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Spin gap in the weakly interacting quantum spin chain antiferromagnet KCuPO4 · H2O
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The S = 1/2 Heisenberg linear chain antiferromagnet is the simplest spin model; nevertheless it serves as a
platform for various quantum many-body phenomena. Here, we report the magnetic behavior of a quasi-one-
dimensional antiferromagnet KCuPO4 · H2O. A long-range commensurate antiferromagnetic order with ordered
moment 0.31(1) μB per spin occurs at TN = 11.7(1) K. Above TN, the inelastic neutron excitation is characterized
by a two spinon continuum. The intrachain interaction J and interchain interaction |J ′| are estimated to be 172
and 4.25(4) K, respectively; thus the ratio of |J ′|/J = 0.0247(3). At lower energies, below TN, a spin gap is
observed in the dispersive excitations. These results are consistent with characteristics observed in a weakly
interacting S = 1/2 Heisenberg chain system.
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I. INTRODUCTION

Low-dimensional spin systems are expected to be promis-
ing candidates for novel quantum states. The simplest
one-dimensional (1D) system is a linear chain model as fol-
lows:

H = J
∑
〈i〉

Si · Si+1, (1)

where J represents nearest neighbor magnetic coupling. In
case J is antiferromagnetic, i.e., J > 0, the ground state is
a gapless quantum spin liquid in which spin-spin correlation
decays algebraically with distance. In real S = 1/2 linear
chain magnets, often long-range magnetic order at finite tem-
peratures is induced by weak interchain coupling. However, a
dimensional crossover behavior can be observed in a weakly
interacting quantum spin chain antiferromagnet, which is
the S = 1/2 Heisenberg linear chain antiferromagnet with
relatively weak interchain interactions [1,2]. In the system,
below the Néel temperature TN, single magnon excitations
are observed at lower energies and multimagnon continuum
excitations are observed at higher energies in the inelastic
neutron-scattering (INS) spectrum. The excitation at lower
energies is characterized by the presence of a longitudinal
mode. The longitudinal mode was observed in KCuF3 [3–5],
confirming theoretical predictions based on chain-mean-field
(chain-MF) [6] and random-phase approximation (RPA) [1,2]
theories. However, the chain-MF/RPA cannot explain the
experimentally observed finite lifetime of the longitudinal
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mode of KCuF3. In another model compound BaCu2Si2O7,
the transverse-polarized INS spectrum is in excellent agree-
ment with chain-MF/RPA theory [7–11]. At the 1D Brillouin
zone centers, the excitation is separated from the single
magnon modes by an energy gap. In contrast, the longitudinal-
polarized spectrum of BaCu2Si2O7 is not consistent with this
theory. It is concluded that this discrepancy is due to the
intrinsic limitations of the RPA that ignore correlation effects.
The primary difference between the two compounds is the
magnitude of the interchain interaction J ′. In BaCu2Si2O7,
the ratio of J ′/J ≈ 0.01 [8], whereas it is approximately
0.04 for KCuF3 [12,13]. Further studies using a new model
compound with the ratio of 0.01 < J ′/J < 0.04 lead to a
deeper understanding of the spin states in this system, particu-
larly, the factors that stabilize the longitudinal mode. Here we
report magnetic behaviors of KCuPO4 · H2O which is a new
weakly interacting quantum spin chain antiferromagnet. We
investigated the magnetism in this compound through mag-
netic susceptibility, muon-spin rotation and relaxation (μSR),
neutron powder diffraction (NPD), and INS measurements.

II. EXPERIMENTAL AND COMPUTATIONAL DETAILS

Polycrystalline KCuPO4 · H2O was prepared using a solu-
tion reaction [14]. Aqueous solutions of 0.2-M CuSO4 and
1.8-M K2HPO4 were mixed and stirred at 90 ◦C for 24 h.
The product was then thoroughly washed with pure water. The
deuterated samples were produced for the neutron-scattering
experiments. NPD measurements were performed on a deuter-
ated sample using a SuperHRPD time-of-flight diffractometer
with a highest resolution of �d/d = 0.035% installed at the
Material and Life Science Facility (MLF) at Japan Proton

2469-9950/2023/107(5)/054435(8) 054435-1 ©2023 American Physical Society

https://orcid.org/0000-0003-0497-5684
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.054435&domain=pdf&date_stamp=2023-02-23
https://doi.org/10.1103/PhysRevB.107.054435


M. FUJIHALA et al. PHYSICAL REVIEW B 107, 054435 (2023)

FIG. 1. (a) NPD intensity pattern (filled red circles) observed for KCuPO4 · D2O at 15 K, the result of Rietveld refinement using the
computer program RIETAN-FP (black solid line), and the difference between the calculated and observed intensities (blue solid line). The green
vertical bars indicate the position of Bragg reflection peaks. (b) Crystal structure of KCuPO4 · H2O. The Cu2+ ions (blue) and K+ ions (purple)
displayed with nearby H2O and PO4. The Cu2+ ions have tetracoordination. (c) Chains of CuO4 plaquettes are stringed up along the b axis.
(d) Schematic of the arrangement of Cu2+ orbitals for KCuPO4 · H2O. dx2−y2 orbitals carrying spin 1/2 are depicted on Cu sites. (e) Effective
spin model of KCuPO4 · H2O with the intrachain interaction J , and the interchain interactions J ′

1 and J ′
2.

Accelerator Research Complex (J-PARC) [15,16]. The crystal
structure of KCuPO4 · H2O was refined by Rietveld analysis
with Z-RIETVELD software, using high-resolution NPD pro-
files obtained from the backscattering (BS) bank [17,18]. The
magnetic structure was refined by Rietveld analysis with Z-
RIETVELD and FULLPROF software, using the high-resolution
NPD profiles obtained from the BS bank, 90◦ (QA) bank,
and low-angle (LA) bank, respectively [17–19]. Magnetic sus-
ceptibility measurements were performed using a commercial
superconducting quantum interference device magnetometer
(Quantum Design). The μSR experiments were performed
using the spin-polarized pulsed surface-muon (μ+) beam at
the S1 beamline of the MLF at J-PARC. The spectra were
collected in the temperature range from 4.6 to 300 K using a
4He cryostat. The INS spectra in a wide momentum-energy
range were measured using the cold-neutron disk chopper
spectrometer AMATERAS installed in the MLF at J-PARC
[20]. The sample was cooled to 4 K using a bottom-loading
closed cycle refrigerator. We optimized the chopper condi-
tion to yield incident neutron energies of Ei = 42.04, 15.16,
7.74, and 1.48 meV, with corresponding energy resolutions
at the elastic line of �E = 2.64, 0.69, 0.20, and 0.022 meV,
respectively (full width at half maximum). Data reduction
and analysis were performed using the UTSUSEMI software
package [21]. Magnetic susceptibility of KCuPO4 · H2O is
calculated by the finite temperature Lanczos (FTL) method
for 30 sites [22].

III. RESULTS AND DISCUSSION

Figure 1(a) depicts NPD patterns for deuterated sam-
ple KCuPO4 · D2O collected at 15 K, and the results of

Rietveld refinement. The analysis was based on the mon-
oclinic P21/c structure reported by Laügt and Tordjman
[14]. The lattice parameters are refined as a = 10.487 536(4)
Å, b = 6.784 207(3) Å, c = 6.678 871(3) Å, and β =
93.313 77(4)◦, and the positions of the individual atoms are
also determined as presented in Table I. These results are
consistent with those of previous report [14]. About 30% of
D2O in this compound was replaced by H2O, probably caused

TABLE I. Structure information of KCuPO4 · H2O refined from
NPD data measured at 15 K.

Chemical formula KCuPO4 · H2O
Cell setting Monoclinic
Space group P21/c

a (Å) 10.487536(4)
b (Å) 6.784207(3)
c (Å) 6.678871(3)
β (◦) 93.31377(4)

Atom x y z g

K 0.31468(3) 0.57571(5) 0.53967(6) 1
Cu −0.006462(19) 0.20384(2) 0.22117(3) 1
P 0.17693(2) 0.46733(4) −0.00025(4) 1
O1 0.31368(2) 0.46751(3) −0.05957(3) 1
O2 0.16219(2) 0.61435(3) 0.17326(4) 1
O3 0.08337(2) 0.53547(4) −0.18356(3) 1
O4 0.13008(2) 0.25847(3) 0.04998(4) 1
D1 0.41578(5) 0.38391(6) 0.16327(7) 0.6815(5)
H1 0.41578(5) 0.38391(6) 0.16327(7) 0.3185(5)
D2 0.40100(4) 0.22066(6) 0.33108(6) 0.7235(6)
H2 0.40100(4) 0.22066(6) 0.33108(6) 0.2765(6)

054435-2



SPIN GAP IN THE WEAKLY INTERACTING QUANTUM … PHYSICAL REVIEW B 107, 054435 (2023)

by using H2O when the sample was washed. As shown in
Fig. 1(b), the D2O exists only between the potassium layers.
The copper ions are not coordinated with the oxygen ions
of D2O; thus, it is unlikely that the D2O/H2O replacement
will affect the magnetism of KCuPO4 · D2O. The chains of
CuO4 plaquettes are strung up along the b axis [Fig. 1(c)].
The orbital arrangements can be deduced reasonably from the
positions of oxygen around the Cu2+ ion. According to crystal
field theory, the five 3d orbitals in a square-planar field are
produced by four surrounding anions split into eg, a1g, b2g,
and b1g orbitals with different energies. Since the b1g orbital
possesses the highest energy, all the Cu2+ ions have their
unpaired electrons in the dx2−y2 orbital [Fig. 1(d)]. The Cu-
O-Cu angle significantly influences the value of the exchange
interactions [23]. The nearest-neighbor magnetic coupling J
is the superexchange interaction through the Cu-O3-Cu bond
with a bond angle of 120.24◦ in Fig. 1(e). J is expected to
be the strong antiferromagnetic interaction (see, for example,
Fig. 1 in Ref. [24]). Furthermore, the exchange interactions
through the Cu-O-P-O-Cu exchange paths are denoted by J ′

1
and J ′

2. When both J ′
1 and J ′

2 are strong, namely J ′
1 and J ′

2 ∼ J ,
the effective spin model of KCuPO4 · H2O can be regarded as
a distorted checkerboard lattice, whereas in the case that they
are weak, the compound can be regarded as weakly interacting
quantum spin chains. The system exhibits the magnetic behav-
ior of weakly interacting quantum spin chains, as discussed
below.

Figure 2 presents the temperature dependence of the mag-
netic susceptibility χ and the inverse magnetic susceptibility
1/χ of KCuPO4 · H2O in the temperature range 1.8–300 K.
The temperature dependences of the magnetic susceptibilities
of KCuPO4 · D2O and KCuPO4 · H2O are in good agree-
ment (see Supplemental Material for details [25]). Thus, we
conclude that the D2O/H2O replacement has no significant
effect on intrachain and interchain interactions. The χ is ob-
tained by subtracting Pascal’s diamagnetic contribution from
the experimental data [26]. The temperature dependence of
χ is the maximum around T = 150 K and has a peak at
TN = 11.7(1) K, as shown in Fig. 2(a) and the inset. We
estimated the Curie constant and Curie-Weiss temperature
from 1/χ with the Curie-Weiss law C/(T − θCW), between
250 and 300 K as C = 0.52(5) emu K/mol-Cu and θCW =
−218(4) K, respectively. C corresponds to an effective mo-
ment of 2.04(4) µB, which is slightly higher than the spin-only
value (= 1.73 µB). In order to estimate the magnitude of the
exchange interactions, we calculated the χ by FTL method
[22]. As shown in Fig. 2(b), we succeeded in reproducing the
χ curve of KCuPO4 · H2O with the S = 1/2 Heisenberg linear
chain model with J = 172 K and g = 2.11, where g is the
gyromagnetic ratio. The magnitudes of J ′

1 and J ′
2 are difficult

to determine from the only χ data. In addition, the formation
of the long-range magnetic order indicates the existence of
an interchain interaction J ′

a along the a axis. However, they
should be much smaller than J , because of good agreement
between the experimental data and the FTL calculation. In the
weakly interacting quantum spin chain system, the interchain
interaction |J ′| can be estimated using the predictions of the
chain-MF model [1]. We estimated the |J ′| = 4.25(4) K of
KCuPO4 · H2O, and thus the ratio of |J ′|/J = 0.0247(3). This
value of |J ′|/J indicates that KCuPO4 · H2O has “moderately

FIG. 2. (a) Temperature dependence of magnetic susceptibility χ

(open red circles, left axis) and their inverse susceptibility 1/χ (open
black circles, right axis) measured at 1 T. The straight line obeys the
Curie-Weiss law. The inset plot depicts the susceptibilities measured
at 100 Oe. (b) Temperature dependence of χ and the fitted calculation
data obtained by the FTL method for 30 sites.

weak interchain interactions” suitable for investigation of a
dimensional crossover phenomenon.

Zero-field (ZF)-μSR measurements provide evidence for
static magnetic ordering in KCuPO4 · H2O. The muon spin
precession frequencies are observed and disappear at TN =
11.7(1) K, as shown in Fig. 3(a). The spectra for T < TN

are best fit by

A0PZF(t ) = A1
(

1
3 exp(−λ1t ) + 2

3 exp(−λ2t ) cos(γμB1t )
)

A2
(

1
3 exp(−λ3t ) + 2

3 exp(−λ4t ) cos(γμB2t )
)

+ ABG, (2)

where A0 is the initial asymmetry, A1 and A2 are the intrin-
sic asymmetries A1 = 0.127 and A2 = 0.077, A1 represents
the fraction of muons that stop near H2O, and A2 represents
the fraction of muons that stop at different muon sites. ABG

is the constant background ABG = 0.0112. λi (i = 1–4) are
the relaxation rates of the transverse and longitudinal compo-
nents, respectively, and Bj ( j = 1 and 2) are internal magnetic
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FIG. 3. (a) ZF-μSR spectra at representative temperatures. The
thick lines behind the data points are the fitted curves (see text for
details). (b) Temperature dependence of the internal magnetic fields
for KCuPO4 · H2O. The dashed lines show power-law fits. (c) ZF-
μSR spectra measured above TN, showing the fitted time window up
to 12 µs. (d) Temperature dependence of relaxation rate σ1, σ2, and k
(see text for details).

fields. For T > TN, the spectra are well fitted by

A0PZF(t ) = A1Gtri(t ) exp

(
−σ 2

1 t2

2

)

+ A2 exp

(
−σ 2

2 t2

2

)
+ ABG, (3)

where σ1 and σ2 are the Gaussian relaxation rates; Gtri(t) is
the muon spin depolarization function caused by forming a
three spin-one-half system. The Gtri(t) signal is represented

by [27]

Gtri(t ) = 0.285 70 + 0.234 29 cos(1.920 58kt )

+ 0.137 19 cos(1.753 41kt )

+ 0.051 69 cos(1.151 84kt )

+ 0.027 50 cos(0.768 74kt )

+ 0.186 97 cos(0.601 56kt )

+ 0.076 55 cos(0.167 18kt ), (4)

where

k = (
√

2/dH−μ)3. (5)

dH−μ represents the distance between H and μ, namely the
length of the edge of the equilateral triangle formed by two H
and one μ. The first term in Eq. (2), which multiplies Gtri(t)
by a Gaussian function, is a phenomenological approach that
considers the effects of next-nearest-neighbor hydrogen ions,
etc.

The temperature dependence of the internal magnetic fields
decreases with increasing temperature and vanishes at TN.
Analyzing the data with the power law,

Bj = Bj (0)[1 − (T/TN)]β, (6)

yields the critical exponent β = 0.27(2), and the internal
magnetic fields B1(0) = 114.6 G and B2(0) = 84.3 G
[Fig. 3(b)]. The value of β is below the critical exponent
for a three-dimensional magnetic system (β = 0.36) and is
in good agreement with the critical exponent measured in the
BaCu2Si2O7 [β = 0.25(5)] [8].

As shown in Fig. 3(c), the spectra observed at 201.9 and
12.0 K show almost the same shape. In fact, there is no
significant difference in the fitting parameters [Fig. 3(d)]. The
changes in the spectra observed above TN are only observed
around 152 K. The spectrum at 152 K can be interpreted
as some changes in the crystal lattice. Excluding the data
around 152K, the average value of k is 0.427(5); thus, dH−μ is
estimated as 1.88(1) Å. The value of dH−μ is consistent with
the length of the edge of the equilateral triangle of the H ions
in the oxonium ion.

The lattice constants and atomic positions are refined in
the same space group at all temperature regions. As shown
in Figs. 4(a)–4(d), no significant changes in the lattice pa-
rameters are observed. However, the Cu-O-Cu bond angle
increases up to around 150 K and does not change below
that temperature, indicating a temperature dependency distinct
from the lattice parameters. The Cu-O-P-O-Cu bond angle
should also change when the Cu-O-Cu bond angle is changed.
These results suggest that the copper and phosphate ions
change their positions to stabilize the one-dimensionality of
this system by enhancing the magnetic interaction J while
simultaneously weakening J ′

1 and J ′
2. This change has been

observed using different measurement methods, including
magnetic susceptibility, μSR, and NPD.

To determine the magnetic structure, we performed neu-
tron diffraction measurements below TN. As shown in Figs.
5(a)–5(c), at least four peaks are found at 4 K that do not
appear above TN. These peaks can be indexed with the propa-
gation vector k = ( 1

2 , 0, 0). As shown in Fig. 5(d), a candidate
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FIG. 4. (a–d) Temperature dependence of the lattice parameters
a, b, c, and β. (e) Temperature dependence of the bond angle of Cu-
O3-Cu.

magnetic structure is obtained. The magnetic structure of
KCuPO4 · D2O is a simple Néel-type order along the chain.
The spins point along the a axis, although it is difficult to
determine the deviation of the spins from the a axis based on
these data. However, at least, we reveal that an incommen-
surate magnetic structure is not formed in KCuPO4 · D2O.
The magnitude of the magnetic moment is estimated as m =
0.31(1) μB, which is smaller than that of KCuF3 and larger
than that of BaCu2Si2O7 [8,13].

Figure 6 shows the magnitude of the magnetic moment for
the known weakly interacting quantum spin chain antiferro-
magnets as a function of |J ′|/J [8]. Both the magnitude of the
magnetic moment and the ratio of |J ′|/J of KCuPO4 · H2O
are located between KCuF3 and BaCu2Si2O7, indicating that
this compound has moderately weak interchain interactions.
Furthermore, the relationship between these values appears to
be in good agreement with the predictions of the chain-MF
model.

The INS experiments are performed on a powder sample
of KCuPO4 · D2O. In a powder sample of an ideal S = 1/2
Heisenberg linear chain antiferromagnet, gapless excitation
from the Brillouin zone center at Q = π

d (d is the distance be-
tween neighboring spins), van Hove singularity at the spinon
continuum edge, and magnetic excitations tailing toward the
high Q side are all observed in the INS spectrum (see, for
example, Refs. [28,29]). To confirm these features, the lower
and upper energy boundaries of the spinon continuum of the

FIG. 5. NPD patterns measured at 3 K (filled red circles) and
15 K (filled black circles) focused on the magnetic reflections. The
data are collected by (a) BS, (b) QA, and (c) LA banks. (d) Possible
magnetic structure of KCuPO4 · H2O.

linear chain given by (πJ/2)| sin(Qd )| and πJ| sin(Qd/2)| are
shown in the spectra [4,30]. Here, J = 172 K and d = b/2,
where b is the lattice constant. As shown in Fig. 7(a), similar
magnetic excitations are observed above and below TN. It is
evident that the excitation rises from the Brillouin zone center
along the chain direction, Q = π

b/2 ≈ 0.93 Å−1. Figure 7(b)
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FIG. 6. The magnitude of the magnetic moment for the known
weakly interacting quantum spin chain antiferromagnets as a func-
tion of |J ′|/J . The |J ′| for KCuPO4 · H2O is estimated from the
predictions of the chain-MF model [1]. See Fig. 1 in Ref. [8] for
detailed information on other magnets. The lines are predictions of
the chain-MF model [1].

shows the INS spectrum in a wide energy range, indicating
that phonon excitations are dominant at high energies. How-
ever, a comparison of the 100-K data corrected for the phonon
population factor with the 15-K data confirms the presence of
a magnetic signal. The Q dependence of the INS intensity after
integration over a finite energy interval is shown in Fig. 7(c).
The peak around the Brillouin zone center is observed on
the low-energy side. Furthermore, the flat signal is observed
around the spinon continuum edge on the high-energy side.
The signal due to magnetic excitation is generally enhanced
at low Q values, whereas phonon excitation is dominant at
high Q values. The intensity at 23 meV seems to increase

with decreasing Q, indicating that it comes from magnetic
excitation. Therefore, the spectrum measured at 15 K is con-
firmed to have the characteristics of magnetic excitation of the
S = 1/2 Heisenberg linear chain antiferromagnet. As shown
in Figs. 7(d) and 7(e), the spin gap opens below TN. The
incommensurability shifts from the Brillouin zone center are
not seen in the spectrum. The gap energy � ≈ 0.7 = 1.9|J ′|
is in good agreement with the chain-MF/RPA theory [11]. As
shown in Fig. 7(f), the INS intensity remains even below E =
0.7, suggesting the existence of of components with different
gap sizes, i.e., longitudinal and transverse modes. In addition,
at 4 K, the Q dependence of INS intensity after integration
at 4.0 < E < 5.0 meV increases around the spinon contin-
uum edge, while the intensity slightly decreases in the region
within the boundaries [Fig. 7(g)]. This indicates that the single
magnon excitations are observed at lower energies.

IV. CONCLUSIONS

In summary, we presented KCuPO4 · H2O as an ideal
weakly interacting quantum spin chain antiferromagnet. One-
dimensional short-range correlations are developed below
150 K, and a Néel-type antiferromagnetic order is formed at
TN = 11.7(1) K. The estimated ordered magnetic moment is
small, about 0.31(1) μB, indicating that the quantum effect
suppresses the moment. The excitation spectra exhibit the
features of the S = 1/2 Heisenberg linear chain antiferromag-
net. Below TN, we observed the spin gap and other features
peculiar to the weakly interacting quantum spin chains.

FIG. 7. (a) INS spectra at 4 K (left), 15 K (center), and 100 K (right) were observed with an incident neutron energy of 15.16 meV.
The superimposed gray solid lines indicate the lower and upper energy boundaries of the continuum (see text for details). (b) INS spectra
at 15 K were observed with an incident neutron energy of 42.04 meV. (c) Q dependence of the scattering integrated over energy transfers
4.5 < E < 5.5, 14.5 < E < 15.5, and 22.5 < E < 23.5 meV measured at 15 K (filled red circles) and 100 K (filled black circles). The colored
areas indicate the magnetic excitation components. (d) INS spectra at 4 K (left) and 15 K (right) were observed with an incident neutron energy
of 1.48 meV. (e) Energy dependence of the scattering integrated over Q in the range 0.85 Å−1 < Q < 1.05 mÅ−1, measured at 4, 8, and 15 K.
(f) Q dependence of the scattering integrated over energy transfers 0.95 < E < 1.05 meV (left) and 0.35 < E < 0.45 meV measured at 4 K.
(g) Q dependence of the scattering integrated over energy transfers 4.0 < E < 5.0 meV measured at 4 K (filled red circles) and 15 K (filled
black circles). The gray lines indicate the spinon continuum edge at E = 4.5 meV.
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Our comprehensive experiments reveal that KCuPO4 ·
H2O is a good candidate for a weakly interacting quan-
tum spin chain system next to KCuF3 and BaCu2Si2O7;
however, a quantitative comparison of the experimental re-
sults with the chain-MF/RPA theory has not been achieved.
Further studies with single-crystal neutron-scattering ex-
periments will greatly advance our understanding of this
system.
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