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Electro-optic properties of ZrO2, HfO2, and LiNbO3 ferroelectric phases:
A comparative density functional study
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We report the Pockels electro-optic properties of ZrO2 and HfO2 orthorhombic Pbc21 and rhombohedral R3m
ferroelectric phases, and we compare them to the well-known rhombohedral R3c LiNbO3 Pockels material from
density functional theory calculations using the CRYSTAL suite of programs. Specifically, three essential processes
are explicitly investigated: The electronic, the ionic (or vibrational), and the piezoelectric contributions. Our
calculations reveal that the ionic part coming from the low-frequency phonon modes contributes the most to the
electro-optic coefficients of rhombohedral LiNbO3 and of orthorhombic ZrO2 and HfO2. Additionally, the low-
frequency phonon modes exhibit zero contribution to the Pockels coefficients of ZrO2 and HfO2 rhombohedral
R3m phase.
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I. INTRODUCTION

Silicon photonics platforms are becoming indispensable
for developing low-cost integrated photonic circuits. The
electro-optic (EO) effect is one of the main properties required
in a plethora of applications, including optical communi-
cations [1–4], quantum computing [5,6], and neuromorphic
applications [7–9]. The principal physical process behind
these applications is the so-called Pockels or linear EO effect,
which is related to the modulation of the refractive index
of a material under an applied external electric field [10].
Nevertheless, due to its centrosymmetric atomistic crystalline
structure, pristine silicon features vanishing second-order op-
tical nonlinearities; thus, it is unsuitable for EO applications.
Bearing in mind that second-order nonlinear optical (NLO)
responses strictly manifest in noncentrosymmetric materials,
ferroelectric (FE) crystalline solids have emerged as the main
materials of choice in EO applications. Such materials exhibit
an intrinsic electric polarization that, in addition, can be con-
trolled and tuned in a reversible manner by the application of
an external electric field.

In the realm of EO applications, the most studied FE ma-
terials are currently ABO3 perovskite-type crystalline solids.
A representative member of this family is tetragonal ferro-
electric barium titanate (BaTiO3, BTO), featuring one of the
highest Pockels bulk coefficients (r42 ≈1300 pm/V) [11]. The
growth of high-quality BTO thin films on silicon without af-
fecting its strong Pockels coefficient is still challenging and of
high cost. However, high-quality BTO films can be fabricated
via molecular beam epitaxy (MBE) [4,12,13]. In addition to
tetragonal BTO, its rhombohedral R3m phase also gained
attention for cryogenic technologies such as, for instance,

*ali.el-boutaybi@c2n.upsaclay.fr

quantum computing [14,15]. Another well-studied material
is lithium niobate [LiNbO3 (LNO)], a ferroelectric material
featuring a strong Pockels crystalline bulk coefficient (r33) of
about 30 pm/V [16]. LNO is widely applied in the telecom-
munications industry [17] and specifically in the fabrication of
optical modulators. Despite LNO’s complexity of integration
on silicon substrates, several studies showed its compatibility
with silicon photonics [18,19].

Recently, it has been demonstrated that among HfO2-ZrO2-
based thin films, orthorhombic Pbc21 [20] and rhombohedral
R3m [21] phases exhibit ferroelectric behavior. This is a sig-
nificant finding in terms of practical applications because both
HfO2 and ZrO2 have excellent silicon compatibility [22–25].
Combined with their ferroelectric nature, this might lead to
significant breakthroughs in the realm of integrated photonic
circuits that could significantly reduce the fabrication cost.
Nevertheless, there is still much work to be done since the
film quality and the ferroelectricity of ZrO2 and HfO2 are
not well optimized at high film thicknesses. This is critical
for their optimal application due to the inverse proportionality
between the optical losses and the film thickness [26,27]. In
the case of the orthorhombic Pbc21 (o-phase), which is usually
reported in polycrystalline thin films, ferroelectricity has been
demonstrated in a large range of thickness from 1 nm to 1 µm
[28–31]. This o-phase has also been reported in epitaxial thin
films with a thickness less than 20 nm [32–34]. Regarding the
rhombohedral R3m (r-phase), the reported thicknesses ranged
from 5 to 40 nm [21,35,36]. Indeed, for applications, ultrathin
films are often advantageous, e.g., in the case of nonvolatile
memories and ferroelectric field-effect transistors [22,23], en-
ergy storage [24,25], negative capacitance [37,38], and tunnel
junctions [39,40].

In terms of NLO properties, the studies on ZrO2-HfO2

materials are scarce, leaving open the question of the po-
tential of these compounds for optical applications. Indeed,
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to our knowledge, only two experimental studies can be
found in the literature [41,42]. They investigate the EO effect
in Y2O3-doped HfO2, reporting an EO coefficient of about
0.67 pm/V for (111)-oriented thin films, a modest value
compared to the ones in trigonal LNO and perovskite BTO
materials. However, the exact EO coefficients of the two ex-
perimentally reported ferroelectric phases in HfO2 and ZrO2

are not known yet. Therefore, the primary objective here is to
report and investigate the EO coefficients of HfO2 and ZrO2

materials.
In this work, we study the second-order nonlinear optical

(NLO) properties of the orthorhombic Pbc21 and rhombohe-
dral R3m phases of ZrO2 and HfO2, relying on all-electron
density functional theory (DFT) computations to report re-
liable EO coefficients. The obtained results are compared to
the ones computed for the rhombohedral R3c LNO phase, for
which experimental data are available, allowing us to use LNO
as a reference material. All reported EO coefficients have
been determined from the microscopic second-order NLO
responses of these systems, which, in turn, have been obtained
via a coupled perturbed Kohn-Sham (CPKS) and Hartree-
Fock (CPHF) analytical approach developed and implemented
in the CRYSTAL17 suite of quantum chemical programs by one
of the authors of this study [43]. It has already been estab-
lished that this perturbative approach delivers high-accuracy
molecular and bulk electric properties, free from numerical
errors [44,45]. To achieve the maximum possible relevance
with the available or future experimental data, the reported
coefficients comprise electronic, vibrational, and piezoelec-
tric contributions, which have also been obtained analytically.
Especially for comparison between theory and experiment,
such contributions are of essential importance for a reliable
prediction of the overall NLO response of a given crystalline
or molecular material and the complete understanding of its
origin.

Our article is organized as follows: First, we give the
theoretical background of our study, insisting on the close re-
lationship between the macroscopic NLO susceptibilities and
the microscopic hyperpolarizabilities of the unit shells. Then,
we study the EO properties of LNO using CRYSTAL code,
which will serve as the material of reference. Specifically,
we report reliable values of its microscopic second-order
responses, and we analyze the electronic, vibrational, and
piezoelectric contributions. Finally, we report and discuss the
Pockels EO coefficients of the o- and r-phase of ZrO2 and
HfO2, comparing them to those calculated for the R3c rhom-
bohedral phase of LNO.

II. THEORETICAL FRAMEWORK
AND COMPUTATIONAL DETAILS

The microscopic linear and nonlinear optical properties
of a finite zero-dimensional system are defined in terms of
a Taylor power series expansion with respect to an external
applied electric field Ejkl as

μi = μ0 + αtot
i j E j + 1

2β tot
i jkE jEk + 1

6γ tot
i jkl E jEkEl + · · · , (1)

where i, j, k, and l stand for Cartesian coordinates (x,y,z), μi

and μ0 are the induced and the permanent dipole moment,
αtot

i j is the total dipole electric polarizability, while β tot
i jk and

γ tot
i jkl are the total first and second dipole hyperpolarizabilities,

respectively. By the term total (tot) it is implied that both
electronic (ele) and vibrational (vib) contributions [44–46] are
taken into account, hence

αtot
i j = αele

i j + αvib
i j , (2)

β tot
i jk = βele

i jk + βvib
i jk . (3)

For three-dimensional periodic crystalline lattices, Eq. (1) can
be written as

Pi = P0 + χ
(1)
i j E j + χ

(2)
i jk E jEk + χ

(3)
i jkl E jEkEl + · · · , (4)

where Pi is the unit-cell induced polarization, while χ
(1)
i j ,

χ
(2)
i jk , and χ

(3)
i jkl stand for the total first-order (linear), and

the second- and third-order (nonlinear) optical macroscopic
bulk susceptibilities, respectively. The first and second co-
efficients of Eq. (4) are deduced from the total microscopic
(hyper)polarizabilities per unit cell in atomic units as follows:

χ
(1)
i j = 4π

V
αtot

i j , (5)

χ
(2)
i jk = 2π

V
β tot

i jk, (6)

where V is the unit-cell volume.
The theoretical background of the above relations can be

found in [45,47–50]. The total first-order susceptibility χ
(1)
i j

can be used to deduce the relative dielectric tensor εi j , which
in turn gives access to bulk refractive indices nii via the fol-
lowing expressions:

εi j = δi j + χ
(1)
i j , (7)

nii = ε
1/2
ii . (8)

In the above equations, δi j represents the elements of the
identity matrix (δi j = 1 for i = j, and 0 for i �= j). Note that
we consider in this work a diagonal εi j tensor so that the
subscript i of εii corresponds to one of the three principal axes
nii of the ellipsoidal indicatrix.

Now, to obtain the EO Pockels coefficients (ri jk), as a first
step we consider the constant stress (or “clamped”) condi-
tions, wherein χ

(2)
i jk and the bulk refractive indices nii given

in Eq. (8) can be used to determine one out of the two terms
contributing to the total ri jk coefficients. The clamped EO
coefficient is denoted here as rS

i jk , comprising both vibrational
and electronic contributions, and it is defined as

rS
i jk = −2

χ
(2)
i jk

n2
iin

2
j j

. (9)

In the second step, we should model and consider the rel-
evant acoustic contribution stemming from the piezoelectric
effect. This effect depends on the frequency of the applied
ac electric field as it originates from the inverse piezoelectric
effect, according to which the application of an ac oscillating
field induces mechanical deformations on the crystalline lat-
tice. The resulting contribution to the ri jk coefficients, denoted
here as rp

i jk , is defined from the photoelastic tensor Pi jμν and
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FIG. 1. The crystallographic structures of (a) LiNbO3 (space
group R3c), (b) rhombohedral ZrO2-HfO2 (space group R3m), and
(c) orthorhombic ZrO2-HfO2 (space group Pbc21).

the piezoelectric strain coefficients dkμν [51,52] as

rp
i jk =

3∑

μ,ν=1

Pi jμνdkμν. (10)

The calculation of the tensorial components of rp
i jk is achieved

via the computation of the photoelastic constants ∂ηi j

∂Sμν
(Pi jμν)

defined as the derivative of the impermeability tensor ηi j

(given by the inverse dielectric tensor ε−1
i j ) with respect to

strain Sμν , which are the elements of the fourth rank photoe-
lastic tensor and of the piezoelectric strain coefficients ∂Sμν

∂Ek

(dkμν) [53]. Finally, the total EO coefficients that we report
in this work are calculated as ri jk = rS

i jk + rp
i jk . More detailed

information about photoelastic calculations can be found else-
where [51–53].

All computations of frequency-dependent properties have
been performed with the CRYSTAL suite of programs [43]. To
determine the dynamic vibrational and electronic (clamped
nuclei) hyperpolarizabilities, a fully analytical approach rely-
ing on the coupled perturbed Hartree-Fock and Kohn-Sham
method (CPHF/CPKS) has been applied [44,45,54–56]. In
the case of LNO, we considered three different DFT func-
tionals to investigate the dependence on the DFT method
of the properties of interest and to compare the results
with available experimental data. That includes the Becke,
three-parameter, Lee-Yang–Parr exchange-correlation func-
tional (B3LYP) [57,58], the pure Perdew-Burke-Ernzerhof
one (PBE) [59], and with 25% Hartree-Fock (HF) exchange
(PBE0) [60]. In the case of ZrO2 and HfO2 (orthorhombic
Pbc21 and rhombohedral R3m phases), only the B3LYP func-
tional has been applied as it gives good results for LNO. The
basis sets of LNO are taken from Refs. [61–63] for Nb, Li, and
O, respectively. The basis sets for ZrO2 are from Refs. [62,64]
for O and Zr, respectively, while those for HfO2 are taken from
Refs. [65,66] for O and Hf, respectively.

III. RESULTS AND DISCUSSION

A. LNO rhombohedral R3c

We chose to start our investigation with LNO, which fea-
tures a ferroelectric R3c ground state at low temperatures. The
crystal structure of the bulk system, built from 10 atoms per
unit cell, is shown in Fig. 1(a) [lattice constants and atomic co-
ordinates are given in Table S.1 in the Supplemental Material
(SM) [67]]. Computed band gaps, dynamic refractive indices
nii, and εii values of LNO determined with three functionals

TABLE I. Band gap, refractive indices nii, birefringence δn, and
dielectric constants εii of LNO calculated at a 633 nm wavelength
using different functionals and compared to experimental results.
Values in parentheses correspond to the static values (at “infinite”
wavelength).

B3LYP PBE0 PBE LDA [73] Expt. [71] Expt. [74]

Gap (eV) 4.75 5.29 3.15 3.78
nxx (no) 2.257 2.227 2.497 2.37 2.28 2.286
nzz (ne) 2.149 2.120 2.402 2.35 2.18 2.202
δn 0.107 0.107 0.095 / 0.098 0.09
εxx 5.10 (4.71) 4.96 6.23 / / /

εzz 4.63 (4.31) 4.50 5.77 / / /

of different types at an optical frequency corresponding to
633 nm wavelength are listed in Table I. Apart from electronic
contributions, which can be trivially computed with the CPKS
approach, the reported values comprise as well the respective
vibrational contributions computed at the same level of theory.
The wavelength of 633 nm was chosen in order to directly
compare our results to available data reported in the literature.
Note that the EO properties are also investigated up to the
near-infrared wavelength range in Sec. III B.

Starting from the computed band gap of LNO, it is seen
that out of the three methods used, B3LYP and PBE0 yield
notably larger values as compared to the reported experimen-
tal values. On the other hand, the pure PBE functional follows
the opposite trend. The frequently cited direct band-gap value
of LNO, mostly concluded from optical experiments [68],
is about 3.78 eV. However, this value should be considered
with care due to electron-hole attraction effects, which might
induce important underestimations in the final outcome of
optical measurements, as already discussed in Refs. [69,70].
Therefore, for LNO crystal, a band gap of 4.7 eV [69] should
be considered more suitable for comparison between theory
and experiment, close to the value calculated with the B3LYP
functional and the associated basis set.

Turning our attention to the refractive indices computed
in this study, we also notice that both B3LYP and PBE0
functionals yield values that fall very close to the available
experimental measurements. On the other hand, pure PBE
overshoots the experimental reference values, yielding val-
ues close to the earlier local-density approximation (LDA)
reported results. This behavior is not surprising since pure
DFT functionals generally underestimate the gap, returning
overestimated cell polarizabilities αi j [46] and dielectric con-
stants. Hence, it is expected to affect the refractive indices
[Eq. (8)]. Nonetheless, despite the apparent deviations in func-
tional performance, all methods considered predict relatively
stable birefringence values (denoted δn in Table I), in good
agreement with the available experimental measurements con-
ducted on stoichiometric LNO crystals (cationic ratio Li/Nb
∼1) [71,72].

The clamped EO coefficients rS
i jk of LNO, together with the

corresponding electronic and vibrational contributions com-
puted with the B3LYP functional, are listed in Table II. We
also list previously published experimental measurements and
theoretical data in the same table. All properties have been
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TABLE II. ri jk (−ωσ ; ω, 0) EO tensor (pm/V) of LNO at
633 nm wavelength: electronic and ionic (clamped) and piezoelec-
tric (unclamped) contributions, together with results from previous
calculations and experiments.

B3LYP LDA [73] Expt. [16] Expt. [77]

Clamped rele
i jk rvib

i jk rS
i jk

r33 7.19 23.45 30.64 26.9 30.8 34
r13 2.74 7.94 10.68 9.7 8.6 10.9
r11 −1.02 −6.84 −7.86 4.6 3.4 /

r51 3.08 19.43 22.51 14.9 28 /

Unclamped rp
i jk ri jk [78] Expt. [79]

r33 1.50 32.14 27 32.2 /

r13 1.42 12.10 10.5 10 /

r11 0.86 −7.00 7.5 6.8 9.9
r51 10.77 33.28 28.6 32.6 /

deduced from computed χ
(2)
i jk (−ωσ ; ω, 0) (for the Pockels co-

efficient calculation, ω stands for a laser wavelength, ω = 0
for a static electric field, and ωσ is the sum of two wave-
lengths; see the SM for more details [67]) obtained at the same
level of theory, considering only the four EO independent
tensorial components of LNO r33, r13, r11, and r51 [73,75]. In
brief, the so-called vibrational (or ionic) contribution comes
from transverse optical (TO) phonon modes; they can be
represented as 4A1 + 5A2 + 9E , where the A1 and E modes
are Raman- and infrared- (IR) active; in contrast, A2 modes
are silent. The A1 modes are expected to contribute to r33

and r13, while the E modes are linked to r11 and r51. The
corresponding computed phonon frequencies, showing a good
agreement with available experimental data, together with the
second-order nonlinear susceptibilities χ

(2)
i jk (−ωσ ; ω, 0) at a

wavelength of 633 nm, are given in the SM [67]. Looking at
the computed clamped EO coefficients presented in Table II,
the results obtained with the B3LYP functional are in very
good agreement with experimental results, notably for r33

and r13 coefficients. On the other hand, an overestimation of
r11 and an underestimation of r51, respectively, are revealed.
Moreover, we evidenced that the values obtained for these two
particular coefficients strongly depend on the choice of the
functional (Table S5 [67]). With the LDA framework, as im-
plemented in the CRYSTAL suite of programs, we found results
close to the previous LDA calculations done with the linear
response theory using atomic potentials [73,75]. We note that
the latter approach led to systematically lower absolute values
of coefficients with respect to CPHF computations conducted
with hybrid density functionals (Table S5 [67]).

Our calculations expose that the most dominant contri-
bution out of the two considered for rS

i jk is the vibrational
contribution to the microscopic second hyperpolarizability of
the unit cell. The approach used here for EO calculations also
provides further insights into this ionic contribution computed
by evaluating the Raman and IR intensities [45], as described
in Refs. [56,76]. The lowest frequency A1 and E polar phonon
modes (graphic representations of these phonons are given
in Fig. S2 [67]) are found to contribute the most to rS

33 and
rS

51, respectively, amounting to 33% and 32% of these EO
coefficients. These results, relying on a hybrid DFT treatment

of the wave function, confirm previous computations within
the LDA approximation [73].

We now consider the total unclamped EO coefficients ri jk

of LNO, including the piezoelectric contribution, which is
computed at the same level of theory as discussed above.
We note that the photoelastic constants Pi jμν , here computed
at 633 nm, are found to be relatively independent of the
wavelength above 633 nm (see Fig. S.2 [67]). The same
trend has been observed for MgO and CaWO4 crystals from
calculations at the PBE level [51,53]. The piezoelectric con-
tribution to the EO coefficients is listed in Table II as rP

i jk .
Looking at the total ri jk = rS

i jk + rp
i jk , an excellent agreement

with experimental results is obtained. For the three coeffi-
cients r33, r13, and r11, the vibrational contribution is still by
far the dominant one, while the r51 coefficient has the high-
est piezoelectric contribution (Table II). Three functionals,
B3LYP (Table II), PBE0, and PBE (Table S5 [67]), give a
piezoelectric contribution to r51 of around 11 pm/V, which
represents around 33% of the r51 unclamped value, lower
than the 48% found in Ref. [73]. Nevertheless, the r51 EO
coefficient is found with the highest piezoelectric contribution
from the four independent EO coefficients of LNO material,
in line with the previous theoretical results [73]. Experimen-
tally, a piezoelectric contribution to r51 of only 4.6 pm/V has
been reported [16]. This disagreement might be due to the
experimental method, which cannot suppress the total piezo-
electric contribution during the measurement of the clamped
coefficient, as previously suggested in Ref. [73]. Again, we
found that the choice of the functional strongly affects both
the magnitude and sign of the piezoelectric contribution to r11

(Table S5 [67]). In particular, the B3LYP functional gives an
opposite piezoelectric contribution to the total r11 coefficient,
reducing its absolute value but keeping it close to the reported
experimental one (Table II). Finally, our B3LYP calculations
produced a very good estimation of the EO tensorial compo-
nents of LNO with respect to the experimental data.

B. ZrO2-HfO2 orthorhombic Pbc21

In this section, we present electro-optic properties of the o-
phase of ZrO2 and HfO2 compounds, with space group Pbc21

(no. 29). The lattice optimization of Pbc21 ZrO2 and HfO2

has been performed using a 12-atom unit cell. The optimized
crystalline structure and atomic positions are given in the SM
[67]. The polarization, defined as the electric dipole moment
per unit volume, was also computed for o-phase ZrO2 and
HfO2 via Berry phase calculation using QUANTUM ESPRESSO

(QE) [80] in order to verify that the optimized polar phases
are consistent with the ones reported in the literature [20,81].
Table III displays the band gap, refractive indices, and polar-
ization of o-phase ZrO2 and HfO2. Although no experimental
data are available for comparison with respect to the optical
properties of these systems, the polarizations obtained here
are very close to the ones reported in previous studies [81].

It is well known that ZrO2 and HfO2 compounds have
a wide band gap, as they are used for high-k applications.
From Table III, it can be seen that the band gap of o-HfO2

is larger by about 1 eV than in o-ZrO2. Another feature is
that the refractive indices at 633 nm of o-ZrO2 are found to
be higher than the ones of o-HfO2. This is interesting since
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TABLE III. Band gap and refractive indices of orthorhombic
Pbc21 ZrO2 and HfO2 at 633 nm computed at B3LYP level of theory.
The polarization Pb (along the b axis) from Berry phase calculation
with the PBE functional is also shown. All computations have been
carried out on B3LYP optimized unit cells.

o-ZrO2 o-HfO2

Gap (eV) 5.40 6.45
nxx 2.204 2.059
nyy 2.301 2.122
nzz 2.236 2.081
Pb (μC/cm2) 54 (58 [81]) 49.5 (50 [81])

a high refractive index is an essential element for silicon
photonic applications in order to ensure a sufficient contrast
with the refractive index of SiO2 [12]. We also have to con-
sider the vibrational modes of the Pbc21 phase, as these modes
are directly linked and contribute to the EO coefficients. The
primitive unit cell of Pbc21 phase with 12 atoms (four formula
units) results in 36 vibrational modes, 3 for translation modes
and 33 for optical modes, having the following irreducible
representation at the � point:

� = 8A1 + 9A2 + 8B1 + 8B2. (11)

The A1, B1, and B2 modes are Raman- and IR-active. Hence,
they are expected to contribute to the electro-optic coeffi-
cients, while A2 modes are only Raman-active. For the sake of
clarity, Table IV lists only the calculated A1 phonon frequen-
cies, while the remaining phonon frequencies (A2, B1, B2) are
given in the SM [67]. Unfortunately, only a few experimental
phonon frequencies of Pbc21 o-phase are available for pure
ZrO2 and HfO2. They are all displayed for o-ZrO2 in Table IV,
showing a good agreement with our calculated phonon modes.
Orthorhombic Pbc21 belonging to a 2 mm point group of sym-
metry features five independent EO coefficients [83]: r13, r23,
r33, r42, and r51. The relevant vibrational contributions should
come from modes A1, B1, and B2. Specifically, A1 modes
should contribute to r13, r23, and r33 components, while B1

and B2 modes are expected to affect r42 and r51, respectively.
These five EO coefficients are computed at the same level of
theory as discussed for LNO, and they are listed in Table V
showing the three different contributions, electronic rele

i jk , vi-

TABLE IV. Calculated frequencies (cm−1) of Raman- and IR-
active A1 phonon modes of ferroelectric ZrO2 and HfO2 using
B3LYP functional.

o-ZrO2 o-HfO2 r-ZrO2 r-HfO2

expt. [82]
A1 102 / 113 171 118

186 200 153 220 171
291 / 253 267 267
315 320 295 352 284
351 340 329 449 423
387 / 369 534 537
445 / 451 674 692
566 580 589 755 770

TABLE V. The five independent elements of ri jk (−ωσ ; ω, 0) ten-
sor for Pbc21 space group, together with their respective electronic,
vibrational, and piezoelectric contributions, computed at a wave-
length of 633 nm. All values are given in pm/V.

o-ZrO2 o-HfO2

rele
i jk rvib

i jk r p
i jk ri jk rele

i jk rvib
i jk r p

i jk ri jk

r33 2.10 8.75 0.5 11.35 1.52 5.56 0.14 7.22
r13 −1.49 −9.29 −1.38 −12.17 −0.81 −6.32 −0.83 −7.96
r23 −0.51 −2.19 0 −2.70 −0.51 −1.94 0 −2.58
r42 −0.53 −0.95 0 −1.48 −0.54 −0.83 0 −1.37
r51 −1.00 −1.16 0 −2.16 −0.83 −0.94 0 −1.77

brational rvib
i jk , and piezoelectric rp

i jk . The first significant result
is that the EO coefficients in o-ZrO2 are almost two times
larger than the ones obtained for o-HfO2. Coefficients r13

and r33 exhibit the highest values out of the five independent
EO tensorial elements. Either for ZrO2 or HfO2, these two
coefficients have opposite signs and are quite close in absolute
value. Comparing the calculated EO results of o-ZrO2 to those
of the reference LNO material (Table II), r13 of o-ZrO2 is
close to r13 of LNO, while r33 of o-ZrO2 is about one-third
the coefficient of LNO. Unfortunately, no experimental results
are available for pure o-ZrO2 and o-HfO2. The only EO exper-
imental data, to the best of our knowledge, are the effective
coefficients reported by Kindo et al. [41,42] for Y2O3-doped
HfO2 o-phase measured in (100) (0.46 pm/V) and (111) (0.67
pm/V) oriented thin films.

From the values listed in Table V, we also deduce that, as
in LNO, the vibrational contribution dominates the values of
the EO coefficients in o-phase ZrO2 and HfO2. For example,
the lowest frequency A1 TO mode at 102 cm−1 (Table IV) is
responsible for about 40% and more than 60% of the total
values of r33 and r13 in o-ZrO2, respectively (the displacement
patterns of these phonon modes are shown in Fig. S2 [67]).
This is similar to what we observed in the case of LNO,
with low phonon modes highly contributing to the EO co-
efficients. Note that, in LNO, unstable phonon modes in the
paraelectric phase transform into lower frequency and highly
polar modes in the low-temperature ferroelectric phase. Thus,
these low phonon modes significantly contribute to the EO
coefficients of LNO [73], but a similar explanation has not
been evidenced for ZrO2 and HfO2. Indeed, these materials
have numerous polymorphs [84], and other mechanisms are
responsible for ferroelectric phase formation [81,85], away
from the classical paraelectric-ferroelectric phase transition
picture.

Wavelength dependence of EO coefficients

The EO values reported above are computed at 633 nm
in order to compare our results to the available experimental
data. However, wavelengths for telecom applications are in
the near-infrared region, typically around 1500 nm. Therefore,
focusing on the influence of laser wavelength on Pockels
coefficients, the same calculations as performed at 633 nm
were repeated at different wavelengths up to near-infrared.
The results are displayed in Fig. 2 for the unclamped r33
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FIG. 2. EO coefficients (unclamped) r33 and r13 of LNO and o-
ZrO2 at different wavelengths using B3LYP functional.

and r13 coefficients of LNO and o-ZrO2. ZrO2 is chosen here
instead of HfO2 because of its higher EO coefficients com-
pared to HfO2 (Table V). As seen on the graph, the wavelength
of the incident light marginally affects the total values of
the studied EO coefficients. Among the three wavelength-
dependent contributions to the EO coefficients, the electronic
part is expected to be more sensitive to the electric field than
the vibrational and piezoelectric contributions. Specifically,
approaching the IR wavelengths, the electronic contribution
decreases and converges to a static value [44,45]. This de-
crease is associated with a decrease of the refractive indices:
At a wavelength of 1550 nm, the refractive index nzz is found
to be 2.08 (2.19) for LNO (for ZrO2), which is lower than
the value obtained at 633 nm (Tables I and III). On the other
hand, vibrational contributions remain almost constant from
633 to 1550 nm. A similar trend is obtained for the piezoelec-
tric contribution, which depends on the wavelength via the
photoelastic coefficients. As shown in Fig. S1 [67], the latter
coefficients remain relatively constant at high wavelengths.
Hence, the overall weak increase of the total EO coefficients
observed in Fig. 2 when increasing the wavelength should be
mostly attributed to the decrease of the refractive indices [see
Eq. (9)].

By comparing the EO coefficients of o-ZrO2 with those
of LNO, it becomes evident that the former features weaker
responses at all investigated wavelengths. Nevertheless, in
terms of applications, other parameters should be taken into
consideration, such as the refractive index and the total dielec-
tric constant, to define a figure of merit (n3 ri jk/ε [27], with ε

the dielectric constant comprising both the electronic and the
ionic contributions) that could bring o-phase ZrO2/HfO2 as a
competitive material for EO applications. Figure 3 displays a
visual comparison of this figure of merit between LNO, HfO2,
and ZrO2 materials. For r33 coefficient, LNO has the highest
figure of merit; however, the ones for ZrO2 and HfO2 are not
negligible. Considering the compatibility of ZrO2 and HfO2

with silicon, these results are significant enough to stimulate
further investigation on the different paths to increase the EO
coefficients in these materials.
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FIG. 3. Figure of merit (n3 ri jk/ε) of HfO2 and ZrO2 compared
to LNO using r33 and r13 coefficients.

C. ZrO2-HfO2 rhombohedral R3m

Here, we focus on the EO properties of the rhombohedral
R3m (space group no. 160) phase of ZrO2-HfO2. This phase
is less studied than the orthorhombic phase and has only been
reported in compressively strained epitaxial thin films [21,36].
For the EO calculations, we also used a unit cell of 12 atoms (4
formula units). One should note that in the case of the r-phase,
an instability (expressed by negative/imaginary frequency)
of A1-TO1 phonon mode was observed at the equilibrium
geometry of the optimized unit-cell volume for r-ZrO2

(141 Å3) and r-HfO2 (136 Å3), the optimized unit cells being
given in the SM [67]. For the calculation of EO coefficients
and other properties to be reliable, one should have only
real frequencies. To achieve such a condition for ZrO2, an
experimental volume (∼132 Å3) was imposed together with
a rhombohedral angle equal to 89.56◦ [36]. Under such ge-
ometry constraints, the imaginary phonon mode calculated at
82i cm−1 becomes real at 76 cm−1. For HfO2, no r-phase
unit-cell volume has been experimentally reported yet; thus,
we manually reduced its volume until we reached a unit cell
characterized by real phonon frequencies. At the respective
level of theory, the corresponding volume amounts to 128 Å3.

The computed band gap, refractive indices, and polariza-
tion are displayed in Table VI. The band gaps obtained for
ZrO2 and HfO2 in the r-phase are significantly higher than in

TABLE VI. Band gap and refractive indices of rhombohedral
R3m ZrO2 and HfO2 at 633 nm computed with the B3LYP functional.
The polarization Pr from Berry phase calculation with the PBE
functional is also shown. All computations have been carried out on
B3LYP-optimized unit cells.

r-ZrO2 r-HfO2

Gap (eV) 5.79 6.77
nxx 2.282 2.114
nzz 2.271 2.107
δn 0.011 0.007
Pr (μC/cm2) 6.8 5.1
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TABLE VII. The four independent elements of ri jk (−ωσ ; ω, 0)
tensor for R3m space group, together with their respective electronic,
vibrational, and piezoelectric contributions, computed at a wave-
length of 633 nm. All values are given in pm/V.

r-ZrO2 r-HfO2

rele
i jk rvib

i jk r p
i jk ri jk rele

i jk rvib
i jk r p

i jk ri jk

r33 −0.11 −0.30 −0.01 −0.42 −0.07 −0.21 −0.02 −0.30
r13 0.05 0.14 0.05 0.24 0.03 0.13 0.11 0.27
r11 −0.06 −0.21 −0.20 −0.28 −0.05 −0.08 −0.16 0.29
r51 0.05 0.08 −0.25 −0.12 0.03 0.21 −0.19 0.05

the o-phase. The polarization of either ZrO2 or HfO2 is found
to be lower than the one obtained in the o-phase, as expected
from previous calculations [21,35]. Note that this polarization
depends strongly on the compressive strain, which is directly
related to the rhombohedral angle [21,36]. Here, the polar-
ization is computed at a fixed angle using the rhombohedral
primitive unit cell. In contrast, in Refs. [21,35] the polariza-
tion is computed with hexagonal unit cells and at different
compressive strains.As seen for o-phase (Sec. III B), a unit cell
with 12 atoms results in 36 vibrational modes, 3 for translation
modes and 33 for optical phonon modes. In the case of R3m
space group, there are three different modes A1, A2, and E ; the
irreducible representation at the � point is

� = 8A1 + 3A2 + 11E . (12)

The A1 and (degenerate) E modes are simultaneously Raman-
and IR-active, while the A2 modes are Raman-active and
IR-inactive. The calculated A1 mode frequencies are shown
in Table IV for ZrO2 and HfO2; experimentally, no data are
available for ZrO2-HfO2 in r-phase. The E and A2 phonon
frequencies are given in Table S.8 [67].

Following the same method as described in Secs. III A and
III B, the EO coefficients obtained for ZrO2 and HfO2 r-phase
are given in Table VII. Comparing these EO coefficients to
the ones of LNO and o-phase, r-phase shows very modest
EO values. This trend is also observed in terms of polariza-
tion obtained for r-phase compared to orthorhombic Pbc21

(Tables III and VI).

Strain dependence of EO coefficients

Because the ZrO2-HfO2 R3m phase has a strong depen-
dence on the compressive strain, the r33 EO coefficient of
r-ZrO2 is computed at different rhombohedral angles. The
results are displayed in Fig. 4, showing a linear dependence
of r33 with respect to the rhombohedral angle. Even at a
high compressive strain (rhombohedral angle of 88◦), the EO
coefficient of the r-phase is still lower than the one calculated
for o-ZrO2. Two main reasons cause the low EO coefficients of
r-ZrO2 compared to o-ZrO2. First is the relatively wider band
gap in the r-phase, which reduces the electronic contribution.
The second stems from the A1 low-frequency phonon modes,
which bring negligible contributions to EO coefficients in the
r-phase, while similar modes contribute highly to the ones of
the o-phase (see Sec. III B). In more detail, for the r-phase, out
of the eight A1 active modes (Table IV) only three modes at
220, 352, and 449 cm−1 contribute significantly to r33 and r13.
The modes at 220 and 352 cm−1 give almost the same value of
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FIG. 4. r33 EO coefficient of r-ZrO2 computed at different angles.

the hyperpolarizabilities β33 [Eq. (6)], but with opposite signs,
hence they cancel each other. As a result, solely the mode
at 449 cm−1 is contributing to r33. This is the most probable
reason why the r-phase exhibits a lower EO coefficient than
the o-phase. Finally, as illustrated in Fig. 3, this gives r-phase
a very low figure of merit compared to o-phase and to LNO.

IV. CONCLUSION

In this work, we investigated the electro-optic Pockels
coefficients of the ZrO2 and HfO2 compounds in two noncen-
trosymmetric phases: rhombohedral R3m and orthorhombic
Pbc21. We determined that the o-phase has considerably
higher EO coefficients than the r-phase. This remains true
for a highly strained rhombohedral phase; the optical nonlin-
earity is weak compared to the o-phase. Moreover, r33 and
r13 in the orthorhombic phase are higher in ZrO2 than in
HfO2, with values of about 12 and 7 pm/V for ZrO2 and
HfO2, respectively. Comparisons between the EO coefficients
of o-ZrO2 and the rhombohedral LiNbO3 reference material
revealed that these materials share similar r13 coefficients. In
contrast, the r33 coefficient of o-ZrO2 is found to be three
times lower than that of LiNbO3. We observed that the polar
and low-frequency phonon modes contribute most to the EO
in the orthorhombic phase; the same trend is also observed
in LiNbO3. Our numerical results suggest that the ferroelec-
tric orthorhombic phase of ZrO2 and HfO2-based thin films
can be relevant for EO applications when considering their
compatibility with silicon. Finally, considering the dominant
contribution of the ionic part as identified in this work, we
believe that doping ZrO2/HfO2 with a suitable element that
stabilizes the orthorhombic phase and also increases the ionic-
ity of these materials will lead to high EO coefficients, suitable
for their use in photonic devices.
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