
PHYSICAL REVIEW B 107, 054501 (2023)

Generation of polarized spin-triplet Cooper pairings by magnetic barriers
in superconducting junctions
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We investigate the proximity effect in an s-wave superconductor/ferromagnetic metal with a Rashba spin-orbit
coupling/diffusive normal metal junction and an s-wave superconductor/noncollinear magnetic metal/diffusive
normal metal junction. We show the generation of polarized spin-triplet pairings in the diffusive normal metal due
to coherent spin rotation in the intermediate magnetic regions. The emergence of the spin-triplet odd-frequency
Cooper pairings can generate a zero-energy peak in the quasiparticle density of states in the diffusive normal
metal.
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I. INTRODUCTION

The emergence of spin-triplet pairings in superconduc-
tor (SC)/ferromagnet junctions has received much attention
[1–4]. In ferromagnet/SC junctions, polarized spin-triplet
pairings can be generated due to coherent spin rotation by
inhomogeneous magnetization [5,6]. The generation of the
polarized spin-triplet pairing has been confirmed by observ-
ing Josephson current through strong ferromagnets [7–9].
Polarized spin-triplet pairings are an important ingredient
for superconducting spintronics. For example, in current-
biased ferromagnetic Josephson junctions, one can realize
spin-polarized supercurrent due to the generation of polar-
ized spin-triplet pairings [10]. Since polarized spin-triplet
pairings have a spin polarization, they can also be used
to exert spin transfer torques and induce magnetization
dynamics [11–15].

Even in uniform ferromagnets, polarized spin-triplet pair-
ings can be generated by spin-orbit coupling due to coherent
spin rotation [16–19]. The interplay between spin-orbit cou-
pling and superconductivity leads to various phenomena such
as a zero-energy peak in the density of states [20,21], φ0 junc-
tions [22–24], magnetoelectric effects [25,26], and enhanced
spin pumping [27].

Spin-triplet pairings are also generated with the use of fer-
romagnetic insulators. They are generated from spin-flip scat-
tering by inserting a ferromagnetic insulator at the interface
between a normal metal and an SC [28–30] or by placing an
SC on the ferromagnet insulator EuS [31–33]. Although this
spin-flip scattering by homogeneous ferromagnets generates
spin-triplet pairings, a Cooper pair amplitude does not have
polarized spin-triplet components: the Cooper pair amplitude
is not polarized since the d vector of the spin-triplet Cooper
pair amplitude is parallel to the magnetization of the ferro-
magnet. Then, an inhomogeneous spin structure, including
a combination of a homogeneous spin structure and a spin-
dependent coupling, e.g., spin-orbit coupling, is necessary

to induce polarized spin-triplet pairing. Recent experiments
on superconducting tunnel junctions with magnetic insulators
GdN and EuS have indicated the emergence of odd-frequency
spin-triplet pairings [34,35], which manifests as a zero-energy
peak in the local density of states [36–40]. Also, it has been
predicted that the coupling between a magnon in a ferro-
magnetic insulator and Cooper pairs can lead to a magnon
spin current [41] and the formation of magnon-cooparons
[42].

In this paper, we extend the previous works that studied the
generation of spin-triplet Cooper pairings in superconducting
junctions with a uniform magnetic interface [28–30] to junc-
tions with more complicated magnetic (spin) structures [43].
Although most of the previous studies about generating the
polarized spin-triplet Cooper pair amplitude were based on
bulk ferromagnet junctions, we show that it is induced only by
the interface complex spin structure. Here, we emphasize that
the interface considered in Refs. [28–30] is a homogeneous
ferromagnet or magnetic impurity, and spin-triplet Cooper
pairs are not polarized in these junctions. Also, we utilize
a tight-binding model in which we can choose an arbitrary
value of the exchange field beyond the quasiclassical theory
of superconductivity, where the magnitude of the exchange
field is restricted to the order of the SC gap function. We
consider two kinds of junctions: an s-wave SC/ferromagnet
with a Rashba spin-orbit coupling (RSOC)/diffusive nor-
mal metal (DN) junction and an s-wave SC/noncollinear
magnet/DN junction. We clarify the generation of polarized
spin-triplet pairings in the DN due to coherent spin rotation in
the magnetic regions. The emergence of these odd-frequency
spin-triplet pairings manifests as a zero-energy peak in the
local density of states.

The organization of this paper is as follows. In Sec. II, we
explain our model and the method of theoretical calculations.
We show the numerically calculated results in Sec. III. We
summarize our results in Sec. IV.
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FIG. 1. Schematic picture of the s-wave SC/FR/DN junction.
RSOC denotes Rashba spin-orbit coupling. We impose the periodic
boundary condition in the y direction. In the negative x direction, the
SC is semi-infinite, and for the positive x direction, we impose the
open boundary condition at jx = LFR + LDN.

II. MODEL AND METHOD

We consider two systems: the spin-singlet s-wave
SC/ferromagnetic metal with Rashba spin-orbit coupling
(FR)/DN junction (Sec. II A) and the spin-singlet s-wave
SC/noncollinear ferromagnetic metal (NCF)/DN junction
(Sec. II B).

A. SC/FR/DN junction

The Hamiltonian for the two-dimensional SC/FR/DN
junction on a two-dimensional square lattice (Fig. 1) is

Hl = Ht + HSC + HFR + HLNCF
DN,l , (1)

Ht = − t
∑

〈i,j〉,ix, jx�LFR+LDN,σ

(c†
i,σ cj,σ + H.c.), (2)

HSC = − μSC

∑
jx�0, jy,σ

nj,σ + �
∑

jx�0, jy

(c†
j,↑c†

j,↓ + H.c.), (3)

HFR =
∑

1� jx�LFR, jy,α,β

[h(σ̂z )α,β − μFR(σ̂0)α,β ]c†
j,αcj,β

+ iλ
∑

1� jx<LFR, jy,α,β

[c†
j,α (σ̂y)

α,β
cj+ex,β − H.c.]

+ λ
∑

1� jx�LFR, jy,α,β

[c†
j,α (σ̂x )α,βcj+ey,β + H.c.], (4)

HLFR
DN,l =

∑
LFR< jx�LFR+LDN, jy,σ

(Vj,l − μDN)nj,σ , (5)

with nj,σ = c†
j,σ cj,σ . Here, cj,σ (c†

j,σ ) is an annihilation (cre-
ation) operator on the jth site with spin σ , t is a hopping
integral, μSC is a chemical potential in the s-wave SC region,
� is an s-wave pair potential, h is an exchange field, μFR is a
chemical potential in the FR region, λ is a Rashba spin-orbit
coupling, Vj,l is an impurity potential in the DN region, μDN

is a chemical potential in the DN region, and σ̂0,x,y,z is a Pauli
matrix in the spin space. We use a lattice constant as a unit
of length, 〈i, j〉 in Eq. (2) denotes the sum of nearest-neighbor
pairs, and ex(y) denotes the unit vector in the x (y) direction. As
a random potential Vj,l , we use a uniformly distributed random
number ranging from −t to t for each j and l [44,45]. The
index l denotes the lth impurity sample. To calculate physical
quantities, we averaged over the impurity samples from l = 1
to l = Nsample. We impose the periodic boundary condition in

FIG. 2. Schematic picture of the s-wave SC/NCF/DN junction.

the y direction with Ly sites and the open boundary condition
at jx = LFR + LDN in the x direction.

Here, we consider two-dimensional systems since the com-
putational cost of the impurity sample average is too high
for more than two-dimensional systems. We expect that the
qualitative results do not change: we can obtain a polarized
spin-triplet Cooper pair for three-dimensional systems. It is
noted that for three-dimensional systems, the spin-orbit cou-
pling is not necessarily of the Rashba type, but it can be
isotropic spin-orbit coupling.

B. SC/NCF/DN junction

The Hamiltonian for the two-dimensional SC/NCF/DN
junction (Fig. 2) is

Hl = Ht + HSC + HNCF + HLNCF
DN,l , (6)

with

HNCF =
∑

1� jx�LNCF, jy,α,β

(ĥ jx − μNCFσ̂0)
α,β

c†
j,αcj,β , (7)

ĥ jx = h[σ̂x sin( jx − 1)θ + σ̂z cos( jx − 1)θ ]. (8)

Here, HLNCF
DN,l in Eq. (6) is given by Eq. (5) by replacing LFR by

LNCF. The schematic picture of the direction of the magnetic
field is shown in Fig. 2. We also impose the periodic boundary
condition in the y direction with Ly sites and the open bound-
ary condition at jx = LNCF + LDN in the x direction.

In the following, we set μSC = μFR = μNCF = μDN = −t
[46], �/t = 0.1, LFR = LNCF = 5, and LDN = 50.

C. Local density of states and Cooper pair amplitude

In order to clarify the emergence of spin-triplet pairings
and their manifestation, we calculate the local density of states
(LDOS) and the anomalous Green’s function. We mainly fo-
cus on the physical quantities at the center of the DN: jx =
LFR + LDN/2 for the SC/FR/DN junction and jx = LNCF +
LDN/2 for the SC/NCF/DN junction.

The Green’s functions Ĝl (z̃) of the systems are defined as

Ĝl (z̃) = (z̃ − Hl )
−1, (9)

with z̃ = E + iη (positive infinitesimal η) for the retarded
Green’s function and z̃ = iωn for the Green’s function with
Matsubara frequency [ωn = (2n + 1)π/β with inverse tem-
perature β and n ∈ Z] representation. Here, the index l stands
for the lth impurity sample. The Green’s functions are cal-
culated by using the recursive Green’s function method [47].
The LDOS is obtained from the normal part of the Green’s
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function:

ρj(E ) = − 1

Nsampleπ

Nsample∑
l=1

ImTr[PGl,j,j(E + iη)], (10)

with η/t = 10−3,

Ĝl (z̃) =
(

Gl (z̃) Fl (z̃)
F̃l (z̃) G̃l (z̃)

)
, (11)

and the jth lattice site. Here, P is a projection on the parti-
cle space: P = (τ̂0 + τ̂z )/2 with a Pauli matrix τ̂0,x,y,z in the
particle-hole space. We discuss the average value of the LDOS
in the y direction

ρ̄ jx (E ) = 1

Ly

Ly∑
jy=1

ρj(E ). (12)

In Sec. III, we show the LDOS normalized by the zero-energy
LDOS for a normal metal (N)/FR/DN or an N/NCF/DN
junction. Here, the Hamiltonian for the normal metal is Hl

with � = 0, and the other parameters are the same as the
parameters for SC/FR/DN and SC/NCF/DN junctions, re-
spectively. We denote the LDOS for the N/FR/DN or the
N/NCF/DN junction as ρ̄ jx,N(E ).

The Cooper pair amplitude is given by the anomalous (off-
diagonal) components of the Green’s function Fl (z̃) and F̃l (z̃).
Here, we focus on the component Fl (z̃), which has space and
spin degrees of freedom:

Fl,j,j′ (z̃) =
(

Fl,↑↑(z̃) Fl,↑↓(z̃)
Fl,↓↑(z̃) Fl,↓↓(z̃)

)
j,j′

=
∑

α=0,x,y,z

fl,α,j,j′ (z̃)σ̂α (iσ̂y) (13)

=
(− fl,x(z̃) + i fl,y(z̃) fl,0(z̃) + fl,z(z̃)

− fl,0(z̃) + fl,z(z̃) fl,x(z̃) + i fl,y(z̃)

)
j,j′

.

(14)

We focus on the on-site (j = j′) component expressing a local
s-wave pairing since it is not affected by the impurity scatter-
ing [36,39]. We calculate the spin-triplet F̄jx,t,α=x,y,z(z̃) and
the spin-singlet F̄jx,s(z̃) components:

F̄jx,t,α (z̃) = 1

LyNsample

Nsample∑
l=1

Ly∑
jy=1

fl,α,j,j(z̃), (15)

F̄jx,s(z̃) = 1

LyNsample

Nsample∑
l=1

Ly∑
jy=1

fl,0,j,j(z̃). (16)

Due to the Fermi-Dirac statistics, the on-site component of the
anomalous Green’s function (Cooper pair amplitude) can be
categorized into two types: odd-frequency spin-triplet Cooper
pair amplitude [F̄jx,t,α (z̃) = −F̄jx,t,α (−z̃)] [40,48–50] given by
Eq. (15) and even-frequency spin-singlet Cooper pair ampli-
tude [F̄jx,s(z̃) = F̄jx,s(−z̃)] given by Eq. (16).

In the DN, anisotropic Cooper pairs, for example, the p-
and d-wave Cooper pairs, are greatly suppressed due to im-
purity scattering irrespective of even or odd frequency, and
only the s-wave pair survives. Then, we can concentrate on
the s-wave Cooper pair in the DN. On the other hand, we

FIG. 3. (a) The normalized LDOS ρ̄ jx (E = 0)/ρ̄ jx ,N(0),
(b) |F̄ jx ,t (iωn)|, and (c) |F̄jx ,s(iωn)| are plotted as a function of h/t
and λ/t at jx = LFR + LDN/2. Here, ρ̄ jx ,N(E ) is the LDOS for the
N/FR/DN junction. For the anomalous Green’s functions, we fix
ωn/t = 10−3. Ly = 100, and Nsample = 102 samples averaged.

expect that the qualitative results do not change if the DN is
replaced with a ballistic metal where the polarized spin-triplet
Cooper pair is also induced. We note that for a single-band
case, the even-frequency s-wave Cooper pair decreases the
value of the LDOS at zero energy in the DN [51,52], and the
odd-frequency one increases it [36–40,53,54].

Also, we calculate the following quantity [55,56]:

Ql,α,j(z̃) = i[fl,j,j(z̃) × f∗
l,j,j(z̃)]

α
, (17)

with fl,j,j(z̃) = ( fl,x,j,j(z̃), fl,y,j,j(z̃), fl,z,j,j(z̃)). Ql,α,j(z̃) (α =
x, y, z) is, by definition, a real quantity and expresses the po-
larized spin-triplet component of the Cooper pair amplitude:

Ql,z,j(z̃) = − 1
2 [|Fl,↑↑,j,j(z̃)|2 − |Fl,↓↓,j,j(z̃)|2]. (18)

We discuss the average value of Ql,j(z̃) =
(Ql,x,j(z̃), Ql,y,j(z̃), Ql,z,j(z̃)):

Q̄ jx (z̃) = 1

LyNsample

Nsample∑
l=1

Ly∑
jy=1

Ql,j(z̃). (19)

From the definition of Ql,α,j(z̃) [Eq. (17)], Ql,α,j(z̃) is the
product of two odd-frequency spin-triplet Cooper pair am-
plitudes. Then, Ql,α,j(z̃) is an even function of frequency z̃.
Here, we emphasize that we use the terminology “polarized”
spin-triplet Cooper pair for Q̄ jx (z̃) 	= 0.
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FIG. 4. (a) The normalized LDOS is plotted as a function of
E . (b) ImF̄jx ,t (iωn) is shown as a function of ωn. (c) ReF̄jx ,s(iωn)
is shown as a function of ωn. ReF̄jx ,t,↑↑(iωn) = ReF̄jx ,t,↓↓(iωn) =
1
2 Re[F̄jx ,t,↑↓(iωn) + F̄jx ,t,↓↑(iωn)] = ImF̄jx ,s(iωn) = 0 within numer-
ical accuracy. (λ/t, h/t ) = (0.4, 0.5), and jx = LFR + LDN/2 for
(a)–(c). Ly = 100, and Nsample = 102 samples averaged.

III. RESULTS

In this section, we discuss the LDOS [Eq. (10)], the anoma-
lous Green’s functions [Eqs. (15) and (16)], and Q̄ jx (iωn)
[Eq. (19)]. The results for the SC/FR/DN junction are shown
in Sec. III A, and those for the SC/NCF/DN junction are
shown in Sec. III B. In both junctions, we obtained the po-
larized spin-triplet Cooper pair amplitude in the DN due to
coherent spin rotation of Cooper pairs in the FR or NCF
region.

A. SC/FR/DN junction

In this section, we consider the system shown in Fig. 1.
In Fig. 3, we show several quantities at the center of the
DN: jx = LFR + LDN/2. In Fig. 3(a), the LDOS normalized
by its normal state value is shown as a function of h and
λ. The normalized LDOS exceeds unity due to the pres-
ence of the odd-frequency spin-triplet pairings [38–40,53,54].
It is noted that the s-wave SC junction considered in this
paper is topologically trivial, and Majorana fermions never
appear at the interface. Then this enhancement of the LDOS
at zero energy is not related to the presence of the Ma-
jorana fermion. The normalized LDOS is the largest at
approximately (λ/t, h/t ) = (0, 0.3). In Fig. 3(b), the ab-
solute value of the spin-triplet component |F̄ jx,t (iωn)| =√∑

α=x,y,z |F̄jx,t,α (iωn)|2, with ωn/t = 10−3, is shown. Quali-

tatively, |F̄ jx,t (iωn)| at a low frequency is very similar to the
LDOS: the spin-triplet Cooper pair amplitude is generated

FIG. 5. (a) |Q̄ jx (iωn)|, (b) Q̄ jx ,x (iωn), (c) Q̄ jx ,y(iωn), and
(d) Q̄ jx ,z(iωn) are plotted as a function of h and λ at jx = LFR +
LDN/2. (e) Q̄ jx ,x (iωn), (f) Q̄ jx ,y(iωn), and (g) Q̄ jx ,z(iωn) are plotted
as a function of jx at (λ/t, h/t ) = (0.4, 0.5). jx ∈ [1, 5] denotes the
position in the FR and, jx ∈ [6, 55] denotes the position in the DN.
Ly = 100, and Nsample = 103 samples averaged.

when there is a zero-energy peak in the LDOS [36–40,53,54].
In Fig. 3(c), the absolute value of the spin-singlet component
|F̄jx,s(iωn)| with ωn/t = 10−3 is shown. |F̄jx,s(iωn)| has a small
value where the zero-energy LDOS has a large value.

In Fig. 4(a), the energy dependence of the normalized
LDOS is shown for (λ/t, h/t ) = (0.4, 0.5), where the normal-
ized LDOS is larger than unity at zero energy. We can see that
there is a zero-energy peak, and corresponding to this zero-
energy state, the spin-triplet component of the anomalous
Green’s function is largely enhanced toward zero frequency
[Fig. 4(b)]. The absolute value of the spin-singlet component
of the anomalous Green’s function also increases for low
frequency, but it approaches a finite value [Fig. 4(c)]. We also
calculate the normalized LDOS and the anomalous Green’s
function at (λ/t, h/t ) = (0.8, 0.5), where we observe a gap-
like structure in the normalized LDOS (see Appendix A).

In Fig. 5, we show Q̄ jx (iωn), which reflects the polarized
spin-triplet Cooper pair amplitude. In Fig. 5(a), we show

|Q̄ jx (iωn)| =
√∑

α=x,y,z Q̄2
jx,α

(iωn). It is zero at the h = 0 or
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FIG. 6. (a) The normalized LDOS at zero energy, (b) |F̄ jx ,t (iωn)|,
and (c) |F̄jx ,s(iωn)| are plotted as a function of h and θ at jx = LNCF +
LDN/2. Here, ρ̄ jx ,N(E ) is the LDOS. For the anomalous Green’s
functions, we fix ωn/t = 10−3. Ly = 100, and Nsample = 102 samples
averaged.

λ = 0 axis. This means that both h and λ must be nonzero
to generate the polarized spin-triplet Cooper pairing [16,17].
We show each component of Q̄ jx (iωn) as a function of h
and λ in Figs. 5(b)–5(d) and their spatial dependences for
(λ/t, h/t ) = (0.4, 0.5) in Figs. 5(e)–5(g). In Figs. 5(b)–5(d),
all the components have nonzero values in some regions, but
the y component is very small. From Figs. 5(e) and 5(g), we
can see that the polarized spin-triplet Cooper pair amplitudes
penetrate the DN. Also, the y component [Figs. 5(f)] has
a nonzero value, but it approaches zero for a large value
of the impurity sample average. The Nsample and Ly depen-
dences of the normalized LDOS, |F̄ jx,t (iωn)|, |F̄jx,s(iωn)|, and
|Q̄ jx,t (iωn)| are discussed in Sec. B 1. We discuss an ex-
pectation value of the spin operator to which the polarized
spin-triplet Cooper pairs can contribute in Sec. C 1. We find
that Q̄ jx (iωn) and the expectation value of the spin operator
are almost independent since the quasiparticles also contribute
to the spin polarization.

B. SC/NCF/DN junction

Here, we show the results for the SC/NCF/DN junction.
The normalized LDOS shown in Fig. 6(a) exceeds unity
in some regions due to the presence of the odd-frequency
spin-triplet pairings [Fig. 6(b)]. The normalized LDOS for
the SC/FR/DN junction is largest when λ = 0, but for the
SC/NCF/DN junction, the normalized LDOS is largest with

FIG. 7. (a) The normalized LDOS is plotted as a function of
E . (b) F̄jx ,t (iωn) is shown as a function of ωn. (c) ReF̄jx ,s(iωn)
is shown as a function of ωn. ImF̄jx ,t,↑↑(iωn) = ImF̄jx ,t,↓↓(iωn) =
Re[F̄jx ,t,↑↓(iωn) + F̄jx ,t,↓↑(iωn)] = ImF̄jx ,s(iωn) = 0 within numeri-
cal accuracy. (θ/2π, h/t ) = (0, 075, 0.5), and jx = LNCF + LDN/2
for (a)–(c). Ly = 100, and Nsample = 102 samples averaged.

nonzero θ . The spin-singlet Cooper pair amplitude becomes
small when the spin-triplet Cooper pair amplitude has a large
value [Fig. 6(c)].

In Fig. 7(a), we show the energy dependence of the normal-
ized LDOS at (θ/2π, h/t ) = (0.075, 0.5) and see that it has
a zero-energy peak. In Figs. 7(b) and 7(c), the frequency de-
pendences of the spin-triplet and the spin-singlet Cooper pair
amplitudes are shown, respectively. The spin-triplet Cooper
pair amplitude is also largely enhanced toward zero frequency,
and the spin-singlet one has a nonzero value for ωn → 0. We
also show the normalized LDOS and the anomalous Green’s
function at (θ/2π, h/t ) = (0.15, 0.5) in Appendix A.

The polarized spin-triplet Cooper pair amplitudes are gen-
erated in the SC/NCF/DN junction (Fig. 8). In Fig. 8(a), the
absolute value of Q̄ jx (iωn), with ωn/t = 10−3, is shown, and it
is zero for θ = 0 or h = 0. The h = 0 case is trivial: there is no
field, and the Hamiltonian has spin rotational symmetry. Here,
the polarized spin-triplet Cooper pair amplitude has only x and
z components [Figs. 8(b)–8(d)], and it might correspond to
the fact that the noncollinear spin structure in the NCF lies
in the x-z plane [57,58]. We also show the jx dependence
of Q̄ jx (iωn) in Figs. 8(e)–8(g). Similar to the SC/FR/DN
junction, the polarized spin-triplet Cooper pair amplitudes
penetrate the DN. The y component of Q̄ jx (iωn) is almost zero
[Figs. 8(f)]. The dependences of these results on Nsample and
Ly are discussed in Sec. B 2. We also discuss the expectation
value of the spin operator in Sec. C 2, and we do not find a
direct relationship between the expectation value of the spin
operator and Q̄ jx (iωn).
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FIG. 8. (a) |Q̄ jx (iωn)|, (b) Q̄ jx ,x (iωn), (c) Q̄ jx ,y(iωn), and
(d) Q̄ jx ,z(iωn) are plotted as a function of h and θ for jx = LNCF +
LDN/2. (e) Q̄ jx ,x (iωn), (f) Q̄ jx ,y(iωn), and (g) Q̄ jx ,z(iωn) are plotted
as a function of jx . jx ∈ [1, 5] is the position in the NCF, and
jx ∈ [6, 55] is the position in the DN. In (e)–(g) (θ/2π, h/t ) =
(0.08, 0.5). Ly = 100, and Nsample = 103 samples averaged.

IV. SUMMARY

In this paper, we showed that the polarized spin-
triplet Cooper pair amplitude is generated by the spin-
singlet s-wave superconductor in two kinds of junctions:
the s-wave SC/ferromagnetic metal with Rashba spin-orbit
coupling/diffusive normal metal junction and the s-wave
SC/noncollinear ferromagnetic metal/diffusive normal metal
junction. We have clarified the generation of the spin-
polarized triplet pairings in the diffusive normal metal due to
coherent spin rotation in the magnetic regions. The emergence
of the triplet pairings manifests as a zero-energy peak in the
density of states. Candidate magnets for these junctions are
magnets without inversion symmetry [59,60] such as MnSi
[61], MnGe [62], (V,Pt)Se2 [63], and NbMnP [64]. Although
we have performed numerical calculations in two-dimensional
systems due to computational cost, we expect that we can
obtain qualitatively the same results for three-dimensional
junctions with a magnetic interface.

In this paper, we have chosen the spin-singlet s-wave
pairing as the symmetry of the Cooper pair in the SC. If

FIG. 9. (a) The normalized LDOS is plotted as a function of
E . (b) ImF̄jx ,t (iωn) is shown as a function of ωn. (c) ReF̄jx ,s(iωn)
is shown as a function of ωn. ReF̄jx ,t,↑↑(iωn) = ReF̄jx ,t,↓↓(iωn) =
1
2 Re[F̄jx ,t,↑↓(iωn) + F̄jx ,t,↓↑(iωn)] = ImF̄jx ,s(iωn) = 0 within numer-
ical accuracy. (λ/t, h/t ) = (0.8, 0.5), jx = LFR + LDN/2, Ly = 100,
and Nsample = 102 samples averaged.

we choose spin-singlet d-wave pairing, zero-energy Andreev
bound states [65–67] and the resulting odd-frequency pairing
[40] protected by the spectral bulk-edge correspondence are
generated at the interface [68]. It is an interesting issue to
study the proximity effect in d-wave superconductor junctions
[44] in the presence of a ferromagnetic metal with Rashba
spin-orbit coupling or a noncollinear ferromagnetic metal.
Also, although we concentrated on superconductor junctions
with a magnetic interface as the source of the polarized
spin-triplet Cooper pair in this paper, a combination of the
s-wave SC and topological systems is also interesting since
many topological systems require spin-orbit interaction or
a magnetic field such as nanowire systems [45,69,70] and
SC/topological insulator junctions [21,71–77].

ACKNOWLEDGMENTS

This work was supported by JSPS KAKENHI Grants
No. JP20H00131, No. JP18H01176, No. JP20H01857, and
No. JP30578216 and the JSPS-EPSRC Core-to-Core program
“Oxide Superspin.”

APPENDIX A: ENERGY OR FREQUENCY DEPENDENCE
OF LDOS AND ANOMALOUS GREEN’S FUNCTION

In Fig. 9 (SC/FR/DN junction) and Fig. 10 (SC/NCF/DN
junction), we show the energy dependence of the normal-
ized LDOS and ωn dependences of F̄ jx,t (iωn) and F̄jx,s(iωn)
at the parameter where the normalized LDOS at zero en-
ergy is smaller than unity. In both graphs, we can see that
there is a gaplike structure at zero energy for the normalized
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FIG. 10. (a) The normalized LDOS is plotted as a function of
E . (b) F̄jx ,t (iωn) is shown as a function of ωn. (c) ReF̄jx ,s(iωn)
is shown as a function of ωn. ImF̄jx ,t,↑↑(iωn) = ImF̄jx ,t,↓↓(iωn) =
Re[F̄jx ,t,↑↓(iωn) + F̄jx ,t,↓↑(iωn)] = ImF̄jx ,s(iωn) = 0 within numeri-
cal accuracy. (θ/2π, h/t ) = (0.15, 0.5), jx = LNCF + LDN/2, Ly =
100, and Nsample = 102 samples averaged.

LDOS [Figs. 9(a) and 10(a)]. The spin-triplet and spin-singlet
components of the anomalous Green’s function are shown in
Figs. 9(b), 9(c), 10(b), and 10(c). The absolute value of the
spin-singlet component is larger than that of each spin-triplet
component, and the spin-triplet components are linear func-
tions at ωn = 0.

FIG. 11. The normalized zero-energy LDOS, |F̄ jx ,t (iωn)|, and
|F̄jx ,s(iωn)| are plotted as a function of λ with h/t = 0.5 and ωn/t =
10−3 for several values of Ly. jx = LFR + LDN/2, and Nsample = 102

samples averaged.

FIG. 12. The normalized zero-energy LDOS, |F̄ jx ,t (iωn)|, and
|F̄jx ,s(iωn)| with ωn/t = 10−3 are plotted as a function of 1/

√
Nsample

for (a) (λ/t, h/t ) = (0.35, 0.5) and (b) (0.7,0.5). jx = LFR + LDN/2
with Ly = 100 and 200.

FIG. 13. The normalized zero-energy LDOS, |F̄ jx ,t (iωn)|, and
|F̄jx ,s(iωn)| with ωn/t = 10−3 are plotted as a function of 1/

√
Ly for

(a) (λ/t, h/t ) = (0.35, 0.5) and (b) (0.7,0.5). jx = LFR + LDN/2 with
Nsample = 102 and 103.
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FIG. 14. |Q̄ jx (iωn)| is plotted as a function of λ/t for Ly = 100
and 200, and Nsample = 102 and 103 with h/t = 0.5 and ωn/t = 10−3.
jx = LFR + LDN/2.

FIG. 15. |Q̄ jx (iωn)| is plotted as a function of 1/
√

Nsample for
(a) λ/t = 0.35 and (b) 0.7 with h/t = 0.5 and ωn/t = 10−3. jx =
LFR + LDN/2.

FIG. 16. |Q̄ jx (iωn)| is plotted as a function of 1/
√

Ly for
(a) (λ/t, h/t ) = (0.35, 0.5) and (b) (0.7,0.5) with ωn/t = 10−3. jx =
LFR + LDN/2.

FIG. 17. The normalized LDOS, |F̄ jx ,t (iωn)|, and |F̄jx ,s(iωn)| are
plotted as a function of θ with h/t = 0.5 and ωn/t = 10−3 for sev-
eral values of Ly. jx = LNCF + LDN/2, and Nsample = 102 samples
averaged.

APPENDIX B: SYSTEM SIZE AND SAMPLE
NUMBER DEPENDENCE

Here, we show the Nsample and Ly dependences of the
normalized LDOS, |F̄ jx,t (iωn)|, |F̄jx,s(iωn)|, and |Q̄ jx (iωn)| in
order to demonstrate the robustness of our results.

FIG. 18. The normalized zero-energy LDOS, |F̄ jx ,t (iωn)|, and
|F̄jx ,s(iωn)| with ωn/t = 10−3 are plotted as a function of 1/

√
Nsample

for (a) (θ/2π, h/t ) = (0.08, 0.5) and (b) (0.12,0.5). jx = LNCF +
LDN/2.
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FIG. 19. The normalized zero-energy LDOS, |F̄ jx ,t (iωn)|, and
|F̄jx ,s(iωn)| with ωn/t = 10−3 are plotted as a function of 1/

√
Ly for

(a) θ/2π = 0.08 and (b) 0.12 with h/t = 0.5. jx = LNCF + LDN/2.

1. SC/FR/DN junction

We show the Ly dependences of the normalized LDOS at
zero energy, |F̄ jx,t (iωn)|, and |F̄jx,s(iωn)| at a low frequency
in Fig. 11. Their system size dependences are not significant.
In Figs. 12 and 13, we show Nsample and Ly dependences,
respectively, at fixed λ and h. The Nsample and Ly dependences
are also not significant in these plots.

In Fig. 14, we show |Q̄ jx (iωn)| for (Ly, Nsample ) =
(100, 102), (100, 103), (200, 102), and (200, 103) at ωn/t =
10−3. Here, we show the standard error as an error bar. The
average values |Q̄ jx (iωn)| have a large fluctuation for 0.1 �
λ/t � 0.5. It might correspond to the fact that the normal-
ized LDOS at zero energy has large values close to these

FIG. 20. |Q̄ jx (iωn)| is plotted as a function of θ for several Ly and
Nsample with h/t = 0.5 and ωn/t = 10−3. jx = LNCF + LDN/2.

FIG. 21. |Q̄ jx (iωn)| is plotted as a function of 1/
√

Nsample for
(a) θ/2π = 0.08, and (b) 0.12 with h/t = 0.5 and ωn/t = 10−3.
jx = LNCF + LDN/2.

parameters. For Nsample = 103, |Q̄ jx (iωn)| for Ly = 100 and
Ly = 200 have almost the same value. In Fig. 15, we show the
Nsample dependence of |Q̄ jx (iωn)| for h/t = 0.5. |Q̄ jx (iωn)| for
Ly = 100 and 200 have almost the same value, but for large
Nsample, |Q̄ jx (iωn)| with Ly = 100 has a slightly smaller value
at λ/t = 0.35 [Fig. 15(a)]. In Fig. 16, we show the Ly depen-
dence of |Q̄ jx (iωn)| at h/t = 0.5 for Nsample = 102 and 103.
There are somewhat large statistical errors for Nsample = 102,
but the size of the error bar is sufficiently small for Ly = 100
and Nsample = 103.

FIG. 22. |Q̄ jx (iωn)| is plotted as a function of 1/
√

Ly for
(a) θ/2π = 0.08 and (b) 0.12 with h/t = 0.5 and ωn/t = 10−3.
jx = LNCF + LDN/2.
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FIG. 23. (a) |s̄ jx |, (b) s̄ jx ,x , (c) s̄ jx ,y, and (d) s̄ jx ,z are plotted as
a function of h and λ at jx = LFR + LDN/2. (e) s̄ jx ,x , (f) s̄ jx ,y, and
(g) s̄ jx ,z are plotted as a function of jx for (λ/t, h/t ) = (0.5, 0.5).
tβ = 103, Ly = 40, and Nsample = 102 samples averaged.

2. SC/NCF/DN junction

We show the Nsample and Ly dependences for the
SC/NCF/DN junction. We show the Ly dependence of the
normalized LDOS, |F̄ jx,t (iωn)|, and |F̄jx,s(iωn)| at a low fre-
quency in Fig. 17. In this case, similar to the SC/FR/DN
junction, their system size dependences are weak. In Figs. 18
and 19, we show the Nsample and Ly dependences, respectively,
at fixed θ and h. The Nsample and Ly dependences are also not
very strong in these plots.

In Fig. 20, we show |Q̄ jx (iωn)| for (Ly, Nsample ) =
(100, 102), (100, 103), (200, 102), and (200, 103) at ωn/t =
10−3. Here, we also show the standard error as an error bar. We
also observe a large error at 0.06 � θ/2π � 0.09. |Q̄ jx (iωn)|
for Nsample = 102 and 103 have almost the same value, but
Ly = 100 and 200 are different for 0.06 � θ/2π � 0.09. In
Fig. 21, we show the Nsample dependence of |Q̄ jx (iωn)| for
h/t = 0.5. |Q̄ jx (iωn)| for Ly = 100 is smaller than that for 200
even for large Nsample, at least for θ/2π = 0.08 [Fig. 21(a)].
In Fig. 22, we show the Ly dependence of |Q̄ jx (iωn)| at
(θ/2π, h/t ) = (0.08, 0.5) and (0.12,0,5) for Nsample = 102

and 103. The Ly dependence is not small for θ/2π = 0.08
[Fig. 22(a)], but we expect that the qualitative behaviors of
the results do not change.

FIG. 24. The normalized zero-energy LDOS (left y axis) and |s̄ jx |
(right y axis) are plotted as a function of h/t for (a) λ = 0 and
(b) λ/t = 0.2 and plotted as a function of λ/t for (c) h/t = 0.5 at
jx = LFR + LDN/2. tβ = 103, Ly = 100, and Nsample = 102 samples
averaged.

APPENDIX C: EXPECTATION VALUE
OF SPIN OPERATOR

In this Appendix, we discuss the expectation of the spin
operator:

s̄ jx,α = 1

LyNsampleβ

Ly∑
jy=1

Nsample∑
l=1

∑
n

Tr[Pσ̂αGl,j,j(iωn)], (C1)

with α = x, y, z and the inverse of the temperature β. Here,
we use an IR basis to calculate the Matsubara frequency sum
[78], which reduces the computational cost. In the following,
we choose βt = 103. We confirmed that the results are almost
the same as the results with βt = 104, and thus, βt = 103 is a
sufficiently small temperature.

1. SC/FR/DN junction

In Fig. 23, we show the expectation value of the spin
operator [Figs. 23(a)–23(d)] and its spatial dependence
[Figs. 23(e)–23(g)] for the SC/FR/DN junction. |s̄ jx | has a
small value in the region where the normalized LDOS at zero
energy exceeds unity and has a large value [Fig. 3(a); see also
Fig. 24]. This might be understood as follows: the LDOS at
zero energy might have a maximum when both the spin-up
and -down components of the LDOS have large values, and
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FIG. 25. (a) |s̄ jx |, (b) s̄ jx ,x , (c) s̄ jx ,y, and (d) s̄ jx ,z are plotted as
a function of h and θ at jx = LNCF + LDN/2. (e) s̄ jx ,x , (f) s̄ jx ,y, and
(g) s̄ jx ,z are plotted as a function of jx for (h/t, θ/2π ) = (0.5, 0.1).
tβ = 103, Ly = 40, and Nsample = 102 samples averaged.

as a consequence, the expectation value of the spin becomes
small (minimum) in the DN.

|s̄ jx | becomes nonzero at λ = 0 in some region where the
polarized spin-triplet Cooper pair amplitude is zero. In gen-
eral, both the quasiparticles and the Cooper pairs contribute
to s̄ jx . Thus, the nonzero value of s̄ jx at λ = 0 comes from

FIG. 26. The normalized zero-energy LDOS (left y axis) and |s̄ jx |
(right y axis) are plotted as a function of (a) h/t for θ/2π = 0.05 and
(b) θ/2π for h/t = 0.5 at jx = LNCF + LDN/2. tβ = 103, Ly = 100,
and Nsample = 102 samples averaged.

spin polarization of the quasiparticles. Therefore, the nonzero
value of s̄ jx is not direct evidence of the presence of the
polarized spin-triplet Cooper pair amplitude. s̄ jx has only x
and z components, similar to Q̄ jx (iωn) in Figs. 5(b)–5(d). In
Figs. 23(e)–23(g), we show the spatial dependence of s̄ jx for
the SC/FR/DN and N/FR/DN junctions (for N, we set the
pair potential � = 0, and the other parameters are the same
as in the corresponding SC junctions). We can see that the
presence of the SC is crucial for the nonzero value of s̄ jx,x,
and s̄ jx,z in the DN.

2. SC/NCF/DN junction

We can see similar behaviors for the SC/NCF/DN junction
(Figs. 25 and 26). In this case, |s̄ jx | also becomes small in the
region where the normalized LDOS at zero energy exceeds
unity [Figs. 25(a) and 26]. Also, s̄ jx penetrates the DN due to
the superconducting proximity effect [Figs. 25(e)–25(g)].
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