and length scales
of the localization problem.

The focus of the LLT and, concomitantly, the focus of
the current paper is set on the features of the temperature-
independent effective potential W (7). In the LLT, W(#)
determines the space- and temperature-dependent electron
distribution n(7, T') that is used to derive the opto-electronic
properties of disordered semiconductors [7]. However, the
effective potential that describes a correct distribution n(7, T')
should also depend on temperature. In our subsequent paper
[40] we present two powerful techniques to access n(#, T)
without solving the Schrodinger equation. First, we derive the
density for nondegenerate electrons by applying the Hamilto-
nian recursively to random wave functions. Second, we obtain
a temperature-dependent effective potential W (7, T') from the
application of a universal linear filter to the random potential
acting on the charge carriers in disordered media. Thereby,
the full quantum-mechanical problem is reduced to the qua-
siclassical description of n(7, T') in a temperature-dependent
effective potential. Both approaches prove superior to the LLT
when we compare our approximate results for n(#, T') and for
the carrier mobility at elevated temperatures with those from
the exact solution of the Schrodinger equation [40].

II. LOCALIZED STATES IN DISORDERED SYSTEMS

We start with a short description of the physical setting and
define a Hamiltonian to model localized states in disordered
systems. Next, we summarize the essence of localization land-
scape theory.
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A. Model

First, we motivate the Hamiltonian used for the description
of quantum mechanical states deeply localized in the band
tails. Second, we define some physical quantities such as the
single-particle density of states that can be derived from the
solution of the Schrodinger equation.

1. Hamiltonian

In ideal crystals, there are no impurities and vacancies in
the lattice. As a consequence, Bloch’s theorem applies so
that the perfectly periodic lattice potential leads to bands in
reciprocal space with single-particle states that extend over
the whole crystal [41]. In the vicinity of the lower band edge,
the dispersion is parabolic so that we can describe the band
states using the kinetic energy operator in the form

d

"2 "2 92
TPF)= —— A= — Y — 2
=0 2m ; or? @

where m is the effective mass determined by the curvature of
the band at the I" point; for simplicity, we assume that the band
minimum lies at the I" point in reciprocal space in dimension
d.

When a single impurity is added to such a system, an
anti-/bound state forms above/below the upper/lower band
edge, provided the impurity potential is strong enough. In the
presence of a finite density of impurities and other lattice im-
perfections, the band edges smear out and the single-particle
states in the band tails are spatially localized. When semicon-
ductors are optically excited, the density of charge carriers
is small and they readily relax into localized states. The trap
states and their properties thus dominate the (hopping) trans-
port in these materials [1].

In alloy semiconductors, the site occupancies randomly
vary so that the charge carriers experience potential fluctua-
tions on an atomic length scale, £pr ~ 1 A. The Hamiltonian
to describe charge carriers in the band tails is thus defined in
position space by

Hr(F) =T*F) + VR(F), 3

where Vg (7) describes a specific realization of the fluctuating
potential. To calculate measurable quantities, an average over
many realizations R must be carried out.

Following Halperin and Lax [38], we consider a random
potential which arises in the limit of a finite density of §-
function scatterers. This is permitted because the strength V
of the scattering potential is small compared to the band width
which leads to a typical size of the localized wave packet
Lywp ~ 10 A that is large compared to the potential fluctuation
scale, £y, > £,f. For an estimate of £,,, we introduce

hZ
- Zmﬁap

“

as the typical average kinetic energy of a localized state. The
estimate (4) implies that, while the band width is of the order
of several electron volts, the typical average kinetic energy T
of a localized state is of the order of several ten millielectron
volts. Algebraic expressions for £,,, and 7 through the model
parameters are given in Eq. (B6).

To be definite, we assume that the potential is characterized
by Gaussian statistics (“white noise”), i.e., the potential obeys
{(Vr(7))r = 0 with the auto-correlation function [38]

WREIWRE R = 5V ) 8GF —F') = S8(F —F'), (5)

where (. . .)r indicates the average over many realizations R of
the random potential and S is the strength of the interaction.

Only the energetically lowest-lying states are relevant for
charge transport at low carrier concentrations and low tem-
peratures. Therefore, a third length scale becomes important,
Lhop, for the typically hopping distance a particle travels be-
tween two localized states. States that are spatially close but
disparate in energy cannot be accessed due to the lack of
activation energy. Therefore, a hopping event only takes place
between localized sites that are close enough in space and in
energy. Depending on temperature, £y0p ~ 100 A, or larger.
In this work, we shall not discuss transport, and it suffices to
state that localized states that are close in energy are typically
separated in distance by £y0p > £yp. The precise definition of
£hop can be found in the monograph by Shklovskii and Efros
[42].

2. Numerical simulations

Since 7T is the relevant energy scale for the localized states
and £, is the corresponding length scale, we consider the
dimensionless Hamiltonian in d dimensions

_ 492
Hr@)=—-) — + W) (6)
P 0x;
for our numerical simulations, where we measure lengths in
units of £y, 7 = £ypX, and energies in units of 7, ie., E =
E/T, VR(EZ) = VrR(lypX)/T,and V = V/T.

The calculations can be simplified further when we redis-
cretize the Hamiltonian. In this way, we do not have to solve a
differential equation but we are left with the diagonalization of
a real symmetric matrix. Thus, we address the corresponding
lattice problem on a d-dimensional cube of edge length L,

et ==t Y (m| + |m){l])

[[[—m||=1

+ ) @dr + Vi)l )

1

where |I) denotes a state with a particle on lattice site I =
(I, b, ..., 1), and ||l —m|| = 1 implies that the sites I, m
are nearest neighbors on a simple cubic lattice of neighboring
distance a in d dimensions. There are L >> 1 lattice sites in
each direction, i.e.,[; = 1,2, ..., L;, and L = Lqa.

In one dimension, H}" describes an Ls x Ls matrix with
entries 2t + VL,R on the diagonal and (—¢) on the secondary
diagonal and at its corners. Matrices with size Ly = O(10%)
are readily fully diagonalized on present-day computers.

The bare dispersion of the lattice model in d dimensions is

d
e(k) =2t Y [1 — cos(k;a)l, )
j=1
where k= (ki ky,...,kqg) =21 /(Lsa)(my, my, ..., my)

with integer —Ls/2 < m; < L;/2 for periodic boundary
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conditions. For k — 0, we have e(k) ~ ta®k* which is the
Fourier transform of the Laplace operator in Eq. (6) if we
identify

ta® = 1. ©)

The bandwidth must be large compared to the unit energy set
by 7 so that we demand a < 1 for the discretization step to
ensure ¢ 3> 1. The microscopic scale in units of £, is given
by L/Ls so that we typically choose a = £y¢/£yp, ~ 1/10. In
this way, the discretization reintroduces the length-scale for
potential fluctuations £y¢ as the microscopic length scale of
the localization problem.

The values for the random potential ]_/”z / V, are chosen
with equal probability from the interval I = [—1/2, 1/2] (box
distribution). Then, averaging over many realizations R gives

_ _ 1/2
Vir)r = VL/ dpp =0,
—1/2
_ _ _ 1/2 1}2
ViRVnr)R = 81.mV} f . dpp* = éaz,m (10)

because Vyr/V; has the value p with equal probability
w(p) = 1 in the interval 1.

Equation (10) is the lattice version of Eq. (5). Correspond-
ingly, the dimensionless strength Sy of the potential is given
by

V2a!
= 11
St 2 (11)
or
- 128§,
V== (12)

for the prefactor V; in the potential as a function of the
strength S; and of the discretization a. The spectrum at low
energies scales with the impurity interaction strength Sy.

In our numerical simulations in one dimension, we choose
a = 0.1, i.e., the potential fluctuates on the scale £,y = aly, =
£wp/10. The half-width at half maximum of the wave packets
in position space is of the order £,,, when we set S; = 1 so that
the typical energies of the bound states are of order 7 = 1.
On average, the energy and the width of the wave packets are
proportional to S; with vd=! = 2/3 for the energy and v¢=! =
—1/3 for the width; see Appendix B.

3. Physical quantities

The solutions of the Schrodinger equation
Hr(P)Y(F) = EY(F) (13)

with the Hamiltonian from Eq. (3) provide the spectrum {E; r}
and the corresponding eigenfunctions {; g ()} from which
several physical quantities of interest can be deduced.

The single-particle density of states is defined by

1
p(E) = Z<; S(E — EI,R>>

(14)

R

It permits us to derive the (average) Fermi level Er for given
particle density n,

N Er
n=_ = / dE p(E). (15)

The local particle density at temperature 7 for a given realiza-
tion of the impurity potential is given by (kg = 1)

np(F,pup. T) =Y e Exmm/Tiyy e )P (16)
!

with the normalization
f &g, pp. T) = 1 (17)

that fixes the chemical potential ug = ur(T).
The two-point correlation function remains nontrivial after
averaging,

CF—-7.,T)=CH# 7, T)

— < Z e By R—R)/T

h,b

2

Yy, R(F)

x e EnR=1R)/T |1/flz,R(7/)|2>
R

—n(#, Tn(F', T),
n(# T)=n(T) = (nr(7, g, T))r- (18)

The two-point correlation function permits us to identify the
typical distance between occupied sites at low temperature,
i.e., it can be used to determine /yop.

Another quantity of interest is the spatially resolved
density-of-states for a given realization of the impurity
potential

pR(E,F) =Y [y r(F)8(Err — E), (19)
!

because it contains the information where states are localized
in position space that have the energy E.

B. Localization landscape theory

The calculation of the density of states and other physical
quantities requires the full spectrum for many realizations.
Complete numerical calculations can be carried out for fairly
large one-dimensional systems where also exact solutions for
some quantities are available for comparison. Apparently, this
is not feasible for large systems in three dimensions, in par-
ticular when these microscopic calculations are part of larger
program packages that aim to describe transport on meso-
scopic length scales self-consistently. Therefore, approximate
theories must be developed.

One successful approach is the LLT [4-7]. It starts from
the idea that the deeply localized states can be described by
some approximate potential Wg (7 ) that is much smoother than
the white-noise potential and describes the landscape that the
localized states actually encounter in transport. Moreover, the
smooth localization landscape Wi (7 ) permits us to calculate
the density of states and the local density of states from semi-
classical expressions [4—7].
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In LLT, the landscape potential W (7 ) = 1/ug(7) is deter-
mined from the solution of a Poisson-type equation,

Hrur(7) =1, (20)

that has to be solved only once for a given realization of the
disorder potential; see Eq. (1). Thus, averaging over many
realizations does not pose an insurmountable problem, and the
solution of the microscopic problem can be incorporated into
mesoscopic transport equations. It turns out that it is favorable
to apply a Gaussian smoothing to the white-noise potential,
i.e., the LLT is not directly applied to Vg (¥ ) but to

N N Ny -7\, -
VR,av(r)ZB/ drexp | ———5—5— W),

2
0o 20

00 z__ 72
D=/ B exp (-T2, @1
oo 202

where o is the spatial scale of the Gaussian averaging. With
these modifications and extensions, the LLT was successfully
applied to, e.g., mesoscopic carrier transport and recombina-
tion in light emitting diodes [7]. Therefore, it is worthwhile to
elaborate on the foundations of LLT in more detail.

III. LOW-PASS FILTER APPROACH

In this section we show that the LLT, when applied to
the Schrodinger equation with a constant mass, is a special
version of a more general low-pass filter approach to localized
states at low energies.

A. Derivation

For simplicity and illustration, we study the one-
dimensional Schrédinger equation. The resulting structure of
the energetically lowest-lying states motivates the introduc-
tion of low-pass filters to the localization problem.

1. Motivation

We address the one-dimensional Schrodinger equation

H2 Wi R) = errlY),

L
Wir) =Y vir(ln), (22)
n=1
with
L
H = —1 ) _(my(n+ 1]+ In+1)(nl)
n=1
Ly
+ Y @t + Vur)ln(n| (23)
n=1

for periodic boundary conditions, |n) =|n+ Ls) and ¢ =
1/a?, see Eq. (9), for a = 0.1. We specify a realization of the
disorder potential R, i.e., we choose L random numbers from
the interval I = [—1/2, 1/2] and multiply it with the ampli-
tude V, = / 12/a for Sy = 1 from Eq. (12). A realization of
the disorder potential is shown in Fig. 1(a) together with the
occupation probabilities in position space |y r(n)|* for the

potential
=) o0

|
[9)]

o

potential

W

0 50 100 150 200

0.8

05f 1
N 041 B
0.3+ 1

0.2 b

0 50 100 150 200
X

FIG. 1. (a) Realization for the white-noise impurity potential
on a one-dimensional strip with L = 2000 sites for L = 200 (a =
0.1). (b) Occupation probabilities |y, r(n)|> for the four lowest-
energy eigenstates (I = 1, 2, 3, 4). At impurity strength S; = 1, the
energies, positions, and standard deviations of the four states are
e=E/T =(—1.44,-1.17,-1.10, —0.88),x = (113, 155, 63, 48),
Ax = /x? = = (0.69,0.71,0.79, 0.76).

four lowest-lying states in Fig. 1(b). The amplitudes are real
for bound states in one dimension.

As seen from the figure, the potential oscillates from lattice
site to lattice site, on the length scale £yf = aly, = £yp/10. In
contrast, the wave functions for the low-lying localized states
are extended over the length scale £, >> £,¢. This behavior is
readily understood from quantum mechanics. Classical parti-
cles at low energy would localize at the minima of the disorder
potential. For quantum mechanical particles this would imply
a very high kinetic energy so that the uncertainty principle
leads to a spread-out of the wave function in position space to
reach a low total energy. The barriers between adjacent sites
are high but they are also narrow so that tunneling between
sites permits wave functions that spread over many neighbor-
ing sites.

The spreading of the ground-state wave function in po-
sition space over distances £y, implies an equally localized
wave packet in reciprocal space,

Wir) =Y Yir(lk), (24)

k
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FIG. 2. Wave function intensities in momentum space |/, g (k)|
for the four states with lowest energy in the potential landscape of
Fig. 1, shown in momentum space in the top part of the figure. Note
that the Brillouin zone boundaries are at 7 /a = 107. The bottom
part of the figure shows |1, g (k)| on a log-log scale.

where
1 &
Ky =7 D e Im) (25)
S
n=1

are the eigenstates of the kinetic energy operator with wave
number k =2amy/(Lsa), my = —Lg/2,...,Ls/2 — 1, and
energy €(k) = 2t[1 — cos(ka)].

The amplitude squares |151,R(k)|2 for the ground state of the
Hamiltonian (22) are shown in Fig. 2; the specific realization
of the disorder potential is the same as shown in Fig. 1(a). It
is seen that a typical low-energy wave packet spreads over a
distance 1/¢,,, in reciprocal space, and vanishes algebraically
for large k,

¥ (k) o

(klyp)? 20

in one dimension.

This behavior is readily shown to be generic for low-energy
states of a one-dimensional Hamiltonian with site-diagonal
disorder. We transform the Schrédinger equation (13) in one
dimension to reciprocal space,

k2 . dg - _ _

2—w<k>+ / _qVR(k - (q) = Eyr(k), 27
m 27

with

L
Vr(q) = / dxe” Vg (x). (28)
0

From Eq. (27), we see that

V(k) = ! fﬁf/ k=¥ (@), (29)
= " E+in R q q),

12k2 ) (2m) 2

where n = 0T to ensure a proper analytic behavior around
the pole. Equation (29) shows that, for small £ and large %,
we reproduce the empirically observed behavior in Eq. (26)
because, for a representative f/R(k), the integral becomes in-
dependent of k£ when |k| becomes large.

2. Definition of the low-pass filter

Equation (29) shows that for small k only small (k — gq)
values contribute to the integral because k and g are both
small. Therefore, only small Fourier components of the ran-
dom potential in Eq. (28) are important.

This observation constitutes the basis of the low-pass filter
approach. The effective random potential

Wi (k) = T (k)Vr (k) (30)

leads to the same solution of the Schrddinger equation (27)
when we apply the low-pass filter I'(k) that fulfills the
conditions

Pk« 1/0) ~ 1, (31)

Ftk>1/0) ~ (32)

1
(ke)?’
where £ is a characteristic length scale that remains to be
adjusted. Equation (31) implies that a constant shift in Vg (x)
leads to the same constant shift in Wi (x).

The effective potential in position space is given by the
convolution of the original potential and a weight function,

L
WR(x)=/ dx'T(x — x)Vr(x), (33)
0
with
C'(x) = / ﬁei‘”f“(q). (34)
2

This shows that the oscillations of the white-noise potential
are smoothed by the filter function I"(x).

A particularly simple choice for I'(k) that fulfills Eq. (32)
is a Lorentzian low-pass filter,

1

o
o = 14 (key)?"

(35)
In this way, the effective potential in position space is given
by the convolution of the original potential and an exponential
weight function,

Lo~ _ by —lx—x'|/ /
Wy (x) = T Vr(x). (36)
o 2fL

Apparently, the original potential is averaged over the length
scale £;..
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B. Relation to localization landscape theory

Apart from its apparent simplicity, the Lorentzian low-pass
filter offers yet another advantage: It permits us to make close
contact with the LLT [4-7].

1. LLT as a low-pass filter

We note
d? dk K? I
W) = | s ————¢Vr(k
~ R = 2n1+(k£L)2e R(K)
dk ikxy;

1 ofdk 1
[ k) 37
zf/2n1+(kzL)ze ek G7)

1
= Z_Z[VR(X) -
L

W], (38)

Therefore, we obtain the defining equation for the effective
potential with a Lorentzian low-pass filter in position space

2

: d—WRL<x> + VR (x)

e = Wy (x). (39)

In LLT, the defining equation for the effective potential also
only involves the potential itself,

n* d
—z—ﬁuk(x)-i-VR(x)uR(X) =1 (40)
or with
1
Wr(x) = ——, (41
ug (x)
we find the LLT equation

Wi i : 0% =W 42
R(X) Tomde (m)‘f‘ R(X) = Wr(x), (42)

which is very similar to the Lorentzian low-pass filter equa-
tion (39). We note that, for all practical applications,

ur (x) = ¢ + Sug (x), (43)
with
|Sur ()] < ¢ “4)
holds. Therefore, in linear approximation, we have
1 1
Wr(x) = ~ - 1= =dur(x) |, 45)
ur(x) ¢ c
so that
2 1 2
T ——5Wr(x) ~ —2ua 5 ug (x)
&
= 2 dx 2MR(X)
1 d? 1 46)
T2d | Wrx) |

When inserted into Eq. (42), we find to linear order

L Wi W W 47
A=z, 72)¢ RO+ Vr(x) = Wr(x), (47)

initial 5

Lorentzian filter

potential
—— |

potential

FIG. 3. Comparison between LLT and a global Lorentzian filter.
The random potential Vg (x) of Fig. 1(a) is shown as a blue line. The
red line is the result of LLT, Wg(x), from the solution of Eq. (40).
The yellow line shows the potential Wii-(x) using a Lorentzian filter,
see Eq. (36), where £ = 0.436 £,,, is calculated from Eqs. (49) and
(50).

which reduces to Eq. (39) when we identify

W (x) = Wy (x), (48)
1 — h_z (49)
c 2me3

Note that, since Sugr(x) is evenly distributed around zero, we
have

1 [ | 1 1
—/ dxWr(x) =~ —/ dx—|1— =Sur(x)|=-. (50)
L 0 L 0 C C Cc

Therefore, the solution of the LLT equation (40) gives ¢ and
thus ¢;, via Eq. (49). It means that the Lorentz-filtered po-
tential is equivalent to the LLT potential when the Lorentz
parameter ¢ is determined from Eq. (49), where ¢! is the
mean value of Wy (x).

2. Visualization

To visualize the relation between LLT and the Lorentzian
low-pass filter, we reconsider the one-dimensional random
potential shown in Fig. 1(a). The LLT requires the solution
of the Poisson-type equation (40). The spatial average of the
solution ug (x) defines c, see Eq. (43), which in turn gives the
parameter £, in the Lorentzian low-pass filter using Eq. (49).

In Fig. 3 we compare the effective potentials from LLT and
from the Lorentzian low-pass filter. Apparently, the agreement
is very good. This one-dimensional example illustrates that
LLT and a Lorentzian low-pass filter applied to the white-
noise potential lead to equivalent results.

3. Advantages of the low-pass filer approach

The low-pass filter approach offers several advantages.
(i) There are no conceptual problems whereas some gradi-
ent terms in the Schrodinger equations are ignored in the
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motivation of the LLT. (ii) The physical picture of a coarse-
grained potential becomes more obvious, see Eq. (33). The
coarse graining is permitted because the low-energy wave
functions themselves decay algebraically as a function of
momentum. (iii) The low-pass filter is not restricted to a
Lorentzian shape but the filter functions can be adapted for
specific applications.

In the next section we address the improvement of the low-
pass filter beyond the Lorentzian shape.

IV. VARIATIONAL APPROACHES AS LOW-PASS FILTERS

In the last section, the length-scale parameter ¢ in the
Lorentzian low-pass filter was fixed by comparison with LLT.
In general, however, one would prefer a criterion to optimize
not only that length scale but to find the best filter function
according to some physical criterion. Variational theories are
best suited for this task because they optimize physically
motivated cost functions.

The variational approach to the localization problem is
far from new. Indeed, almost six decades ago, Halperin and
Lax [38] used this approach to determine variationally the
average density of states py,r (E); the result was quantitatively
improved by including higher-order corrections [43]. For a
Green function approach to white-noise disorder, see Zittartz
and Langer [44].

A. Variational theory for localized states
1. Ritz variational principle

The Ritz variational principle states that any normalized
single-particle wave function ¢(#) provides an upper bound
to the exact ground-state energy,

E¥ ({p)) = / Pro*F MR I0() > Eros (1)

where Eg j is the exact ground-state energy for the realization
R. For a given variational state one has to calculate the kinetic
energy,

tvar(fo(F)}) = /dsrfp*(? TP F)e(F), (52)

and the potential energy,

vear ({9 (F)}) = / d’rlo(F)PVR(F). (53)

To carry out the Ritz variational optimization, the variational
states must be further specified.

2. Variational localized ground state

For the localization problem, we assume that low-energy
states are localized around some 7’ [38],

9(F) = pa(F' = 7). (54)

Note that the variational state depends on 7’ and further in-
ternal parameters & = (o, oz, . .., ) that are to be determined
variationally. It is assumed that the wave function vanishes
fast for |7 —7'| > £yp.

The variational kinetic energy is independent of 7’ because
it only induces a constant shift in position space in the wave

function. Therefore, the minimization of the variational en-

ergy Ex*({¢e(7")}) in Eq. (51) with respect to 7’ leads to
i=1,...,d)

9 3 N AP

3 drlog(F" = F)|I"WR(F) = 0. (55)

In other words, the wave function is localized around the
minimum of the g-potential,

W, o) = / P loal — VG, (56)

Note that the variational state and energy remain to be opti-
mized with respect to the variational parameters & in ¢, i.e.,
the total variational energy

EF(F, a) = tf () + W (F, ) (57)

remains to be optimized with respect to «. In this way, posi-
tion, shape, and energy of the ground state of the Hamiltonian
‘Hg (7) are determined variationally.

Apparently, we may interpret Wy (7, o) at the optimized
values as the effective potential landscape in the vicinity of
7' where the particle is localized in the ground state.

B. Local low-pass filters
1. Concept

In general, the Ritz variational principle is restricted to
find an upper bound for the ground-state energy. For the
localization problem, it can be used to detect many more ener-
getically low-lying states because these are typically separated
by distances that are large compared to their width in position
space, £hop > Lwp. Thus, we may find the positions of several
low-energy states by using the following strategy.

(i) For fixed parameter set ! = a define the global low-
pass filter

Lo(F' =7) = lga(F' = F)I%. (58)

A first estimate for the particle positions is given by the
minima of

WY (F,a) = /d%’r,,(?/ — W@ (59)

see Eq. (56). The resulting minima are denoted by E}l), j=
1,2,....
(ii) Iterate to convergence the following steps: For given

<

s j"), optimize the variational parameters to find a new set

«"*1; for this new set of parameters, optimize the position
to obtain 5"V,
As a result, we obtain the variational landscape in the

e . _ opt
vicinity of the minima 5" as

W (7, @) = [ P |gen (F = FHPVRGE) (60)

. . - opt
in the regions |F — sjop | S Lyp.

064206-8



QUANTUM STATES IN DISORDERED MEDIA.I. ...

PHYSICAL REVIEW B 107, 064206 (2023)

-04 -, 3 + Gauss + Lorentz b
" ¢ Halperin-Lax %
06 e ® s * Gauss * i
: ° ® exact eigenstates
L]
L L] 4
@—0.8 %
)
2 ¢
o qL 7
° $
-1.2 ¢ ‘ )
14+ $ |
0 50 100 150 200

FIG. 4. Positions of the ten lowest-lying localized states and their
energies (red points) for the random potential of Fig. 1. The black
dots, crosses, and diamonds indicate the positions and energies for
Gauss, Gauss-Lorentz, and Halperin-Lax filters, respectively.

2. Gauss filter

To illustrate the concept of a local low-pass filter, we apply
a Gauss filter to the one-dimensional localization problem,

/)2

where x’ is the position of the wave packet and w characterizes

its width £g = +/h*/(2mhw), so that we must optimize only
one internal parameter, «; = w. The variational energy reads

[} 2
B o) = [ e e (— (o) )vRUc),
(62)
using Fourier transformation, where we used that the varia-
tional kinetic energy tg = hiw/4 for a Gaussian wave function.
The integral in Eq. (62) can be calculated very efficiently
by fast-Fourier transformation so that the minima of the varia-
tional energy can be found from a scan of the two-dimensional
(', ) space. In Fig. 4 we show the results for the first ten
localized states. It is seen that the positions of the lowest-
lying states are very well reproduced, and that the variational
energies provide a reasonable estimate for the exact values.
The energy estimate can be improved systematically by
using a sum of several Gaussians with different widths as
variational state. We shall not pursue this approach here.

3. Gauss-Lorentz filter

The effective potential deviates from its quadratic shape
when |x — x'| 2 £g. It approaches the shape of a potential
barrier with constant height so that the wave function de-
cays exponentially, as is also seen in reciprocal space in
Eq. (32). Therefore, it is preferable to combine a Gaussian and
a Lorentzian filter so that the variational energy is determined
from the minima of the function

var
ER™ =1tgL + vaL,

/-oo dk eikx’
v = —_— e
T ) 2w T4 (ktg)?

_a-nkeg)? ~

T Vr(k),

(x) [/oo - o (]_”WG)z]]/z
x) = ———e¢ 2 ,
¢ o 27 1+ n(klg )

hz o0
o= 5 / dxle (1, 63)
m J_

where we abbreviated Eg* (x', w, n) = E}*. The optimal val-
ues for 7; for the localized states at x; are found to lie in the
range 0.6 < n; < 0.8.

In Fig. 4 we also include the results from the Gauss-
Lorentz filter. Since we enlarge the variational space, the
energies from the Gauss-Lorentz states are closer to the exact
results. Note that a combination of Gaussian and Lorentzian
variational states is similar in spirit to the application of
the LLT to a random potential with Gaussian averaging; see
Eq. (21).

4. Halperin-Lax filter

Halperin and Lax used a variational approach to calculate
the density of states deep in the band tails [38]. Their approach
provides the functional form that best fits the typical low-
energy localized state. In three dimensions, the Halperin-Lax
state f(7) is obtained from the solution of the third-order
equation
V2 (L)’

12
for the case of Gaussian white noise. This equation is also ob-
tained from the method of optimal fluctuations by Baranovskii
and Efros [39].

We introduce the length unit £y, 7 = £y,,X, and the energy
unit 7 so that e = E/7 and V = V/7T. Moreover, we set

uw=ia/T,and f(#)=F(X)/ ng. Then, the dimension-less
Halperin-Lax equation reads

TPE)f(F) — [fF)P=EfGF)  (64)

3

PFFE) - R
~ YT S ESUFGF = eF @) (69)
i=1 i
where
W<m>3
So=—57— (66)
T2\,

is the dimensionless impurity interaction strength in three
dimensions.

In one dimension, the dimensionless Halperin-Lax equa-
tion reads

—F"(x) = RSLIF ()] = eF (x), (67)
with the normalized solution [38]
F(x) \/? : (68)
xX)= |—————m,
2 cosh(kx)
where the decay length ;. = 1/ depends on the energy e,
1
k=k(e)=+/—e= — (69)
4519

and i =4« /SL.
For low energies, the resulting variational density of states
pvar (E) in one dimension agrees in its functional form with the
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exact solution [45-47] up to a factor 1/ NG [38]. Extensions
to variational states that include perturbative corrections to
the form (68) permit to obtain the exact prefactor to the low-
energy density of states [43,44].

Apparently, the Halperin-Lax wave function F(x) in
Eq. (68) interpolates between Gaussian behavior for small
distances and exponential behavior for large distances using
only a single parameter. The results for the Halperin-Lax filter
where we replace ¢(x) in Eqgs. (51)—(53) by F(x) are also
included in Fig. 4. They are better than those obtained from
the Gauss filter and comparably good as those obtained from
the Gauss-Lorentz filter.

The Halperin-Lax filter offers the following advantages.
First, it does not find too many states, i.e., as seen in Fig. 4,
there is one Halperin-Lax state for every exact localized state
whereas Gauss and Gauss-Lorentz find an additional state in
the region of x ~ 150. We observed this behavior also for
other realizations R. Second, the Halperin-Lax wave function
gives good variational energies using only a single varia-
tional parameter for its decay length, fyr ; = 1/k; for the
jth minimum. Third, the Halperin-Lax wave function pro-
vides the optimal form for localized low-energy states in a
statistical sense. Therefore, we come to the conclusion that
the Halperin-Lax filter is the most appropriate one-parameter
local low-pass filter.

C. Halperin-Lax global low-pass filter

A global low-pass filter includes a finite set of length scales
that are independent of the realization R. To determine their
values, we should optimize the agreement with physical quan-
tities that are obtained by averaging over many realizations,
e.g., the density of states p(E) in Eq. (14). Below we shall
focus on the construction of a global Halperin-Lax filter in
one dimension.

1. Motivation

Equation (69) suggests that the width of the wave function
increases as a function of energy. As expected, the lowest-
lying states have the smallest spread in position space. For
a given realization R, the surrounding of the potential well
also plays an important role. Therefore, the relation between
between binding energy and wave-function width is not al-
ways so simple as suggested in Eq. (69). This is shown in
Fig. 5, where we display the relation between the lowest exact
energies e; and the corresponding standard deviations £y, ; of
the wave packets for £y, for 26 000 realizations R of systems
with Ly = 2000 and L = 200 for S; = 1.

As seen from Fig. 5, the median follows the relation (69)
but there is considerable spread in the values £y . Neverthe-
less, since the typical energy values are of the order Si/ T, the
full variety of local variational wave functions can be approx-
imated by a prototypical wave function when £y / (ZWpSz/ 3)
lies in the fairly small interval I,,, = [0.8, 1.2]. Therefore, itis
permissible to replace the set of local Halperin-Lax low-pass
filters by a global Halperin-Lax low-pass filter,

1 1
2¢ur, cosh®(y/luL)

ik (y) = (70)

3.5 —

median

(energy)'“2

25

width
N

15

-3 -2.5 -2 -1.5 -1 -0.5 0
energy

FIG. 5. Relation between the exact energies for the lowest-lying
localized states ¢; and the corresponding standard deviations £y ; of
the wave packets in the Halperin-Lax wave function in one dimen-
sion, see Eq. (68). Also shown is the median of the data (red dots)
and the Halperin-Lax relation £y (¢) = 1/+/—e, see Eq. (69).

The corresponding potential landscape becomes
Walk (x) = / dx'THE (x — X )Vr(¥) (71)

for a given realization R of the random white-noise potential.
The remaining task is to determine the “best” value for £y .

2. Tail optimization

One strategy suggested by Fig. 5 is to optimize the states
in the low-energy tail. To optimize the tail states, one should
choose

Ktail Sl/ 3
CHLL 8 (72)
Lwp
in Eq. (70). Since there are exponentially few states in the
tails, this is not the best strategy to describe the system at
elevated temperatures. Therefore, we shall not elaborate this
choice any further.

3. Classical state counting

In Fig. 6 (upper part) we reproduce the Lorentzian land-
scape from LLT with ¢;, = 0.436 ¢y, for the realization of
the random potential shown in Fig. 1(a), as already shown
in Fig. 3. Here, we add the exact positions and energies of
the 30 lowest-lying states. It is seen that there is a reasonable
overall agreement between the positions and depth of the
minima in the LLT landscape and the exact results. However,
the potential is still noisy and some minima do not support an
exact eigenstate.

The Halperin-Lax potential landscape shown in the lower
part of Fig. 6 is much smoother because £y = 1.2 £, at
S;, =1 is almost three times larger than ¢;.. More impor-
tantly, all minima for energies below e = —0.5 correspond to
a localized state in the exact solution of the Schrodinger equa-
tion. If we choose £;, = 1.2 £y, for the Lorentzian filter, the
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FIG. 6. (a) Effective potential W (x) for a global Lorentzian low-
pass filter for £, = 0.436 £,,,, see Eq. (36) and Fig. 3. (b) Effective
potential Wi (x) for a global Halperin-Lax low-pass filter for £y, =
1.2 4y, (Sp = 1); see Eq. (71). Also shown in both figures are the
exact positions and energies of the 30 states lowest in energy.

corresponding effective potential becomes less noisy but there
still are quite a number of local minima that do not correspond
to an exact bound state. The reason for this behavior is the
cusp at x = x’ in the Lorentzian filter; see Eq. (36). The
smooth Halperin-Lax filter in Eq. (70) avoids these artificial
potential fluctuations.

As seen from Fig. 6, the Halperin-Lax filter not only repro-
duces the spatial positions of the localized states but also their
energy with very good accuracy. This indicates that a classical
counting of states will provide a reasonable estimate for the
integrated particle density N(e) below the energy e = E /T
that is known exactly for random white-noise potential in one
dimension [45-47],

N(e) = / " dep(e),

—00

=5 /3n2[[Ai(—22/3e)]2 + [Bi(=2**e)*17!,  (73)
where Ai(x) and Bi(x) are the Airy functions of the first and
second kind,

1 [® t3
Ai(x) = ;/ dt cos (? —l—xt),
0

1 [*® I 3
Bi(x) = - / dt [exp <_§ —i—xt) + sin (E +xt>i|.
0

(74)

We concisely rederive the result (73) in Appendix A. Further-
more, in the same Appendix A we derive the expression for
the energy-dependent localization length a(e) in the white-
noise one-dimensional potential.

Treating WRHL(x) as a classical potential, we denote the
minima at position x; with energy e; by the set MEL =
{(xir, €ir)}. Then, the number of states up energy e is given

0.25
eigenstates
counting potential minima | = 1.0 _
= = =counting potential minima | = 1.2 .7
0.2 4
s,
’
’
’
0.15 ’ B
4
) ’
= ¢
= ’
L 4 i
0.1 ,
’
4
’
’
0.05 - ’ 4
’
p)
P
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-2 1.5 1 -0.5 0 0.5
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FIG. 7. Exact result for the integrated particle density up to en-
ergy e, N(e) from Eq. (73), in comparison with the classical counting
of minima, N, (e) from Eq. (75), for the Halperin-Lax potential for
Ly = 1.24,, (dashed line) and £y = 1.04,,, (full line) (S, = 1).
Averages are taken over 1000 realizations R.

by classical counting

Ni“(e) = (Nar(e)),
(75)

1
Ngr(e) = I Z O(e —e;r),

HL
MR

where ®(x) is the Heaviside step function. N r(e) simply
counts the minima with energy up to e in the realization R
of the Halperin-Lax potential.

The exact result N(e) in one dimension (73) and the result
from classical counting of minima (75) are compared in Fig. 7.
It is seen that the classical counting works very well deep in
the tail, e < —1, and still gives reasonable results up to the
band edge, ep. = 0. The results are best for £y = 1.2 £y, and
slightly poorer when we choose £y, = £yp.

The success of the classical counting of minima shows that
the Halperin-Lax potential ought to be viewed as a suitable
effective potential for classical particles.

4. Semiclassical state counting

In Ref. [4], Arnold et al. proposed to use the LLT potential
in the semiclassical Weyl expression [48] to approximate the
integrated particle density N(e). For particles in a potential
landscape Wk (x) in one dimension it reads [4]

142
Nw(E) = Z%</ dryE — Wr(r)O[E — WR(V)]>,

(76)
Nov(e) = %ﬂ [ dxe=T@mele - WR<x)]>,
where the second line gives the dimensionless expression
where energies are measured in units of 7.
Obviously, one should not use Wil (x) in Eq. (76) because
the Weyl formula starts from the assumption that the total
energy is the sum of the kinetic energy and the potential
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FIG. 8. Integrated particle density N(e) up to energy e = E/T
in a one-dimensional random white-noise potential. The exact re-
sult (73) is compared with the semiclassical state counting using
Eqgs. (78) and (79) for a Halperin-Lax filter with £y, = 1.24,,
(dashed line) and with £y = 1.0 £y, (full line) (S, = 1), averaged
over 1000 configurations with 2000 sites for L = 200.

energy. For given €y, the kinetic energy of the variational
state is a constant,

W13, [ arnEon = 3( 5 Com
= =— rlFF()]° =< -—

0 T 2m 3 EHL

in units of _T. Therefore, we must shift the classical potential
Wk (x) by To,

Wa(x) = W (x) — To, (78)

and we employ

11 ~ ~
Nea(e) = Z;< / dxyfe — W ()0 (e - WR(x>)> (79)

for an appropriate semiclassical approximation of the number
of states up to energy e.

In Fig. 8 we compare the exact result for the integrated
particle density up to energy e, Eq. (73), with the (shifted)
semiclassical expression (79) for the Halperin-Lax potential
at £y = 1.2 4y, and £y = 1.0 £,p, obtained from an aver-
age over 1000 configurations for Ly = 2.000 sites for system
length L =200 (S, = 1). The comparison shows that the
semiclassical approximation faithfully reproduces the exact
result up to the band edge epe = 0, and remains reasonable
even beyond. The results for £y, = 1.2 £,,; are slightly poorer
than those for £y = 1.0£y, but still astonishingly good.
Thus, the shifted Halperin-Lax potential provides a sound ba-
sis for a semiclassical description of particles in a localization
landscape.

V. CONCLUSIONS

In this work, we discussed a number of approaches to
deeply localized states in disordered systems. Therefore, after
we put our work into perspective, we summarize the proposed
strategies. We close our presentation with a short outlook.

A. Perspective

In disordered systems, the potential experienced by the
carriers fluctuates on an atomic length scale, £, = 1A. In
contrast, the localized low-energy states spread over a much
larger length scale, namely £y, ~ 10£ps > £,. In addition,
states with comparable energy are well separated in space,
Lhop > Lywp. Therefore, it is advisable to take advantage of the
separation of length and energy scales for localized states in
the band tails.

When charge carriers move between these localized states,
the microscopic length scale £, becomes irrelevant, and only
a coarse-grained potential landscape remains to be considered.
It is the goal of the LLT [4-7], in its application to electronic
states in disordered media, to derive systematically useful
landscape Wr (7 ) for a given realization R of the fluctuating
potential Vr(7). Landscapes are useful if they reliably re-
produce the spatial positions and energies of the low-lying
localized states.

The LLT application to the Schrddinger equation is based
on the solution of Eq. (1). The corresponding LLT potentials
have been applied successfully to a variety of disordered sys-
tems. In this work, we first showed that the LLT corresponds
to a global Lorentzian low-pass filter where the solution of
Eq. (1) fixes the single length-scale ¢;. This observation
cleared the way to investigate the full range of decay lengths
and a broader class of low-pass filters to extend and improve
the LLT-inspired methods systematically. The resulting strate-
gies are summarized as follows.

B. Strategies

For low temperatures, the low-energy states deep in the
band tails are of particular importance. There are several ways
to determine their physical properties, each of which having
its merits and disadvantages.

(i) Exact results are obtained from the solution of the
Schrodinger equation. From there, expectation values for
physical quantities are calculated exactly for a given con-
figuration of the disorder potential, and averages over many
realizations are required.

This approach is very time-consuming and not feasible in
three dimensions, especially when the calculations are part of
a self-consistent loop, i.e., when they need to be repeated a
large number of times.

(i) The LLT provides a far less time-consuming alterna-
tive [4—7] because it provides a smooth potential Wi (7 ) that
can be used for (semi)classical considerations.

However, the LLT still requires the solution of Eq. (1) for
each realization. Moreover, the LLT foundations and limits for
its applicability remained unclear.

(iii) The structure of the low-energy wave functions of the
Hamiltonian justifies the application of a low-pass filter to the
potential. In particular, application of the LLT corresponds to
a Lorentzian low-pass filter, see Eq. (36) for the definition of
the landscape Wy (7).

The value for the decay length ¢; in the Lorentzian low-
pass filter can be estimated from the solution of the LLT
Eq. (1) for a single realization. Alternatively, one may take
£y, as the width of the ground-state wave packet of the Hamil-
tonian for some configuration R, or simply set £y = £,,. For
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an expression of £y, as a function of the system parameters,
see Appendix B. In this way, the solution of Eq. (1) becomes
superfluous.

(iv) When individual localized states are required for a
given realization of the random potential, local low-pass filters
(Gauss, Gauss-Lorentz, Halperin-Lax) can be applied. These
methods are very efficient because expectation values can be
calculated using fast-Fourier-transformation techniques, and
the optimized states provide a fairly accurate variational de-
scription of deeply localized states.

(v) The best global low-pass filter is not provided by the
Lorentzian filter. The optimal filter in a statistical sense is ob-
tained from the solution of the Halperin-Lax equation (64); the
latter equation is not limited to random white-noise potentials.

Using the Halperin-Lax low-pass filter as global filter leads
to the Halperin-Lax potential landscape WRHL (7), see Egs. (70)
and (71) for one spatial dimension and a random white-noise
potential. The Halperin-Lax potential can be viewed as poten-
tial landscape for classical particles. A classical state counting
reproduces the exact integrated particle density N(e) at low
energies surprisingly well.

(vi) When the kinetic energy is taken into account, the
shifted Halperin-Lax potential Wi(7) — Ty, see Eq. (78),
can be used for a semiclassical description of particles in a
random potential. The Weyl approximation for the density of
states using W (7 ) — Tp reproduces the exact result for the
integrated particle density N(e) in one dimension with very
good accuracy.

C. Outlook

In this work, we derived the concept of a global Halperin-
Lax low-pass filter for the localization landscape theory and
successfully applied it to particles in a one-dimensional ran-
dom white-noise potential. It remains to be tested that the size
of a typical wave packet can be used as characteristic length
for the Halperin-Lax filter also in two and three dimensions.

The Halperin-Lax filter can be found from the solution
of a integrodifferential equation that reduces to a nonlinear
differential equation for the case of white noise. Therefore, the
localization landscape obtained with a Halperin-Lax filter can
readily be applied to random potentials with correlations. In
this case, more than one length scale £, might be necessary
to parametrize the low-pass filter appropriately.

For transport, not only the typical distance £o, between
energetically low-lying states is important but also the typi-
cal potential landscape between them determines the tunnel
probabilities between those states. Further studies are neces-
sary to clarify whether or not the localization landscape with
Halperin-Lax filter is useful to describe hopping transport at
finite temperatures.

The main focus of the LLT in solids is not the single-
particle density of states but rather the particle density n(#, T')
that depends on space 7 and temperature 7. In our subse-
quent paper [40] we calculate n(7, T) without solving the
Schrodinger equation. Thereby, the full quantum-mechanical
problem is reduced to the quasiclassical description of n(#, T')
in a temperature-dependent effective potential W (¥, T'). Our
approximate results for n(#, T') and for the carrier mobility
at elevated temperatures favorably compare with those from

the exact solution of the Schrodinger equation [40]. The
temperature-dependence of W (7, T') leads to superior results
in comparison with the temperature-independent LLT land-
scape W (7).
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APPENDIX A: RANDOM WHITE-NOISE POTENTIAL
IN ONE DIMENSION

1. Density of states

The one-dimensional Hamiltonian Eq. (6) gives rise to the
Schrodinger equation

=" () + V()Y (x) = e (x), (AT)
where V (x) is a normalized white-noise potential,
V) =0, (Vx)V(x)) =381 —x2). (A2)

We consider a particle confined within a range x € [0, L], see
Fig. 9(a), implying open boundary conditions

¥ (0) =y (L) =0.

In the limit L — oo, the energy spectrum of the particle
becomes continuous. Therefore, for a very large length L,
any given energy e can be approximated by some energy
level in this system, i.e., some solution of the Schrddinger
equation (A1l). Let n(e) denote the number of states up to this
energy level, counting from below, so that

(A3)

(A4)

The aim of this Appendix is to derive the expression (73) for
N (e) in the limit of L — oo.

According to the oscillatory theorem, the wave function
¥ (x) that corresponds to the nth energy level has n + 1 zeros,

x0o =0, x1, ..., x, = L; see Fig. 9(b). Let us consider the
function
V' (x)
yx) =— . (AS)
¥ (x)

A schematic plot of this function is shown in Fig. 9(c).

Taking the derivative y'(x) in Eq. (A5) and expressing "
via Eq. (Al), one can obtain a first-order differential equa-
tion for the function y(x),

V() =yx)? +e— V). (A6)

For a further analysis of Eq. (A6), it is convenient to inter-
pret the variable x as “time.” Then, the function y(x) can be
understood as describing the movement of some point along
the “coordinate” y in “time” x. According to Eq. (A6), this
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FIG. 9. Localized state in a one-dimensional random white-noise
potential. (a) Sketch of potential V (x); (b) wave function ¥ (x) that
corresponds to the nth eigenstate whose energy is approximately
equal to e; (¢) function y(x) = —¢’'(x)/¥ (x). The particle is confined
between infinite walls at x = 0 and x = L. The zeros of the wave
function are labeled by x;, x,, etc.

movement is a combination of drift with velocity

V) =y +e (AT)

and a diffusion due to a Langevin force introduced by the
white-noise term in Eq. (A6) [49].

We determine the diffusion coefficient D in the corre-
sponding Fokker—Planck equation from the statistics of the
random white-noise potential V (x). To this end, we ignore the
drift term and consider the diffusive equation of motion with
only the white-noise term present, y = —V (x). Its solution
is y(x) = y(0) — f(;c V (x1) dx;. Therefore, the mean square of
the displacement along y during the “time” x is

([y(x) = y(O)F) = </ V(xl)dxlf V(xz)dx2>

0 0

:/ dxl/ dxz(V()q)V(Xz))
0 0

=X,

where we used the white-noise correlation function (A2). By
definition, the left-hand side of Eq. (A8) is equal to 2Dx [49].
Hence, 2Dx = x, i.e.,

(A8)

D=1 (A9)

holds for the diffusion coefficient.

In the Fokker-Planck picture, the motion of a singular
“point” described by Eq. (A6) can be recast into the form
of a flow of the distribution of such points. Let us introduce

the distribution function f(y) that correspond to uniformly
distributed coordinate x in the range 0 < x < L, i.e., f(y)dyis
the probability that y(x) falls into the range [y, y + dy] when
x is distributed uniformly,

1
fdy = de. (A10)
Since the function f(y) describes the “time”-averaged distri-
bution, it must remain unchanged under the motion governed
by Eq. (A6). Therefore, the continuity equation dictates that

di
o _ (A11)
dy
where j(y) is the flow of points due to drift and diffusion,
, daf (y)
JO) =vMf) — D_dy . (Al12)

Substituting the drift velocity v(y) and the diffusion coeffi-
cient D form Eqgs. (A7) and (A9), one obtains a differential
equation for distribution function f(y) [49],

1df(y) _

0*+e)f) — =

, Al3
3 =¢ (A13)

where c is a constant that is determined from the boundary
conditions below.

To find the unique solution f(y) of this equation we em-
ploy the boundary conditions at y — =o0. It is evident from
Eq. (AS) that large |y| correspond to small ¥ (x), i.e., to the
neighborhoods of the zeros xy, ..., x, of the wave function
¥ (x). Keeping only the linear term in the Taylor series around
rth zero, x,, we obtain

v'(x) ~_ v'(x,) _ 1
Y (x) (x —x) ¥/ (x)

Using Eqgs. (A10) and (A14), we see that f(y) =~ 1/(Ly2) for
large y?. This result must be multiplied by the number of zeros
n because each of them gives a contribution to f(y). We recall
that n(e) = LN(e) from Eq. (A4) and obtain the boundary
conditions

yx) = — (Al4)

X, — X

N(e)
f@y) — 32 for |y| — oo. (A15)
Inserting this expression into Eq. (A13) leads to the value of

the constant c,

¢ = N(e). (A16)

It is worth noting that the “flow” ¢ has a meaning of the inverse
average distance between zeros of the wave functions, i.e., the
inverse average “time” of the motion from y = —co to y =
+00.

The first-order differential equation (A13) with ¢ = N(e)
and boundary conditions (Al5) is readily solved by the
method of undetermined coefficients,

2y3
f() =2N(e)exp (T + Zey)

+00 2143
X / exp <_T — Zeu>du. (A17)
¥
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Finally, N(e) can be calculated by inserting (A17) into the
normalization condition for the distribution f(y),

+00
fdy = 1.

—00

(A18)

To evaluate Eq. (A18), we must perform the integrations over
u and y. It is convenient to make the substitution u =y +1t
in Eq. (A17) after which the integral over the new variable
t acquires constant limits, 0 < ¢ < co. Switching the order
of integrations gives rise to a Gaussian integral over y. After
integration over y, the normalization condition (A18) takes the
form

> dt t3
«/EN(e)f = exp (—— - 2et> =1. (A19)
o WVt 6
The remaining integral can be expressed using Airy functions
Ai(x) and Bi(x) of the first and the second kind. This leads to
expression (73) for the integrated particle density N(e).

The result (73) is valid for a certain set of unit lengths and
energies in which the Schrodinger equation has the dimen-
sionless form of Eq. (A1), and the statistics of the potential
is also dimensionless; see Eq. (A2). However, it is easy to
rewrite Eq. (73) in arbitrary units. To do this, it is enough to in-
sert a factor of dimension (energy)~! into the arguments of the
Airy functions, and to multiply the whole expression by a fac-
tor of dimension (length)~!. These dimension factors must be
products of appropriate powers of the quantities 7, 2m, and S,
where S is defined by Eq. (5). The resulting expression reads

2
3/ 212

1 3/25m? ,
NE =2 T M Vs B
2
+| Bi 3 2 E
] j— [ES—
mS?

Here, all quantities are expressed in SI units.

(A20)

2. Localization length

In one dimension, all electron eigenstates are Anderson-
localized. A wave function ¥ (x) of such an eigenstate has
exponential tails at x to & oo:

¥ (x) = exp(—|x|/a),

where coordinate x is counted from the center of the eigen-
state, and a is the localization length.

Here we calculate a as a function of the electron energy in
a random white-noise potential.

We consider the left tail (x < 0), where In ¥ (x) &~ (x/a) +
const. The quantity 1/a is therefore equal to

(A21)

1 lim In[¢(0)] — In[yy(x)] <d1n 1P()C)>
a x>— 0—x B dx xe(foo,O)'
(A22)
In terms of the function y(x) determined by Eq. (A5),
1 +00
P - = —/ vy dy, (A23)

where f(y) is the distribution function of y determined by
Eq. (A17). Substituting this expression into Eq. (A23), one
can calculate the localization length a. A convenient way for
this calculation is to make the substitution u =y + ¢, then
integrate over y from —oo to +00, and finally integrate over ¢
from O to +o0. The result reads

2 d{[Ai(—2%3e)]* + [Bi(—2%3¢)]?}
25/3 ¢ de ’

(A24)

where e is the dimensionless energy, and N (e) is the integrated
DOS. The combination of Airy functions Ai and Bi in the
latter equation is related to the integrated DOS by Eq. (73):

s 92/3 12 923,012 _
[Ai(—27"¢e)]” + [Bi(—2“"e)]” = RING)
Combining Eqgs. (A24) and (A25), one can get the (dimension-
less) localization length a as a function of the dimensionless
energy e:

(A25)

dInN(e)]™!
de ’

where N (e) is given by Eq. (73).

One can rewrite this expression in physical (SI) units by
replacing d /de with T (d /dE) and multiplying the right-hand
side by £p, where 7 and £, are given by Eq. (B6), and E is
the energy in physical units:

2R*[dInNE)]™
aE)y= —| ——| .
mS dE

Function N(E) here is given by Eq. (A20).

Let us consider the limiting cases. At high energies, £ —
+00, the integrated DOS N(E) is proportional to +/E, just
as in a one-dimensional conduction band in the absence of
disorder. Hence, d InN(E)/dE = 1/2E, and

4R’E
mS

At low energies E — —o0, i.e., deeply in the band tail,
one can omit Ai in Eq. (A20), and use asymptotic for-
mula Bi(x)%exp(%xyz)/(ﬁxl/“), which gives N(E) ~

exp[% %(—E)yz]. Substitution of this estimate into

Eq. (A27) yields

ale) = 4[ (A26)

(A27)

a(E) =

(A28)

h 1
AE) = ——— = —.

—omE  k (A29)

APPENDIX B: ENERGY AND LENGTH SCALES

In Sec. IT A, we considered features of a particle in a ran-
dom potential such as the typical width of the wave packet
Lyp, the typical kinetic energy of a localized state 7, and
the strength of the potential S. The latter two quantities are
defined in Egs. (4) and (5), respectively. Then, we introduced
a dimensionless representation, in which £, and 7 are used
as units of length and energy. The aim of this Appendix is to
fix the values of £, and 7 so that the strength of the potential
becomes equal to unity in dimensionless units.
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To achieve this goal, we present a dimensionless version of
Eq. (5) that defines the dimensionless disorder strength Sy,

(RGE)RE R = SL8GE —X'), (B1)

where X = 7/{y,;, and Yk = VR /T are scaled coordinates and

potentials. We divide both sides of Eq. (B1) by the corre-

sponding sides of Eq. (5), and take into account that 6(X —
x') = 8[(F = 7/)/lup] = £4,8(F — 7') and obtain

i = S_L 4

T2 s
in d dimensions. Substituting 7 from Eq. (4), we express the
dimensionless strength of the disorder potential as

(B2)

S m)2eid
R A

St (B3)

Now we assume S; = 1 which yields

o 1/(4—d)
o =\ Gws

(B4)
for the width of the wave packet and
K2 m d/(4—d) 5
— — (4—d)
T=5m = <?> 5%/ (BS)
wp

for the typical kinetic energy of a localized state. In one
dimension (d = 1),
h4/3 (2m)l/3S2/3

bup = (2m)2/381/3” - 723 (B6)

Note that the expressions (B4)—(B6) are unique combinations
of [2m] =M, [A] = ML?/T and [S] = E’L? = M?L* /T4
that possess the correct dimensions.
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