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We elaborate that for topological insulators and topological superconductors described by Dirac models
in any dimension and symmetry class, the topological order can be mapped to lattice sites by a universal

topological marker. Deriving from a recently discovered momentum-space universal topological invariant, we
introduce a topological operator that consists of alternating projectors to filled and empty lattice eigenstates and
the position operators, multiplied by the Dirac matrices that are omitted in the Hamiltonian. The topological
operator projected to lattice sites yields the topological marker, whose form is explicitly constructed for every
topologically nontrivial symmetry class from 1D to 3D. The off-diagonal elements of the topological operator
yield a nonlocal topological marker, which decays with a correlation length that diverges at topological phase
transitions, and represents a Wannier state correlation function. Various prototype examples, including the
Su-Schrieffer-Heeger model, Majorana chain, Chern insulators, Bernevig-Hughes-Zhang model, 2D chiral and
helical p-wave superconductors, lattice model of *He B-phase, and 3D time-reversal-symmetric topological
insulators, are employed to demonstrate the ubiquity of our formalism.
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I. INTRODUCTION

The celebrated topological order in topological insulators
(TTs) and superconductors (TSCs) has been recognized as
the principle behind various seemingly unrelated phenom-
ena in these materials [1,2]. The topological phases of these
materials are characterized by topological invariants that are
derived from the Bloch state of the electrons or quasiparti-
cles in momentum space, which have been well understood
within the context of symmetry classification that classifies
the Dirac Hamiltonians of these materials according to their
symmetries and dimensions [3—6]. On the other hand, it has
been pointed out that several kinds of topological invari-
ants can be expressed as real-space quantities completely
defined from lattice eigenstates, giving rise to the notion of
topological markers. The earliest and most widely investi-
gated example is the Chern marker in 2D time-reversal (TR)
symmetry-breaking systems, where the corresponding topo-
logical invariant is the Chern number calculated from the
momentum integration of Berry curvature [7-10]. Through
rewriting the Berry curvature into projectors to the valence
and conduction bands, which can further be expressed in
terms of projectors to the filled and empty states of the
lattice Hamiltonian after a momentum integration, the diag-
onal element of the resulting Chern operator on lattice site
r yields the correct Chern number [7]. Since the discovery
of the Chern marker, various topological markers have been
proposed to generalize this concept to other dimensions and
symmetry classes [11-23], and even to periodically driven
systems [24,25], which have been proved to be a powerful
tool to investigate how the real-space inhomogeneity, such as
disorder and interfaces, can influence the topological order
locally and globally. In addition, several theoretical proposals
suggest that some topological markers may be measured by
real-space experiments [26,27].
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In this paper, we address two important issues that nat-
urally arise along the development of topological marker
theories: (1) First, is it possible to formulate a universal
topological marker that can be ubiquitously applied to lattice
models of TIs and TSCs in any dimension and symmetry
class? This question is raised because recently, a wrapping
number has been proposed as the universal momentum-
space topological invariant in any dimension and symmetry
class [28], which has the physical meaning as the number of
times that the Brillouin zone (BZ) torus 7P wraps around
the target sphere SP of the Dirac Hamiltonian. Similar to
the derivation of the Chern marker from rewriting the Chern
number into real space [7], we demonstrate that the wrapping
number can always be expressed in real space as the trace of
an object that we call the topological operator. The diagonal
element of the topological operator at lattice site r then cor-
responds in a universal topological marker. (2) Second, can
topological phase transitions (TPTs) also be detected in real
space by some universal quantity valid for any dimension and
symmetry class? This question arises because the integrand
of the wrapping number, which plays the role of the Jacobian
of the aforementioned T° — SP map, has a universal critical
behavior in Dirac models; namely, it narrows and flips sign at
the gap-closing high-symmetry point k as the system crosses
TPTs [29-33]. We show that this critical behavior can be de-
tected ubiquitously by the (r 4+ R, r)th off-diagonal element
of the topological operator that we call the nonlocal topologi-
cal marker, which is equivalently the Fourier transform of the
Jacobian that narrows and flips sign, and thus decays in real
space with a decay length that diverges at TPTs.

The structure of the paper is organized in the following
manner. In Sec. II, we introduce the formalism that rewrites
the wrapping number into projectors to valence and conduc-
tion band states, and how it can further be expressed in terms
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of filled and empty lattice eigenstates, yielding the topological
operator. The local and nonlocal topological markers are fur-
ther introduced as the diagonal and off-diagonal elements of
the topological operator, respectively, and their interpretations
in terms of Wannier states are given. In Secs. III-V, we ex-
plicitly construct the topological operator for the topologically
nontrivial symmetry classes in 3D, 2D, and 1D, and examine
various prototype lattice models to demonstrate the universal
features of the local and nonlocal topological markers. Sec-
tion VI summarizes the results, and lists a numbers of open
questions that remain to be explored.

II. GENERAL FORMALISM IN ANY DIMENSION
AND SYMMETRY CLASS

A. Topological operators

Our aim is to formulate a real-space topological marker
for TIs and TSCs in D dimensions described by Dirac Hamil-
tonian H = d(k) - I', where I'; = (I'g, 'y, ..., ['p,) are the
nth order Dirac matrices of dimension 2" x 2" that satisfy
{I';, I';} = 268;j,and d(k) = (dp, di, . .., dp) characterizes the
momentum dependence of the Hamiltonian [3,4,6]. It is often
more convenient to work on the spectrally flattened Dirac
Hamiltonian 0 = n(k) - I' at momentum k, where n = d/|d|
is a momentum-dependent unit vector. The precise form of
the I" matrices depends on the dimension and symmetry class
of the system at hand. Nevertheless, it has recently been dis-
covered that all the dimensions and symmetry classes can be
described by a universal topological invariant calculated from
momentum integration of the cyclic derivative of the d-vector
or n-vector,

L[ ooy on i ;
deg[n] = VD d’k Eiy...ip |d|D+1d081d '...0pd"™
1 D i
L A AT W ()
Vo

where ¢, ;, is the fully antisymmetric Levi-Civita symbol.
The deg[n] in Eq. (1) has been referred to as the wrapping
number or degree of the map that counts the number of times
the 7P BZ wraps around the unit sphere S” that the n-vector
forms, and the integrand J = &, ;,n0;n"" ...9pn™ is the
Jacobian of the map [28]. Here Vp = 27 P+1D/2/1(2H) is
the volume of the D-sphere of unit radius, and 9; = 9/9k;.
The true topological invariant is either deg[n] if the system
belongs to the so-called primary or complex series, 2 deg[n]
for the even series, and (—1)%M for the first and second
descendants.

J

WD)’ |peotd = 22 (= 1)PIPW (g diparg...

We now elaborate that the deg[n] in Eq. (1) can
be expressed as the momentum integration of the trace
Tr[W O(d Q)P], where

0dQ)’ = 00,08,0...3p0, )

and W is the product of Dirac matrices that are omitted in the
Dirac Hamiltonian for the system at hand, or the identity ma-
trix W = I if all the Dirac matrices are used. This connection
is made because the trace of the product of all the nth-order I'
matrices is a constant

TI'[FQFI . an] = 2”6‘, (3)
where the prefactor ¢ = {1, —1, i, —i} depends on the rep-
resentation of the I matrices for the system at hand. Now
suppose for a specific TI or TSC, the Dirac Hamiltonian
uses only {['o, 'y, ..., p}, leaving {T'py1, Tpyo, ..., [ap}
unused. If we define the product of all the unused ones to be

W =T'pt1pya .. . Ty, it then follows that (repeating indices
are summed)
Tr[W 0(d0)"]
= Tr[FD+1FD+2 . anF,-O Fil e Fib]n’h 8111“ N 3Di’liD
=2"c eio,,,iDni°81ni1 . aDn[’), (4)

where the antisymmetric factor ¢;,__;, comes from the fact that
the I' matrices anticommute, and the trace is nonzero and
given by Eq. (3) only if every I' matrix appears once and only
once. Taking a momentum integration and comparing with
Eq. (1), we obtain

deg[n] @x)” / a7k ——=TrWO(d0)"]. )
egln] = ——

g 2V ] @m)P

This quantity [ d”kTr[WQ(dQ)"] is our bridge to a real-
space topological marker, because it allows us to adopt the
projector algebra that originally derives the Chern marker [7].
To see this, we observe that the spectrally flattened Hamilto-
nian Q can be separated into the projector p into the valence
band states |n(k)) and the projector g into the conduction band

states |m(K)),
L g=)_Imyml, (6)

O=q—p, p=)_ln)n
and ¢ + p = I. As a result, the derivative of Q over a certain
component of momentum d/dk; = 9; is equivalently 8;0 =
20;,q = —29;p. Consequently, we can write Q(dQ)” into the
form that consists of alternating derivatives of p and q.
Consider first D = odd, in which case the integrand of
Eq. (5) can be written as

aDP+[731q 32[7. .. 8[)(]}

=20 (—1)P+h2 Z Z {1m1){my |05, )1 | 0;,m2) . .
my~mp41)/2 N1~N(D+1)/2
. ~(m(1)+1)/2|3iDVl(D+1)/2>(n(D+1)/2| + (m < n)}, @)

where |0n;) (n;| comes from the ith p operator on the second line of this equation, |dm;) (m;| comes from the ith g operator, and
each operator appears (D + 1)/2 times. The motivation to rewrite it into this form of alternating p and ¢ is to use the identity [7]

(m|0i|n) =

— i (Wn11¥a) ®)
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provided n # m, where the [v,) = |, (K)) is the full wave function that satisfies (r|y,(K)) = ¥ (r) = uu(r)e’*™ =
(r|n(k))e™ T with u,(r) the Bloch periodic part of the wave function. Here 7 is the position operator, which is a diagonal
matrix where all the 2" internal degrees of freedom (spin, orbit, particle-hole, etc.) within a unit cell located at the Bravais lattice
vectorr = (x, y, z, .. .) are assigned with the same r. This identity allows us to write

dPk
/ o )DTr[WQ(dQP]Deodd

/ (2 )D lllz o Z Z Tr W|1/fm, Wml |l1 |‘ﬁn1)<wn1| """ <wm(n+n/2|,iD|w"(n+1>/2><w”(n+1>/z| + (m g n)}

my~nyp+1y/2 N1~N(D+1)/2

. dem] 2 dem 4 dem D+1 o
=2PiTr| W (ZJT)D Z |Wm1>(¢m1 |ll (27_[)1) Z |¢n1><¢n1 |12 """ / (ZT()D)/Z Z |¢m(n+1>/z><wm(n+l)/z

M(D+1)/2

dPk,

(D+1)/2

X / W Z }¢”<D+l>/2)<wnw+n/2 ‘ + 0 m)|. ©
nD+1)/2

In the last step, we identify the projector to the valence bands integrated over momentum as the projector to the filled band states

|E,) of a lattice Hamiltonian, and likewise the projector to the conduction bands integrated over momentum as the projector to

the empty band states |E,,;)

/(271 Zhbm, wm,I—Z|E =0, /(27( ZW’H ()| = D IENEN =P, (10)

which are (LP2") x (LP2") matrices, where L is the total number of unit cells in the lattice, and each unit cell contains 2"
degrees of freedom. Equation (9) then becomes

dPk - A o A
/—(zn)DTr[WQ(dQ) Ipcodd = 22iTE[W QP ... QipP + WPH,0%... Pip0Q), (11)

where in the second line we have enlarged W — W ® I;p,;». Note that in Eq. (11), the trace on the left-hand side is over the 2"
internal degrees of freedom at momentum k, whereas the trace on the right-hand side is over the 2" x LP degrees of freedom on
a lattice Hamiltonian of L unit cells. In this way we have written the momentum-space topological invariant into an object that
is completely defined from the eigenstates of a lattice Hamiltonian.

In D = even dimensions, the construction is similar. We again seek to write the integrand W Q(dQ)P into alternating
derivatives of p and ¢, which in even dimensions becomes

WO(d0) Ipeeven = 22 (=1 *W{q 8, p g .. 31,9 — P :,q 8, . .. 33y 1}
2D( I)D/Z Z Z |m1 my ’8,11/11)(71] ‘3 ) ...... <nD/2‘3,~DmD/2+1>(mD/2+]| —(m < }’l)}, (12)

my~mpja+1 N1~Npy2

where p appears D/2 times and g appears D/2 + 1 times for the first array in the second line of this equation, and vice versa for
the second array. The momentum integration of this quantity becomes

dPk -
/WTr[WQ(dQ) ]Deeven

dPk A
=2 | G 2 2 Wl g ] iV | = (> m}
my~mp41 N1 ~Np)2
=22 W [ G s [ s S o S W
(2 my my |11 (27‘[)D ~ ny n[l2eeeeen (27‘[)D & np np |FD
d kmD 241
) / a2 [Vl | = (o m) . (13)

mp/a+1

Using the projectors in Eq. (10), we arrive at
de = A\D D 4 4 4 % £
WTr[WQ(dQ) Ipeeven =27 Tr[WQi1Piy.. . PipQ —WPi1Qip...QipP]. (14)
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Once again we have written the topological invariant into a
form that is completely defined from the lattice eigenstates.

Equations (11) and (14) suggest a universal topological
operator of the form

C=NpW[Q#LPhr... 1p0 4+ (—DPH'PL,00, ... 1p0),
(15)

where the last operators {O, O} = {P, Q} if D = odd, and
{0, 0} ={Q, P} if D = even owing to the alternating order-
ing of the projectors Q and P. Using Egs. (5), (11), and (14),
one sees that the wrapping number in Eq. (1) is equal to the
trace of this operator,

1 A
deg[n] = L—DTr[C 1, (16)

where LP is the total number of unit cells, and Tr[. . .] rep-
resents the trace over all the lattice sites. The normalization
factor Np in Eq. (15) has the expression

iD 22D—nnD

Np = P a7
which depends on the dimension D, the volume Vp =
Vi, Vo, Vs,...} = {2m, 4w, 22, .. .}, the order n, and the
prefactor ¢ = Tr[['oI"y ... 12,]/2" = {1, —1, i, —i} of the rep-
resentation of I matrices for the system under question.
Equations (15) to (17) are the central results of this work, and
we will demonstrate their validity using concrete models in
the following sections.

B. Local and nonlocal topological markers

Similar to the original construction of Chern marker as the
diagonal elements of Chern operator [7], the correspondence
between the wrapping number and the trace of the topological
operator in Eq. (16) suggests defining the (local) topological
marker on a lattice site r by

C(r) = (r|Clr) = Y (ro|Clro); (18)
i.e., the marker is the diagonal element of topological operator
atr. Here ) represents the summation over all the 2" inter-
nal degrees of freedom inside the unit cell at r, such as spin,
orbital, and particle-hole.
We further introduce a nonlocal topological marker as the
(r + R, r)th off-diagonal matrix element of the topological
operator [26,27]

Cr+R,r)= (r+R|C|r), (19)

where R is a Bravais lattice vector. For a homogeneous lattice
model in the thermodynamic limit, this nonlocal marker is
independent of r, and is equivalently the Fourier transform
of the integrand of the wrapping number in Eq. (1),
Cr+R,r)=FR)
1 o o
= V_D d’k Eipiphon' .. .opn ™R (20)

that has been previously denoted by F(R) [31-33], and has
the physical meaning as a correlation function that measures
the overlap between Wannier states that are a distance R apart,

degln] = f dPk ]y

H(k)=d-T
n=d/|d|
F(R) = dek gtk I
Fourier
transform
Projector
‘ _ algebra
Lattice model
To cal Tovolasiedl marker
_ [] 1- ("") order [,t)-'_w.i,fi ca :;w:HArx-,_—{
H —Z ij Cir€iy — M= (r|C|r)
ijl1j] o 5 o :
Nonloca TL“)(!}S‘!L?;.;"CBJr'T”!Br‘Z'LE"

C(r+R,r) = (r+R|C|r)

FIG. 1. Summary of the correspondence between the topologi-
cal order in momentum space calculated from the Jacobian Jy =
Eip.ipn 031t ... dpn'?, where n' characterizes the spectrally flattened
Dirac Hamiltonian 0 = n - T, and that in real space calculated from
the topological operator C constructed from projectors and position
operators. For homogeneous systems in the thermodynamic limit, the
wrapping number is equal to the topological marker deg[n] = C(r),
and the Wannier state correlation function is equivalently the nonlo-
cal topological marker F(R)=C(r+R,r).

as we shall see in Sec. IIC. The identification C(r + R, r) =
F(R) can be seen by considering equivalently the Fourier
transform of Tr[W Q(dQ)”], which contains the projection
(r|W |, )™ R of the first ket state of Egs. (9) and (13) that is
equal to (r + R|W |y, ),

(W [ )™ R = *TTOW y,  (r + R)
=W ¥k +R) = (r + RW|y,), (21

owing to the cell periodicity of the Bloch state u,,x(r + R) =
umk(r). The correspondence between the momentum-space
topological invariants and the real-space topological markers
is summarized schematically in Fig. 1.

The spatial profile of the nonlocal marker C(r + R, r) de-
cays with R, with a decay length £ that diverges at TPTs,
thereby serving as a faithful quantity to identify TPTs. This
can be seen by considering the linear Dirac model d° = M,
d#® = vk;, which is a low-energy effective model near the
gap-closing momentum that describes the majority of TPTs.
The integrand of Eq. (1) has a Lorentzian shape in this model,

M
(M2 + v2k2](D+1)/2
_ sen(M)|M |~
1 + %‘2]{2
implying that its Fourier transform C(r + R, r) decays with a
correlation length £ ~ |M|~" that diverges at the critical point
M. = 0, with the critical exponent v = 1. In addition, owing

to the relation between the integrand and the quantum metric
of the valence band state [34], a relation that has been called

1 ; . .
Eiy...ip Wdoald“ - aDdlD =

. (22)
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the metric-curvature correspondence [35], the integrand at
k = 0 that scales like ~|M|~? has the meaning as the fidelity
susceptibility near TPTs [36], and hence has been assigned
with the exponent y = D.

Generally, a D-dimensional cubic lattice model contains
multiple critical points M., each corresponding to gap closing
at a specific high-symmetry point (HSP) ko = (koy, koy, - . .),
where ky; = 0 or 7. The integrand of Eq. (1) also peaks at
the corresponding HSP; i.e., the k in Eq. (22) is actually the
momentum away from the HSP. As a result, if the HSP is not
at the I' point of the BZ, then the nonlocal topological marker
will oscillate in real space besides decaying, since in this case

Cr+R,r)
~ i/de sgn(M — M.)|M — Mc|7D oitk—ko)}R
Vb 1 + £2k2
= RF(R), (23)

where F(R) decays with R as argued above. One sees that
the nonlocal marker also oscillates in the jth direction where

J

koj = m owing to the e~ ®%oR factor, For instance, if in a 3D

cubic lattice model the gap closes at ko = (koy, koy, ko;) =
(7, r, 0), then the nonlocal marker will oscillate in both the x
and y directions, but not in the Z direction. We shall see some
concrete examples in the following sections.

C. Wannier state representations

We proceed to elaborate that in the homogeneous and
thermodynamic limit, both the local and nonlocal topological
markers can be expressed in terms of overlap of Wannier
states. Given the Bloch states |[¢) = |£x) of either the valence
£ = n or conduction £ = m band states, we can introduce the
Wannier state |RZ) by

) = Zefik-(f'fR)lRﬁ)’ IRC) = Zeik(f'fR)wk)_ (24)
R k

Inserting these definitions into Egs. (9) and (13) yields an
expression for the local topological marker in D = odd di-
mensions

dPk O o A
C(r)|peods f Gy WO peoaa = 20ie™ Yo ) Y. RunprnpWIRym ) (Rem[iRany) ...

Ri~Ropy1 Mi~Mp1)2 I~(D41)/2

(Ropr1imp+1)2linl(Ry — Ra + -+ - 4+ Ropr ) )np1y2) + (n <> m), (25)

and a similar one in D = even dimensions

C(I‘) |D€even X /

Q2

Pk - . )
ﬂ)DTr[WQ(dQ)D]DEeven =2 N N Y (Rympya it [W Romy ) (Ramy 1 [Rany) .

Ri~Rypy1 my~mp 241 n1~Npy2

(Rops1npplipl(Ri — Ry + Rz ... 4+ Ropi)mppi1) — (n <> m). (26)

Likewise, the nonlocal topological markers C(r 4+ R, r) in
the homogeneous limit in either even or odd dimensions can
also be expressed in terms of Wannier states, which is sim-
ply given by the results in Eq. (26) with the last position
argument replaced by (R; — Ry + R3 ... + Rypiy) = (R) —
R; + Rs ...+ Rypi1 — R). As a result, the nonlocal marker
C(r + R, r) has the physical meaning as the measure of the
overlap of Wannier states weighted by the position operators,
which decays with R according to the argument after Eq. (22).
Moreover, the decay length & diverges at TPTs, and hence
C(r + R, r) serves as a faithful correlator that characterizes
the quantum criticality near TPTs. Finally, we also mention
that although this Wannier state formalism nicely interprets
the nonlocal marker as a correlator, one need not calculate
the correlator directly from the Wannier states, which may
be quite tedious. Instead, one can easily extract it from the
off-diagonal elements of the topological operator as described
by Eq. (19), as we shall see in the following sections.

D. Applications to lattice models from 1D to 3D

The TIs and TSCs can be classified according to the TR,
particle-hole (PH), and chiral symmetries of the system, with
the corresponding symmetry operators denoted by 7', C, and
S, respectively. These symmetries are said to be satisfied if the

(

single-particle Hamiltonian satisfies [3-6]
THK)T ' =H(-k), CHKk)C'=—-H(-k),
SH(K)S™! = —H(k), 27)

yielding a total of 10 symmetry classes. The result of the clas-
sification gives 5 topologically nontrivial symmetry classes in
each spatial dimension D. For practical reasons, in the follow-
ing sections, we explicitly construct the topological operators
in Eq. (15) for all the 15 nontrivial symmetry classes from
1D to 3D. Moreover, for those classes described by 2 x 2
and 4 x 4 Dirac matrices, which cover 13 out of the 15 non-
trivial classes, we will use cubic lattice models to explicitly
demonstrate the validity of the local and nonlocal topological
markers. The two cases left unexamined are classes CI and
CII in 3D described by 8 x 8 Dirac matrices, which are less
explored in the literature and will be left for future investiga-
tions.

To elaborate the ubiquity of the topological operators and
markers, in each lattice model, we choose the periodic bound-
ary condition in all spatial directions, focus on one specific
critical point of the mass term M., and examine four parame-
ters of M denoted by

M, : nontrivial phase far from M, (red),

M, : nontrivial phase close to M, (green),
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(a) 4 1
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FIG. 2. Local (left column) and nonlocal (right column) topolog-
ical markers for lattice models in three out of the five topologically
nontrivial symmetry classes in 3D, including (a) a regularized lattice
model for class AIII, (b) a lattice model of *He B-phase in class DIII,
and (c) the prototype 3D TR-symmetric TIs in class Al

M; : trivial phase close to M, (blue),
M, : trivial phase far from M, (orange). (28)

The purpose of examining these 4 parameters is to elaborate
that the behavior of local and nonlocal topological markers is
the same in any dimension and symmetry class [see the figures
in the following sections, with the same color code indicated
in Eq. (28)]: Deep inside the bulk, M, and M, have the same
integer-valued topological marker C(r) since they are in the
same topological phase, but the nonlocal topological marker
C(r +R,r) of M, has a longer decay length than M, since
it is closer to the critical point according to the discussion
after Eq. (22). Likewise, M3 and M4 have the same C(r)
deep inside the bulk, but M3 has a longer decay length of
C(r + R, r) than M, since it is closer to the critical point. We
also remark that numerically, we find that the local marker at
the boundary sites deviates from the bulk value even if the
periodic boundary condition is employed. This is a feature
well known for this type of construction [7], since the position
operators 7 in Eq. (15) do not respect translational invariance.
Such an anomaly may be fixed by exponentiating the position
operator [8,10], which shall be explored elsewhere.

III. TOPOLOGICAL MARKERS IN THREE DIMENSIONS

In 3D TIs and TSCs, the topological operator has the fol-
lowing general form,

Cip = NpW[QEPHQ2P + PEQHP2O]. (29)

The W matrix has different interpretations in different classes.
The numerical results for classes AIII, DIII, and AII are pre-
sented in Fig. 2 using prototype cubic lattice models simulated

on a 3D lattice of dimension L, x L, x L, =20 x 8 x 8. We
use a lattice that is elongated in the X direction and plot the
results along this direction for the sake of increasing numeri-
cal accuracy. The details of each symmetry class are described
below.

A. 3D class AIII
In 3D classes Alll, the I" matrices are given by [4]

Fl“*j = (am Ay, Oz, /37 _lﬂys)a
1
0). (30)

(0 o (1 0 s (0
(o 5) =0 B) =0

The chiral operator S = 8 demands d*(k) = 0, so for a lin-
ear Dirac model one chooses d| = Ak, d» = Ak,, d3 = Ak,
and ds =M + BZ?:] k? as the mass term that contains a
quadratic term to avoid fermion doubling. The spinor of 3D
class AIIl contains only annihilation operators, which we
name generically as ¥ = (cxj, ck2, Ck3, Cka), Where ¢y is the
Jth degree of freedom. Regularizing the linear Dirac model in
the whole BZ by

Ak; — Asinkyg,
D D
M—M+BY ki —M+2DB—2BY cosk;, (31)
=1 =1

with D = 3 in this case, we may further construct a cubic
lattice Hamiltonian by performing a Fourier transform

E coskgck,ckj — E {cl,cz+u + clH,c,j}

E lSlnk[CkIij_) E {cl,c,JrU

Denoting t = A/2 and t’ = B, the resulting lattice model is

,+g]CtJ} (32)

_ g Lt Lt g
H =" t{—ic] cipxa +ic]  cia — icheip +ic] ei)

i

3 =] t t
+ l{—CiIC,'er4 + Ciyy1Cid + CpCity3 —

i

i
C,‘+yzci3}

.t .t .t .t
+ E l{—lCiICi+z3 +ic;, €3 + 1C;HCiqa — lC,~+Z2Ci4}

i

+ Y it'{chicivas + clopicin F cheivsa + ]y yocia}
is
+ Z(—iM — i6t"){cl i + cheu) + Hee. (33)
The omitted Dirac matrix is the chiral operator W = 8 =
'y = S, and the normalization factor is Np = —8i.

The parameters t =t = 0.5 and {M;, My, M3, My} =
{-0.5,—-0.2,0.2, 0.5} are used in the numerical simulation.
The results shown in Fig. 2(a) clearly demonstrate the features
outlined after Eq. (28): Deep inside the bulk, the left panel of
Fig. 2(a) indicates that M and M, have the same topological
marker C(r) ~ 1 (red and green lines coincide) because they
belong to the same topologically nontrivial phase, and M3 and
M, have the same C(r) = 0 (blue and orange lines coincide)
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because they are both topologically trivial. On the other hand,
the right panel of Fig. 2(a) shows that the nonlocal marker
C(r+ R, r) of M, is more long ranged than M; (green line
extends longer than red line) because M, is closer to the crit-
ical point M, = 0, and M3 is more long ranged than M, (blue
line extends longer than orange line) for the same reason.
These features are found to be true for all models we have
examined in any dimension and symmetry class, as can be
clearly identified from Figs. 2—4, with the same color codes
that designate {M, M,, M3, M4}.

B. 3D class DIII

A concrete example of 3D class DIII is the B phase of
superfluid *He [37,38]. For the purpose of discussing the
2D class DIII case after a dimensional reduction, which will
be addressed in Sec. IVE, we use the representation of I
matrices in the Bernevig-Hughes-Zhang (BHZ) model [39,40]

ri~ = {8, ® o, Sy 1,5, Q1,5 ®0y,85:Q Uy}- (34

The TR, PH, and chiral operators in this basis are T = —il ®
oK, C =5, ®IK,and S = . Since we aim to demonstrate
the topological marker on a lattice, we regularize the pairing
terms of the B phase of *He on a square lattice by Ak; —
A sin k;, and likewise the kinetic terms, and arrange our spinor
according to Eq. (34) by 7] = (cltT, C_xt> Clti’ c_xy). The
leads to the parametrization of the Hamiltonian

4
H=> n (Z d,-F") M dy = Asink,, dy = Asink,,
k i=1

dy = 2t(cosky +cosky +cosk,) — , dy=—Asink,,
(35)

so the unused Dirac matrix is the chiral operator W = § =T 5
and the normalization factor is Np = —8mi. We then con-
struct a square lattice model in a similar manner as Eq. (32),
yielding

H = Z —t(ClTGCH_Lsg + C;-L(gacia) — K Z CiTeriU

iod io

+ Z A(=icitCipar +icl, pcl + cincipr + el el

1

+ Z A(iciyCiyr) — ichcL + CiyCiyy, + cl.T+y¢cl.’¢)
i

+ Z AiciyCiyzy — ic;:rucjfT +ici Civep — l'CL_ZTCL),
i

(36)

where §={x,y,z}. We use t=A=05 and
{r, o, u3, g} = {4,3.5,2.5,2} in the numerical
calculation. Note that besides decaying with R, the nonlocal
marker C(r + R, r) shown in Fig. 2(b) also oscillates with
R. This is a manifestation of the fact that gap closing at the
critical point p. = 3 is not located at the I" point, as explained
after Eq. (23).

C. 3D class AIL

The 3D class All is relevant to prototype TIs such as
Bi;Se; and Bi;Te;. To draw relevance to real materials, we
will use the model for the low-energy sector described by the
Dirac matrices [41,42]

MNus={"®t,hdet et L, I, 8t°). (37)

The spinor is Yk = (Ckst, Ckpts Cksy» Ckpy )’ » Where s and p
stand for the P1T and P27 orbitals in real materials. The
low-energy Hamiltonian given by the lowest-order term in the
k - p theory,

H = (M + Mk + Mok + Mok} )T's + BoTuk;
+Ao(Tiky — I'oky), (38)
can be regularized on a cubic lattice, yielding [43]

H == uch,ciic+ Y M{(c],Ciss = €], Cipo)

il -
+ Z f {C;Tci-kuh - C;-+a1¢ci7¢
i
- iC;rITCHbN + iCLbITC,ﬂ +Hc}
+ ZH{—CLCHW + €], oo Cipe + Hec}
io

i i
- E M, {Cl‘s(;ciﬁ-csa ~ Cipo Citepo +H.c.}
io

— Y Mo{cf,cirsn — clpCitspe +He),  (39)
iso

where M =M +2M; + 4M>, 1 =Ay/2, t. =By/2, I =
{s, p}, and 1= {p, s} are the orbital indices, § = {a, b, c} de-
notes the lattice constants, and o = {?, |} is the spin index.
From Eq. (38), it is clear that the Dirac matrix that has not
been used is W = I's, and the normalization factor is Np =
—8mi. In the numerical calculation, we use the parameters
ty =t =M, =M, =1, and four values {-2, —1, 1, 2} for
the mass term M to capture the critical behavior near M, = 0.

D. 3D class CII

The minimal model of 3D class CII is a 8 x 8 Dirac
model [3], where the seven I" matrices are given by [4]

M =Ty4.,Qn, fora=1~4,
F5:I4><4®7]ya F6:I4x4®nz’
I’ = (—i)’rir2...rs, (40)

where I'{, , are those in Eq. (30). The chiral symmetry is
implemented by I'® = S. The Hamiltonian expressed in terms
of the other six I" matrices has a block-off-diagonal form

D1 Dy
; D D
H(k) — Z d,‘rl — D* Dlz 21 22 ,
i=1,2,3,4,5,7 D; D,
h
Dy = ( h) =-D5,, Dp= (fg* _fg*) = Dj,.
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Within linear Dirac model, we consider

f=d —idy = Ak, — iAky, g=ds+ id; = ds = Ak,
h=ds—ids=dy =M. (42)

The Dirac matrices that are omitted in the Hamiltonian are
{I'>, 7%, I'"}, so we choose W = I'I"°I"7, and the normaliza-
tion factor is Np = —4mi/c. Since this symmetry class is less
explored in the literature, and given that complexity involved
in this 8 x 8 model, the examination of the lattice model is
left for future investigations.

E. 3D class CI

For 3D class CI, we resort to the 8 x 8 Hamiltonian ex-
panded by 4 out of the 7 Dirac matrices [3],

4
H = Zd,»l",- = <D. D>7
i=1

_ Do) _ -& —f
b= <D21 ) I A4 - @)
g f

with f =d; —id, and g = d3 + idy. The 8 x 8 TR and PH
operators are T =1 ®1®o0,K and C=1Q®1 ® (—ioy)K,
which require d; ~ d3 to be odd in momentum, and d4 to be
the mass term that is even in momentum. Note that we do
not need to know the explicit form of the unused I's ~ I';
matrices to calculate their product W = I'sI'¢I'7, since we
know that

[ o303 lsTely = T Dol TaW = ¢ Igys. (44)

Because I'/I',I'3I'y = diag(—1, 1)gxs, one sees that W =
diag(—c, c)gxg = —cS is given by the chiral operator, and
Np = —4mi/c. The exploration of the lattice model corre-
sponding to this 8§ x 8 Hamiltonian will be left for further
investigations.

IV. TOPOLOGICAL MARKERS IN TWO DIMENSIONS

For 2D TTs and TSCs, the topological operator reads
Cap = NpW[QRPHQ — PRQFP]. (45)

We find that there are only two kinds of topological markers
in 2D: For classes A, C, and D that break TR symmetry, the
topological marker is the Chern marker [7] described by W o
1. On the other hand, the TR-symmetric classes AIl and DIII
are described by the spin Chern number, yielding a spin Chern
marker W « o, that counts the difference between the spin up
and down channels. The numerical calculation using 20 x 20
lattices for all the 5 nontrivial symmetry classes is presented
in Fig. 3, as detailed below.

A. 2D class A

The minimal model of 2D class A is expanded by all three
components of Pauli matrices H = Z?:l d;o;, and the model

regularized on the whole BZ,

dy = Asink,, d, =Asink,,
dy =M + 4B — 2Bcos k, — 2B cosk,, (46)

gives the Chern insulator, whose lattice model has been
given previously [26,43]. Since all Pauli matrices are used,
we have W = I, and the normalization factor is Np = 2i.
The projection to lattice sites |r) is equivalent to the orig-
inal Chern marker that have been intensively studied [7],
and the off-diagonal elements has been called nonlocal
Chern markers [26]. Nevertheless, for the sake of com-
pleteness of the presentation, we perform simulations using
the parameterst = A/2 = 1,' = B =1, {M;, My, M3, M} =
{—2,-0.8,0.8,2}.

B. 2D class D

A concrete system that realizes the 2D class D is the spin-
less chiral p-wave SC [3], described by the lattice Hamiltonian

H = Z[(C?CH.@ + CLFSC,') iy ZC:C,'
i6 i
+ Y A(—icicips + ic, ] + cicipy + ¢l (@)

1

where § = {x, y}, and ¢; is the spinless fermion operator at
site i. All three components of Pauli matrices are used, so we
also use W = I and Np = 2mi. The parameters examined are
t=—1,A=0.5{u, uz, u3, ua} = {-—3,-3.7, —4.3, —5}.

M — |-~ ]
/" ClassAand All \ = 0
\ 1

S & My M,
© |l My M, Mj \||+ 02
i S P "——
5 10 15 20 02 5 10 15 20
(b) 4 1 o~
i Class D and DIII ij 0
e z
S -1
+ 0.2
0 &
S o /
\/\/
-0.2

Z 4
=1
ClassC e: OV\//\/\q
+
= 01
TS A
5 10 15 20 -041 510 15 20
r r+R

FIG. 3. Local (left column) and nonlocal (right column) topo-
logical markers for prototype square lattice models in the five
topologically nontrivial symmetry classes in 2D, including (a) the
Chern insulator in class A and the BHZ model in class All that
have identical results, (b) the chiral p-wave SC in class D and helical
p-wave SC in class DIII that have identical results, and (c) a quadratic
band crossing model in class C.
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C. 2D class C

The minimal model of the 2D class C is a 2 x 2 Dirac
model [33], where the off-diagonal pairing term around the
HSP can be expanded by d; — id, = k\" k", with ky =k, +
ik,. We consider a spinless model of particle-hole basis nli =
(cf(, ¢_x), where the PH operator C = o,K requires all d;(k)
to be even in momentum,; i.e., the model has even-order band
crossing at TPTs. For concreteness, we choose to examine
the model with the power ny = 0, n_ = 2, which may be
regularized on a lattice to give the following pairing term,

Ag = A(2cosk, —2cosk, — 2isink,sink,). (48)

This leads us to consider the lattice model that contains both
nearest- and next-nearest-neighbor pairings of the same am-
plitude but a phase difference

H = Zt(cjci_ﬂ; + CLBC,') — K Zc}ci
is i

3 too Pt
+ A (CiCitox + CiyoxCi — CiCitoy = CiygyCi )

i,o=%
A . ) . )
+ > E {—iciCiyary +iCiCitxy +iCiCiyiy — iCiCix—y
i

R TR S B
FiC G G T e 0 e i) (49)

cl
Since the model already uses all the Dirac matrices, one has
W =1 and Np = 2mi. We use the parameterst = 1, A = 0.5,
and {1, wa, 3, wa} = {2, 3,4.3,5}. Note that deep inside
the bulk and in the topologically nontrivial phase, we obtain
C(r) ~ 2, consistent with that expected from the quadratic
band crossing [33].

D. 2D class AIL

For 2D class AIl that has TR symmetry, we consider
the prototype BHZ model with spinful s and p orbitals
¥ = (s1, pt, sd, pl)7, which uses the Dirac matrices of this
model already given in Eq. (34). Interestingly, the unused
Dirac matrices combined to give the spin operator W =
I';sTy =il ® 0%, and the normalization factor is found to
be Np = m. The diagonal and off-diagonal elements of this
topological operator have been called local and nonlocal spin
Chern markers previously, whose validity applied to the BHZ
model has been elaborated explicitly. The numerical result is
exactly the same as the Chern insulator in Sec. IV A if the
same parameters are used, as expected since the BHZ model
is equivalently two copies of Chern insulators, one for each
spin species.

E. 2D class DIII

The lattice model of 2D class DIII can be obtained from
that of the 3D class DIII presented in Sec. IIIB via a di-
mensional reduction, which turns off all the sin k, and cosk,
terms in the momentum-space Hamiltonian in Eq. (35), and
equivalently all the terms that contain ¢;;,, or c:fﬂa in the
lattice Hamiltonian in Eq. (36). Since we arrange our spinor
by nl = (c;T, C—kt» cli 10 C—ky ), this results in a Hamiltonian
that is block-diagonal, where each block corresponds to a

chiral p-wave SC addressed in Sec. IV B for one spin species,
and therefore describes a helical p-wave SC.

The 3D class DIII model in Sec. IIIB already omits the
r component, and the dimensional reduction to 2D turns off
the I'* matrix, so the unused I" matrices multiplied together
W =TT =il ® o give the spin polarization operator, in-
dicating that the topological operator is precisely the spin
Chern operator discussed in Sec. IV D with a normalization
factor Np = m. Physically, this means that the topological
invariant is given by the difference between the Chern number
of the spin up chiral p-wave SC and that of the spin down
component. As a result, the spin Chern marker of the helical
p-wave SC is identical to the Chern marker of the chiral
p-wave SC given in Sec. IV B at the same parameters.

V. TOPOLOGICAL MARKERS IN ONE DIMENSION
The topological operator in 1D takes the form
Cip = NpW[QRP + P3Q]. (50)

Interestingly, for all the symmetry classes in 1D that preserve
chiral symmetry (AIII, BDI, CII, DIII), the product of unused
Dirac matrices is always proportional to the chiral operator
W o S, whereas the class D that does not preserve chiral
symmetry has a different interpretation of W. The numerical
results for these 5 classes are given in Fig. 4 and are described
in detail below.

A. 1D class BDI

For 1D class BDI, we use the prototype spinless Su-
Schrieffer-Heeger (SSH) model as an example, which is
described by the lattice Hamiltonian [44]

Mo =Y (t +8t)chcai + (t — 8t)chy, cp + Heeo, (51)

L

where c4; and cp; are the fermion annihilation operators on
sublattice A and B in the unit cell i, respectively, and ¢ £ &t are
the alternating hopping amplitudes. The 2 x 2 Hamiltonian
expressed in momentum space with the basis (cax, cpr) is
expanded by o, and oy, so the only Pauli matrix that has not
been used is the chiral operator W = § = o, and the normal-
ization factor is unity Np = 1. Note that as discussed after
Eq. (8), to realize the position operator X as a diagonal matrix,
the A and B sublattices within the same unit cell located at
i are assigned with the same position x;, even though they
are frequently drawn as a certain distance apart. We choose
parameters ¢ = 1, {51, ét», &t3, 614} = {—0.5, —0.2,0.2, 0.5}
and 20 lattice sites in the numerical simulation, and the gap-
closing momentum is located at ky =  for the critical point
8t. = 0, yielding an oscillating and decaying nonlocal marker
C(r + R, r) as shown in Fig. 4(a). Some other 1D models
investigated below also show an oscillating C(r + R, r) for the
same reason.

B. 1D class AIII

The low-energy linear Dirac model [33] for 1D class AIIl
can be expanded by H (k) = Ak,o, + Mo, with the unused
Pauli matrix being the chiral symmetry operator W = S = o,
and the normalization factor Np = 1. The regularization in
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. [ Class BDI N
S, / \| | =&
| My M, Mx M Wl +
. NP1 52 8 A &
o

5 10 15 20 5 10 15 20

Class Alll

Class DIl

O - ) 1 7
ClassD e e Y e

e

r r+R

0

FIG. 4. Local (left column) and nonlocal (right column) topolog-
ical markers for the lattice models in the five topologically nontrivial
symmetry classes in 1D, including (a) the SSH model in class BDI,
(b) a regularized lattice model in class Alll, (c) a class DIII model
obtained from dimensional reduction, (d) the Kitaev p-wave SC
chain in class D, and (e) a regularized lattice model in class CII.

Egs. (31) and (32) leads to a lattice model

H = (M=2t)clcn — chen)

't T + +
+ E t (C,‘]CHxl + € Cit F CpCivxa + Ci_,_XzCiZ)
i
.t .t .t .t
+ E t(—ic; Ciyx2 + ICi 1 0Cil — ICHCitx1 + zci+xlci2).
i

(52)

We have used =1, ' =04, {M;, M), M3, My} =
{0.6,0.2, —0.2, —0.6}, and 60 lattice sites in the numerical
simulation.

C. 1D class DIII

We construct a lattice model of 1D class DIII by per-
forming dimensional reduction twice on the 3D class DIII
model in Sec. III B, which is done by turning off all the
{sinky, sink,, cos ky, cosk.} terms in Eq. (35), and analo-
gously turning off all the {cit,o, CLW, Citzos CLM} terms in
Eq. (36). The resulting Hamiltonian omits {I'?, I'*, '’} ma-
trices defined in Eq. (34), so W = I'*I"*I"> = S is given by
the chiral operator, and the normalization factor is Np = i/2.
We use the parameters t = 1, A = 0.5, {1, o, Uz, U4} =
{1,1.8,2.2,3} and 20 lattice sites in the numerical
calculation.

D. 1D class D

For 1D class D, we examine the spinless Kitaev p-wave SC
chain described by [45]

H = Zt(c:ciﬂ + C,T+1Ci) —u Zc}ci
i i
+ Z A(ciciy1 + C,THC,T), (33)
i

where ¢; is the spinless fermion annihilation operator at
site i. The Hamiltonian in momentum space in the basis of
(ck, cT_k)T is spanned by o, and o,, so the only Pauli matrix
that has not been used is W = o, and Np = 1. A 30-site lat-
tice with the parameters t = 1, A = 0.5, {1, (o, U3, L4} =
{1, 1.8, 2.2, 3} is used in the numerical simulation.

E. 1D class CII
For 1D class CII, we adopt the I matices [46]

M={081,06301,I00,I01,0,1}, (54

and the TR and PH operators are interpreted by T = o, ® IK
and C =1 ® 1,K. The minimal model in momentum space is
H=dTI?+ d3I‘3 = AkT? 4+ MT3, and we denote the spinor
by w,j = (cIk, c;k, C;Lk’ c];k) where the four degrees of freedom
are enumerated by 1 ~ 4. The regularization on a lattice gives

H = Zl{—cj-l Citx2 F ChhCital + ChyCipra — ClyCivas)
i
+ Z(_t,){cj-l Citx3 + C:3Ci+xl + Cj-zci+x4 + C,T4Ci+x2}
i
+ Z(M + 21"} e + cheu) + He. (55)
i
The unused Dirac matrices multiplied together are propor-
tional to the chiral operator W = I''I"*I™ = —iS, and the
normalization factor is Np = i/2. We use the parameters t =
1,/ =0.5, {My, My, M3, My} = {—1,—1.8,—-2.2, -3} and a
30-site lattice in the simulation.

VI. CONCLUSIONS

In summary, we show that topological marker can be
constructed in a unified manner for TIs and TSCs in any
dimension and symmetry class. The central object in our
formalism is the topological operator in Eq. (15) derived
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from the universal topological invariant in momentum space,
which takes the form of alternating projectors to the lattice
eigenstates and the position operators, multiplied by the Dirac
matrices that are omitted in the Hamiltonian. The rth diagonal
element of the topological operator gives the local topolog-
ical marker that recovers the topological invariant for lattice
sites deep inside the bulk. In addition, the (r + R, r)th off-
diagonal element yields a nonlocal topological marker that
decays with R, whose decay length diverges at TPT and
may be interpreted as a Wannier state correlation function,
thereby serving as a faithful correlator to identify TPTs in
real space. The topological operator is constructed explicitly
for each of the 15 topologically nontrivial symmetry classes
in 1D to 3D. For 13 out of these 15 cases, we perform nu-
merical calculation on concrete lattice models to demonstrate
the validity of our topological marker, which cover a great
number of prototype TIs and TSCs including the SSH model,
Majorana chain, Chern insulator, BHZ model, chiral and he-
lical p-wave SCs, 3D TR invariant TTs, lattice model of 3He
B-phase, among many others, suggesting the ubiquity of our
formalism.

Our results point to many open questions that remain to
be clarified. First, it is known that the deviation of the Chern
marker at the boundary sites of the 2D lattice, which occurs
even if the periodic boundary condition is imposed, comes
from the fact that the position operators i in Eq. (15) do
not respect the translational invariance, and may be cured by
exponentiating the position operators [§—10]. Whether such an
exponentiating trick can be generally applied to topological
markers in any dimension and symmetry class, and whether
it has some noncommutative interpretation on the topolog-
ical order in general, remains to be investigated. Second,
a major category of topological materials that we did not

address are the topological semimetals in D dimensions, such
as graphene in 2D, in which the momentum-space topological
invariant is the wrapping number in Eq. (1) but integrated
over a (D — 1)-dimensional surface enclosing a nodal point.
Because the momentum integration is one dimension lower,
it is unclear to us at present whether the projector algebra in
Sec. I A still applies, or how it may be modified to construct
a topological marker for semimetals. Third, concerning the
experimental measurement of the topological marker, it has
been pointed out that the Chern marker in 2D TR-breaking
systems can be measured by circular dichroism [26], and the
spin-Chern marker in 2D TR-symmetric systems can be de-
tected by spin-resolved circular dichroism [27]; both are due
to the linear response of valence electrons to polarized electric
field. However, because TIs and TSCs in other dimensions
do not respond linearly to the electric field [47], it remains
to be investigated whether higher-order responses can help to
extract the topological marker in other dimensions, or whether
one has to resort to some other kind of experimental protocol.
Finally, we emphasize that our formalism is based on the
momentum-space topological invariant in Eq. (1) applicable
only to Dirac Hamiltonians, and consequently the resulting
universal topological marker is also applicable only to lat-
tice Dirac models, which nevertheless covers a great variety
of theoretical models. An obvious question is then whether
our marker will still remain quantized for systems that are
beyond the paradigm of Dirac models, such as 2D class AIl
systems with spin-orbit coupling [48], of which only concrete
calculations can tell. All these open questions, together with
the applications of the universal topological marker on issues
such as real-space inhomogeneity, interfaces, and interacting
or periodically driven systems, are intriguing subjects that
await to be explored.
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