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Ferroelectric higher-order topological insulator in two dimensions
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The interplay between ferroelectricity and band topology can give rise to a wide range of both fundamental and
applied research. Here, we map out the emergence of nontrivial corner states in two-dimensional ferroelectrics
and, remarkably, demonstrate that ferroelectricity and corner states are coupled together by crystallographic
symmetry to realize the electric control of higher-order topology. Implementing density functional theory, we
identify a series of experimentally synthesized two-dimensional ferroelectrics, such as In,Se;, BN, and SnS,
as realistic material candidates for the proposed ferroelectric higher-order topological insulators. Our work not
only sheds light on traditional ferroelectric materials but also opens an avenue to bridge the higher-order topology
and ferroelectricity that provides a nonvolatile handle to manipulate the topology in next-generation electronic

devices.
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I. INTRODUCTION

Time-reversal polarization, defined as the differences be-
tween Wannier charge centers of Kramers pair, plays a pivotal
role in the Z, classification of electronic topological insula-
tors (TIs) [1-3]. Armed with topologically protected metallic
boundary (surface or edge) states, TIs ensure the dissipation-
less nature of spin transport with promising applications in
spintronics [4-7]. The existence of boundary-localized mass
domains, as generally accepted, will open up a boundary
band gap, thereby trivializing the time-reversal polarization in
TIs. Remarkably, recent investigations proposed that hinge or
corner states may appear, resulting in the intriguing quantum
phase called higher-order TIs (HOTIs) [8—12]. In particular, as
the expectation value of the position operator of Wannier func-
tions, the quantized polarization can be topological indices for
C,-symmetric HOTIs, which form into Z,, Z, X Z,, or Z3
indexes [13—-15]. As a novel extension of TIs, theoretical mod-
els and material candidates of HOTIs have been proposed in
both two and three dimensions [16-24] and, remarkably, have
been experimentally observed in three-dimensional Bi [25],
WTe, [26], and BisBrs [27]. However, for two-dimensional
(2D) electronic materials, the experimental confirmation of
HOTIs has been elusive so far.

On the other hand, polarization has received great at-
tention in relation to ferroelectric materials [28-39]. One
important characteristic of ferroelectric materials is the exis-
tence of two degenerate structures with opposite polarizations
that could be switched by an external electric field [40]. In
fact, switchable electric polarization, when coupled to other
properties such as ferromagnetism, ferroelasticity, valleys,
skyrmions, spin polarization, and/or nontrivial band topology,
provides a nonvolatile control with the implementation of gate
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voltages [41-46]. Moreover, the separation of the centers of
positive and negative electric charges in ferroelectric systems
currently serves as a hallmark of obstructed atomic limits
(OALs) within the framework of topological quantum chem-
istry theory [47,48]. OALs have recently attracted significant
interest since they can manifest at the boundary in terms of
metallic surface/edge states, regardless of spin-orbit coupling
(SOC) or bulk band inversion [49-54]. Moreover, some of
them could host hinge/corner states as a result of the filling
anomaly, which leads to the higher-order topology. Therefore,
a natural question arises as to whether ferroelectric polariza-
tion can result in the emergence of HOTTIs, especially in two
dimensions.

In the present work, we demonstrate the emergence of
higher-order topological phases in 2D ferroelectrics, including
both the in-plane and out-of-plane ferroelectricity. Moreover,
we reveal that the in-plane polarizations, which can enforce
the nonquantized ones and the quantized ones, enable the
emergence of the corner states and may even serve as topo-
logical invariants. Effective models for both the quantized
and nonquantized in-plane polarizations are constructed to
demonstrate the feasibility of attaining the proposed 2D fer-
roelectric HOTTs. Remarkably, based on the first-principles
calculations, a wide range of 2D ferroelectrics are found
to possess fractional corner charges, resulting in higher-
order topological phases, for which implementing an external
electric field could switch the directions of ferroelectric polar-
ization and in turn change the position of corner states and/or
mediate the topological phase transitions. Our results indicate
that 2D ferroelectric materials provide an up-and-coming plat-
form to achieve and control higher-order corner states with
experimentally feasible examples.

II. METHOD

First-principles calculations are carried out in the frame-
work of the generalized gradient approximation with the
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FIG. 1. (a) Sketch of the finite triangular lattice with C; sym-
metry. The quantized polarization in the bulk (III) can always
be annihilated, whereas the edge (II) and corner (I) may possess
uncompensated polarization. (b) Band structures of the two-band
Hamiltonian. (c¢) The Wilson bands of the occupied band along the
k¢ (up) and k, (down) directions. (d) Energy spectrum of the finite
nanoflake. The red dots near the Fermi level represent the in-gap
corner states, and the blue ones denote the edge states.

Perdew-Burke-Ernzerhof [55] functional using the Vienna Ab
initio Simulation Package (VASP) [56] and the full-potential
linearized augmented plane-wave method using the FLEUR
code [57]. The self-consistent total energy was evaluated
with a 12 x 12 x 1 k-point mesh, and the cutoff energy for
the plane-wave basis set was 500 eV. Maximally localized

Wannier functions are constructed using the WANNIER90 code
in conjunction with the FLEUR package [58-60], and van
der Waals corrections as parameterized in the semiempiri-
cal density functional theory (DFT-D2) method are included.
The Wilson loop calculations were done using WANNIER-
TOOLS [61], and the irreducible representations were done
using IRVSP [62]. Moreover, the climbing image nudged elas-
tic band method was used to determine the energy barriers of
the phase transition.

III. MODEL RESULTS

A. First model Hamiltonian for quantized polarization

It has long been known that polarization is closely related
to the position of the Wannier function, which can be trans-
formed into the Berry phase of the occupied bands as

1 k+2m

_Ek

Here, A; is the gauge-dependent Berry connection in terms
of [AJ™ = —i(u]’|9¢|u}), and its integral along a closed path
is called the Berry phase ¢. The direction of polarization is
determined by the movement of the Wannier function, and the
polarization can be quantized or nonquantized, limited by the
crystal symmetry. Remarkably, as we demonstrate below, an
in-plane polarization, whether it is quantized or nonquantized,
will give rise to the two-dimensional higher-order corner
states.

We consider first the quantized polarization in a two-band
tight-binding model on a honeycomb lattice,

HZZ)\.,‘CIC,‘-I-IH ZC?C]‘—FIZ ZC?C]‘. 2)
i (ij) (i)

The first term is the sublattice potential, which is needed
to break inversion symmetry Z. The second and third terms
represent the nearest- and next-nearest-neighbor hoppings, as

P= Tr[Aildk = —qu. (1)
21
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FIG. 2. Edge spectra of the tight-binding model under (a) trivial (m = 2.5¢, F = 0), (b) nontrivial (m = 0.2¢, F = 0), and (c) higher-order
phases (m = 0.2t, F = 0.001¢); parameters ¢ and A are set to 1. Energy spectrum of finite nanoflakes for (d) trivial, () nontrivial, and (f)
higher-order phases. The red dots near the Fermi level represent the in-gap corner states, the blue arrow denotes the direction of the electric
potential, and the distributions of corner, edge, and bulk states are plotted in the inset.
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FIG. 3. (a) In-plane polarization and (b)—(e) corner states under
the in-plane electric field. A transverse current is generated under
in-plane electric field, which leads to the in-plane polarization and
then the birth of corner states in symmetric corners. Corner states are
indicated with rainbow balls, and arrows denote the directions of the
in-plane electric field.

depicted in Fig. 1(a). In Fig. 1(b), we show the band structures
of the Hamiltonian in the OAL phase. Indeed, the moving
of Wannier charge centers leads to a quantized polarization,
as shown by Fig. 1(c). However, the sum of the polariza-
tion, bounded by C; symmetry, can necessarily be zero in
the bulk because Py = >_,(P; + C3P; + Cy 'P,) = 0, while
ones at the edges and corners cannot be offset as displayed in
Fig. 1(a), leading to the nonvanishing polarization as Pegee =
> (P + C3P;) and Peorer = Y ; Pi. Hence, electrons from the
bulk will be driven to the edges and corners, forming the edge
and corner states. Figure 1(d) presents the energy level of
a finite triangular flake. Clearly, the edge and corner states
emerge near the Fermi level. Moreover, corner states originat-
ing from the valence and conduction bands are degenerated in
energy, giving rise to the phenomenon of the filling anomaly.
In that sense, the corner states can be pushed into the conduc-
tion or valence bands as a whole, and the positive or negative
charge will be generated to affect the charge neutrality.

B. Second model Hamiltonian for nonquantized polarization

For better control of the corner states, the nonquantized
polarization has to be introduced by breaking the Cg, C4, and
C; symmetries. To study systematically the switchable corner

states, we then focus on a simple model of one atom located
at the center of a 2D square lattice [16], and the Hamiltonian
can be expressed as

Hy = [m — t(cos ky + cos k)T, — A(sin kyoy + sin ky0y)Ty,

3

where m sets the energy offset between the s and p orbitals.
SOC, denoted by A, induces their hybridization, while the
nearest-neighbor hopping ¢ bridges the relations for s-s or
p-p orbitals. The nonquantized polarization affects the electric
potential of the system and causes a potential imbalance for
the overall system. In this sense, we add an electric potential
term to mimic the nonquantized polarization

Hy = Z c/[eF (xcos @ + ysin6)]c;, @)

where ciT = (c;, ciZ) are electron creation operators at site i.
Besides the elementary charge e, Hg is expressed with the
amplitude given by F' and orientation defined by 6. It is clear
that, for an in-plane electric potential along the § direction,
the Z, Cs, C4, C3, and Gy, (Cyy) symmetries are broken, and
remarkably, as illustrated in Fig. 2, one can find that the corner
states appear, serving as a direct signal of HOTTs.

However, the in-gap corner states appear only at specific
corners, inspiring us to understand their physical origin. Since
the in-plane electric fields induce the phase transition between
the topological insulator and higher-order topological insula-
tor, electrons from the bulk or edges will accumulate in the
corners that would be accompanied by a transverse velocity,
as schematically shown in Fig. 3(a). To map out the role of
rotation symmetry and polarization, we choose four represen-
tatives with different in-plane orientations, where the rotation
symmetries are highly sensitive to the orientations. In the
absence of the electric potential, the considered square lattice
has both C,, = —ioy and G,y = —ioy, but no polarization and
thus no corner states (see Fig. 2). If an electric potential is
perpendicular to the £ () direction, C,, (C»,) will be broken,
and otherwise, it will be conserved. For example, in Fig. 3(b),
Gy, is broken, while C,, survives and ensures the existence
of corner states. Interestingly, the in-gap corner states can
be turned into opposite corners when the in-plane electric
field and the polarization are reversed, as shown in Fig. 3(e).
Similar results with corner states localized on C,,-symmetric
positions are shown in Figs. 3(c) and 3(d). Therefore, one can
realize nonvolatile control of the corner states.

-7 Kx m

FIG. 4. Energy bands of the semi-infinite nanoribbon for (a) In,Ses, (b) BN, and (c) SnS, revealing characteristic edge states for the

higher-order topological phases.
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FIG. 5. (a) Top and side views of In,Se; in the ZB’ and WZ'
phases. (b) Wilson bands of the occupied bands along the k, (up)
and k, (down) directions. Energy spectra of In,Se; in the (c) ZB’
and (d) WZ' phases. The red dots near the Fermi level represent the
in-gap corner states. Distributions of corner states are displayed in
the insets.

IV. MATERIAL CANDIDATES
A. Traditional ferroelectrics

Having demonstrated the interplay of HOTIs and polar-
ization, we aim now at its realization in electronic materials,
where the in-plane polarization P can be defined by

P = pia; + pras. (5)

Here, a; and a, are primitive lattice vectors, and the com-
ponents p; and p, can serve as topological indices that
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FIG. 6. Energy spectrum of the finite nanoflake for In,Se; for
sizes of (a) 4A, (b) 6A, and (c) 84, where A denotes the lattice
constant. (d) Energy spectrum of the finite nanoflake in a rectangular
shape for In,Se;. The red dots near the Fermi level represent the
in-gap corner states, and the distributions of edge and corner states
are plotted in the inset.
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FIG. 7. (a) Variation of the free energy with 0-2000 fs for In,Se;.
The ab Initio molecular dynamics simulation is carried out with a 6 x
6 x 1 supercell at 300 K. (b) Energy spectrum of the finite nanoflake
for In,Se; for the distorted structure. The red dots near the Fermi
level represent the in-gap corner states, and the distributions of edge
and corner states are plotted in the insets.

are equivalent to the quantized Berry phase [63]. Two-
dimensional ferroelectric materials lack Z intrinsically and
hence usually possess the electric polarization, which usu-
ally gives rise to gapped edge states (see Fig. 4), therefore
revealing great opportunities for HOTIs in 2D ferroelec-
tric materials. In addition, the ferroelectric nature has been
demonstrated experimentally in abundant 2D layered materi-
als, and indeed, ferroelectric switching is currently maturing
into a significant burgeoning research topic; therefore, making
a bridge between HOTIs and 2D ferroelectricity has great
significance.

In,Se; is one of the most famous examples of 2D ferroelec-
tric materials and has been widely explored, with promising
applications in phase-change memory, thermoelectrics, pho-
toelectrics, and catalysis [64—68]. The monolayer is stacking,
with a sequence of Sel-Inl-Se2-In2-Sel that can be easily
realized by physical exfoliation and/or chemical vapor de-
position. The modified zincblende (ZB’) and wurtzite (WZ')
phase of In,Ses, as shown in Fig. 5(a), are the degenerate
ground states, which have already been synthesized [69-71].

According to topological quantum chemistry theory and
Wilson loop calculations, as illustrated in Fig. 5(b) [47,48],
the valence bands of In,Se; can be decomposed into a linear
combination of elementary band representations,

4A,@a + 2A,@c + 2E @a + E @c. ()
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FIG. 8. Energy spectrum of the finite nanoflake for In,Se; (a) for
the SiC substrate and (b) with a deficiency of one In atom. The red
dots near the Fermi level represent the in-gap corner states, and the
distributions of corner states are plotted in the inset.
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FIG. 9. Energy spectrum of finite nanoflakes for (a) and (b) In,S;
and (¢) and (d) In,Te; in the (a) and (c) ZB’ and (b) and (d) WZ'
phases. The red dots near the Fermi level represent the in-gap corner
states, and the distributions of corner states are plotted in the inset.

Hence, the electron transfer occurs when atoms are brought
together to form the crystal of In,Ses, i.e., when the electrons
of In move to Se, giving rise to the in-plane electric polariza-
tion. Limited by C; symmetry, the polarization induced by the
electron distribution between Inl/In2 and Se2 atoms can be
quantized as

P =(1/3,1/3). 7

To further identify the nature of HOTTIs, we construct a trian-
gular nanoflake of In,Ses; which preserves the C3 symmetry
for both the bulk and edge. As plotted in Figs. 5(c) and 5(d),
three degenerate in-gap states arise around the Fermi level,
accumulating in three corners of Se2 atoms. The emergence
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FIG. 11. (a) Nanoflake with atoms at the positions of the red cir-
cles, whose electrons are at the blue triangles. (b) Nanoflake formed
by distributing the edge electrons averagely on three edges. Energy
spectrums of the nanoflake for the BN bilayer in (c) AB stacking and
(d) BA stacking. Red dots represent the in-gap corner states, and the
distributions of corner states are plotted in the insets.

of corner states is robust against the perturbation of the size,
temperature, substrate, and defects (see Figs. 6-8). In addi-
tion, such corner states also show up in the related systems
of In,S3 and In,Tes (see Fig. 9). However, the emergence of
corner states between the ZB’ and WZ' phases is nearly the
same, making it difficult to control the corner states by an
external electric field.

B. Sliding ferroelectrics

Aiming at revealing the nonvolatile control of corner states
and the universality of pronounced ferroelectric HOTIs, we
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FIG. 10. Energy spectrum of finite nanoflakes for (a) ZnO, (b) AIN, (c) GaN, (d) SiC, (e) InSe, and (f) GaSe. The red dots near the Fermi
level represent the in-gap corner states, and the distributions of corner states are plotted in the inset.
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FIG. 12. (a) Distributions of corner states for ferroelastic states I
and III and intermediate state I of SnS. (b) Energy profile of the ki-
netic pathway to change the orientations of the electric polarization.
(c) Energy spectrum of the SnS nanoflakes under states I, II, and III.
Red dots for I and III represent the in-gap corner states.

turn to the currently proposed sliding ferroelectricity, which
remarkably reveals a universal approach and enables the
design of 2D ferroelectric materials out of inherent polar
compounds [29,30,72,73]. To date, such a theory has been
successfully applied to a bunch of 2D binary compounds
XY and transition-metal dichalcogenides XY5, such as BN,
7ZnO, AIN, GaN, SiC, InSe, GaSe, WTe,, MoS,, VS,, and so
on [74]. In fact, all of these XY and XY, are C3-symmetric
polar materials, where the electrons transfer from X to Y.
Therefore, a large quantized in-plane polarization is generated
and drives the Coulomb interaction.

We take boron nitride (BN) as an example, the results of
other binary compounds such as ZnO, AIN, GaN, SiC, InSe,
and GaSe are given in Fig. 10. The valence atomic configura-
tions for B and N atoms located at 1d and 1f Wyckoff position
are 2s,2p; and 2s,2ps, respectively, and when forming into
the BN compound, all valence electrons of B are moved to the
position of N, giving rise to the in-plane electric polarization

along the B-N bond as

P =(1/3,1/3). ®)
Such a quantized polarization is consistent with the results of
topological quantum theory,

Al@f+Aj@f +E@f, C)]
and gives rise to the fractional corner charge for certain termi-
nations. When considering only the (1/3, 1/3) polarization,
the Wannier centers move from B atoms to the position of
N atoms, leading to a neutral and integer charge configura-
tion, as schematically shown in Fig. 11(a). However, such a
configuration is not C3 symmetric at the corners. To preserve
the symmetry, all of the Wannier centers have to be equally
distributed over the three sectors, leaving the edge charges in
multiples of e/3, as illustrated in Fig. 11(b). Moreover, each
corner is related to two fractional Wannier centers and thus
manifests the corner charges of 2¢/3.

To explicitly prove the existence of fractional corner
charges, triangular nanoflakes of BN bilayers were con-
structed. Figures 11(c) and 11(d) display the energy spectrum
and distributions of corner states for the AB and BA stackings,
respectively. The bulk energy gaps are clearly visible, and
electrons are localized mainly at the Cs-symmetric corners,
revealing the higher-order topology of ferroelectric BN bi-
layers. However, interestingly, six corner states emerge and
arise from both the up and down layers for the BA stacking,
while there are only three corner states that emerge mainly on
the up layer for the AB stacking. This is due to the fact that
for BA stacking both the up and down layers are terminated
with zigzag edges of B atoms, while for the AB stacking, the
up layer is terminated with zigzag edges of B atoms but the
down layer is terminated with armchair edges of N atoms. In
addition, with the implementation of an out-of-plane electric
field, one can achieve a phase transition between AB and BA
stackings. Therefore, the exotic corner states can be controlled
so that they are created and annihilated in different layers.

C. Multiferroic materials

In fact, all of the above realizations of ferroelectric HO-
TIs are out-of-plane ferroelectric materials with in-plane
quantized polarization; we now seek realizations of in-plane
ferroelectric materials from the intrinsic multiferroic ma-
terials MA (M = Ge, Sn; A =S, Se) [75-78]. As a direct
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FIG. 13. (a) Energy spectrum of finite nanoflakes for SnS in intermediate state II. The blue and red dots near the Fermi level represent the

in-gap edge states, and their distributions are plotted in (b) and (c), respectively.
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FIG. 14. Energy spectrum of finite nanoflakes for GeS in states (a) I, (b) III, and (c) II. States I and III are the ferroelectric states, with III
being the intermediate state. The red dots near the Fermi level represent the in-gap corner states, and the distributions of edge and corner states

are plotted in the inset.

consequence of inequivalent lattice constants along the a and b
axes, M A have two stable structures, labeled as states I and III,
as shown in Fig. 12(a). With the implementation of external
in-plane strain or electric field, reversible phase transitions
can, indeed, be obtained between states I and III. By means
of the nudged elastic band method, the overall ferroelastic
switching barrier is calculated and presented in Fig. 12(b); it
is almost the same as that of previous theoretical predictions.

To explicitly uncover the HOTI nature, we construct par-
allelogram nanoflakes of SnS. As shown in Fig. 12(c), two
degenerate in-gap states arise around the Fermi level for
two ferroelastic states, states I and III, although their accu-
mulations show some differences. Effected by polarization,
different corners will exhibit different electric potential, caus-
ing energy splitting between corners. However, the top left
and bottom right corners of state I, related by the rotation
symmetry Cj;, will share an electric potential of the same am-
plitude. Therefore, the corner states will emerge as a hallmark
of HOTIs. Similarly, electrons will accumulate in the top right
and bottom left corners of state III, preserving the rotation
symmetry C,i. In contrast, state II has edge states for both the
top and bottom edges (see Fig. 13). Moreover, GeS, GeSe,
and SnSe have similar higher-order topological phases, as
illustrated in Figs. 14—16. Thus, with the application of strain,
one can achieve the transport of corner states, which will give
rise to many interesting phenomena and applications.

V. CONCLUSIONS

In conclusion, we have devised a different type of func-
tional phase, namely, ferroelectric HOTIs, and demonstrated
that the experimentally synthesized 2D ferroelectrics provide

a rich playground to explore. Material candidates include
traditional ferroelectrics such as In,S3, In,Ses, In,Tes, SnS,
GeS, SnSe, and GeSe and proposed sliding ferroelectrics such
as BN, ZnO, AIN, GaN, SiC, InSe, and GaSe. Our studies
lay the groundwork for electronically controlled higher-order
topological phases and put forward potential material candi-
dates for exploring the intriguing physics.
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APPENDIX A: DETAILED INFORMATION ABOUT THE
QUANTIZATION OF POLARIZATION

In electronic materials, the in-plane polarization P can be
defined as P = pja; + p,a,, where a; and a, are primitive
lattice vectors. Under a threefold rotation (Cs), the lattice
vectors (a; and a,) transform into new lattice vectors (a]
and a)) according to aj} = a, — a;, a; = —a;. Then, the in-
plane polarization will become P’ = —p;a) + py(a] —a)) =
p2a) — (p1 + p2)aj. If the materials have C; symmetry, the
change in polarization after the Cs symmetry can be equivalent
to only (p1, p2) = (p2, —p1 — p2) + (n1, n2). Here, (n1, n)
represents the integer number of the lattice vector. Therefore,
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FIG. 15. Energy spectrum of finite nanoflakes for GeSe in states (a) I, (b) III, and (c) II. States I and III are the ferroelectric states, with III
being the intermediate state. The red dots near the Fermi level represent the in-gap corner states, and the distributions of edge and corner states

are plotted in the inset.
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FIG. 16. Energy spectrum of finite nanoflakes for SnSe in states (a) I, (b) IIL, and (c) II. States I and III are the ferroelectric states, with III
being the intermediate state. The red dots near the Fermi level represent the in-gap corner states, and the distributions of edge and corner states

are plotted in the inset.

p1=p2=m/3,n,=0,1,2. Similarly, p; = p, €0,1/2 in
C4-symmetric materials, and p;, p, € 0, 1/2 in C-symmetric
materials.

APPENDIX B: DETAILED INFORMATION FOR THE
FIRST MODEL HAMILTONIAN

We start from a two-band model on a honeycomb lattice
that can be written as

H = Z)\.,'CZCZ' + 4 Z CjCj + Z C:Cj +15 Z ClTCj.
i (ij) i (m
(B1)

Here, the first term is the sublattice potential for sublattices
A and B. The second, third, and fourth terms represent the
nearest-, next-nearest-, and third-nearest-neighbor hoppings.
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Energy Level Energy Level

FIG. 17. (a) Band structures of the two-band Hamiltonian with-
out sublattice potential; the Fermi level is indicated with a dashed
line. The parameters are set as A, = 0,1, =0,y = =3, = 0.1,
and t3 = 0. Energy spectrum of the finite nanoflake with sub-
lattice potential when we consider hopping up to (b) nearest
neighbors (A\; =2, A, = -1,y = =3, =0, and #; = 0), (c) next-
nearest neighbors (A; =2,A, =—1,4;, = -3,1,=0.1, and # =
0), and (d) third-nearest neighbors (A\; =2, A, = -1,y = 3,1, =
0.1, and t3 = —0.2). The red dots near the Fermi level represent the
in-gap corner states, and the distributions are plotted in the inset.

When we set the sublattice potential to zero, a gapless cross-
ing point will show up right at the K point, as shown in
Fig. 17(a). To obtain an insulator, we have to break the sub-
lattice symmetry, either by the nonzero sublattice potential or
by different hopping forms for the next-nearest neighbor. For
the first method, we add different kinds of hopping to find
a minimal Hamiltonian. As illustrated in Figs. 17(b)-17(d),
hopping up to next-nearest neighbor is necessary, whereas
the third-nearest-neighbor hopping is not required. As to the
second method, we set the sublattice potential to zero. To gap
the crossing point, we split the next-nearest-neighbor hopping
into two groups with amplitudes 7,4 and t,5, which represent
the hopping from A to A and B to B, respectively. Similar
higher-order topological states can be obtained, as shown in
Figs. 18(a) and 18(b).

APPENDIX C: DETAILED INFORMATION FOR THE
ELEMENTARY BAND REPRESENTATIONS

All of the notations for the elementary band representations
are adopted from the Bilbao Crystallographic Server. Below,
we give a detailed description of the elementary band repre-
sentation of Egs. (6) and (9) in the main text.

For In,Se;, three Se atoms occupy two la and one Ic
Wyckoff positions, whereas two In atoms occupy 1b and lc
Wyckoff positions. The outer electronic configurations for Se
and In atoms are 4s,p4 and 4s,p;, respectively. According
to the website of the Bilbao Crystallographic Server [79],
the s orbitals in the la, 1b, and lc Wyckoff positions
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FIG. 18. (a) Band structures of the two-band Hamiltonian with-
out sublattice potential; the Fermi level is indicated with a dashed
line. The parameters are set as A} =0,A, =0,8y = 3,4 =
0.1,6,3 = 0.6, and 3 =0. (b) Energy spectrum of the finite
nanoflake. The red dots near the Fermi level represent the in-gap
corner states, and the distributions are plotted in the inset.
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transform as the representation of Al. Besides, the p orbitals
in the la, 1b, 1c Wyckoff position transform as the repre-
sentation of A; and E. The decomposition of In,Ses can be
written as a combination of elementary band representations,
4A,@a + 2E @a + 2A, @c + E @c. Such a combination can
satisfy the electronic configuration of s;pg/empty for Se/In
atoms.

For BN, B and N atoms occupy 1d and 1f Wyckoff posi-
tions. The outer electronic configurations for Se*™ and In3~

atoms are 2s,p; and 2s,p3, respectively. According to the
website of the Bilbao Crystallographic Server, the s orbitals
in the 1d and 1f Wyckoff positions transform as the repre-
sentation of A}. In addition, the p orbitals in the 1d and 1f
Wyckoff positions transform as the representation of A7 and
E’. The decomposition of BN can be written as a combination
of elementary band representations, A| @ f + AJ@f + E'@f.
Such a combination can satisfy the electronic configuration of
s2pe/empty for B/N atoms.
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