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We investigate abilities of various linear response based techniques for extracting parameters of antisymmetric
Dzyaloshinskii-Moriya (DM) interactions from first-principles electronic structure calculations. For these pur-
poses, we further elaborate the idea of Sandratskii [Phys. Rev. B 96, 024450 (2017)], which states that the z
component of the DM vector can be computed by retaining only the spin-diagonal part of the spin-orbit (SO)
interaction. This approximation, which becomes exact to the first order in the SO coupling, greatly simplifies
the calculations as it requires only minor extensions in comparison to isotropic parameters in the nonrelativistic
case. We start our analysis with the magnetic force theorem (MFT), which relies on additional approximations
resulting in the linear dependence of the exchange interactions on the response tensor, and compare it with
the exact approach formulated in terms of the inverse response. For the ligand states, which are not primarily
responsible for the magnetism but magnetized from the localized states, we propose the downfolding procedure
transferring the effect of these ligand spins into parameters of effective interactions between the localized spins.
These techniques are applied for the series of CrCls- and Crls-based materials, including bulk, monolayer,
bilayer, and three-layer systems. Particularly, we discuss how the DM interactions are induced by the inversion
symmetry breaking at the surface or by the electric field. As long as the response tensor between the Cr 34 states
is calculated by taking into account the SO interaction on the heavy ligand sites, the MFT appears to be a good
approximation for the DM interactions, being in contrast with the isotropic exchange, for which MFT and the
exact method provide quite a different description. Finally, we discuss the relevance of our approach to other
techniques proposed for calculations of the DM interactions. Particularly, we argue that the spin-current model
for the DM interactions can be derived from the MFT-based expression and is the relativistic counterpart of the

double exchange, occurring in metallic systems in the limit of infinite exchange splitting.
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I. INTRODUCTION

The Dzyaloshinskii-Moriya (DM) interaction is a very
peculiar type of exchange coupling emerging between non-
collinear spins. The existence of such an interaction was
predicted by Dzyaloshinskii in 1958, on the basis of symmetry
arguments [1]. The microscopic picture behind this interaction
was proposed by Moriya two years later, as an effect of rela-
tivistic spin-orbit (SO) coupling in noncentrosymmetric bonds
[2]. Competing with the isotropic exchange, the DM interac-
tion results in deformation of the conventional ferromagnetic
or antiferromagnetic order and the formation of noncollinear
magnetic textures, including the spin canting [1], spin spirals
[3], magnetic skyrmions [4,5], etc. The corresponding spin
model, describing this competition, is given by

5:_%Z(Jijei'ej_dij'[ei x ej]), (1)
i#]
where J;; is the isotropic exchange, d;; is the DM vector, and
e; is the unit vector in the direction of spin at the site i.
Recently, growing interest in the physics of DM interaction
has been spurred by the discoveries of phenomena such as the
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topological Hall effect [6], chiral domain walls [7,8], and the
magnetoelecric coupling in spiral magnets [9-11], etc., which
are intrinsically related to the noncollinear alignment of spins.

To clarify the microscopic mechanisms responsible for
these phenomena and systematically search for new materials,
where these phenomena can be realized, there is a strong
demand for theoretical electronic structure calculations based
on the density functional theory (DFT) [12]. One of the main
tasks here is to develop numerical methods for realistic calcu-
lations of the DM interactions. However, the situation in this
area appears to be rather diverse, as there are already quite
a few such methods which rely on different assumptions and
approximations. (i) The DM interactions can be evaluated in
the framework of the superexchange theory [13], following
the original idea by Moriya [2], and extracting the parame-
ters of such theory from first-principles calculations [11,14].
However, the superexchange is the theory of Mott insulators,
which is valid in the limit of large Coulomb repulsion on the
atomic sites and does not apply to metallic systems [15]. (ii)
Another possibility is to define the spin model Eq. (1) locally
by considering the infinitesimal rotations of spins near cer-
tain magnetic equilibrium and employing for these purposes
the magnetic force theorem (MFT), as originally proposed
by Liechtenstein et al. [16]. In this case, MFT means the
perturbation theory for the energy change formulated in terms
of the real-space Green’s functions. Alternatively, it can be
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reformulated in terms of the response function (or transverse
spin susceptibility) in the reciprocal space [17]. There are
a number of relativistic extensions of this method dealing
with the full Green’s function, which incorporates all possi-
ble effects of the SO interactions and takes into account the
coupling between states with the same as well as opposite
projections of spin [18-21]. For each bond, such technique
allows us to derive the 3 x 3 exchange tensor, which can
be further decomposed into the isotropic exchange, antisym-
metric DM interaction, and symmetric exchange anisotropy.
(iii) Other techniques, which are conceptually similar to MFT
[16], include mixed perturbation theory with respect to the
infinitesimal rotations of spins and the SO interactions [22],
spin susceptibility [23], and Berry phase theory [24] methods.
(iv) On the other hand, Sandratskii has argued that to calculate
the z component of the DM vector, dfj, it is sufficient to
know only the change of the electronic structure caused by the
SO interaction separately for the majority- and minority-spin
states, and neglect the coupling between opposite projections
of spin [25]. Obviously, this is a very strong statement, which
greatly simplifies the calculations and allows us to use for
these purposes the generalized Bloch theorem [25,26]. (v) The
validity of the MFT itself, at least in the way it was formulated
in Ref. [18], was questioned [27-29]. The key problems are
the missing constraining field, which is required to fix the
directions of spins and how to deal with the ligand spins
[29,30]. (vi) The spin-current method [31,32] typically stays
separate from the above-mentioned techniques. For instance,
its relationship with MFT is unknown and the DM parameters
do not explicitly depend on the energy splitting between the
majority and minority spins as would be expected from the
model analysis, at least for insulating systems [2,13].

The main purpose of this paper is to rationalize these
methods by presenting a unified point of view on how the
DM interactions can be generally calculated on the basis of
DFT. We start with the idea proposed by Sandratskii [25]
and show how it can be used within the MFT framework
developed by Liechtenstein et al. [16] (Sec. IT A). It provides
a transparent expression for d;;, which can be computed at
the same cost as the isotropic exchange. Then, we switch to
the exact formalism (Sec. II B) and show how the ligand spins
can be rigorously eliminated so their contributions become in-
cluded in the effective DM interactions between the localized
spins (Sec. II C). The abilities of these methods and the main
tendencies in the behavior of DM interactions are illustrated
for CrCl; and Crls, in their bulk, monolayer, bilayer, and
three-layer realization (Sec. III). The alternative techniques,
including mixed perturbation theory [22] and spin-current
model [31,32], are discussed in Sec. IV. Particularly, we show
how the spin-current model can be derived from the MFT-
based expression, pretty much similar to the canonical double
exchange in the nonrelativistic case [33,34]. Finally, a brief
summary will be given in Sec. V.

II. THEORY

Our starting point for the analysis of interatomic exchange
interactions is a spin-dependent one-electron tight-binding
Hamiltonian H® (where o = 4 or |), formulated in the
basis of transition-metal d and ligand p states. In practice,

()

FIG. 1. Type of infinitesimal spin rotations, which can be used
in the Green’s function perturbation theory to calculate the isotropic
exchange (a) and Dzyaloshinskii-Moriya interaction d along the z
axis (b).

such a Hamiltonian can be rigorously derived from the spin-
polarized DFT [12] by solving the Kohn-Sham (KS) problem
[35,36] and recalculating the Hamiltonian matrix in the ap-
propriate Wannier basis [37,38]. The key point here is that
the knowledge of such one-electron Hamiltonian is sufficient
for describing the energy change caused by the infinitesimal
rotations of spins, as advocated by MFT [16,39].

A. Magnetic force theorem

To illustrate the basic idea of our method, it is convenient
to start with the particular realization of MFT formulated
by Liechtenstein et al. in Ref. [16], which assumes that (i)
the rotation of the magnetization, /i — (siné, 0, cos 6)m;,
produces the rotation of the exchange-correlation (xc) field
by the same angle, B? — (sin@, 0, cos@)l;f, and (ii) this is
the only perturbation caused by the infinitesimal rotations of
spins by the given angle. While the first assumption can be
generally proved [40], the second one is an approximation, as
it ignores another important contribution—the external field,
constraining the direction of the spin magnetization [27-29].
We will continue to name this approximate scheme MFT,
though it should be understood that the exact approach, which
we propose as the alternative to it, is nothing but the rigor-
ous realization of MFT, which allows us to relate the energy
change caused by the infinitesimal rotations of spins with the
properties of A7 in the ground state.

The basic idea of Liechtenstein et al. is to treat the change
of the xc field as a perturbation in the framework of the
Green’s function method [16]. For instance, considering the
perturbation caused by the x components of the xc field at
sites i and j without the SO interaction [see Fig. 1(a)], it
is straightforward to derive the following expression for the
isotropic exchange [16]:

1 EF ~ A A A
X
Jij ZEIm [w de TrL{bfG,-Tj(t?)bi'Gji(g)

+ 56 ()b Gli(e)). ©)

i
where G° = (s — 1-7”)_1, Tr; is the trace over the orbital
indices, and Ef is associated with the site diagonal part of
H? [29]. In this formulation, J;; can be viewed as the in-
teraction between the fluctuations 857 = 65° and Sl}j = 9133.
along the same axis x. Here, the corresponding energy change,

formulated via the Green’s functions, is associated with the
interaction —J;;6m;dm’; between m; ~ 6 and nr; ~ 6 in the
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Heisenberg model, which yields Eq. (2) for the isotropic ex-
change [16].

Then, following the same arguments, one can consider the
interaction between the perpendicular fluctuations along x and
y, Sl}f and 61};', which should give us the z component of the
DM vector [see Fig. 1(b)]. Without SO coupling, we would
have the following expression, where the energy change is
mapped onto d;;8m;8m):

1 er ~ AL A
T —00

- B:Gl(e)bi Gl i)}, 3)

Obviously, if sites i and j are connected by the spacial inver-
sion, the two terms in {. ..} are equivalent and therefore dfj =
0, as it should for the DM interactions [1,2]. Moreover, there
are additional symmetries, which enforce dfj = 0 without the
SO coupling, namely, since the time-reversal symmetry is
broken only in the spin sector, the one-electron Hamiltonian
is invariant under the complex conjugation, (H?)* = H?, as
the Green’s function, leading to the property Gf’}’ = (Gf}’ ) =
G??, which holds in the basis of real harmonics (a and b) for

each projection of spin (1 or |). Furthermore, Ef is the real
symmetric matrix. Therefore, the two terms in {...} remain
equivalent yielding d}; = 0.

The SO interaction leads to the coupling between the ma-
jority (1) and minority () spin states. Nevertheless, if our
goal is just to calculate dfj, we do not need to consider such
coupling. This important point was realized by Sandratskii
[25]. His arguments are based on the observation that if the
spins form the spiral structure in the xy plane, e; = (cosq -
R;, sinq - R;, 0) (and considering here, for simplicity, the case
where there is only one magnetic site in the primitive cell), the
energy of the spin model Eq. (1) is uniquely specified by the
spin-spiral propagation vector q:

E(q) = —1{J(q) — id*(q)}, )

where X (q) = ), Xo;exp(—iq - R;) for X = J or d° and R;
denotes the position of the site i. If the spin model is obtained
by mapping the total energies of a more general electronic
model, these energies should have a similar form and be
uniquely specified by q. This can be achieved by employing
the generalized Bloch theorem, which allows us combine the
periodic translations with the SU(2) rotations of electronic
states in the spin subspace and, for each ¢, reduce the com-
putational efforts to the solution of the problem within just
one primitive cell, as in the collinear case [26]. This should
give us £(g), which can be used for the mapping onto Eq. (4).
However, the generalized Bloch theorem is no longer applica-
ble when the SO interaction is taken into account. The reason
is that the spin-off-diagonal part of the SO interaction is not
invariant under the SU(2) rotations. The basic idea of San-
dratskii in this respect is that, since there should be one-to-one
correspondence between the energies of electronic and spin
models, one should keep only spin-diagonal SO interaction,
which remains invariant under the SU(2) rotations and, thus,
allows us to use the generalized Bloch theorem [25].

This can be paraphrased differently. The SO coupling gives
rise to the antisymmetric DM interactions as well as the

magnetic anisotropy, which act differently on the magnetic
alignment. While the DM interactions favor the spin-spiral
order, the magnetic anisotropy typically acts against it by
deforming the spin spiral [41] and tending to lock the prop-
agation vector ¢ to commensurate values [42]. Therefore, one
should find a way to separate the contributions to the DM
interactions and magnetic anisotropy in the electronic struc-
ture calculations. One possibility, if we want to calculate the
DM interactions, is to restore the validity of the generalized
Bloch theorem. However, the price to pay is to neglect the
off-diagonal elements of the SO interaction, which contribute
to the magnetic anisotropy.

Another intuitive reason why for d* it is sufficient to con-
sider only spin-diagonal elements of the SO coupling is that
the DM interactions are related to the energy change emerging
in the first order of the SO coupling. Therefore, if we start
with the collinear configuration of spins, this energy change
will include only diagonal elements of the SO coupling.

In what follows, dfj can still be calculated using Eq. (3), but

with the Green’s function G“ = (e — H° F %Eﬁz)fl, which
would include the spin-diagonal SO interaction, +1&L7,

where & is the SO coupling parameter, L* is the angular
momentum, and the upper (lower) sign stands for o = 1 ({).
This :I:%éiliz acts as an effective magnetic field, which breaks
the time-reversal symmetry in the orbital sector, yielding fi-
nite dlzj when it is allowed by the crystallographic symmetry.

Two other components of the DM vector, d;‘j and d;‘}, can
be computed by rotating the coordinate frame and applying
the same Eq. (3). Furthermore, the spin-diagonal part of the
SO interaction should be included to calculate d;; but not J;;.
Otherwise, J;; will suffer from parasitic anisotropic exchange
interactions, which are incomplete without the contributions
arising from the spin-off-diagonal part of the SO coupling.
As long as we deal with the Green’s function in the real
space, in the spirit of the MFT scheme by Liechtenshtein at al.
[16], it is not really necessary to keep only the site-diagonal
part of the SO coupling and omit the off-diagonal one. Instead,
one can calculate the full Green’s function, including all pos-
sible contributions of the SO coupling, and evaluate the 3 x 3
exchange tensor by considering the infinitesimal rotations of
the xc fields in each bond. In addition to the isotropic and
DM interactions, such a tensor will also include the symmetric
anisotropic interactions [18-21]. The Green’s function based
approach for the exchange interactions can be also generalized
to include the local correlation effects by replacing the static
KS potential and the xc field with the frequency-dependent
self-energy [17]. Nevertheless, to calculate the DM interac-
tions in the reciprocal space, by using the response tensor,
it is crucial to bring in force the generalized Bloch theorem
by retaining only spin-diagonal elements of the SO coupling.
Particularly, in the next section, we will discuss the exact
approach, which is formulated solely in terms of the response
tensor, where such restrictions become inevitable. In princi-
ple, besides on-site elements, j:%éiﬁz, one can also consider
intersite elements of the SO coupling. The latter can play an
important role in the model considerations [31], where the
contributions of the SO coupling are effectively included in
the hopping parameters. Nevertheless, to use the generalized
Bloch theorem, these matrix elements must be spin diagonal.
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FIG. 2. Conical spin spiral, which is used for calculations of
isotropic and Dzyaloshinskii-Moriya interactions in the linear re-
sponse theory.

The response tensor in the reciprocal (g) space is given by
(17]

Tt =2 B gy o () o
mik ~mk lk+q

where 6’ = | (1) if 0 = 4 ({), &7, are the KS eigenval-
ues, |Cp) = [C}{ ] denotes the right (column) eigenvectors of
tight-binding Hamiltonian, and f,7, is the Fermi distribution
function. The orbital indices in each of the pairs ab and cd
belong to the same atomic sites in the unit cell. Instead of
calculating the energies of pair interactions, the exchange
parameters can be obtained by dealing with the energies of
conical spin spirals with the propagation vectors ¢ (see Fig. 2),
which are mapped onto the spin model Eq. (4) with several
sites in the primitive cell [29]. More specifically, the 6 depen-
dence is treated analytically and compared with that of the
spin model, describing the interactions between the transver-
sal components of spins. Then, J(g) and d*(gq) are derived
from the ¢ dependence, following Eq. (4) for the transversal
spins. Thus, the isotropic exchange and DM interactions in
the reciprocal ¢ space can be calculated as

Jo(@) = =3{B R (@) B, — B8, ) (6)
and
Ia B n

respectively, where R (¢) = %{Rﬁﬁ(q) + R!1(¢)}. Here,
R%%'(q) is the shorthand notation for RZ7, ,(q), where the

ori;ital indices a and b (c and d) belong to the site un (v)
of the unit cell. In the MFT method, the exchange field &%
and the magnetization density m? are typically treated as the
matrices in the subspace of orbital indices and the construction
l;prfU () b, implies the summation over these orbital indices
of the repeated atomic sites. Up to this point, Egs. (6) and (7)
have been totally equivalent to, respectively, Egs. (2) and (3),
which are related to each other by the Fourier transform.

As discussed above, R:V (g) should be computed with-

out the SO interaction and only R ,(¢g) should include the

spin-diagonal part of the SO interaction. We would like to
emphasize that the form of the response tensor, Eq. (5), where
the Bloch states with the momentum k are coupled only to the
states with the momentum k + ¢, implies that the KS eigen-
states can be specified by the spin indices o =1 or |. If it is
not the case, and the indices ¢ =1 and | are mixed by the SO
interaction, the tensor is no longer represented in such form
and will generally include the coupling between k, k + ¢, as
well as k — g [43]. Thus, although it is not spelled out explic-
itly, the use of the spin susceptibility in the form of Eq. (5) for
calculating the DM interactions [23,24] implies that the SO
coupling is diagonal with respect to the spin indices and in this
sense is totally equivalent to the approximation considered by
Sandratskii [25].
Then, it is straightforward to show that

Ry @) =R . (—T". ®)

Therefore, it is sufficient to calculate only RZ; «a(@) in the full

Brillouin zone, while Rj}j .2(@) can be obtained from it using
Eq. (8). For these purposes, it is convenient to use the gauge-
invariant tight-binding Hamiltonian: A" (k + G) = A" (k),
where G is the reciprocal translation. If the time-reversal
symmetry is preserved in the orbital sector (e.g., without SO
interaction), the Eq. (8) becomes Rig @ = jo 2D

B. Exact approach

The exact expression for the energy change caused by the
infinitesimal rotations of spins within spin-polarized DFT can
be obtained by considering explicitly the constraining fields,
which should be applied to the system to rotate the mag-
netization by the angle 6 (see Figs. 1 and 2) [28,29]. This
constraining field can be expressed via transversal fluctua-
tions, dm* and dm”, using the inverse response tensor [29],
yielding the following expressions:

Ju(q) = 3(MEQ) (@M} — BEMES,,) )

and
i .
45, (@) = =5 M}, Q. (@M, (10)

where Q%,(¢) = HIRMT™ £ [RYMT )0 R @) = Yo
Yoy REZ (), and B, = tTrL{BiL} (with n,, being the num-
ber of orbitals at the site w). The form of Eqgs. (9) and
(10) implies that the rotated object is the local spin moment
M;, = Tr{/, } rather than the magnetization density 7, . The
rotations of M}, are less costly energetically and, therefore,
more suitable to describe the low-energy excitations [29].

C. Downfolding into the model of localized spins

The basic idea of downfolding is to eliminate the spin de-
grees of freedom, which are not primarily responsible for the
magnetism. For instance, the 3d spins of the transition-metal
(T) sites typically participate as the source of the magnetism
and are solely responsible for the spontaneous time-reversal
symmetry breaking, while the spins of the ligand (L) sites
basically follow the magnetic structure of the T sites via the
hybridization effects. Thus, although the L sites are mag-
netized, this is a secondary effect, which is induced by the
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FIG. 3. Monolayer, bilayer, and three-layer Crl; with the notations of first, second, and third coordination spheres of the Cr atoms relative
to the central site 0. The inversion centers, transforming the layered structures to themselves, are denoted by x. In addition to them, the spacial
inversion about some centers, denoted by *, can be combined with the shift connecting the top and bottom layer. Two Cr sublattice (I and II),
which are formed in the bulk, are denoted by different colors. Top panel shows the total and partial Cr 3d densities of states (white and cyan
areas, respectively). The zero energy is in the middle of the gap between occupied and unoccupied states.

magnetization of the T sites. Therefore, one can try to elimi-
nate the spin degrees of freedom associated with the L states.

Without SO interaction, the total energy change caused by
the infinitesimal rotations of spins will contain the contribu-
tions of the following types [29]:

8 = _%(QTTJTTQT +0pJr 0, + 6] Jipbr +6{ Iy 6,),
1n
which describes the interactions in the system of T and
L spins as well as between them. Here, Jag are the matri-
ces in the subspace spanned by the atomic sites A and B,
0, is the column vector of the polar angles specifying the
rotations (see Fig. 2), and 61 is corresponding to its row
vector. Equation (11) holds for each ¢, which is dropped for
simplicity. Then, for each instantaneous configuration of the
T spins, the L coordinates can be found from the equilib-
rium condition %58 = 0, which yields 6; = D6, where
Dyp = _[JLL]_IJLT'
Thus, the effective interactions between the T spins will
have the following form:

Jrr = Jrr — Jr ] i (12)

and
diy = dip + Dy diy + dfy Dy + Dy dfy Dy (13)

In comparison with the bare interactions, Jrr and di;, the
parameters Jrp and J%T acquire the additional contributions
related to the magnetic polarization of the ligand sites.

A somewhat similar technique was employed by Mryasov
at al. to explain the unusual temperature dependence of the
magnetic anisotropy energy in the ordered FePt alloy [44].

III. APPLICATIONS

Below we apply these techniques for the analysis of DM
interactions in Crl; and CrCls. Particularly, Crl; is regarded as
the prominent two-dimensional (2D) van der Waals ferromag-
net [45] as well as the suitable test-bed material for studying
the effects of the ligand states on interatomic exchange in-
teractions [46]. The bulk Crl; and CrCls crystallize in the
centrosymmetric R3 structure. More details can be found in
Refs. [47,48].

We consider several scenarios of the inversion symmetry
breaking, which lead to the emergence of DM interactions
(see Fig. 3):
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(i) Some DM interactions can already emerge in the pris-
tine centrosymmetric R3 structure [20]. This structure has
two Cr sublattices, which can be transformed to each other
by the spacial inversion about the centers of the hexagons.
Obviously, all DM interactions between such sublattices will
vanish. However, the Cr atoms in each of the sublattices
(which are shown by the same colors in Fig. 3) are not con-
nected by the inversion. Therefore, the DM interactions within
each sublattice are allowed by the R3 symmetry. For instance,
such interactions will take place between second neighbors in
the honeycomb plane;

(i) The inversion symmetry can be broken by the elec-
tric field. For these purposes, we consider the perpendicular
electric field E = (0, 0, E') applied to monolayer (1L) Crl3,
which is simulated by shifting the on-site energies of the tight-
binding Hamiltonian by —FE - R; [49]. Without the electric
field, 1L-Crl; is centrosymmetric and the DM vectors have
the same symmetry properties as in the bulk.

(iii) The inversion symmetry is broken at the surface. We
consider the effects of such inversion symmetry breaking in
the bilayer (2L) and three-layer (3L) Crls. The 3L-Crl; is
centrosymmetric, where the inversion centers are located in
the middle layer. Obviously, the inversion about similar cen-
ters in the surface layers is no longer possible. Nevertheless,
such an inversion operation in the 2D systems can still be
combined with the shift connecting the top and bottom layers,
thus, imposing additional symmetry constraints on the form
of the DM interactions.

For practical purposes, we use the linear muffin-tin or-
bital method (LMTO) in the atomic-spheres approximation
(ASA) [50,51] for the electronic structure calculations in the
local spin-density approximation (LSDA) [52] with the ex-
perimental parameters of the crystal structure for bulk CrCl;
[47] and Crl; [48]. The tight-binding Hamiltonian for the
bulk systems was constructed using the projector-operator
technique [37,38]. Then, the same parameters were used to
simulate the 2D nL-Crl; systems. Such an approach has
obvious limitations and is not aiming at the overwhelming
quantitative description of the surface states, which should
include the structural relaxation and, possibly, the correlation
effects beyond LSDA [53]. Nevertheless, we expect it to give
a clear idea about the microscopic origin of DM interactions
at the surface of Crls. The response tensor was calculated on
the mesh of 10 x 10 x 10 (10 x 10 x 1) g points and the k-
space integration was performed on the mesh of 20 x 20 x 20
(54 x 54 x 1) points in the first Brillouin zone for the bulk
(2D) materials.

The DM vectors in the bonds, which are transformed to
each other by the threefold rotations, can be presented in
the form d = (d* cos[¢ + ], d* sin[¢ + V], d°), where ¢
is the azimuthal angle specifying the direction of the bond
in the xy plane and  specifies the direction of the DM vector
in the plane relative to this bond. Thus, the DM vector is
perpendicular to the bond if ¢ = +90° and parallel to it if
¥ = 0or 180°.

A. Basic symmetry properties of Dzyaloshinskii-Moriya
interactions

When the Crl; layer contains the inversion center trans-
forming two Cr sublattices (I and II) to each other, the

DM interactions in these sublattices are related by d(R) =
—d(R). This property holds for each pair of sites sepa-
rated by the vector R [54]. Such a situation is realized, for
instance, for the second-neighbor interactions in the hon-
eycomb plane. Furthermore, the same symmetry property
for the DM interactions between the sublattices (for in-
stance, in the first and third coordination spheres within the
layer) yields d(R) = —d(R), meaning that they all vanish.
Such a situation is realized in the bulk, 1L-Crl;, and mid-
dle layer of 3L-Crls. If the inversion symmetry is broken
(either by the electric field or at the surface), the DM in-
teractions between the sublattices will emerge. Moreover,
the sublattices become inequivalent, so the DM interactions
will acquire the following form: dyn(R) = d(R) £ Ad(R),
where d(R) = H{d;(R) —d;(R)} and Ad(R) = }{d|(R) +
di(R)}. The isotropic exchange interactions are also ex-
pected to change as J; 1(R) = J(R) &+ AJ(R), where J(R) =
7U1R) + Ju(R)} and AJ(R) = 5{/i(R) — Ju(R)}.

B. General tendencies of Dzyaloshinskii-Moriya interactions

First, we review general tendencies of the exchange inter-
actions, obtained using the exact Egs. (9) and (10) and taking
into account the contributions of the ligand states as described
in Sec. IIC. The results are summarized in Table I for all
considered systems.

As expected from the general symmetry considerations
(Sec. IIT A), the DM interactions in the first and third coor-
dination spheres of the bulk, 1L-Crls, and the middle layer of
3L-Crl; identically vanish. These interactions can be induced
only by breaking the inversion symmetry either by the elec-
tric field or at the surface layers of 2L-Crl; and 3L-Crls. In
Crl;, the DM interactions can be strong and comparable with
isotropic exchange interactions. Such a situation is realized,
for instance, in the second coordination sphere of all consid-
ered Crl; systems and also in the first coordination sphere, if
these DM interactions are allowed by the symmetry. The DM
interactions in the third coordination sphere are considerably
weaker, with some exception of 1L-Crl; in the electric field
yielding sizable d*. To appreciate the role of the ligand states,
it is instructive to compare the results for bulk Crl3 and CrCl;.
The Cl atoms are lighter and, therefore, have weaker SO cou-
pling. The DM interactions in CrCl; are reduced drastically
in comparison with those in Crlz, suggesting that the ligand
states play a crucial role in microscopic processes responsible
for these interactions, similar to the magnetic anisotropy [55].
This point will be further elaborated below.

For the second coordination sphere, Table I shows the
parameters averaged over two Cr sublattices. If the layer
contains the inversion centers, these are the true interactions
operating in the layer. If not, two sublattices become in-
equivalent and will generally be characterized by different
interactions. Nevertheless, the deviations from the averaged
values seem to be small. For instance, in the 1L-Crl; case with
the electric field, we obtain AJ = —0.01 meV and Ad+ ~
Ad* =~ 0. The most interesting consequence of the electric
field is the behavior of phases V1. The averaged phase ¥
vanishes, meaning that the averaged DM vector is parallel
to the bond, as without field. However, this is the result of
cancellation, whereas the individual phases in sublattices I and
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TABLE I. Isotropic and DM interactions (in meV) in the first, second, and third coordination spheres of the Crl; and CrCl; planes in bulk,
monolayer (1L), bilayer (2L), and three-layer (3L) Crl; (where the top and middle planes are denoted, respectively, by t and m). The notation
+E stands for calculations in the external electric field E = 0.1 V/A. 1 is the phase (in degrees) specifying the direction of the DM vector
relative to the bond. The parameters were obtained by using the exact approach and take into account the contributions of the ligand states. The
parameters for the second coordination sphere were averaged over two sublattices (see text for details). The positive (negative) d* is realized
in the bonds 0-2F (0-27) (see Fig. 3 for notations of the atomic positions).

First coordination

Second coordination

Third coordination

System J d*+ v d° J v d: J d+ v d:
Bulk CrCl; 2.27 0.32 0.01 24 +0.02 -0.35

Bulk Crl; 1.53 0.77 0.09 0 +0.28 -0.50

1L-Crl; 0.34 1.14 0.12 0 +0.30 —0.65

IL-Crl; +E 0.20 0.82 89 0.13 1.19 0.12 0 +0.30 —0.63 0.01 72 —0.11
2L-Crl; 0.99 0.36 91 0.11 0.96 0.10 -22 +0.29 —0.57 0.01 135 0.02
3L-Crl;s (1) 0.99 0.37 91 0.11 0.95 0.09 0 +0.29 —0.57 0.01 131 0.02
3L-Crl;3 (m) 1.52 0.78 0.09 0 +0.28 —0.50

IT are finite and can be evaluated as vy = £40°. Thus, the
application of the electric field leads to the additional rotations
of the DM vectors in the xy plane away from the bonds, which
for the sublattices I and II occur in the antiphase, as shown in
Fig. 4.

Kvashnin et al. reported results of MFT calculations for the
bare exchange parameters in the series of CrX3; compounds
(X =Cl, Br, ) [20]. Particularly, they have confirmed that the
main DM interaction, which is allowed by the symmetry in
the honeycomb plane, is the one in the second coordination
sphere. According to their calculations, the length of the cor-
responding DM vector, |d| = /(d1)? + (d?)?, changes from
about 0.15 to 0.20 meV when going from the bulk Crl; to 1L-
Crl;. These values should be compared with |d| = 0.28 and
0.31 meV obtained in the present paper within bare MFT (see
Supplemental Material [56] for details). Taking into account

‘ Ist coordination sphere ‘

the sensitivity of the DM parameters to the structural relax-
ation, which was considered in Ref. [20] but not in the present
paper, the agreement is reasonable. Particularly, the structural
relaxation should explain the larger difference of the parame-
ters |d| between bulk Crl3 to 1L-Crl;. Furthermore, Kvashnin
et al. used the generalized gradient approximation [57] im-
plemented in the full-potential LMTO code [58] (and VASP
code [59] for the structural optimization), while we use LSDA
and the ASA-LMTO code, which result in the additional
difference of the exchange parameters, as was elaborated in
detail in Ref. [46]. There is also overall agreement between
values of isotropic exchange interactions: for instance, for the
first-neighbor interactions in Crl; and 1L-Crl; Kvashnin et al.
reported J = 2.2 and 1.2 meV, respectively, which should be
compared with J &~ 3.0 and 1.8 meV, obtained in the present
paper [56].

‘ 2nd coordination sphere ‘

FIG. 4. Cartoon picture explaining distribution of the Dzyaloshinskii-Moriya vectors in the first coordination sphere and two Cr sublattices
in the second coordination sphere of 1L-Crl; with (bottom) and without (top) the electric field applied perpendicular to the layer.
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TABLE II. Isotropic and DM interactions (in meV) in the first, second, and third coordination spheres of monolayer Crl; in the external
electric field E = 0.1 V/A as obtained in MFT and the exact approach. 3d denotes the bare interactions involving only the Cr 3d states. 3d + L
denotes the same interactions, which were additionally corrected by interactions with the ligand states by using the downfolding method. ¥ is
the phase (in degrees) specifying the direction of the DM vector relative to the bond. The parameters for the second coordination sphere were
averaged over two sublattices (see text for details). The positive (negative) d° is realized in the bonds 0-2* (0-27) (see Fig. 3 for the notation

of the atomic sites).

First coordination

Second coordination Third coordination

Method J dt v d* J dat v d: J dt v d*

MFT, 3d 1.69 0.81 89 0.11 1.21 0.12 0 +0.29 —0.56 0 70 —0.10
MFT, 3d +L —1.13 0.78 89 0.13 1.37 0.12 0 +0.27 —0.53 0 39 —-0.10
Exact, 3d —29.69 0.17 90 —0.07 —1.54 0.08 0 +0.11 —1.79 0.06 88 —-0.16
Exact, 3d + L 0.20 0.82 89 0.13 1.19 0.12 0 +0.30 —0.63 0.01 72 —0.11

Next, we compare abilities of different techniques for cal-
culating isotropic and DM interactions. For these purposes,
we consider the representative example of 1L-Crls in the
electric field, which nicely captures the main tendencies. The
results are summarized in Table II. First, we note that MFT
and the exact technique provide very different descriptions
for isotropic exchange interactions. Formally, MFT is able
to reproduce the ferromagnetic character of isotropic interac-
tions in the first and second coordination spheres, but only
if we consider bare interactions and ignore the ligand con-
tributions. The ligand states worsen the situation by making
the first-neighbor coupling antiferromagnetic. The description
based on the exact approach appears to be more consistent:
the Cr 3d states alone lead to the antiferromagnetic coupling,
while the ferromagnetism in the first and second coordina-
tion spheres is solely related to the ligand states. A similar
tendency was obtained in the bulk Crl; [29], in agreement
with the Goodenough-Kanamori-Anderson rules for the 90°
exchange [60]: the ferromagnetism in this case arises from
the Hund’s coupling on the ligand sites, which is incorporated
in the second term of Eq. (12) [30].

The behavior of the DM interactions is different. In fact,
there are several ways the SO coupling on the ligand states
contributes to the values of DM interactions between the
transition-metal sites. For the bare interactions, the ligand
states play the role of an effective medium, which connects
the 3d orbitals at different transition-metal sites by means of
the hybridization effects. Naively, since the ligand p states are
almost fully occupied, one could expect that the SO coupling
associated with this group of states should not be primarily
important for the bare DM interactions between the transition-
metal sites, which are given by the first term of Eq. (13).
Nevertheless, our results show that the SO coupling on the
heavy ligand sites has a profound effect on these bare DM
interactions. This can be seen by artificially switching off the
SO coupling on the ligand sites, which leads to the sharp
drop (by an order of magnitude) of the DM interactions, as
illustrated in the Supplemental Material [56]. This is also
consistent with the results of Kvashnin et al. [20], which
show that the DM parameters sharply decrease in the direction
Crl3; — CrBr; — CrCl;, indicating that the magnitude of
the bare DM interactions between the Cr sites is controlled by
the SO coupling on the ligand sites.

Then, similar to the isotropic exchange, the additional
contribution to the DM interaction arises from the magnetic

polarization of the ligand states, which is described by three
remaining terms in Eq. (13). These contributions appear to be
relatively weak in MFT and only slightly correct the values
of bare interactions. However, in the exact approach, this
correction is much more important: for the nearest neighbors,
it strengthens d* from 0.17 to 0.82 meV and changes the
sign of d*. Appreciable changes are seen also in the second
and third coordination spheres. As expected, the correction is
small when the SO interactions is considered only on the Cr
sites [56].

Somewhat phenomenologically, we note that the MFT ap-
proach for the DM interactions works surprisingly well: when
we consider the exact technique and take into account the con-
tributions of the ligand sites (the 3d + L scheme), the obtained
DM parameters are very consistent with the MFT results. This
seems to be a general trend, at least for this particular type
of compound, which applies not only to 1L-Crl; (Table II)
but also to other considered systems [56]. Nevertheless, we
would like to caution again that the same rule does not apply
to isotropic interactions.

One intuitive reason why MFT does a better job for the DM
interactions is that in this case it operates with small matrix
elements of the one-electron Hamiltonian, which emerge in
the first order of the SO coupling and, therefore, enforces
the strong coupling limit (the large interatomic xc splitting in
comparison with other physically relevant quantities), where
MFT becomes exact [29].

Finally, we compare our results with experimental data.
First, we have realized that our previous calculations for
the bulk CrCl; and Crls [29] contained a mistake because
we treated all J,,(q) as real variables. However, this is true
only for intrasublattice interactions (for instance, occurring
in the second coordination sphere in the layer), whereas the
intersublattice interactions (in the first and third coordina-
tion spheres) across the inversion center can be complex.
The corrected parameters in the plane are reported in Ta-
ble I. All sets of isotropic exchange interactions, obtained in
the exact approach and taking into account the contributions
of the ligand states for Crl; (CrCls) is J; = 1.53 (2.27)
meV, J, = 0.76 (0.28) meV, J3 = 0.77 (0.32) meV, Js =
0.84 (0.12) meV, Js = 0.55 (0.13) meV, and Jo = —0.50
(—0.35) meV in the notations of Ref. [29], where J;, J3, and
Je are the in-plane interactions (corresponding to the first, sec-
ond, and third coordination spheres), whereas J», J4, and Js are
the exchange interactions between the planes. Moreover, Jy
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CrCl,

T

a(q) (meV)

0

r K M r

Crl,
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0
r K
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FIG. 5. Spin-wave dispersion as obtained for the bulk CrCl; (left) and Crl; (right) using the exact approach for the exchange parameters,
which also takes into account the contributions of the ligand states, with (solid) and without (dotted) the Dzyaloshinskii-Moriya interactions.
The calculations are performed for the hexagonal cell, where six branches of w(q) correspond to six magnetic Cr sublattices.

and Js contribute to the spin-wave dispersion in the plane. The
corresponding Curie temperature, evaluated within random
phase approximation [61], is 66 (33) K, which agrees with
the experimental value of 61 (17) K for Crl; (CrCl3) [62,63].
The use of MFT for the exchange interactions worsens the
agreement [56].

The theoretical spin-wave dispersion, w(q), is shown in
Fig. 5 and the details of the calculations are explained in
the Supplemental Material [56]. The quantitative agreement
with the experimental data for Crl; [62] is far from being
perfect. Nevertheless, we would like to comment on the origin
of the spin-wave gap at the Dirac K point, which is actively
discussed in the literature [62,64—67]. First, we note that the
gap can already be opened by isotropic interplane interac-
tions J4 and Js, in agreement with Ref. [67]. However, the
effect is not particularly strong (but stronger than in CrCls,
where J; and Js are weaker). The strong DM interactions,
dl?j, mainly those operating in the second coordination sphere
of the Crls plane, further widen the gap at the K point, as
originally proposed in Ref. [62]. For comparison, the effect
of DM interactions in CrCl; is nearly negligible. The theo-
retical gap in Crlz, ~2 meV, is about two times smaller than
the experimental one [62,64]. Nevertheless, we consider such
agreement as encouraging. First, the effect of the SO coupling
(and, therefore, DM interactions) can be further enhanced
by the on-site Coulomb interactions [68], which were not
considered in the present paper. Then, the contributions of the
ligand states rely on the values of Stoner parameters, which
arrear to be not well-defined [30]. In the present paper, we use
for these purposes the sum rule, but it is possible that other
definitions can improve the agreement with the experimental
data [30].

IV. ALTERNATIVE METHODS

A. Cycloidal spirals in the long wavelength limit and mixed
perturbation theory

The choice of the conical spin configurations (Fig. 2) for
calculating the DM interactions is not unique. Alternatively,
one can consider the cycloidal spin spiral with e; = (singq -
R;, 0, cosq - R;) (see Fig. 6) and treat small rotations of the xc

field in the limit ¢ — 0 within first-order perturbation theory
[24]. In this sense, this method is similar to the MFT method
by Liechtenstein et al. [16] as both of them deal with the
rotations of the xc field and ignore the constraining field,
which is required to fix the directions of spins [27-29].

Then, if we treat the SO coupling as another perturbation,
the corresponding energy change can be presented in the form
of pairwise interactions, where the rotation of the xc field at
site i is combined with the SO interaction at the site j (and
vice versa) [22]. In the noncentrosymmetric bond ij, the SO
interaction on sites j will create a force rotating the spin on
site i, which can be related to the DM interaction [22,68].
The method was applied to LaMnOj3 [22] by considering the
rotations of the xc field and the SO interactions only on the
magnetic Mn sites. Then, it was further generalized to include
the contributions related to the polarization of the electron sys-
tem, also emerging in the first order of the SO coupling [68].
All these calculations take into account the SO coupling only
on the magnetic sites and ignore the contributions of the ligand
sites. The results for Crl3 are summarized in the Supplemental
Material [56], where we also compare the mixed perturba-
tion theory [22] with the MFT-based approach considered in
Sec. IT A. As long as we consider the SO interactions only on
the magnetic Cr sites, these two methods provide a consistent
description. However, it is obvious that such approach will
severely underestimate the DM interaction parameters in the
case of Crls.

FIG. 6. Cycloidal spin spiral, propagating along x and rotating in
the zx plane, which can be alternatively used to calculate y compo-
nent of the DM vector d perpendicular to the plane.
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& (arb. units)

FIG. 7. Schematic density of states: Partially occupied 1-spin
band and unoccupied |-spin band split by the exchange-correlation
field b*. The double exchange model corresponds to the limit b* —
00.
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B. Spin-current model

In this section, we consider the spin-current model for the
DM interactions and show how it can be derived from the
more general Eq. (3) in the strong coupling limit 4% — oo,
which justifies the use of MFT [29]. Furthermore, the limit
b* — oo is equivalent to the assumption of strong intraatomic
exchange coupling made in the spin-current model [32]. For
practical purposes, it is convenient to adopt the one-electron
Hamiltonian in the form

o 1

= {1,
where all states are additionally shifted upward by %l;z and b
is assumed to be the same for all magnetic sites (see Fig. 7).
Moreover, all affects associated with the SO interaction are
incorporated into the transfer integrals fl‘j as is typically as-
sumed in the model analysis [31].

If the | -spin states are unoccupied (see Fig. 7), the leading
term of G¢ in the occupied part of the spectrum for i # j is
given by Gi ~ (b))~ 'tw(bz)_l By substituting it to Eq. (3),
one obtalns the followmg expression for the DM interactions:

if i j
if i=],

di = LImi/EF de Tr (Gl (o)t — 746Gl (e)) (14)
i = 4 . L G N = 150 i (8 )5

To the first order in the SO coupling, 7* and G' in Eq. (14)
can be rearranged as 7+ = 7% — if* and G' = G + iG*. The
transfer integrals can be generally written as € = 1 + it - &
[11], where 1 is the unity matrix, & is the vector of Pauli
matrices, and ¢ = (¢*, t”, t*) is induced by the SO interaction
in the noncentrosymmetric bonds (otherwise, € = 1°1). G¢
can be regarded as the perturbation to the Green’s function
induced by #*. Then, we arrive at the following expression for
d;;:

= —Im/ dsTrL G0 (s)t“ — GZ (e)t } (15)
To relate this expression to the spin current, one should

recall that the latter is defined as the anticommutator of € and
o j%~ (to® +0*t) [31,32]. Then, one can say that d;

in Eq. (15) is induced by the spin current jZ and the change
of the Green’s function caused by the same spin current, in
agreement with Refs. [31,32]. Furthermore, j? is proportional
to only #* and does not depend on #* and #¥, which follows
directly from the anticommutation properties of the Pauli ma-
trices. Therefore, to calculate jZ (df‘j), it is sufficient to know
only the change of the electronic structure induced by the SO
interaction separately for o = 4 and |, which in the spin-
current model is described by ¢*. The coupling between o = 1
and |, which is described by #* and #”, can be neglected. This
is totally consistent with the assumption made by Sandratskii
in his seemingly different approach [25].

Nevertheless, it should be understood that the spin-current
expression Eq. (15) is just the limiting case of the more gen-
eral expression given by Eq. (3). For the isotropic interactions,
Eq. (2), the same limit b* — oo yields the double exchange
parameters [34]:

Im/ de Tr {G) (o)} (16)

Typically, the double exchange limit (b° — 00) is insufficient
and the correct description of the exchange interactions in
realistic materials requires other contributions emerging in
higher orders of (5*)~! [69]. Particularly, the double exchange
alone fails to account for antiferromagnetic interactions in
insulating materials and vanishes if the electronic states are
half filled. The key microscopic mechanism resulting in
the antiferromagnetic coupling is know to be superexchange
[15]. The corresponding parameters can also be derived from
Eq. (2), but in the first order of 7%:(5*)~!. The expression given
by Eq. (16) does not depend on b* and does not take into
account the effects associated with the superexhange mecha-
nism. Similar limitations are expected for the DM interactions
in the spin-current model.

V. SUMMARY

We discussed various techniques for calculating anti-
symmetric DM interactions on the basis of first-principles
electronic-structure calculations and showed how these,
seemingly different approaches, can be unified. First, we cor-
roborated the idea of Sandratskii [25] stating that, to calculate
the z component of the DM vector, it is sufficient to know
only the change of the electronic structure caused by the spin-
diagonal part of the SO interaction, while all complications
related to the off-diagonal elements can be neglected. This
assumption, which becomes exact to the leading order in the
SO coupling, greatly simplifies the calculations and allowed
us to derive a transparent expression for d;; in the frame-
work of MFT for the infinitesimal rotations of the xc fields
[16]. Basically, this dfj can be computed at the same cost as
the isotropic exchange interaction J;;. Then, we switched to
the more rigorous technique, which is formulated in terms of
the inverse response function and cures the main limitations
of MFT. Furthermore, we showed how one can downfold the
ligand spins by incorporating their effect into the effective
exchange interaction between the localized spins.

The abilities of these techniques were demonstrated for
CrCl; and Crl;. Particularly, we have shown that, even in the
centrosymmetric bulk structure, the DM interactions emerge
between Cr atoms located in the same sublattice. Then, we
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considered how the inversion symmetry breaks in the sur-
face layer of Crls or by the electric field, inducing the DM
interactions between the sublattices. The MFT provides a
very reasonable description for the DM interactions in these
systems. The crucial point is to take into account the SO
coupling of the heavy iodine atoms, which largely contributes
to the DM parameters within MFT. Then, the exact technique
supplemented with the downfolding of the ligand spins does
not change significantly the MFT results. This is in strike
contrast with the behavior of isotropic exchange interactions
in Crl3, where MFT and the exact technique provide quite a
different description.

Finally, we have shown how the spin-current model for
the DM interactions can be derived, starting with the MFT-
based expression and considering the limit of infinite xc
fields. Thus, it can be viewed as the relativistic counter-
part of the double exchange mechanism. This also limits
the applications of the spin-current model to metallic sys-
tems with the strong Hund’s rule coupling (resulting in the
high-spin state of magnetic ions, similar to the Mn*" ions
in manganites [33]). On the other hand, the considered MFT
and exact techniques in the present paper offer a more gen-
eral framework for the calculations and analysis of the DE
interactions.
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