
PHYSICAL REVIEW B 107, 045103 (2023)

Quantum transport and mobility spectrum of topological carriers in (001)
SnTe/PbTe heterojunctions
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Measurements of magnetotransport in SnTe/PbTe heterojunctions grown by the molecular beam epitaxy
technique on (001) undoped CdTe substrates were performed. At low magnetic fields, quantum corrections to
conductivity were observed that may be attributed to the presence of topological states at the junction interface.
For a sample with a 5-nm-thick SnTe layer, the data analysis suggests that midgap states are actually gapped.
However, the phase coherence effects in 10 and 20 nm SnTe/PbTe samples are fully explained assuming the
existence of gapless Dirac cones. Magnetotransport at higher magnetic fields is described in the framework
of mobility spectrum analysis (MSA). We demonstrate that the electron- and holelike peaks observed simul-
taneously for all SnTe/PbTe heterojunctions may originate from the concave and convex parts of the energy
isosurface for topological states—and not from the existence of quasiparticles both carrying negative and positive
charges. This interpretation is supported by numerical calculations of conductivity tensor components for gapless
(100) Dirac cones, performed within a classical model and based on the solutions of the Boltzmann transport
equation. Our approach shows the feasibility of MSA in application to magnetotransport measurements on
topological matter.
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I. INTRODUCTION

Topological crystalline insulators (TCIs) are a class of
materials in which gapless surface states are protected by crys-
tal mirror symmetry, rather than time-reversal invariance, as
in conventional topological insulators (TIs) [1]. Narrow-gap
semiconductors SnTe and (Pb,Sn)Te were the first candidates
to be declared as members of the new TCI class. It is known
that a band inversion in SnTe occurs at the four L points of
the bulk Brillouin zone (BZ), therefore exactly four Dirac
cones are expected on the boundary planes (001), (111), and
(110) for which the required mirror symmetry [2] is preserved.
The gapless surface states, with a linear energy dispersion,
were indeed observed on (001) and (111) surfaces of SnTe-
class materials by angle-resolved photoemission spectroscopy
(ARPES) [3,4].

In contrast to conventional topological insulators, gapless
surface states of TCIs have much more tunable properties,
as it is relatively easy to lower the spatial symmetry of a
system. The application of an electric field [5] or uniaxial and
biaxial strains can break the symmetry protection and open
the gap for Dirac states [6]. Moreover, the presence of mul-
tiple Dirac cones may allow construction of novel quantum
devices based on the so-called valleytronics [7]. However,
the transport studies of topological surface states (TSSs) are
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difficult in SnTe-class materials because of the strong p-type
conductivity of intrinsic holes, with p ∼ 1020 cm−3 [8]. Such
unintentional doping is provided by electrically active Sn va-
cancies [9]. As a result, the chemical potential is anchored
deep in the valence band, and conduction through the TSS is
masked by bulk conductance.

Therefore, to enhance the surface-to-bulk ratio and to move
the Fermi energy towards Dirac points, epitaxial growth of
thin (�100 nm) SnTe films is usually performed on sev-
eral insulating and conducting substrates. In particular, the
(111) layers were grown on BaF2 [10], CdTe [11], and
Bi2Te3 [12] supporting templates. SnTe films of (001) crys-
tallographic orientation were deposited on BaF2 [13] and
SrTiO3 (STO) insulators [14,15]. Recently, the fabrication of
CdTe/SnTe/CdTe quantum wells on GaAs substrates [16] and
SnTe/PbTe heterojunctions on STO templates [17,18] was
reported. In both cases, the epitaxial layers were grown along
the [001] crystallographic direction.

TSSs on the (001) boundary of SnTe are, in the following
sense, more interesting than (111) surface states. In the former
case, the Dirac points are not located at the X̄ point in the
Brillouin zone, rather they are slightly shifted along the �̄X̄
direction [2]. Moreover, Fermi surface topology changes as a
function of energy (Lifshitz transition), and a Van Hove sin-
gularity in the density of states (DOS) is present at the energy
corresponding to the cones’ tip. To discuss the topology of
the SnTe (001) states, Liu et al. [19] introduced a low-energy
k · p model near the X̄ point of the BZ. Some results of model

2469-9950/2023/107(4)/045103(13) 045103-1 ©2023 American Physical Society

https://orcid.org/0000-0002-8445-2762
https://orcid.org/0000-0002-6385-3399
https://orcid.org/0000-0002-4044-0591
https://orcid.org/0000-0003-1762-9131
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.045103&domain=pdf&date_stamp=2023-01-03
https://doi.org/10.1103/PhysRevB.107.045103
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FIG. 1. Energy band structure EH,L(k) for the (001) surface states. (kx, ky ) = (0, 0) corresponds to the X̄ point of a 2D Brillouin zone [19].
Bands EL with positive energies are plotted up to Fermi level EF = 25 meV (a), EF = 30 meV (b), and EF = 90 meV (c). Subfigures (a) and
(b) illustrate the constant energy planes, just below and above a Lifshitz transition, which occurs at EF = 26 meV. For energies EF � 75 meV,
the upper band EH, shown as a blue cone in (c), becomes occupied and coexists with bulk states.

calculations are shown in Fig. 1 for three different values of
Fermi energy EF.

In this work, we report on magnetotransport measurements
of SnTe/PbTe heterojunctions, which were grown by molecu-
lar beam epitaxy (MBE) on CdTe/GaAs substrates along the
[001] crystallographic direction. At low temperatures and low
magnetic fields, we have observed characteristic corrections
to the conductivity, related to the interference of electronic
wave functions. Data were analyzed using a modified Hikami,
Larkin, and Nagaoka (HLN) model, which describes the quan-
tum coherence effects and contains an additional quadratic
term accounting for the classical magnetoresistance [20].

Classical magnetotransport at higher fields was described
using the so-called mobility spectrum analysis (MSA), which
is extremely useful in the case of multicarrier transport [21].
The MSA method was already used for topological materials
[22–24]; however, separate peaks detected in mobility spectra
are traditionally interpreted as the presence of distinct trans-
port channels. Here we show that electronlike and holelike
peaks, observed simultaneously for SnTe/PbTe heterojunc-
tions, originate from the concave and convex parts of the
constant energy surface of topological states; see Fig. 1. In
other words, both peaks account for the single-carrier trans-
port in the single band of TSSs.

This claim was supported by the theoretical calculations
of the conductivity tensor for carriers described by a Liu
et al. model. Tensor components σxx and σxy were obtained
numerically by adopting a McClure approach [25,26], which
is based on the solutions of the Boltzmann transport equation.
Calculations showed the extremely rich mobility spectra of
topological carriers, with a pattern strongly changing with
EF. Therefore, the MSA method can in principle be used not
only for identification of (001) surface states, but also for
localization of the Fermi level relative to the Dirac point and
Van Hove singularity.

II. SAMPLE PREPARATION

SnTe/PbTe heterostructures were grown by molecular
beam epitaxy (MBE) on (001) oriented CdTe undoped sub-
strates. The growth started from covering the substrate by

a few micrometers of epitaxial CdTe, then by depositing a
100-nm-thick PbTe layer, and subsequently a SnTe film of
varying thickness (0, 5, 10, and 20 nm); see Fig. 2(a). To keep
the two layers homogeneous and prevent mixing of Pb and Sn,
MBE growth was carried out at the lowest possible substrate
temperature of 230 ◦C, and the sample was cooled imme-
diately after growth. The entire process was controlled by
reflection high-energy electron diffraction (RHEED), showing
the excellent quality of the successive layers and that they
preserve the orientation of the (001) substrate [25,26]. Based
on the oscillations of the RHEED signal, we accurately deter-
mined and controlled the thicknesses of PbTe and SnTe layers.
Moreover, during the growth of PbTe, the Pb/Te flux ratio
was adjusted to assure n-type conductivity with an electron
concentration of the order of 1018 cm−3. The conductivity of
SnTe is always p-type, as already noted, and in this way we
are able to fabricate a p-n heterojunction.

Samples of sizes 5 × 5 mm were cut from such wafers
and covered with e-beam resist PMMA. For further process-
ing, we have applied the low-temperature method, developed
earlier for II-VI semiconductor quantum wells [27]. In par-
ticular, samples were baked for 1 h in 120 ◦C at lowered
pressure to avoid material damage, reduce interdiffusion, and
assure a better drying of the resist film. Using electron beam
lithography, we have patterned eight-terminal Hall bar devices

FIG. 2. (a) SnTe/PbTe heterojunction scheme with thicknesses
of epilayers indicated. (b) An eight-terminal Hall structure pat-
terned using electron beam lithography with a conducting channel
of 1000 µm length and 100 µm width.

045103-2



QUANTUM TRANSPORT AND MOBILITY SPECTRUM OF … PHYSICAL REVIEW B 107, 045103 (2023)

(a) (b) (c)

FIG. 3. Magnetotransport measurements for a PbTe layer (0 nm SnTe) at T = 2 and 20 K. (a) Longitudinal magnetoresistance Rxx vs
magnetic field B. (b) Hall resistance Rxy (left axis) together with derivatives dRxy/dB (right axis). (c) Relative changes of resistance �Rxx/R0

at low magnetic fields, where R0 = Rxx (0).

with a conducting channel size of 1 mm length and 100 µm
width [Fig. 2(b)]. After developing, a pattern was etched in
0.06% Br2 solution in ethylene glycol for 5 min achieving
≈330 nm depth of mesas. Macroscopic contacts were made
with silver paint and connected in parallel to both SnTe and
PbTe layers. From the same wafers we prepared four-terminal
square samples in van der Pauw geometry, not using lithogra-
phy and avoiding thermal postprocessing. Test measurements
showed that the low-temperature method applied for fabri-
cation of Hall-bar samples did not deteriorate the electrical
properties of SnTe/PbTe epilayers.

III. MAGNETOTRANSPORT MEASUREMENTS

Patterned Hall bar devices were measured in a He4 cryostat
at magnetic fields B up to Bmax = 15 T, using the constant
current (dc) mode. For 10 and 20 nm SnTe/PbTe layers, we
used an excitation current of 50 µA. For the 5 nm SnTe/PbTe
junction and for a single PbTe layer, which was not cov-
ered with SnTe, a smaller current of 5 µA was applied. We
measured the longitudinal Rxx(B) and vertical (Hall) Rxy(B)
resistances at temperatures T = 2, 4, 8, 20, and 50 K for 5
and 20 nm SnTe/PbTe junctions. For the PbTe layer and the
10 nm SnTe/PbTe sample, measurements were performed at
T = 2 and 20 K only. Data were collected for both directions
of magnetic field and symmetrized at ±B points in order
to remove contact asymmetry effects. Results are shown in
Figs. 3–5.

The Hall resistance data that we show include also the
slopes of smoothed Rxy(B) curves, which change with mag-
netic field, indicating the presence of charge carriers with
different mobilities. For the mobility spectrum analysis of
multicarrier transport in two dimensions, we have calcu-
lated conductivity tensor components using standard formulas
σxx = Rxx/(R2

xx + R2
xy) and σxy = Rxy/(R2

xx + R2
xy). Addition-

ally, on the right-hand side of the figures, we indicated the
relative changes of longitudinal resistance Rxy(B) at low mag-
netic fields. Clearly, the narrow minima caused by weak
antilocalization (WAL) are visible for all samples. For PbTe
layer, not only WAL, but also the characteristic cusp, induced
by weak localization (WL), was observed. It seems that in
the case of the PbTe layer, which was not covered by SnTe,

quantum corrections to conductivity dominated the whole
range of magnetic fields; see Fig. 3(a).

IV. QUANTUM CORRECTIONS TO CONDUCTIVITY

The quantum corrections to the magnetoconductance in
2D systems with strong spin-orbit coupling are commonly
described by the Hikami-Larkin-Nagaoka (HLN) model [28],
which can be written as follows [20]:

�G(B) = η �G1 + η �G2 − βB2, (1)

where

�G1 = αe2

πh

[
ψ

(
Bφ

B
+ 1

2

)
− ln

(
Bφ

B

)]
, (2)

�G2 = −3αe2

πh

[
ψ

(
4BSO + 3Bφ

3B
+ 1

2

)

− ln

(
4BSO + 3Bφ

3B

)]
. (3)

Here ψ is the digamma function and α = −1/2 for the
so-called symplectic class. Therefore, the first term is re-
sponsible for WAL, and the second one for WL effects.
The formula involves characteristic fields Bφ = h̄/(4eL2

φ ) and
BSO = h̄/(4eL2

SO) for scattering channels, Lφ and LSO standing
for the phase coherence and spin-orbit lengths, respectively.
Both terms are multiplied by the parameter η > 0, which
accounts for the effective number of quantum channels con-
tributing to transport.

In general, the HLN model contains also the term with
Be = h̄/(4e�2

e ), where �e is the elastic scattering length. We
estimated, however, that for electrons in PbTe and holes in
SnTe, the mean free paths �e are very short and fall within the
range 1.0–3.0 nm; see Sec. V C. Therefore, for all samples,
terms containing Be � Bmax = 15 T are negligible and can be
safely ignored. Instead, following [20], we have modified the
HLN formula by including an additional quadratic term βB2,
which accounts for the classical positive magnetoresistance,
of the type described by formula (6), given below. We did not
expect, however, that such a single term describes correctly
the classical magnetoresistance in the entire range of fields,
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(a) (b) (c)

(d) (e) (f)

FIG. 4. Results for 5 nm (a)–(c) and 20 nm (d)–(f) SnTe layers at T = 2, 4, 8, 20, and 50 K. (a),(d) Longitudinal magnetoresistance Rxx

vs magnetic field B. (b),(e) Hall resistance Rxy and derivatives dRxy/dB (dashed lines) at T = 2 and 20 K. (c),(f) Relative changes of resistance
�Rxx/R0 at low magnetic fields.

because of multicarrier transport and the nonspherical shape
of Fermi surfaces.

Therefore, we have used formula (1) to fit �G(B) to the
experimental data for magnetic fields B < 3 T only. Charac-
teristic lengths Lφ and LSO, together with coefficients η and β,
were treated as the fitting parameters. As has already been
noticed [29], the complex nature of the HLN model often
leads to results that depend on the initial guess if the standard
Levenberg-Marquard optimization techniques are used. In our
case, we applied the so-called covariance matrix adaptation
evolution strategy (CMA-ES)—an iterative method, where
in each iteration new candidate solutions are generated in

a stochastic way [30]. We hope that this kind of numerical
optimization procedure makes the solutions less dependent on
the initial values of the parameters being fitted. We used for
calculations the implementation of the CMA-ES algorithm,
which is available in the Python language environment [31].

A. PbTe layer

Results of the fitting procedures, applied to PbTe layer
data, are shown in Fig. 6. We note that values of the parameter
β are rather small, which confirms that the classical contri-
bution becomes important only at higher fields and that the

(a) (b) (c)

FIG. 5. Results for 10 nm SnTe layer at T = 2 K. (a) Longitudinal magnetoresistance Rxx vs B. (b) Hall resistance Rxy and derivatives
dRxy/dB (dashed lines). (c) Relative changes of resistance at low magnetic fields.
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FIG. 6. Measured conductance corrections (points) and fitted
curves (lines) for a PbTe layer at temperatures 2 and 20 K. The
following parameters were obtained: η = 0.61, Lφ = 120.0 nm,
LSO = 27.3 nm, and β = 1.0 × 10−6 for T = 2 K, and η = 0.97,
Lφ = 37.2 nm, LSO = 27.0 nm, and β = 1.3 × 10−5 for T = 20 K
(here β is in e2/h per Tesla squared units).

�G(B) data for B > 3 T are well described by quantum terms
only. Data show that the phase coherence length Lφ decreased
with temperature approximately as T −0.5. This may suggest
the electron-electron collisions as a phase decay mechanism
[32]; however, two data points are probably not enough to
definitely identify the dominating inelastic process.

Inelastic processes are important also for a determination
of the effective number of quantum channels contributing to
transport. For PbTe layers grown along the [001] direction
we expect η = 4, which is the number of equivalent constant
energy ellipsoids at L points of the Brillouin zone. In our case,
the value of the parameter η is smaller; however, it increases
with temperature from 0.61 at 2 K to 0.97 at 20 K. At the
same time, the phase coherence length decreases from 120.0
to 37.2 nm, which strongly suggests that the reduction of the
parameter η is caused by some coherent processes, which is
less effective at higher temperatures.

Most probably, such renormalization results from electron
scattering between equivalent ellipsoids [33]. For the first
time, the intrasurface valley coupling, which was responsible
for reducing parameter η from 2 to approximately 1, was
observed for Si inversion layers, which are the two-valley
systems [34]. In our case, however, at low temperature, η <

1, which indicates some additional contribution to quantum
corrections, which most probably originates from the weak
localization of bulk electrons [35]. Indeed, at T = 2 K the
phase coherence length Lφ is larger than the total thickness of
PbTe layer (100 nm). Therefore, we expect some additional
quantum interference effects, characteristic for mesoscopic
systems. At T = 20 K, Lφ is reduced and η approaches 1.

As opposed to Lφ , the spin-orbit length LSO does not
change much with temperature. This result suggests that the
Rashba effect is responsible for spin-orbit interactions in a
2D system confined on the PbTe surface. According to [36],
the zero-field spin-splitting energy is given by �SO = αRkF,
where αR is the coupling constant and kF is the quasimo-
mentum at the Fermi surface. On the other hand, LSO ∝
�−1

SO, therefore the spin-orbit length does not change if the
carrier density is constant as a function of temperature, since

FIG. 7. Conductance corrections �G(B) for a 5 nm SnTe junc-
tion (left) and 20 nm SnTe (right) at low temperatures. Data for
a 10 nm SnTe junction (at T = 2 K) are also included. Measured
values are depicted with symbols, fitted curves with lines. Obtained
parameters are summarized in Table I.

kF = √
2πn. This is indeed the case for a 2–20 K range, as

is confirmed by mobility spectrum analysis; see Sec. V C.
The independent on temperature spin-orbit length LSO has
already been reported for PbTe quantum wells grown on (111)
planes [29].

B. SnTe/PbTe junctions

The weak antilocalization effect, commonly observed for
topological surface states (TSSs), arises from the accumula-
tion of Berry phase π by helical carriers with spin-momentum
locking. Therefore, it is assumed that quantum corrections to
the conductance of gapless Dirac fermions are simply given
by formula (2), with the same value of α = −1/2 [37]. For
a single SnTe surface, the number of Dirac cones η = 4 for
both (100) and (111) orientations. The results of fitting con-
ductance corrections �G(B) for the SnTe/PbTe junction with
the HLN model are shown in Fig. 7.

Initially, we fitted the magnetoconductance data to the sim-
plest version of a modified HLN formula,

�G(B) = η �G1 − βB2, (4)

where �G1 given by Eq. (2), which is commonly used for
TSSs. For a 5 nm SnTe/PbTe junction, however, the fit quality
was not satisfactory, as is shown with the dashed line in Fig. 7.
Therefore, data obtained for a 5 nm SnTe sample have been
fitted to Eq. (1). In other words, we have used the same

TABLE I. Fitted parameters for the data obtained for the SnTe
sample.

SnTe (nm) T (K) η Lφ (nm) LSO (nm) β (T−2)

5 2 0.78 77.4 23.7 6.6 × 10−4

4 0.57 60.8 19.8 4.8 × 10−4

8 0.45 39.7 16.7 3.5 × 10−4

10 2 0.61 159.8 5.1 × 10−4

20 2 0.73 115.4 5.6 × 10−4

4 0.61 87.1 5.6 × 10−4

8 0.49 54.9 5.7 × 10−4
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FIG. 8. Characteristic lengths obtained as fitting parameters to
the HLN model for 5 nm SnTe/PbTe and 20 nm SnTe/PbTe samples
as a function vs temperature T . Dashed lines represent estimated T −γ

decay.

procedure as for the PbTe sample. The fits are shown with
solid lines, and fitted parameters are shown in Table I and
plotted as a function of temperature in Fig. 8. Similarly to
2DEG on the PbTe surface, the phase coherence length Lφ

decreased with temperature approximately as T −0.5. Contrary
to the PbTe sample, however, parameter LSO also decreased
with T , but the decay was slower in comparison to Lφ . At low
temperatures, LSO, obtained for the 5 nm sample, decreased
approximately as T −0.25; see Fig. 8.

For 10 and 20 nm SnTe/PbTe junctions, the parameter
LSO is not shown in the figures, since for those samples the
formula (4) was fully sufficient. Adding the �G2 term did
not change the fit quality, therefore the use of Eq. (1) was not
justified. This shows that from the point of view of quantum
corrections, the 5 nm sample is in some intermediate position
between a single PbTe layer and 10 and 20 nm SnTe/PbTe
junctions. Nevertheless, the effective number of quantum
channels, η, is less than 1 for all junctions and decreases with
temperature in the studied range. For example, in the 20 nm
SnTe sample, η = 0.73 at T = 2 K and η = 0.49 at T = 8 K.
As already discussed, the reduction of the number of channels
below the expected limit η = 1 is most probably caused by
the WL contribution coming from bulk carriers.

To verify if this hypothesis holds for 10 and 20 nm SnTe
samples, we performed an alternative fit of �G(B) data to
the formula �G(B) = η1�GWAL

1 + η2�GWL
1 , which adds the

�GWAL
1 contribution from topological carriers and the �GWL

1
part from trivial bulk states [10,15]. Here �G1 is again given
by Eq. (2), α = −1/2 for WAL as before, and α = +1 for
the WL contribution. The effective numbers of channels η1, η2

and phase coherence lengths LWAL
φ , LWL

φ were treated as fitting
parameters. It turned out, however, that final results were very
sensitive to the initial values of parameters used by the fit
procedure. Nevertheless, from multiple runs of the CMA-ES
algorithm, we were able to estimate that η1 ≈ 1. Therefore,
for the alternative fit we used

�G(B) = �GWAL
1 + η2�GWL

1 − βB2, (5)

i.e., we fixed η1 = 1 for topological states. Final results were
practically undistinguishable from the earlier fits to formula
(4), which are shown in Fig. 7. For example, we obtained
LWAL

φ = 141.8 nm, η2 = 0.20, and LWL
φ = 115 nm from mag-

netoconductivity data of the 10 nm SnTe sample at T = 2 K.
As expected, at low temperatures LWL

φ is larger than the thick-
ness of the SnTe epilayer.

We conclude that quantum corrections to conductance for
10 and 20 nm SnTe samples are well described by the HLN
model for gapless fermions with the effective number of chan-
nels η < 1 or, alternatively, by the same model with η = 1
and the additional WL contribution from bulk carriers. The
latter approach delegates the η < 1 problem from topological
carriers to trivial states in the bulk. Indeed, from the alternative
fit to 20 nm SnTe sample data we obtained η2 = 0.14, 0.20,
and 0.29 at temperatures T = 2, 4, and 8 K, respectively. The
effective number of quantum channels, which is less than 1
for the trivial states, was already reported for thin SnTe films
and is attributed to the band-edge fluctuations on the epilayer
plane [15].

Finally, we mention that the β parameter depends rather
weakly on the temperature for all SnTe/PbTe junctions and
falls within the (3.5 × 10−4)–(6.6 × 10−4) range for T < 8 K.
This demonstrates that the classical contribution βB2 is much
larger for SnTe/PbTe samples than for a single PbTe layer,
suggesting the presence of the multicarrier transport—which
is actually expected for p-n junctions and which is revealed by
the analysis of the classical magnetoresistance data.

V. MOBILITY SPECTRUM

Classical transport in topological materials is usually
analyzed using Drude expressions for σxx(B) and σxy(B)
conductivity tensor components of each charge carrier type
[10,11,13,18]. However, this approach is not valid for lead
chalcogenides, whose bands are characterized by highly
anisotropic effective masses. In particular, for electrons in
PbTe, γ = m‖/m⊥ ≈ 10, where m‖ is the mass at the L
point along [111]-type directions, and m⊥ is a smaller mass
for all perpendicular orientations of quasimomentum [38].
Therefore, the Drude model for isotropic bands is no longer
applicable. Unfortunately, general expressions for conduc-
tivity tensor components of PbTe-like materials, valid at
arbitrary magnetic field B, are not known. Analytical formulas
for σi j (B) have been developed at the low-field limit only
(μB 
 1); see [39].

Nevertheless, such low-field formulas can be used to esti-
mate the expected classical component of magnetoresistance
data. In particular, for the PbTe layer when B is parallel to the
[001] direction, the increase of longitudinal resistance can be
expressed as


xx(B) = 
0(1 + δ2μ2
⊥B2), (6)

where 
0 is a zero-field value, μ⊥ is a mobility of carriers with
mass m⊥, and δ = 0.271 for γ = 10 [40]. Therefore, contrary
to the single-band Drude model, a nonzero, positive classical
magnetoresistance is expected for PbTe and other lead chalco-
genides. Formula (6) was used to calculate Rxx(B) = 
xx(B) of
our PbTe layer. Parameter μ⊥ was obtained from the slope of
Rxy(B) data at B < 2 T. However, the results are just a rough
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estimate, since at least two channels are present in electron
transport, as discussed earlier.

To identify different conductive channels, which are re-
sponsible for electrical transport in bulk and layered materials,
the MSA is usually performed [21]. For that purpose, it is as-
sumed that conductivity tensor components can be expressed
as integrals of Drude-like terms, with the enμ factor re-
placed by a continuous function S (μ) � 0, called the mobility
spectrum,

σxx(B) =
∫ ∞

−∞

S (μ)

1 + μ2B2
dμ, (7)

σxy(B) =
∫ ∞

−∞

S (μ) μB

1 + μ2B2
dμ. (8)

This fundamental claim is based on the model of classi-
cal transport developed by McClure [25,26], who solved the
Boltzmann equation in the presence of a magnetic field and
for materials with arbitrary shape of the Fermi surface. In
his approach, current carriers travel in reciprocal space on a
closed constant energy curve, called a hodograph, which lays
on a plane perpendicular to the direction of B. Formulas (7)
and (8) are valid if the scattering relaxation time τ is constant
on the hodograph, which is a basic assumption of mobility
spectrum analysis. The application of the MSA method lies in
finding function S (μ) from experimental data.

The shape of the mobility spectrum S (μ) provides a deeper
insight into transport mechanisms present in the conducting
sample, and it delivers more information as compared to the
resistivity data alone. Usually, separate spectral peaks are
interpreted as distinct conduction channels related to electrons
(μ < 0) in the conduction band or holes (μ > 0) in the va-
lence band. An additional piece of information about surface
conductivity, impurity bands, or interface transport channels
in layered structures can also be inferred from MSA [41].

What is less appreciated, the mobility spectrum may re-
veal the electronlike and holelike peaks also for single-band
transport when the Fermi surface is warped. As explained in
[25,26], convex and concave parts of the hodograph deliver
distinct contributions to S (μ), which differ by the sign of the
related mobility. For example, not only is a strong holelike
peak expected, but a weak feature for μ < 0 is expected as
well in the mobility spectrum of p-type silicon [42]. It is clear
from Fig. 1 that even stronger effects, related to the shape of
the Fermi surface, are expected for SnTe topological states,
which exist on the (001) plane.

A. McClure model for topological states

We have applied the McClure model of classical trans-
port [25,26] to 2D carriers with dispersion relation E (kx, ky)
shown in Fig. 1. The model introduces the cyclotron frequency
ωc, defined as 2π/T0, where T0 is the period of oscillatory
motion performed on the hodograph. Period and frequency
were calculated numerically for given energy E and magnetic
field B by solving coupled differential equations for kx(t ) and
ky(t ), where t is time. From the solution we calculated group
velocities vx(t ) and vy(t ) by using the dispersion relation
for topological carriers again. Finally, we obtained σxx(ωc)
and σxy(ωc) by applying Fourier transforms, as explained
in [25,26]. Tensors for a single hodograph are of course

anisotropic, however averaging over all four Dirac-like cones
restores the cubic symmetry.

To obtain conductivity tensor components as a function of
magnetic field, we took μ B = ωcτ , where τ is the scattering
relaxation time, which in general may depend on the energy
E and momentum kz (in our case of 2D carriers, kz = 0). For
calculations we used Bmax = 1 T, and since scattering time
is not known, we used an arbitrary value τ = 5.523 ps, just
to obtain the condition μB = 1 for B ≈ 0.5 T. Details of the
calculations will be described elsewhere. Here the represen-
tative results for selected values of energy E and temperature
T = 0 are presented. We have used normalized values of con-
ductivity tensor components si j = σi j/σ0 and dimensionless
magnetic field parameter b = B/Bmax, where σ0 = σxx(0) and
Bmax is the maximum value of B. By common convention we
assumed μ < 0, σxy < 0 for electrons and μ > 0, σxy > 0 for
holes.

Figure 9 shows sxx and sxy calculated for |EF| = 25.9 and
27 meV. The first case corresponds to the situation when the
sample is slightly below the Lifshitz transition [see Fig. 1(a)],
and the second case corresponds to energies that are above
the transition point [Fig. 1(b)]. Insets show closed curves in
reciprocal space (hodographs), on which current carriers are
orbiting in a magnetic field. Clearly, the obtained data cannot
be described by the Drude model of a spherical band. In both
cases, σxy components of the conductivity tensor are rather
small, because the convex and concave parts of hodographs
give contributions of opposite sign, which partially cancel
each other. This mutual cancellation is stronger for energies
E > δ, when separate hodographs for “holes” and “electrons”
exist.

Especially interesting is the situation for |EF| slightly be-
low δ = 26 meV, when all hodographs have a crescentlike
shape. In that case, “hole” transforms to “electron” and then
becomes “hole” again, as a function of time. Moreover, in
the real space a current carrier orbits in a clockwise and then
an anticlockwise direction or vice versa. This means that the
quasiparticle performs a loop, which crosses at a single point
on the xy plane, provided μB > 1 [43]. Moreover, such a
complicated band carrier dynamics cannot be described by
simply adding two Drude-like terms, one for “electrons” and
one for “holes.” It was confirmed by the mobility spectrum
analysis of calculated conductivity tensors.

B. MSA for topological states

To obtain the mobility spectrum one has to solve the in-
tegral Eqs. (7) and (8). This is not an easy task since S (μ)
often consists of a few narrow peaks, whereas σxx and σxy

are rather smooth functions of magnetic field B. Therefore,
several numerical approaches to MSA exist in the literature
[21,41,44]. Here, by replacing integrals (7) and (8) by discrete
sums (the trapezoidal rule), we allowed iterative procedures
to perform least-squares fits. For the latter task, we adopted
constrained optimization algorithms available in the SciPy
module of the Python ecosystem [45], requiring that spectrum
function S (μ) is non-negative. Furthermore, we adopted a
special mathematical procedures to avoid spurious splitting
of spectral lines, and the obtained results were cross-checked
by independent calculations with additional constraints put on
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FIG. 9. Normalized conductivity tensor components (left) for Fermi energies 25.9 meV (upper row) and 27 meV (below); insets show
schematically the shapes of hodographs. Corresponding mobility spectra S and cumulative conductivity distribution functions F are show on the
right. Parameter b = B/Bmax is the normalized magnetic field, u = μ Bmax is the normalized mobility. For calculations, we used τ = 5.523 ps
and Bmax = 1 T.

the number of allowed peaks. The details of our numerical
approach to MSA are prepared for publication.

We applied our method to the normalized values of con-
ductivity tensor components si j = σi j/σ0, calculated above.
We obtained the normalized spectrum S = S /(σ0Bmax) as
a function of dimensionless mobility parameter u = μ Bmax.
From (7) it is clear that for b = 0,∫ ∞

−∞
S(u) du = 1. (9)

Therefore, in analogy to probability theory, we defined cumu-
lative conductivity distribution

F (u) =
∫ u

−∞
S(ξ ) dξ, (10)

which typically shows steplike behavior, where each step
height gives a contribution of given carrier “species” to the
total conductivity. Results of MSA calculations for topologi-
cal states are shown in Fig. 9.

Mobility spectrum S obtained for holes with |EF| =
25.9 meV contains two narrow peaks that are quite symmetric
around u = 0 and are clearly identified as the contributions
arising from convex and concave parts of the sickle-shaped
hodograph. However, their shares in the total conductance
are not dominant, as can be seen from the F (u) distribution
function. For example, the strongest holelike peak for u ≈ 2.3
amounts to only 26% of the total conductivity. Interestingly, a
dominant contribution to electrical transport comes from an
additional series of wider maxima, which are observed for
higher positive and negative mobilities.

Those satellite peaks are related to the higher harmonics
of periodic cyclotron motion performed on a strongly warped
orbit. Therefore, such a contribution decreases when warping
is smaller. Figure 9 shows also the mobility spectrum obtained
for |EF| = 27 meV. In this case, we have two separate orbits
for carriers moving in opposite directions. Nevertheless, the
Drude-like model for electron- and holelike species is again

not adequate since strong additional satellite peaks are still
detected by MSA. However, the number of “spectral lines”
and their positions change considerably, when the Fermi level
crosses Van Hove singularity.

What is more, the contribution of higher harmonics does
not vanish completely, even when the Fermi energy EF ap-
proaches the Dirac point. Figure 10 shows mobility spectrum
S obtained for holes with |EF| = 10 meV. As expected, a
strong p-type maximum dominates the conductivity, however
an n-type component is also present together with weaker
satellite peaks, visible on both electron and hole sides. As
indicated in the figure caption, the spectrum was calculated
with the same relaxation time as before. Nevertheless, carrier
mobilities are much higher as compared to the case when the
Fermi energy is larger. This is because of the linear energy
dispersion close to the Dirac point, where cyclotron frequency
ωc diverges as 1/EF. Such dramatic behavior should be taken
into account in MSA of topological materials, because it is in
stark contrast with normal matter, where ωc does not depend
on the energy at the band edge.

C. Mobility spectrum of SnTe/PbTe junctions

We applied our method of mobility spectrum calculation
to analyze experimental data described in Sec. III in order to
identify contributions from topological states. Since PbTe and
SnTe crystallize in cubic crystal structures with very similar
lattice constants, interfaces are only slightly stretched. There-
fore, we assumed that such biaxial strain will not introduce a
noticeable anisotropy to transport data, which may influence
the results of MSA if σxx �= σyy [46]. We did not, however,
expect high-resolution spectra, similar to that visible in Fig. 9,
because of two reasons. First, the total conductivity is domi-
nated by bulk (3D) electrons and holes, residing outside the
p-n junction. Second, we observed σxx � σxy for all available
data up to Bmax = 15 T. This indicates that dominant contri-
butions to electronic transport come from rather low-mobility
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FIG. 10. Normalized conductivity tensor components (left) for Fermi energy 10.0 meV; the inset shows schematically the shape of
hodographs. Mobility spectra S and cumulative conductivity distribution functions F are show on the right. We used τ = 5.523 ps and
Bmax = 1 T, the same as in Fig. 9.

(μBmax 
 1) carrier species, which reduces the resolution of
the MSA method.

1. MSA of PbTe layer

The additional difficulty, related to PbTe data, arises be-
cause of weak localization effects, which mask the expected
positive magnetoresistance in the whole range of magnetic
fields. Therefore, to perform MSA, we assumed that Rxx(B) =
ρxx(B) is given by the formula (6) with parameters estimated
from the Rxy(B) curve. From that estimate we calculated con-
ductivity tensor components and then mobility spectra. To
increase the weight of ρxy(B) data, which are not estimated
but taken directly from experiment, we fitted the numeri-
cal derivative ∂σxy/∂B instead of σxy. Results are shown in
Fig. 11.

Clearly, two electronlike peaks n1 and n2 are visible at
temperature T = 2 K. The dominant one, observed at mo-
bility μ2 = −80.9 cm2/V s, is obviously related to PbTe
bulk electrons with sheet carrier concentration estimated to

FIG. 11. Normalized mobility spectra S = S /(σ0Bmax) for a
PbTe layer at temperatures 2 and 20 K as a function of dimension-
less mobility parameter u = μ Bmax (u = 1.0 corresponds to μ =
666.7 cm2/V s, since Bmax = 15 T). Data for T = 20 K are shifted
up for clarity. Two electronlike peaks are indicated as n1 and n2.

n2 = 3.26 × 1013 cm−2. The weaker peak, detected for much
higher electron mobility μ1 = −743 cm2/V s, is apparently
related to the 2D electron gas (2DEG) with density n1 =
1.07 × 1011 cm−2, which is responsible for WL and WAL ef-
fects, as discussed before. Most probably, 2DEG resides at the
free PbTe surface, as no quantum transport was reported for
PbTe/CdTe interfaces grown on (100) substrates [47]. Using
well-known expressions for conductivity and density-of-states
effective masses [38], we have estimated elastic mean free
paths for bulk (n2) and surface (n1) electrons as �2 = 1.02 nm
and �1 = 1.33 nm, respectively. Both values are similar and
rather small, which suggests the presence of a structural dis-
order, which significantly reduces the mobility of carriers.

Figure 11 shows also the mobility spectrum for T = 20 K,

which looks very similar to the results obtained at lower
temperature. The widths and heights of the observed peaks are
almost unchanged, which indicates that both carrier densities
only weakly change with the temperature. With regard to
mobilities, μ2 for bulk electrons is also almost unchanged,
whereas the mobility of 2DEG is slightly reduced to μ1 =
−709 cm2/V s. Nevertheless, the temperature dependence of
layer conductivity components is rather weak in the range
2–20 K.

The physical origin of the two-dimensional conduction, de-
scribed by parameters n1 and μ1, is not known. Most probably,
the presence of 2DEG is related not only to classical surface
states but also to states associated with molecules chemically
absorbed from air. In particular, it is known that oxygen
molecules draw electrons from the bulk of the semiconductor
via oxidation processes. Therefore, a thin insulating layer may
be formed and acts as a confining barrier for electrons on the
free surface of n-PbTe [48].

2. MSA for SnTe/PbTe junctions

For SnTe/PbTe junctions we did not observe weak lo-
calization, which dominated Rxx(B) data for PbTe layer.
Instead, we observed a positive magnetoresistance and the
temperature-dependent narrow minima at low magnetic fields,
related to WAL. Therefore, to calculate components of the
classical conductivity tensor, we replaced low-field Rxx data
(dominated by quantum effects) with the parabolic fit. Mag-
netoresistance data for higher fields, i.e., for |B| � 2 T, were
not fitted and were taken directly from experiment. With re-
gard to the Hall resistance Rxy(B), data were not fitted nor
modified, even at the low-field range, since the corrections
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D. ŚNIEŻEK et al. PHYSICAL REVIEW B 107, 045103 (2023)

FIG. 12. Normalized mobility spectrum S and steplike cumula-
tive conductivity distribution functions F for a 10 nm SnTe/PbTe
junction, temperature T = 2 K. From the step height the fol-
lowing averaged parameters were estimated: electronlike: μ1 =
−528 cm2/V s, n1 = 1011 cm−2, μ2 = −105 cm2/V s, n2 = 1.45 ×
1013 cm−2, and holelike: μ1 = +500 cm2/V s, p1 = 1011 cm−2,
μ2 = +125 cm2/V s, p2 = 1.47 × 1013 cm−2.

related to quantum interference do not contribute to the Hall
effect [49,50], and the quantum effects related to electron-
electron interactions (EEIs) are negligible in our case. Indeed,
for the EEI effect, the normalized correction to the Hall
coefficient is proportional to the relative change of sheet re-
sistance �Rxy/Rxy = ξ �Rxx/Rxx, where 0 < ξ < 2 indicates
the coexistence of EEI and W(A)L effects [51]. By direct
comparison, we observed that for our data ξ → 0, which
means that quantum corrections are dominated by interference
phenomena.

The σxx(B) and σxy(B) experimental curves calculated in
this way were then used to obtain the mobility spectra. Results
for the 10 nm SnTe junction at a temperature T = 2 K are
shown in Fig. 12. As expected, two dominant contributions
are observed, which corresponds to bulk electrons in PbTe
(n2) and bulk holes in SnTe (p2) layers. However, the widths
of both spectral peaks are much larger as compared to the n2

line shown in Fig. 11 for a single PbTe layer. We believe that
the dominant spectral lines are wider for SnTe/PbTe samples
due to the formation of the p-n heterojunction at the interface.
Electron and hole densities vary across the junction and the
same may apply to mobilities, leading to the spread of pa-
rameters and spectral broadening. Interestingly, the total sheet
densities n2 and p2 are quite similar; see Fig. 12. However,
if the thicknesses of PbTe (100 nm) and SnTe (10 nm) layers
are taken into account, one obtains n3D

2 = 1.45 × 1018 cm−3

and p3D
2 = 1.47 × 1019 cm−3 for bulk carrier concentrations,

which differ considerably.
MSA shows that the bulk densities are not the only

contributions to conductivity for SnTe/PbTe samples. The
additional n-type (n1) and p-type (p1) peaks are clearly
observed. We attribute them both to the topological states,
which live at SnTe/normal matter interfaces and which are
responsible for the weak antilocalization effect. First, the n1

contribution cannot be connected with a free surface of PbTe,
which is not exposed to air but is buried in the p-n junction.
Second, the formation of a 2D hole gas on p-SnTe, similar
to 2DEG observed on a surface n-PbTe, is not expected.
The SnTe surface is not capped and probably also oxidized,
however the density of holes is so high (∼1019 cm−3) that

FIG. 13. Mobility spectra for a 5 nm SnTe/PbTe and a 20 nm
SnTe/PbTe junction as a function of temperature in the 2–50 K
range.

the formation of an insulating layer is not expected. Without
such a barrier, the existence of a surface accumulation (or
inversion) layer is not likely here because of the high dielectric
constant (ε = 1200). The strong screening of surface charges
limits band bending to a few meV [13], which is much less
then the estimated Fermi energy EF.

Therefore, the two satellite peaks n1 and p1 are not related
to the conventional 2D transport in a trivial semiconductor. As
discussed in Sec. V A, the shapes of constant energy contours
on the (001) surface result in electronlike and holelike contri-
butions to the mobility spectrum of SnTe topological states.
Moreover, this observation is valid in a relatively wide range
of Fermi energies, from |EF| ≈ 10 meV up to |EF| ≈ 75 meV,
when inner and outer Dirac cones with the same chirality
develop. Our estimations show that at least for the p-n junction
area, the energy of SnTe surface carriers falls within that
range. Therefore, we interpret the simultaneously observed
peaks n1 and p1 as the signatures of nontrivial chirality of
topological states. This conclusion is supported by the temper-
ature dependence of mobility spectra, which was studied for
5 nm SnTe and 20 nm SnTe heterojunctions in the temperature
range 2–50 K. Results are shown in Fig. 13.

A much stronger temperature dependence is observed as
compared to PbTe layer data, which did not change much
from 2 to 20 K; see Fig. 11. For PbTe, the electron density
n1 of 2DEG increased by 7% and the absolute value of mo-
bility μ1 decreased by 5% only. In contrast, for SnTe/PbTe
junctions, the already large widths of peaks n2 and p2, which
are related to bulk carriers, increased further with temperature.
At T = 20 K, the dominant spectral lines started to overlap
and eventually merge at T = 50 K, forming a broad peak,
which spans over positive and negative mobilities. The satel-
lite spectral lines n1 and p1 also changed considerably with T .
For a 20 nm SnTe sample, electronlike density n1 increased
33 times and the absolute value of mobility μ1 decreased by
almost 50% when the heterojunction was warmed from 2 to
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FIG. 14. Results of MSA analysis performed for 5 nm
SnTe/PbTe (left) and 20 nm SnTe/PbTe (right) junctions. The upper
part shows 2D densities of electronlike (n1, n2) and holelike (p1, p2)
contributions as a function of temperature T . Below, the correspond-
ing mobilities (peaks positions) are shown. By convention, μ for
electronlike excitations are negative.

20 K. This is in stark contrast with 2DEG peak n1, observed
for the PbTe layer. The temperature dependence of MSA pa-
rameters, obtained for SnTe/PbTe junctions, is summarized in
Fig. 14.

The upper part shows estimated sheet densities of elec-
tronlike and holelike contributions. The bulk carrier con-
centrations, marked with circles, did not change much with
temperature, as expected. For a 20 nm sample, parameters
n2 and p2 slightly increased with temperature, whereas for
a 5 nm sample, changes were larger but not monotonic. The
same observations apply for positive and negative mobilities
of majority carriers μ2, shown in the lower part of Fig. 14.
As already mentioned, the widths of mobility peaks increased
with temperature, but their positions also did not change
considerably. Only at T = 50 K have the absolute values of
μ2 markedly decreased and the peaks merged. In spite of
broadened spectral lines, the majority carriers in SnTe/PbTe
junctions are characterized by relatively small values of mo-
bilities with a weak temperature dependence, very much as
bulk electrons in the PbTe layer.

However, the estimated bulk densities of electrons in
SnTe/PbTe heterojunctions are considerably smaller than
those in the single PbTe layer. At temperature T = 2 K we
obtained n3D

2 = 1.45 × 1018 and 1.87 × 1018 cm−3 for 10 and
20 nm samples, respectively, as compared to n3D

2 = 3.26 ×
1018 cm−3 in the PbTe layer. For a 5 nm SnTe/PbTe sample,
which has the largest zero-field resistance, this discrepancy
is even more dramatic, since n3D

2 = 1018 cm−3. One possi-
ble explanation is that part of each PbTe layer was depleted
due to the formation of the p-n junction, and the effective
widths were smaller than the nominal 100 nm value used in
the calculations. Secondly, the McClure model, which is the
foundation of the MSA method, was developed for possibly
multicarrier but homogeneous samples. Here, we studied the

layered structures with a planar heterojunction and surface
conduction, with unknown vertical distribution of electrical
current. Therefore, the calculated carrier concentrations may
differ from actual ones.

Nevertheless, the quantitative parameters, obtained for
electronlike and holelike surface conduction, are consistent
for all SnTe/PbTe samples. Figure 14 shows that parameters
p1 and n1 increase with temperature and both values change
in-parallel, which strongly suggests that they belong to the
same entity. If they were just the hole and electron concentra-
tion of distinct 2DEG systems, such a similarity would be less
probable since our multilayer structures are not symmetric
along the growth direction. The same applies to μ1 parame-
ters for electronlike and holelike peaks. Their absolute values
decrease with temperature with almost exactly the same rates.
The mobility and the density of electrons on the PbTe surface
behave differently. This confirms that most probably, peaks
p1 and n1 belong to the concave and convex parts of the single
hodographs, of a type shown in Fig. 9 for topological states.
The increase of p1 and n1 parameters with temperature can
be explained if we assume that at T = 2 K the Fermi level
EF is located slightly below the Lifshitz transition energy ES.
Therefore, at higher temperatures, EF moves towards a van
Hove singularity in the density of states, and the conductance
related to topological carriers increases.

If this is true, one may ask a more general question:
Is the standard MSA approach applicable to TSSs? Maybe,
instead of a Drude expression σ = enμ, a more general
formula σ (E ) = e2DD(E ) should be used, where D is the
diffusion coefficient and D(E ) is the density of states. Such
an expression is far more generally applicable and provides
better descriptions for materials such as topological insulators,
where the meaning of effective mass and mobility is somehow
unclear [52].

VI. CONCLUSIONS AND SUMMARY

The SnTe/PbTe junction at low temperatures is a so-called
type-II heterostructure, with the valence-band edge of SnTe
located higher than the bottom of the conduction band in PbTe
[53]. Due to the large hole density, it is expected that elec-
trons diffuse across the interface, SnTe bands bend downward,
and the chemical potential is shifted towards the energy gap
[17]. Moreover, due to the lattice mismatch, the SnTe/PbTe
heterojunction is strained and the resulting in-plain strain is
compressive for PbTe and tensile for SnTe layers. As a result,
for (001) junctions, the positive band offset is reduced. For
sufficiently large strain, the band gap is not broken anymore
[54], which in turn promotes the formation of midgap gapless
states with linear dispersion [55].

Biaxial strain influences also the 2D band structure of
topological carriers. The tensile distortion of thin (100) SnTe
film shifts the Dirac points in reciprocal space and eventually
opens the hybridization gap [56]. Such a situation may have
arisen for the 5 nm SnTe/Pbte sample, since in that case
the quantum corrections to conductance are better described
by the formula given by Eq. (1), which is valid for gapped
states. Another possibility, which explains the coexistence of
WAL and WL effects for this sample, is the formation of
trivial Volkov-Pankratov massive states, which are predicted
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in wide enough junctions due to the presence of an electric
field [55,57].

The phase coherence effects, observed for 10 and 20 nm
SnTe/PbTe samples, were fully described by a simpler
Eq. (4), which is valid for gapless states. Probably, the tensile
strain was more relaxed for thicker SnTe layers, hybridization
did not occur, and the gap remained broken. The effective
number of quantum channels, η, was reduced for all devices,
presumably by the strong intervalley coherent scattering. For
all samples, the parameter η was further reduced due to the
contribution from the weak localization effect, which is ex-
pected for bulk but mesoscopic SnTe and PbTe layers.

For SnTe/PbTe junctions, the mobility spectrum analy-
sis (MSA) revealed the presence of bulk electrons from the
PbTe layer and bulk holes from the SnTe layer, as expected.
Additionally, the weak holelike and electronlike peaks were
observed for higher mobilities, always in pairs, on symmet-
rical positions around the μ = 0 point. The distance between
those peaks decreased with temperature, whereas their den-
sity parameter increased. The additional peak pairs were
interpreted as the mobility spectrum of carriers occupying

the single topological band, with the Fermi level pinned
in the vicinity of the Lifshitz transition (ES = 26 meV), where
the density of states is very large. This conclusion is supported
by numerical calculations of the conductivity tensor compo-
nents for the energy band shown in Fig. 1 using the McClure
model of classical transport.
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