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Engineering second-order nodal-line semimetals by breaking PT symmetry and periodic driving
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Hosting unique drumhead surface states enclosed by nodal lines, topological nodal-line semimetals exhibit
novel transport phenomena. Thus, the exploration of topological semimetals with different nodal-line structures
has attracted much attention. In this paper, we first find a second-order nodal line semimetal (SONLS), which
has coexisting hinge Fermi arcs and drumhead surface states, in a PT -symmetry broken system. Then, without
changing the intrinsic parameters, we artificially create exotic hybrid-order nodal-line semimetals hosted by
different quasienergy gaps and rich nodal-line structures including nodal chains, crossing ring nodal nets,
crossing line nodes, and nodal nets by applying a periodic driving on our SONLS. Enriching the classification
of topological semimetals, such Floquet engineered high tunability of the orders and nodal-line structures of the
SONLS sets up a foundation for exploring its further applications.
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I. INTRODUCTION

The rapid development of topological phases [1–5] not
only enriches the paradigm of condensed matter physics, but
also has a profound impact on many classical systems, such as
phononic and photonic crystals [6–8], electric-circuit arrays
[9], and mechanical systems [10]. In the topological phase
family, topological semimetals [5] have attracted much atten-
tion recently. From a fundamental physics perspective, their
discovery successfully generalizes topological phases from
bulk gapped systems to bulk gapless ones. From an appli-
cation perspective, topological semimetals have exhibited an
ability in designing topological devices by using their chiral-
anomaly-induced giant magnetoresistance and high carrier
mobility [11–14].

Symmetries play a leading role in classifying topologi-
cal phases. Various novel topological semimetals, i.e., Dirac
[15–24], Weyl [25–35], and nodal-line [36–42] semimetals,
have been found by exploring different symmetries. Dirac
semimetals are present in systems with spatial inversion P and
time-reversal T symmetries. If either of the two symmetries
is broken, then Weyl semimetals may be formed. Nodal-line
semimetals are present in systems with either P and T sym-
metries or mirror symmetry [43]. Recently, a novel semimetal
called a second-order nodal-line semimetal (SONLS), which
has coexisting hinge Fermi arcs and drumhead surface states,
was proposed in a PT -invariant system [44–46]. From the
viewpoint of the classification of topological phases, an im-
portant question is whether PT symmetry is an essential
prerequisite for SONLS.

On the other hand, nodal-line semimetals hosting drum-
head surface states enclosed by different nodal-line structures
exhibit novel transport features, which builds a foundation of
their measurement and application [47–50]. Various types of
nodal-line structures, e.g., nodal rings [51–54], nodal links
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[36], crossing line nodes [55], nodal chains [47], nodal knots
[56], and nodal nets [57], have been discovered in different
systems. In practical applications, it is always desirable for
transport features caused by different nodal-line structures
to be tuned on demand. This is difficult to realize in static
systems since their properties can no longer be changed once
their material samples are fabricated. Coherent control via the
periodic driving of external fields, called Floquet engineer-
ing, has become a versatile tool in creating novel topological
phases [58–67]. A natural question is whether we can realize a
free tunability and conversion of the nodal-line structures and
the topological phases of a SONLS by Floquet engineering.

Addressing these questions, we investigate the SONLS and
its Floquet engineering. We discover a way to realize the
SONLS in PT -symmetry broken systems. It is found that a
Dirac semimetal transforms into a SONLS when a perturba-
tion breaking the PT symmetry is applied. We also explore
the tunability of the nodal-line structures and the topological
phases of the SONLS by Floquet engineering. Hybrid-order
nodal-line semimetal and rich nodal-line structures including
nodal chains, crossing ring nodal nets, crossing line nodes,
and nodal nets are created easily by applying periodic driv-
ing. The interconversion of different orders of topological
semimetals is also realized by periodic driving. Enriching the
family of topological phases, our result is helpful to explore
their application.

II. SONLS IN PT -SYMMETRY BROKEN SYSTEM

We consider a system of spinless fermions moving on a
three-dimensional (3D) lattice [see Fig. 1(a)]. Its Hamiltonian
reads Ĥ0 = ∑

k Ĉ†
kH(k)Ĉk with Ĉ†

k = (Ĉ†
k,1 Ĉ†

k,2 Ĉ†
k,3 Ĉ†

k,4)
and

H0(k) = [γ + χ (kz ) cos kx]�5 − χ (kz ) sin kx�3

+ [γ + χ (kz ) cos ky]�2 + χ (kz ) sin ky�1, (1)
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FIG. 1. (a) Schematic diagram of SONLS, with γ and λ being
the intracell and nearest-neighbor intercell hopping rates, im/2 and
iw/2 being the next-nearest-neighbor intercell ones, and a/2 being
the interlayer one. The dashed lines denote the hopping rates with
a π -phase difference from their solid lines. (b) Energy spectrum
of H0(k) (blue lines) and quadrupole moment P (green line) and
(c) hinge Fermi arc as a function of kz. The red solid (dashed) line
is the dispersion relation along the high-symmetry line k = 0 (π ).
(d) Phase diagram described by P. We use γ = 0.3 f , a = 0.6 f ,
λ = 0, and the lattice number Nx = Ny = 40.

where χ (kz ) = λ + a cos kz, γ is the intracell hopping rate,
λ is the intercell hopping rate, a is the interlayer hopping
rate between the nearest-neighbor unit cells, �i = τyσi (i =
1, 2, 3), and �5 = τxσ0, with τi and σi being Pauli matri-
ces, and τ0 and σ0 being identity matrices. The system is a
3D generalization of the Benalcazar-Bernevig-Hughes model
[68] by considering interlayer hopping [35]. It is a Dirac-
type second-order topological semimetal, which is sliced
into a family of two-dimensional (2D) kz-dependent second-
order topological insulators and normal insulators separated
by discrete Dirac points. The system has chiral symmetry
S = τzσ0, time-reversal symmetry T = K , with K being the
complex conjugation, and spatial inversion symmetry P =
τ0σy. Thus its PT symmetry satisfies (PT )2 = −1, which
is different from the case of (PT )2 = 1 in Refs. [44,45].
It also possesses mirror-rotation symmetries Mx = τxσz,
My = τxσx, and Mxy = [(τ0 + τz )σx − (τz − τ0)σz]/2. So
the topological phases are described by the Hamiltonian along
the high-symmetry line kx = ky ≡ k, which is diagonalized
into diag[H+

0 (k, kz ),H−
0 (k, kz )] with H±

0 (k, kz ) = h± · σ and
h± = √

2[γ + χ (kz ) cos k,±χ (kz ) sin k, 0]. A series of Dirac
points satisfying |γ | = |χ (kz )| when k = 0 or π are discov-
ered, at which a kz-dependent topological phase transition
occurs. This is confirmed by the energy spectrum in Fig. 1(b),
where fourfold degenerate zero-mode states are formed. Their
probability distributions in Fig. 1(c) reveal that they are corner
states in the sliced 2D space and form the hinge Fermi arcs of
a 3D second-order topological semimetal. These corner states
are topologically described by the kz-dependent quadrupole

FIG. 2. (a) Energy spectrum and quadrupole moment (green line)
of H0 + 	H. (b) Winding number W (ky, kz ) and nodal lines (in
red lines) in the ky-kz plane. (c) Distribution of the nodal lines in
the Brillouin zone. (d) Coexistence of the hinge Fermi arcs and
the drumhead surface states. We use m = 0.35 f , w = 0, and other
parameters being the same as in Fig. 1.

moment [61,69,70]

P =
⎡
⎣ Im ln det U

2π
−

∑
n,i;m, j

Xn,i;m, j

2LxLy

⎤
⎦mod 1. (2)

Here, the elements of U read Uab ≡ 〈ψa|ei2πX/(LxLy )|ψb〉, |ψα〉
(α = a, b) satisfying Ĥ0|ψa〉 = Ea|ψa〉 and Eα < 0 are the
occupied eigenstates, and the coordinate Xn,i;m, j = nxnyδnmδi j

with i, j = 1, . . . , 4 being the sublattices and nx,y being the
numbers of unit cells. P = 0.5 signifies the corner states [see
Figs. 1(b) and 1(d)].

To generate a SONLS, we add a perturbation to Eq. (1).
Different from the utilization of a PT -invariant perturbation
[44,45], we generate a SONLS by a PT -symmetry broken
perturbation

	H(k) = w sin kxτxσx + m sin kyτxσz, (3)

where w and m are the x- and y-direction next-nearest-
neighbor intercell hopping rates [see Fig. 1(a)]. Equation (3)
breaks time-reversal symmetry T and mirror-rotation sym-
metry Mxy, while preserving chiral symmetry S , spatial
inversion symmetry P , and mirror-rotation symmetries Mx

and My of H0(k). Equation (3) exhausts all the possibilities
in our system satisfying the above symmetry requirement.
Other forms proportional to τiσ j either cannot satisfy the
symmetry requirements or cannot be realized in the lattice in
Fig. 1(a). We plot the energy spectrum under an open bound-
ary condition in Fig. 2(a). It is found that each Dirac point in
Fig. 1(b) spreads into a nodal line. The quadrupole moment
P = 0.5 guarantees that the corner nature of the zero-mode
state is preserved. This proves the formation of a 2D sliced
second-order topological phase. It is interesting to find that
the regimes within the nodal-line loops are first-order surface
flat bands. Such first-order topology is characterized by the
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winding number [3,71]

W (ky, kz ) = 1

4π i

∫ π

−π

Tr[SQ(k)∂kxQ(k)]dkx, (4)

where Q(k) = ∑
l=1,2[|u−l (k)〉〈u−l (k)| − |ul (k)〉〈ul (k)|],

with |ul (k)〉 satisfying [H0(k) + 	H(k)]|ul (k)〉 =
El (k)|ul (k)〉. The chiral symmetry makes E−l (k) = −El (k).
We see from Fig. 2(b) that the regimes with W = ±1 exactly
match with the regimes in the presence of the nodal lines.
This verifies the first-order nature of the surface flat band
within the formed nodal-line loops. The distribution of the
nodal lines in the Brillouin zone in Fig. 2(c) indicates that
they reside in the planes of kx = 0 and π . The probability
distribution of all the zero-mode states in Fig. 2(d) exhibits
hinge Fermi arcs in the 2D second-order topological insulator
regimes and the drumhead surface states in the first-order
surface flat-band regime are separated by nodal lines. This
confirms the formation of the SONLS. Thus, different
from Refs. [44,45], we find a way to realize SONLS in
PT -symmetry broken systems.

III. FLOQUET ENGINEERING TO SONLS

As they are determined by the hopping rates, the topo-
logical features and the nodal-line structure of any SONLS
in a static system cannot be changed once their material
is fabricated. Without resorting to changing the intrinsic
parameters, we use Floquet engineering to realize such con-
trollability. We consider that m in Eq. (3) is periodically driven
as

m(t ) =
{

m1 f , t ∈ [nT, nT + T1),
m2 f , t ∈ [nT + T1, (n + 1)T ), (5)

where n ∈ Z, T = T1 + T2 is the driving period, and f is an
energy scale to make the driving amplitudes mj ( j = 1, 2)
dimensionless. Such driving has been used in generating a
time crystal in a spin chain system [72,73] and simulating
large-Chern-number Floquet Chern insulators [58,74] in the
nitrogen-vacancy center system. The periodic system does not
have an energy spectrum because its energy is not conserved.
However, the Floquet theorem reveals that |uα (t )〉 and εα

in the Floquet equation [Ĥ (t ) − i∂t ]|uα (t )〉 = εα|uα (t )〉 play
the same roles as the stationary states and eigenenergies in
static systems. They are thus called quasistationary states and
quasienergies, respectively [75,76]. The topology of our peri-
odic system is defined in the quasienergy spectrum. It can be
proven that the Floquet equation is equivalent to ÛT |uα (0)〉 =
e−iεαT |uα (0)〉, where ÛT = Te−i

∫ T
0 Ĥ (t )dt is a one-period evo-

lution operator with T being the time-ordering operator. Thus,
ÛT defines an effective static system Ĥeff = iT −1 ln ÛT whose
energy spectrum matches with the quasienergy spectrum of
our periodic system. Then one can use the well-developed
tool of topological phases in static systems to study periodic
systems via Ĥeff. Applying the Floquet theorem on our Hamil-
tonian, we have

Heff(k) = iT −1 ln[e−iH2(k)T2 e−iH1(k)T1 ], (6)

where H j (k) is the Hamiltonian with m replaced by mj .
Different from the static case, the topological phases of

a periodic system can be carried by a quasienergy gap not

only at zero but also at π/T , which makes the topological
description in static systems insufficient. We can establish a
complete topological description of our periodic system from
Heff(k). The first-order topology is described by the winding
number, which requires chiral symmetries. However, Heff(k)
does not inherit the chiral symmetry of the static system due
to [H1(k),H2(k)] �= 0. We make two unitary transformations
Gl (k) = ei(−1)lHl (k)Tl /2 (l = 1, 2), which do not change the
quasienergy spectrum, to recover the chiral symmetry and
obtain H̃eff,l (k) = iT −1 ln[Gl (k)UT (k)G†

l (k)] [61,77]. Then
two winding numbers Wl defined in H̃eff,l (k) relate to the
first-order topologies of Heff(k) at the quasienergies α/T ,
with α = 0 or π , as

Wα/T = (W1 + eiαW2)/2. (7)

The number of α/T -mode drumhead surface states is
equal to 2|Wα/T |. Being the same as the static case,
the second-order topology is captured by the quadrupole
moment.

The quasienergy spectrum of Heff(k) in Fig. 3(a) re-
veals that the second-order corner states are present at the
quasienergy zero, which is witnessed by the nontrivial P in
Fig. 3(b). We find that large parts of the quasienergy gaps at
both zero and π/T are closed. The winding numbers Wα/T

in Figs. 3(c) and 3(d) reveal that the regimes with closed
quasienergy gaps exhibit more colorful first-order topolog-
ical phases than the static case in Fig. 2(b). In particular,
the large-winding-number phases with Wπ/T = ±2 and thus
the enhanced numbers of the drumhead surface states, which
are absent in the static case, are present. Combined with
the second-order topological phases in Fig. 3(b), this re-
sult indicates that a hybrid-order nodal-line semimetal, with
coexisting second-order nodal lines in the zero mode and
first-order ones in the π/T mode, are created by periodic
driving. Figures 3(e) and 3(f) show the distribution of the
zero- and π/T -mode nodal lines in the Brillouin zone. We
see that the nodal-line structures are dramatically changed by
periodic driving compared with the static case in Fig. 2(c).
First, the separated nodal loops in the kx = 0 plane of Fig. 2(c)
are merged. Second, several nodal chains, where the nodal
loops in the two planes of kx = 0 and π are connected by
nodal lines, are formed in the zero mode, and a crossing ring
nodal net, where the three nodal loops in the planes of kx = 0
and ky = 0 are linked together, are formed in the π/T mode.
We thus realize an exotic hybrid-order nodal-line semimetal,
with coexisting second-order nodal chains and a first-order
crossing ring nodal net. Such rich nodal-line structures are
difficult to realize in static systems. The hybrid-order nodal-
line topological semimetal is confirmed by the probability
distributions of the zero- and π/T -mode states. The second-
order hinge Fermi arcs and the first-order drumhead surface
states separated by the nodal lines in Fig. 3(g) verify the
second-order nature of the zero-mode nodal lines. The purely
drumhead surface states in Fig. 3(h) confirm the first-order
nature of the π/T -mode nodal lines. Therefore, our result
reveals that periodic driving supplies an efficient tool to ad-
just the nodal-line structure and the topological phases of the
SONLS.
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FIG. 3. (a) Quasienergy spectrum and (b) quadrupole moment
of the periodically driven system. Winding numbers (c) W0 and
(d) Wπ/T , with the red lines denoting the projections of the nodal
line on the ky-kz plane. Nodal-line distribution of the (e) zero mode
and (f) π/T mode in the Brillouin zone. (g) Hybrid-order nodal-
line semimetal with coexisting second-order hinge Fermi arcs and
first-order drumhead surface states in the zero mode and (h) purely
first-order drumhead surface states in the π/T mode. We use γ =
0.3 f , a = 0.6 f , λ = 0.1 f , m1 = 0, m2 = 1.1, T1 = 1.0 f −1, and T2 =
1.5 f −1.

Furthermore, periodic driving can also realize the con-
version of different orders and structures of nodal lines,
both of which are hard to realize in static systems. The
quasienergy spectrum in Fig. 4(a) shows that the zero-mode
corner states disappear and the π/T -mode gap is persistently
closed. Widely changing from −2 to 2, Wα/T in Figs. 4(b)
and 4(c) reveals rich first-order topological phases in the gap
closing regimes both for the zero and π/T modes. Thus the
numbers of drumhead surface states are enhanced. It is inter-
esting to see that abundant nodal-line structures are created.
The zero mode shows a crossing ring nodal net [see Fig. 4(d)].
The π/T mode shows a nodal chain, a crossing line node
[55], and two nodal nets [see Fig. 4(e)]. Both of the zero- and
π/T -mode states are first-order drumhead surface states. The
results verify that the SONLS in Fig. 2 is converted into a
first-order nodal-line semimetal with rich topological phases
and nodal-line structures both at the zero and π/T modes by
periodic driving.

FIG. 4. (a) Quasienergy spectrum and winding numbers (b) W0

and (c) Wπ/T of the periodically driven system. Nodal-line distribu-
tion of the (d) zero mode and (e) π/T mode in the Brillouin zone. We
use γ = 0.5 f , a = 0.6 f , λ = 0.3 f , m1 = 0, m2 = 1.1, T1 = 2.8 f −1,
and T2 = 1.2 f −1.

IV. DISCUSSION AND CONCLUSION

The steplike driving protocol is considered merely for the
convenience of numerical calculation. Our scheme is general-
izable to other driving forms, which can be discretized into
a finite number of step functions. A second-order topolog-
ical semimetal has been predicted in Cd3As2, KMgBi, and
PtO2 [24,78], and realized in acoustic metamaterials [7,8].
Floquet engineering has exhibited its ability in creating exotic
phases in electronic material [79,80], ultracold-atom [81],
superconductor qubit [82], and photonic [83–86] systems.
Different topological semimetals have been realized in pho-
tonic [87–90], ultracold-atom [91,92], and circuit-QED [93]
systems. This progress indicates that our prediction is realiz-
able in state-of-the-art quantum-simulation platforms.

In summary, we have proposed a scheme to generate
SONLS in a PT -symmetry broken system and explored its
diverse variations in both nodal-line structures and topological
orders by Floquet engineering. An exotic hybrid-order nodal-
line semimetal and abundant nodal-line structures including
nodal chains, crossing ring nodal nets, crossing line nodes,
and nodal nets are created by periodic driving. This result
enriches the classification of topological semimetals and pro-
vides a convenient way to reduce the practical difficulties
in adjusting nodal-line structures, Fermi arcs, and drumhead
surface states in static systems. Such an on-demand control-
lability to the topological semimetal is helpful in designing
novel topological devices by simultaneously utilizing the ad-
vantages of two topological orders and various nodal-line
structures of the semimetal.
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