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Nonlinear optical responses, such as shift current and second-harmonic generation (SHG), of topological
semimetals have been subjects of great interest because the momentum-space topological structures near Weyl or
Dirac points lead to unusually large responses. This is especially important for technological applications as the
shift current and SHG are often used for solar cell and frequency-changing applications for lasers, respectively.
We demonstrate that nodal line semimetals can offer even larger responses at low frequencies. For example, we
show that a large SHG response arises at finite doping when an external dc electric field is applied to break
the inversion symmetry of an otherwise inversion-symmetric model of a nodal line semimetal. Furthermore,
we introduce a model with intrinsically broken inversion symmetry, where both the shift current and SHG are

singular in a range of parameters.
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I. INTRODUCTION

Nonlinear optical responses of quantum materials offer a
deeper understanding of many-body excitation spectra [1],
which may help us build more useful optical devices [2].
Recent studies show that the bulk photovoltaic effect or the
shift current, which is a nonlinear optical response producing
a net photocurrent in noncentrosymmetric materials [3—7], is a
promising substitute for conventional solar cells with pn junc-
tions [8]. Furthermore, second-harmonic generation (SHG) is
another second-order nonlinear optical response, where the
material absorbs a light with frequency w and produces a light
with doubled frequency 2w [9-13]. The symmetry structure
of the SHG tensor provides important information about the
subtle broken symmetries in materials [14,15], which may
not be obvious in linear response probes. Although the basic
principles of these nonlinear responses are well understood
[9,16,17], it is highly valuable to investigate materials that
may provide strong nonlinear optical responses.

Recently, it has been shown that topological semimetals
such as Weyl semimetals [18], where the valence and con-
duction bands cross each other in momentum space at a
discrete set of points, can produce strong nonlinear optical
responses [19-25]. These responses are intimately related to
the topology of the wave function near the band-crossing
points, known as Weyl points [26—29]. For example, a strong
nonlinear optical response was observed in a Weyl semimetal
with broken inversion symmetry, TaAs [2,21,30,31].

In this paper, we investigate nonlinear optical responses
in a class of topological nodal line semimetals (NLSMs)
[32-34]. The crossing points between conduction and valence
bands form a closed loop in the momentum space, and upon
doping, a Fermi surface with the topology of a torus arises
as shown in Fig. 1. There exist a number of materials that
show NLSM behavior such as HgCr,Se4 [35], Cuz;PdN [36],
CuszZnN [37], CasP, [38], ZrSiS [39], and SrIO; [40]. The
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NLSM exhibits various exotic properties due to the nontrivial
structure of the Fermi surface [41,42], which includes a parity
anomaly [43] and a giant nonlinear response in the presence
of magnetic fields [44].

The most important quantities that can affect nonlinear
optical conductivity are energy dispersion and the topology of
the Bloch wave function. In this paper, we consider a class
of NLSM models with different dispersions and study the
behaviors of the shift current and SHG. Since these nonlinear
responses arise when the inversion symmetry is broken, we
consider the systems where the inversion symmetry is broken
either intrinsically or via an external electric field. We first
consider the NLSM where the inversion symmetry is broken
by an external electric field. It is found that SHG in the NLSM
can have a more singular response in comparison to the Weyl
semimetal, i.e., oNESM ~ od/! ) in the low-doping limit
uw — 0 (vko is an energy scale associated with the NLSM).
Furthermore, considering the NLSM systems with intrinsi-
cally broken inversion symmetry, we show that a certain class
of NLSMs can have stronger shift current (and similarly SHG)
responses, o gv(0; @, —@) o (€/i*)w3/2, in compar-
ison to the case of Weyl semimetals a:lffft’Weyl(O;w, —w) X
(€3 /iH)w~" in the low-frequency limit. We explain below how
these singular behaviors arise from the peculiar structure of
the Fermi surface and the Berry curvature of the wave function
in NLSMs.

The rest of this paper is organized as follows. In Sec. II,
we discuss the nonlinear optical response functions in dif-
ferent gauge choices. In particular, the relations between the
expressions of shift current and SHG with different gauge
choices are discussed. In Sec. III, we consider a NLSM where
the inversion is broken by an external dc electric field. We
show the behavior of SHG in this system. In Sec. IV, we
introduce two classes of NLSM systems with intrinsically
broken inversion symmetry. We study both the shift current
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FIG. 1. The Fermi surface of a NLSM. The radius of the torus is
considered to be ko, and ky > 1, where u is the chemical potential.

and SHG and present their behaviors. In Sec. V, we discuss
the implications of our results.

II. NONLINEAR OPTICAL RESPONSES IN LENGTH
AND VELOCITY GAUGES

A. Length and velocity gauges

We first discuss two gauge choices that are commonly used
to calculate nonlinear responses. These two gauges are known
as the velocity gauge and the length gauge. The advantage
of making these two gauge choices in nonlinear response
calculations is that the structure of the resulting Hamiltonian
is linear in the gauge field and it simplifies the calculation
of response functions. In the rest of the paper, we use the
length gauge to calculate the shift current, and we use both
the velocity gauge and the length gauge to calculate SHG.

To introduce these two gauges, let us consider a gen-
eral dispersion Hy = ¢(p) and a Hamiltonian H(p, r) = Hy +
Vine (r). In the presence of an external gauge field, one can use
the minimal substitution p — p — eA. Then the Hamiltonian
up to the second order in the gauge field can be written in the
following form:

2
H=e(p)—eVye(p)- A+ %v,is(p)(A -A) + O(A%) — e,

ey
where A and ¢ are vector and scalar potentials of the electro-
magnetic field. In the absence of any static source, we can
assume that ¢(r,¢) = 0, and also in the dipole approxima-
tion, we can take the vector potential to be independent of
position A(r, t) = A(¢). In finding the second-order response,
the quadratic term in the gauge field can make the calculation
much more difficult. As a result, it would be more efficient to
cancel this term by fixing a gauge. The first gauge that can be
used is the length gauge. The freedom of gauge transformation
can be written as follows:

A— A=A+ VA,
¢— ¢ =¢—dA, 2
w - 1[// — e*ieA/hw’

where y is the matter field or wave function.

By choosing A = —A(¢) - r, which is the length gauge
choice, we get A’ =0 and ¢’ = 9,A(¢t)-r = —E() -r. By
making the vector potential vanish, the only term contributing
to the Hamiltonian is the scalar potential. Thus the Hamilto-
nian in the presence of an external electric field in the length

gauge can be written in the following form:

Hi(p,r) = &(p) + K@) -1, 3
where the subscript L denotes that the Hamiltonian is written
in the length gauge. E() is the electric field, and the eE(7) - r
term can be interpreted as an interaction between the electric
field and the polarization P = —ef.

In systems with multiband structure, there exist two kinds
of polarizations due to the interband and intraband interac-
tions, which we denote as P, and P;, respectively. The second
quantized forms of the polarizations can be written as follows:

. = [1d1 Yt 0 ) @

Pi=c / [dk] Y (a} (k)an (k) — ik, af (K)an (k). (5)

where [dk] = (32133 . Here, a' and a are fermionic creation and
annihilation operators. &,, is the Berry connection of the nth
band, and r,,, is the expectation value of the position operator
between n and m states, (n|r|m), which can be written in the

following form:

& = i (k)" Oty (),
Yy = &,, Whenn#m,

where u, (k) is the periodic part of the Bloch wave function.

On the other hand, for the velocity gauge, we can choose
A =-V2e(p) [L  A@)-A@)dr’. Thus we find A’ =
A(t) and ¢' = V,%e(p)ﬁA(t) - A(t). Then, in this gauge, the
scalar potential cancels the nonlinear gauge field term, and the
Hamiltonian turns out to be

Hy = e(p) + eA(t) - V,ye(p), N

where the subscript V denotes that the Hamiltonian is written
in the velocity gauge. Note that the Hamiltonians in both
gauge choices are linear in the external gauge field, making
the calculation easier.

We note that, at first glance, the calculation of the nonlin-
ear response seems simpler in the velocity gauge compared
with the length gauge since there is no spatial dependence in
the Hamiltonian. This means that one can find the system’s
response for each lattice momentum individually. However, it
was shown that the velocity gauge can give rise to unphysical
divergences at low frequencies [45]. This problem was ad-
dressed by Aversa and Sipe [6]; they calculated the diverging
coefficients and expressed them in terms of sum rules. They
have further shown that, in a full band calculation when all the
sum rules are satisfied, the diverging coefficients sum to zero
and the result is gauge invariant. However, these sum rules
can be easily violated by truncating bands, which can give
rise to nonphysical divergences in the velocity gauge. On the
other hand, determining the nonlinear responses in the length
gauge seems more reliable in the finite-band approximation
since there is no evidence of these divergences in the length
gauge calculation of nonlinear responses. This means that
the divergence of a quantity computed in the velocity gauge
may be physical or unphysical depending on the situation. To
distinguish these two cases, the calculation must also be done
in the length gauge, which does not suffer from unphysical

(6)
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divergences. Such a situation may apply to our calculation of
SHG in the velocity gauge in Sec. III. Thus, in Appendix E,
we discuss the calculation of SHG in the length gauge mainly
to demonstrate that the low-frequency singularity responsible
for the large SHG is the same in the velocity gauge and in the
length gauge.

B. Shift current and second-harmonic generation

In the presence of an electric field E, the response of the
system can be written in terms of an expansion of the current,
J, as a function of the electric field,

J4w) =0 (@)E" (@) + 0" (0; 01, 0)E*(@)E (@2) + - - -,

(®)
where a,b,c € {x,y,2}, o =w; +wy, and E(w;) is the
Fourier component of the time-dependent electric field. In
this manner, o%?(w) is the linear response and o (w; w, w,)
is the second-order nonlinear response to the incident light.
There are a number of nonlinear optical processes that can
occur in the presence of an electric field, which include SHG,
sum and difference frequency generation, and shift current,
which are also known as bulk photovoltaic effects (BPVEs).
These second-order responses can be observed in systems
with broken inversion symmetry. In this paper, we only focus
on the SHG and shift current.

1. Shift current

In systems with broken inversion symmetry, the separation
of centers of charge in valence and conduction bands can
produce the net dc current, known as the shift current [16].
In the length gauge formulation, if the light is polarized in the
b direction, the shift current can be written in the following
form [5,6,9]:

bb
T (0; @, —@)

Z/ [dk |V,,m(k)| anb(k)fnms(wnm —a)), (9)

nm

where the sum is over the band index and BZ refers to
the Brillouin zone. Here, a, b € (x,y, ) are spatial coordi-
nates, and f,,, = f(€,) — f(€,), where f(e) is the Fermi
distribution function. Note that €, = hiw, is the eigenvalue of
the Bloch Hamiltonian H (k) and w,,, = w, — w,,. Moreover,
fnmlr (k)|? is related to the transition intensity, and R: (k)
denotes the separation of centers of charge (in the valence and
conduction bands) in the real space, which is known as the
shift vector

b

- +§:n _Sr?lm' (10)

Rip(k) = ==

Here, ¢ Im[ln(r )] 1s the phase of the matrix element of
the position operator.

2. Second-harmonic generation

In the SHG process, systems with broken inversion sym-
metry can absorb a light with frequency w and produce a light
with doubled frequency 2w. The corresponding nonlinear cur-
rent can be written as J?(2w) = 0 Qw; w, 0)E?(0)E¢(v).
Here, the SHG response tensor in the velocity gauge can be

defined as follows [10,30]:

Usallflco(w) = zaﬁcl(w) + a,l;cu(w) + Ufﬁfi(a’) + Ulp Il(w)
(11)
where

abC(w) Z TSR / [dk]vmnw SRy 2w — wp),

12)
Ozalftn(w) Z YEme /[ Cn;n iz:afm +

nmp mp np

X fmnR)/ (2(1) - wnm)v (13)
abc 63 ab Ve ac ,.b
lp I(w) Z m [dk] Win Vm + wmnvnm)

X f;nnR (a) - a)nm) (14)
abe mn np ]+

nmp pm pn

X (fmpRy(w - wpm) - fnpR (a) - wnp))- (15)
+ v b

Here, w = (1/h)o, &, H, [vnpvpm]Jr np Vi ipVpms
and R, (x) = 1/(x — iy ), where y is related to the decay rate.
SHG consists of four different processes, Eqs. (12)—(15). The
first two equations, Egs. (12) and (13), which are denoted by
index 2p, show the contributions of two-photon resonance.
On the other hand, Egs. (14) and (15), denoted by 1p, show
the contributions of one-photon resonance.

III. NODAL LINE SEMIMETAL WITH
INVERSION-BREAKING EXTERNAL ELECTRIC FIELD

In this section, we start with an inversion-symmetric model
for nodal line semimetals. Then, in order to find a finite SHG
response, we break the inversion symmetry by applying an
external electric field. We find the analytic expression for SHG
in this case.

Let us consider the following Hamiltonian [46]:

H (k) = v(,/k2 + k2 — ko) T + vk, T, (16)

where 74 are the Pauli matrices acting on the orbital space,
where A € {x,y, z}. Here, kg is the radius of the nodal line
in the momentum space. The location of the zero-energy

nodal line spectrum is given by  /kZ +k2 =ko and k, =

0. This Hamiltonian preserves both time-reversal and in-
version symmetry as it commutes with the parity operator
P = 1, ® (k > —k) and the time-reversal operator 7 = K ®
(k — —k), where K is the complex-conjugate operator.

Now we introduce an external electric field to break the
inversion symmetry. In systems with inversion symmetry, the
second-order nonlinear response would vanish, and only odd
responses would contribute to the current density. However,
in the presence of an external dc electric field, the distribution
function of electrons breaks the inversion symmetry, and this
gives rise to a second-order nonlinear response such as SHG.

In the presence of an external dc electric field, we can
find the distribution function using the Boltzmann equation by
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introducing a relaxation time t,

8
_EE.akfz__f' (17)
h T
By solving the Boltzmann equation, one can obtain the distri-

bution function for the nth band

et et
fo= £+ ZE -+ S EE 09,50, (18)

where f? is the equilibrium distribution function. The impor-
tant contribution is the linear term in the electric field, which
breaks the inversion and gives rise to the SHG.

Let us consider a dc electric field in the z direction. In
our model, in the low-frequency limit, oz‘lg‘i and al"[i’j vanish.
Note that these two contributions also vanish in semimetals
with a linear dispersion, such as Weyl semimetals [16]. The
reason why these contributions vanish in Weyl semimetals is
that the second derivative of the Hamiltonian, which enters in
oz’l’f”cl and af’ﬁﬁ, is zero. However, in our model, these terms
do not vanish explicitly, but the integral over the Fermi sur-
face vanishes because they are odd functions of momentum.
The only important remaining terms are 02“1})”0[1 and Ul‘l[i‘il in
Egs. (13) and (15), respectively. Both of these terms scale
similarly with respect to frequency, which is explained in the
analytic expression of SHG in Appendix C.

In the case of u < vky, where p is the chemical potential,
we have the following form for SHG:

o Qwyw, w) = 02”,’7’3[(2w;w, ) + of’;ﬁI(Zw; w, ), (19)

where
: e 2’ E kot ,
o5 Qws 0, 0) = hS—MZZRy Qo —2w)Csh. (20)
4.2
abe e"v°E kot e
oy w0, 0) = h3—;2Ry (@ —2W)C. (21)

Here, C{%i and Cy%; are numerical coefficients shown in

Table III in Appendix C, and R, (v —2u) = m We
assume that y is sufficiently small so that the resonant factor
R, (x) behaves like §(x). Thus we used the approximations
o ~ 2 and w ~ pu for the one-photon and two-photon reso-
nances, respectively.

In the limit u < vko, the SHG is singular as
ogiG ~ ko/ 1, (22)

which is more divergent in comparison to the case of a Weyl
semimetal, a:{fél ~ 1/u. On the other hand, in the opposite

limit, vky < @, we obtain
oud ~ 1/ 1+ ko/ 1 + O((ko/ 1)) (23)

Note that in the limit k) — O, this result reduces to the same
behavior as in a Weyl semimetal.

IV. NODAL LINE SEMIMETAL WITH INTRINSICALLY
BROKEN INVERSION SYMMETRY

In this section, we introduce two sets of Hamiltonians
(models 1 and 2) for a NLSM with intrinsically broken in-
version symmetry. We also consider tunable dispersions in
these models, which lead to different behaviors in the density

of states. For each model, we compute the shift current and
SHG for different dispersion relations, and we show that some
choice of dispersion can enhance the shift current response.

A. Two models

Let us first consider the following 2 x 2 Hamiltonian,
which we call model 1.

H(k) = (/K2 + k2 — ko) "7 + vykeTy + £KDT., (24)

where t4 are Pauli matrices acting on the orbital space, where

A € {x,y, z}. ko is the radius of the nodal line in momentum

space. The location of the zero-energy nodal line is given by
[k + k? = ko and k, = 0.

There is another class of Hamiltonian that can capture the
features of nodal line semimetals but with different scaling
with respect to x, y, and z directions [43,44,47-49]. This
effective Hamiltonian, which we call model 2, can be written
in the following form:

H =1kl + k& — k3) T + vykty + £kl (25)

In both models, the Hamiltonian can break inversion sym-
metry or time-reversal symmetry depending on the exponent
b. This can be determined by considering the commutation
relation between the Hamiltonian and the parity operator
P =1, ® (k— —k) and between the Hamiltonian and the
time-reversal operator T = K ® (k — —k), where K is the
complex-conjugate operator. In this model, the 7, term breaks
the inversion when b is an even integer (but preserves time-
reversal symmetry). Note that, as long as b > 1, the t, term
can be regarded as a small perturbation in the low-frequency
limit. We investigate the behavior of the shift current depend-
ing on the choice of a and b.

B. Shift conductivity

One of the important factors determining the scaling be-
havior of the shift current is the joint density of states, p(¢).
This, as well as the shift vector and transition intensity, de-
termine the scaling behavior of the shift conductivity in the
low-frequency limit. In the following, we examine the con-
tribution of each of these three quantities to the shift current
in models 1 and 2, respectively. The joint density of states
for these two models can be written as follows. The quantity
represented by the variables with the tilde sign is for model 2.

1
p(w) = v /[dk]rs(w — wey(k))

ko (g)i r(1+4)

o \i) T(E)

=2 (26)

1
po) = 4 [1aK15@ - 6,0
NG (w) I(3)
=27—| = 4 27
i) T @n
Here, hw., = €, — €,, hid., = €. — &, and c, v represent the

conduction and valence bands. For both models, the scaling
of the density of states as a function of energy is the same.
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However, in model 1, the presence of a finite radius ko is
crucial to find a nonzero density of states, which is not the
case for model 2.

Let us first consider model 1. To find the relation between
the joint density of states and shift conductivity in Eq. (9), we
change the integral variable from lattice momentum to € and
2, which are the energy and the solid angle in momentum
space, respectively. Then we can find the following form for
the shift conductivity:

o] (@) = f 42 de 1978, €) fou(€)8(wer — @),

where

1770, €) = |detJ| |rl, (e, 9)| R .(€,0). (28)

cv,j
Here, f.,(€) = f(e.) — f(€y), |detJ| is the determinant of
the Jacobian matrix, and i, j € {x,y, z}. The exact expres-
sion of the Jacobian determinant is discussed in Appendix B
and shown in Eq. (B5). It can be schematically written as
|det J|(e, 0) = ko €"/u,(6) + €*/%g,(8). Here, u, and g, are
functions of 8 and a. The contribution of the first term corre-
sponds to the joint density of states for model 1, shown in
Eq. (26). This can be seen from fdQ |det J|(e,0) o p(€)
due to f d2 g,(0) = 0. Thus we can write the determinant
of the Jacobian matrix in terms of the joint density function,
|detJ|(e, 0) = p(e)ha(0) + €*?g,(0). Here, h,(0) and u,(0)
differ only by a multiplicative constant. For the scaling behav-
ior of the shift conductivity, the other two important factors are
the transition intensity, which is proportional to the interband
element of the position operator |77, |2, and the shift vector in
Eq. (10).

To investigate the contribution of each term, we need to
choose a direction. Because of the symmetry of the Hamilto-
nians, the x and y directions behave similarly, so let us only
consider the zzz and zxx directions. Let us first consider the
zzz direction. In our two-band Hamiltonian models, in the
low-frequency limit, we find that the interband element of
the position operator scales as |rZ, (€, 0)|? = € 2h"*(9). Here,
h"%(0) is an angular part of the |rZ, (e, 0)|? term for model 1.

The shift vector is another factor that has topological in-
formation about the wave function. The Berry connection
explicitly contributes to the shift vector via Eq. (10), which is
a gauge-invariant physical quantity. There are intraband and
interband contributions to the shift vector, coming from &7,
and dy_¢7, , respectively. In our models, in the low-frequency
limit, both of these quantities scale as e ~2>**. Thus we can
write the shift vector as R, = e’”th (0). Here, hR 2(0)
is an angular part of the shift vector along the z dlrectlon in
model 1, which depends on both a and b exponents.

Finally, in the low-frequency limit, the simplified form of
Eq. (28) [as discussed in Appendix B, Eq. (B17)] can be
written as the product of the Jacobian determinant, the transi-
tion intensity, and the shift vector. By multiplying these terms
we find that the integrand of the shift conductivity shown in
Eq. (28) can be written as

ko
[F(e,0) = — —F5(0) +

g ——GEO). (29

4b2

TABLEI. The shift current conductivity for the case of a = 2 and
b = 2 for both model 1 and model 2. For this parameter choice, we
can see divergent behavior in both models along the zzz, zxx, and xzx
directions. The zzz conductivity has more singular behavior than that
of the other directions for both models. Note that in the zzz direction,
in model 2, the shift conductivity is independent of k. Here, I'(x) is
the Euler gamma function, and K (x) is the complete elliptic integral
of the first kind.

Choice of parameters a = 2 and b = 2

Model 1 Model 2

 0:0, —) & %o 211 (3/4) El ‘/2":41"(3/4)2
Shlf[ 2 3?2 37

3 871k2~/2t)t K(1/2)

Shift conductivity

&3 ko201 K(1/2)

O ir (0 @, —@) AT R anel T

w2 (). & 5mko/2x1:K(1/2) & 1073/ 26.K(1/2)

oin (03 @, —@) B ael? LA T
Here,  F5(0) = ha(6)h"™*(0 Yh®(@)  and G, (0) =

ga (G)h”(é)hR “(0). The exact expressions of F%(f) and
G¥5(6) can be found in Appendix B, Egs. (B20) and (B21),
respectwely

In the zxx direction, the shift vector and the density of
states scale similarly to the way they scale in the zzz direc-
tlon However, for the transition intensity, we have |r}, |2 =

h;‘(@ ). By multiplying all these three quantities, I** (¢, 6)
is found as

ko

xx —
(e, 0) = 2-b+1

1
Fo50) + 62—7ng3;(9). (30)

Here, FS'(0)=nh OO ()  and G, 0) =
8a(0)h*(0 )hR #(0). The exact expressions of F; “‘X and
G, can be found in Appendix B, Egs. (B14) and (B15)
respectively.

For model 2, the evaluation of the shift conductivity would
be similar to the case of model 1 in the zzz direction. The shift
vector scales as in model 1, RS, . = e‘2+hl~z§’§z(9), and the

transition intensity scales as |r§v|2 = € 2/"4(0). In model 2,
the Jacobian of the variable change would be |det J| = p(€)h,,
which is independent of ky. By multiplying all these three
quantities, we find that the /*** tensor for model 2 is given
by

. 1
F0, ) = 5 i 0). @1

Here, FZZZ(Q) = R0 )hR "(G)h [see Appendix B, Eq. (B33),
for details]. Note that there is no contribution from kg to
the shift conductivity in the zzz direction for model 2, and
the reason is that the joint-density-of-states equation (27) is
independent of &y in this model.

In the zxx direction, however, the result depends on ké
as shown in Table I. The ky dependence in this direction
comes from the transition intensity |, |> = ke ~>“h:*(0) +
e~1/ag"x(0). Here, h*(0) and g5:*(9) are the angular parts of
the transition intensity. The other two factors, the shift vector
and the joint density of states, remain the same as in the zzz
direction. Finally, by considering these three terms, we find
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that I¥**(6, €) can be written as

2

%0, €) = E50) + foff(@) (32)

T—H/
Here, F%™* and G% are angular-dependent functions similar
to FZ.

Now we are ready to discuss the overall scaling behavior
of the shift conductivity for models 1 and 2. Considering the
frequency dependence of all the factors discussed above, one
can see that it depends strongly on the choice of the a and b
exponents. Let us first investigate the effect of the b coefficient
in the shift conductivity. As can be seen from Eq. (29), in order
to find the most singular behavior for the shift conductivity, it
would be convenient to fix the b exponent as the minimum
integer possible. However, for b = 1, the Hamiltonian does
not break the inversion symmetry, and the shift conductivity
would vanish (one can also see that all the angular functions
would vanish explicitly for the choice of b =1 as seen in
Appendix B). The next relevant choice is b = 2, which would
break the inversion symmetry of the Hamiltonian, leading to a
finite shift conductivity. Hence we use b = 2 for the following
discussions even though the exponent b is explicitly shown in
all the formulas.

For model 1, when a is an even integer, we find that the
second term of Eq. (29) vanishes after integrating over 6, and
only the first term contributes to the shift conductivity. In this
case, we can see that the shift conductivity scales as

22z —4+b+1

04 (0; w, (a = even). (33)

—w) ~ kow

If a is an odd integer, then the first term in Eq. (29) vanishes,
and only the second term can contribute, leading to

0% (0:0, —w) ~ w TP (a = odd). (34)

Similar power-law behaviors can be found for the zxx and
xzx directions as well. Let us now consider the zxx direction
for simplicity, but one can generalize the following argument
to the case of the xzx direction. Similar to the zzz direction,
when we integrate over 6 for an even integer a, only the
first term in Eq. (30) survives and the G (9) would vanish.
However, when a is odd, the second term survives and the
FZ5(6) vanishes. Thus we find that the scaling behavior of
the shift conductivity in the zxx direction is as follows when a
is even:

f}fét (0 o, —2+b—1/a

(a = even). 35)

—w) ~ kow

When a is odd, we have

035 (00, —w) ~ 02 (a = odd). (36)

For model 2, the functions F “4(6) and F “5(6) vanish after
evaluating the integral over the angular part when a is an odd
integer. Hence, for odd integer a, the shift conductivity for the
zzz direction vanishes, and the shift conductivity is finite only
for even integer a. For the zxx direction, only the G‘Z’f’b‘ (0) part
contributes for odd integer a, while both terms can contribute
in the case of even integer a. Therefore, when a is even, we
can write the scaling of the shift conductivity for model 2 as
follows.

5222 —4+b+1

655400, —w) ~ w (a = even), 37

TABLEII. The shift conductivity for the case of a = 1 and b = 2
for both model 1 and model 2. The conductivities in this case are
constant in both models and independent of k.

Choice of parametersa = 1 and b = 2

Shift conductivity Model 1 Model 2
22 & nztz
O5in (0 @, —w) e 0
5
3 2 3 2
XX e Tl e Tty
O (0 @, —) 7 1602 2 82
& 3712t;_ & 37[22‘1
shlft(o @, ) I 321)}2. i 16113

555 (0,0, —0) ~ Ko 20 (g =even). (38)

When a is odd, we get

&5 00, —w) ~ 0" (a = odd). (39)
As we discussed earlier, we may focus on the choice of b =
2 in these models. Now let us consider both the case of a =
2, b =2 and the case of a =1, b = 2. For models 1 and 2
witha = 2, b = 2, in the zzz direction, by using Eqs. (33) and
(37), we obtain o ~ ko/w*? and G35~ 1/w*?, respec-
tively. In comparison to other systems with singular behavior
in the shift conductivity, such as Weyl semimetals, our models
show even more singular behavior. In type I and type II Weyl
semimetals, a{"‘,;ezyl [~ ®® and a&?éyl 1~ 1/w [30], respec-
tively. The exact expression of the shift conductivity of models
1 and 2 in the case of a = 2, b = 2 can be found in Table I.
For the second case, a = 1, b = 2, we can see that the shift
conductivity is constant in both models as shown in Table II.

C. Second-harmonic generation
The SHG in these classes of Hamiltonians is the sum of all
four quantities given in Eqgs. (12)—(15), which we are going to
investigate in detail. For two-band systems, we can simplify
the expression of the SHG response as follows.

jym ineS 1
o) = o [ M (0320 — o). @)

i ime’ i
Zjﬁl(w) = 2hw? /[dk]szpﬁ,w(k)va(S(zw — ), (41)
ljln ineS ijm
O1pa@) = s [ kI, () fucd(@ = @c), (42)
ijm ine’ ijm
al'p,II((")) = 2P w? [dk]MlpH,cv(k)vaS(a) — Wep), (43)
where
My, = viewl), (44)
iim —4v£c[véu, v ]
M2jpll,cv = T+ 45)
MY, = wilvg, + wivl, (46)

. 208 . vl .

ijm vel.j .m cc [,.J m
M]pII,cv - [vcc’ Ucv]+ - [vcv’ ch]+’ (47)
Wey Wey
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where [v],,,, Vipls = Vb, Vinp + ViU, and n, m, and p are the
band indices. Note that we used v, = —v! , which holds in
our models. Note that the imaginary part of M/™ gives rise to
the real part of the SHG.

Let us first consider the zzz direction to investigate the
effect of each term on the real part of the SHG. In the zzz
direction, by using the fact that v, = v’ it is easy to see that
Egs. (45) and (47) are completely real and do not contribute
to the real part of the SHG. In the zzz direction, M3} =

M ip.1» Which is proportional to |r¢, IRZ, . [see Appendix D,
Eq (D34)]. Thus, remarkably, we can write the SHG response
in the zzz direction in terms of the shift conductivity in the zzz

direction.
Re [O‘SZIZ_IZG(ZQ); w, a))]

—20) — 305500, —).  (48)

= o5 0:20,

Now we investigate the SHG for the zxx direction. In
our choice of Hamiltonians, considering the zxx direction,
Mf’l‘jf vanishes because there are no crossing terms such as
kk, in the Hamiltonian. Thus the finite contributions come
from M;ﬁ, Mg‘jﬁ, and Mfﬁl. By some calculations (see
Appendix E), we can show that these quantities can be written
in terms of the shift conductivity. As a result, the SHG in the
zxx direction can be written in terms of the shift conductivity
as follows.

Re [asszG(Zw; w, a))]

305}1‘1?[(0' 2w, —2w) + 20354(0; 20, —2w)
+ 30510 0, —). (49)

Recall that the shift conductivity is related to the shift vector,
which is a quantum geometric quantity in momentum space
and has topological information about the wave function.
Hence, interestingly, the real part of the SHG in both models
(models 1 and 2) can also be expressed in terms of such
quantum geometric quantities (see Appendix D).

V. SUMMARY AND DISCUSSION

In this paper, we investigated two distinct classes of models
of nodal line semimetals with and without inversion symme-
try. In both cases, we showed that the nodal line semimetals
can produce large nonlinear responses such as SHG and shift
current in the low-frequency limit. In the case of a model with
inversion symmetry, we apply a dc electric field to break the
inversion in the electron distribution, which is necessary to
produce a finite nonlinear response. At this point, the NLSM
in the presence of an external dc electric field exhibits a
large SHG response at finite doping and in the low-frequency
limit. It is given by osyc Qw; w, @) ~ ko/u? when vky > pu,
which is a more singular response than that of Weyl semimet-
als. On the other hand, in the regime vky < @, we obtain
osug Qw, w, w) ~ ko/u2 + 1/p. Note that in the limit kg —
0, the result reduces to the case of Weyl semimetals in an
external dc electric field, ospg Qw, w, w) ~ 1/u.

Second, we consider the case without inversion symmetry,
and analyze two NLSM models in this class. We compute the
shift conductivity and SHG of the two models and find that

the shift conductivity in both models strongly depends on the
dispersion relation of the NLSM.

The results are shown in Tables II and 1. We also show that
the real part of the SHG is related to the shift current as shown
in Egs. (49) and (48). To estimate an order of magnitude
of the results in Table I, let us consider the system in the
low-temperature-and-low-frequency limit (terahertz regime).

Using w ~ 1 THz, we can see that ow = h; ~0.01A/V?,
where ow is the conductivity of the type II Weyl semimetal
[30]. However, if we choose the exponents a =2 and b = 2
in model 1 for the NLSM and consider ¢, ~ ¢, and v, ~ t,,

we find that o5 (le0 ). In the low-frequency limit,

NLsM "~

if we choose fiv K txkg 1007, we get o ™~ 0.1A/V2.
Hence the response of the NLSM can be an order of magni-
tude larger than the response of the type II Weyl semimetal.
Our results provide an exciting route to generate enhanced
nonlinear optical responses in a variety of material platforms
exhibiting NLSM behavior. Some examples are HgCr,Sey
[35], CusPdN [36], CuszZnN [37], CasP; [38], ZrSiS [39], and
SrlO; [40]. In particular, when the inversion or time-reversal
symmetry is broken, the so-called Weyl nodal line semimetals
may arise. Recently, noncentrosymmetric 111-type materials,
LaNiSi, LaPtSi, and LaPtGe, have been predicted to be Weyl
nodal line semimetals [50]. These materials break inversion
symmetry and also produce NLSM dispersion, which make
them good realizations of the large nonlinear optical responses
studied in this paper.
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APPENDIX A: SECOND-ORDER RESPONSE

Systems with multiband structure exhibit two kinds of
polarization due to the interband and intraband interactions,
which we will denote as P, and P;, respectively.

P=P, +P, (A1)
where
P, = [0y tuna) an (A2)
B = e [ 10k 3 @}k () — i8] 000, (0,
(A3)
and
Enm = iun(k)*akul71(k)9
Lym = Snm when n # m. (A4)

Here, r,,, is the off-diagonal element of the position operator,
and &, can be considered as the Berry connection of the nth
band.
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By applying an optical field to the system we can
find the linear and nonlinear susceptibility (P(ws)) = xo +
xNE(ws) + x2(ws, 01, 0)Ey Ey, + - -+, where oy = o +
w,. To find the susceptibility, we need to find the generalized
distribution function in the presence of the applied electric
field. We define the generalized distribution function as p,,,, =
(aZ(k)am(k)) which satisfy the following equation:

3 Pum

b € b
ot rm[pln) ——-FE Pmn;bs

: ¢ b b

+ 1Wmn Pn = ih %:E (pmlr[n 7
(A5)
where the the generalized derivative is defined as P,y =
akbpnm - l(frlfn - S,},),m)an and W, = w0, — Wy.

By solving Eq. (AS) perturbatively on the electric field,
we can find the nonlinear contributions. Let us consider the
following form for the density distribution function:

Pnm = fnanm + Pfl) + p(2) (A6)
where f, is the Fermi distribution. pa) shows the first-order
contribution, and p® shows the second-order contribution in
the electric field.

By solving Eq. (A5) to the first order in the electric field
we can find the following solution:

P = pis + o (A7)
0 e L 0fn b iops
= _anm b B A8
Prs A Xﬁ:wﬁ ok, P (A8)
b
0 = £ 3 T popion (A9)
h Wy — @B

b

PFs denotes the first-order contribution coming from the
Fermi surface of the system at low temperature (because of the
derivative of the distribution function). Since the contribution
of the Fermi surface is constrained to same-band processes,
it will vanish for interband polarization, and we can ignore
the contribution of pl(:ls) to the interband polarization. For the
second-order perturbation we can find the following solution:

) ie 1 1
= s ol )|

h(wnm - wZ)
(A10)

Finally, by using Eq. (A10) in Eq. (A2) we can find the
susceptibilities for the interband contribution as follows:

Xg(z)’abc(wz ;0g, Wy)
C

a b
= 2 : rnmfnm ( rmn )
Wypm — Wx \ Wmp — Wg i

nmk

a b .c
_ Tam rm/rlnflm _
2)>

Wy — W

c b
il r/nf”l
Wiy — W

Wpm —

). (Al1)

nlmk

Here, C = &3 /1*V

To calculate the intraband contribution, it would be conve-
nient to start with the intraband current J; = J — J,., where J
is the total current and J, is the interband current. We can find

the total current as follows:

e
=3 2 Ymay (K)an k), (A12)

nmk
where V is the volume of the system and vy, = (n|d H|m) =

On:aOnm — 1O rnm For the interband current we have the fol-

lowing expression:

J.= [PesHO] + - [Pe,P +Pl. (A13)

The contribution of the first term can be written as follows:

TR Hol = Y onrmalOan®). (Al

nmk

The contribution of the second term can be written as follows:

—ie?
V2 Z
nmk

x al (k)ay (k).

[Pea’Plh—i_PLf)]: nmb+lz nppm_ np;m)

(A15)

Finally, by using % = J — J. we can find the susceptibil-
ity for the intraband contribution

Xiabc(wz;a)ﬁa w(x) _ i Z wnmarnm mnfmn

= —
C g~ O — 0
Z nm a mnf"m (A16)
iw Wyn — W
z nmk mn 2

Shift and injection

By looking at Egs. (Al1l) and (A16) we can see that in
the dc limit (wy — 0) the dominant contribution comes from
Xi; so we can neglect the x. contribution in the dc limit. We
can find the shift current and the injection current just by
investigating the divergence behavior of Eq. (A16) (the first
term is the injection current, and the second term is the shift
current); however, it would be more intuitively useful if we
look at the intraband currents in the presence of the electric
field (which is the dominant contribution).

a e e a e
J,‘ = V Z [a)n;aanm - E(E X Szn) 8nm - EE . rnm;a:l

nmk

x af(k)an(k), (A17)

e e e

J-a = - [ n‘aanm - 7 E X S-zn aanm - _E : rnm'a]
f= % Oniadun = 7 (B X )8 — 2B Fu
X (fubum + Pis + Ph + Oam + i )- (A18)
Now for the second-order response we have
Jiéf[ = Za)n;a nmpy(zizs (A19)
nmk
e
== 2 E ), (A20)
nmk

‘Ii(fFSI = an;aanmpl(:zs)s (A21)

nmk
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a 1
Ties, = Z (E X 2,)8,mpt- (A22)

nmk

In our model, since we have both inversion and time-reversal
symmetry, the Berry curvature will vanish. Since the contri-
bution of the Fermi surface to the shift conductivity in the
NLSM is highly related to the Berry curvature [Eq. (A22)],
this contribution also will vanish. In a system with finite Berry
curvature the contribution of the Fermi surface becomes im-
portant and depends on the topology of the Fermi surface [13].
The real part of Ji' and J; is responsible for the injection cur-
rent and shift current, respectively. Two scenarios can lead to
BPVEs. In the first scenario the charge carriers relax momen-
tum asymmetrically into the +k direction via collisions with
electrons, phonons, or impurities, which makes a net current.
In the second scenario the light-matter interactions give rise
to the BPVEs. In the injection current processes, light pumps
carriers into the conduction band asymmetrically at 4=k in the
BZ, and this leads to the net current. To explain the injection
current in the wave packet approximation, we can consider
an electron with velocity v¢, and we can define the current as
J* = & .« favs. By applying an optical field to the system,
current-carrying states are injected into the conduction band.

dJiy df,,
— = v, A23
dt Z dr " (A23)
where df” is given by the Fermi golden rule
df. 2mé?
d—ft = Z E@) - reold(@, — @), (A24)

and breaking inversion symmetry - 4 (k) # 4 o fe(—k) allows
us to have a net current. ¢ and v are indices related to the
conduction and valence bands, respectively. Note that in a sys-
tem with time-reversal symmetry (such as model 1 [Eq. (24)]
and model 2 [Eq. (25)]) the injection current vanishes because
it is an odd function under time-reversal symmetry and will
change sign under transformation wy — —wsy.

In the shift current process, inversion symmetry breaking
along with the separation of the center of the charge of the
valence and conduction bands gives rise to the net current. The
separation of the center of charge makes the dipole velocity
oscillation, and the inversion breaking makes the net current
be nonzero.

APPENDIX B: SHIFT CURRENT IN MODELS 1 AND 2

For two-band systems, where the induced light is polarized
in the b direction, the shift current in Eq. (A16) can be written
as follows (see Appendix D):

= Z f (AL (K) feud (@0 — @),
(B1)
|

abb (O w,

[ det 14| = £tv,a(—1 + b) csc(f) cos(¢)*

]Lal?b(k) = - Z 4;3 (d d; bd] ab — dmdi,bdj,a%>6ijm'
ym
(B2)

Here, d;(k) are coefficients of the Pauli matrices in the Hamil-
tonian equation (D1).

In the following sections we are going to calculate the
I™" tensor for both model 1 and model 2 in the zzz and zxx
directions.

1. Model 1

Let us only look at the I** component for simplicity.

2

7 =t tzv}a( 1+ b)m

( k3+ y2 2+3a

((Jh2 + k2 — ko)™ + 12420 + v2k2]5/ a

As we discussed in Sec. IV A the b exponent can break the
symmetry if it has been chosen to be an even integer. Also,
in Eq. (B3), we can see that the integration of the function
over the Brillouin zone is nonvanishing only for the choice
of an even b exponent. To proceed, we are going to use an
approximation in which € ~ «/(x/k2 + /’c2 ko)** + v2k2 As
long as b > 1 we can neglect the ¢, kb term compared W1th vk,
in the low-frequency limit. By this approx1mat10n we can use
the following variable change:

(B3)

1
k, = —d cos(9),

Uy
1 1/a
2 2 — —d si
/K2 + k2 j:(l d31n(9)) + ko,
0 € (0, ) for =+, (B4)

where the determinant of the Jacobi matrix would be

0)(4sin®) l/a ko £ dim(Q) 1/a
det s = O )aE ED T s
y

Let us first look at the + sign. Using the variable change
equation (B4) in Eq. (B3) in the low-frequency limit, we can
find

d sin(@))%‘%

Iy

(dC(;.:(@)) [k + (dsm(@))l/a]

— (B6)
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Also we can do the same with the — sign, with which we find the following expression:

sin cos! sin 1/a
)3a dsin(6) dcos(9) ko — dsin(0)
I#det |J_| = t2t,u,a(—1 + b) csc(8) cos(p)> (% ) (d”; /Tt~ i) ], (B7)
o2 (0; 0, —) = / / 7 det |J,18(2d — w)dOdd + / / 1% det |J_18(2d — w)dOdd. (B8)

Let us look at the structure of 1, ; after integrating over ¢, we find the following expression:

. 1/a : %+3 b
zfmetw:nz;rzvya(—l+b)d—2+h—l[ko+(d‘“t“(g)) Mcse(mcosw)z(%@) (“’S(Q)) } (89)

The term proportional to ko can produce more singularity in
the shift current (in the case in which it is not zero because of
the integral on 6, for example, it would be zero when a = 1
and b = 2). We can write the integral in the following way,
which makes it easier to see the behavior of the shift current
with respect to the energy d:

P det || =

fap 0) + —58.,(0),  (B10)

2b+ de

where

F250) = 3me1}/*vya(l — b)

b
x |:Csc(9)cos(¢)2(sin(9))al+3<%(6)> }
© B

and

. 1/a
sm(@)) . (B12)

Ix

ap(®) —fzxx(9)<

Now by considering /7™ det |/, | 4+ I det |[/_| we can find
the I¥¥(6, d) defined in Eq. (28) as follows:

1740, d) = o F””‘(G)+d2 bG”Z(G), (B13)
where

FN0) = [ (0)(1 + (=1)%), (B14)

GZ2(0) = &5(0)(1 — (—1)°). (B15)

Note that F z’”‘(9) is finite when the a exponent is an even
number and G”"(@) is finite only when the a exponent is an
odd number.

We can do the same for the zzz direction.

b(1 = b)(,/k2 + k2 — ko)k; >+
I =1t
= LilzUy 2a 3/2°
A[e2( k2 + k2 — ko)™ + 12k20 + v2k?]

(B16)

X Uy

Using the variable change in Eq. (B4), we find that the /%%
tensor can be written as follows:

t—l/u U 2—b
b(—1 + b)cos(9)"~2

. 1/a
X sin(@)éd_“bﬁ |:ko+dl/“<&(9)> :|,

' B17)

IZLZ det |.]+|

where by separating the angular part of the function we can
simplify the above equation as

[ det /| = 50+

”ZZ
d4 - TGO

(B18)

By considering I%4(0, d) = I3 det |/, | 4+ I** det |J_| we can
find

222 _ 22z 7ZZ
IF0,d) = prave. lFab(9)+ pra “0),  (B19)
where
t—l/a v 2—b
FZ5(0) = b(—1 + b)cos(0)" 2 sin(6)"/¢
X ko(1 + (—1)9), (B20)
t—2/a t,v v2b
GZ(0) = %b(—l + b)cos()P2
a
x sin(0)¥4(1 — (=1%). (B21)
2. Model 2
The model 2 Hamiltonian can be written as follows:
H(k) =i (k] + k) — k3) 10 + vykety + k0T, (B22)

where the scalings of 7, and , are different.
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I¥* and I** can be written in the following way:

—2+3,
K2kE (k2 + k2 — k3) ™

(P2 (K2 4 k2 — k2)* + v2h2 + 12k2
(B23)

2 3
I =a"(1 = b)t;tvy 575

KR0S + K5 — k)

I =b(1 — b)it,v, .
AR 4 12— 1) 4 k2 4 2k20)

(B24)
In model 2 we use the following transformation:
1
k, = —d cos(9),
Uy
1
d . a
ke =4/*£ - sin(6) ] + kg cos(¢),
1
d . a )
ky =,/% - sin(@) | + kg cos(¢),
6 € [0, ) for £,
¢ € [0, 2m). (B25)

The determinant of the Jacobian matrix for this transformation
is given by the following expression:
1 1
d\ @ sin(@)a!
det |J5| = (7) sin@)-—

X

B26
2av, ( )

Using the variable change in Eq. (B23) for the transforma-
tion, we can find that

a(b — DiVVe
2v§?

. 1/a
y [k§+d1/“(%(0)> ]sin(¢)2. (B27)

X

I det |/, | = d=2 i cos(0)’ sin(h)>~ 1/

By considering 1#*(0,d) = I det |4 | + 5 det |J_| we
find

2

- k >
ZXX _ 0 xx
FO.d) = S o

G&, (B28)

where
7 ﬂa(b - l)t fxl/a : —1/a a
o = Tcos(@)b sin(0)* UG (1 4 (—=1)%),
y
(B29)
N b— 1)
Ca = % cos(0)”sin(6)*(1 — (=1)*).  (B30)
vy

We can do the same for /%%%, for which we find

b(b — )i/

Sauh—2 d=+4 cos(0)P 2 sin(9)'/4,
av;
y

[ det || =

(B31)
and by considering I*%(6, d) = I det | /4| + I det |J_| we
can find the final form of /%%¢(6, d) as follows:

0, d) = WFGZZZ’ (B32)

TABLE III. The coefficients of Eq. (20) for different directions
(a, b, ¢ € {x, z}). Note that the other four directions (zzx, zxz, xzz,
xxx) that are not included in the table vanish.

Coefficients of the 1pll and 2pll resonances

abc abc
abc Chon (&
—2 =2
222 T 16
2 2
il =5
XX 3 5
2 2
il 3~
xZX 2 32
2 2
== 3~
XXz ) )

3 _ b(b— i

F(0) = =5 cos(0)" 7 sin(0)"/*(1 + (~1)").
y

(B33)

APPENDIX C: SECOND-HARMONIC GENERATION IN A
NODAL LINE SEMIMETAL

Consider a general Hamiltonian written in the form of
Eq. (D1). The inversion-symmetric Hamiltonian in Eq. (16)
is a particular choice for d, = v(,/k2 + ky2 — ko), dy =0, and
d, = vk;.

Note that in an inversion-symmetric system we need an
external electric field to break the inversion symmetry in order
to find the second-order response in the system. Let us assume
that the external electric field is in the z direction. This ex-
ternal electric field changes the electron distribution function
in the conduction and valence bands, which we can write as
follows up to the first order in the external electric field:

30

=0+ CEd e : 1)
" h = 0e(k)

Here, £(9(¢) is the equilibrium distribution function, 7 is the
band index, and € is the conduction band’s energy.

There are four contributions to the SHG in Eqgs. (40)—(43)
for two-band systems which we are going to investigate for
Hamiltonian equation (16).

ijm 63 ijm

o) = 25 [ 1M (iR, 20— 0o, (€2)
ijm 63 ijm

o) = 25— / KM () fucRy 20 — ), (C3)
ijm 63 ijm

o) =~ / KM () fucRy 20 — ), (C4)

ijm 63 ijm
o) = 25— f KM, () fucRy 20 — w0), (C5)

where

ijm i jm

MZpI,cv = VycWey > (C6)

i J m

Mijm _ _4vvc[vcvv vcc]+ (C7)

2pll,cv — ’
Wey

ijm  __ _ij.om im . j

MlpI,cv = WycVey + Wye Veys (CS)
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i i

.. v )
Lym _ J m cc J m
MlpIch - [vw’ vcv]+ - [vcv’ UUC]+ (C9)
cv cv
and w = (1/h)d, 0, H, [vnp Ol = v s, + S, vb, and

R, (x) = 1/(x — iy), where y is related to the decay rate.

Let us consider |1) as the conduction band and |0) as the
valence band. Using the following identity for Pauli matrices,
7;, we can find the general form of M; and My for the 2 x 2
Hamiltonians (H = Zi:] dyTy):

dyd . d
<mmuxumww=(%—~g§>—wwf§ (C10)

Thus we have

ddy D
J = —

chvcv - Bk 8]{ <0|T0t|1)(1|7:ﬁ|0>

dd, ddy duds\  d,

- Bkl 8_kj|:(8 d? ) - 17601;‘3]/ P (Cll)

. R ada azdﬂ
Wl = 2= Olz|1) (17410
Uy Wey Bkl 3k18km< |T | >< ITﬁ| )

ada azdﬂ doldﬂ ,dy

Bki 8k/8km d2 d

(C12)

Using Eqgs. (C11) and (C12) in Egs. (C6)—(C9) and separating
the imaginary and real parts of each function, we find

ad, 9%d dud
Re [M™" @ " (5, — L), C13
e[M35] = ok; akjakm( 7 ) €13
’ dd, 8%ds d
Im[MM = -0 228 e Cl4
m (Mol = =50 ok 0k d P 14
—20d, (9ds dd  dds dd dud
Re [M™" o 22 BT ) (s, — 2L ),
e[Mail = ak,-<akj FTRRETS akj>< P
(C15)
20d, (dds od  9ds od \ d,
Im [M™" R it b wsy,  (C16
m [Man] = d8k~<8k-8km+8k ak)deﬁy (16)
’ dds 8%d, dud
ijm] _ B alp
Re[M‘f’I]_(ak ok, TV e"”)( &2 >
(C17)
i ads dy | d
Im [M]'] = _<W ak-a; +(j < m)) gyeaﬂy, (C18)

dd, ddy dd
Re [Mi" i
e [Min] = d(ak ok, 0k;

, dydg
+( < M)> <8rxﬁ - 7)

1 0d dds 3d, dody
- _ 2209 0 (s, : C19
d 3k; 9k, Ok; < iE ) (19)
o 9d, dds 3d
Im [Mliﬂ[] d2 ( 3k Wﬁ + ( <> m))d;,Eaﬂy. (CZO)

Note that there is a sum on repeated indices («, B, and
y). It is easy to see that because d, = 0, all the imaginary
parts vanish in the inversion-symmetric NLSM Hamiltonian
equation (16). At the low-frequency limit the contributions of

;’p'f’ and M i”}l to the SHG vanish and only M,,; and M,

have finite contributions. Let us consider the zzz direction.
In this direction, M{; and M5, vanish explicitly because the
Hamiltonian is linear in k,. For M,y and M, we have the
following expressions:

—4( K2 + k2 — ko) kv
(Je+k = ko) +42)"

—iRe[Mng]. Now let us

(C21)

Re [M35;] =

Also it can be seen that Re[M f;ZH] =
use the following variable change:

@_(“?m }mm,

ky = (dSIZ(Q) + ko> cos(¢),

k. = dcos(@)’

v

(C22)

where the determinant of the above transformation is given by

d(vko + d sin(6
det |J| = W’ (C23)
v
where d = v \/ (\/k? + ki — ko)* + k2. Using the above vari-
able change, we can simplify Eq. (C21) as follows:
B —4v3 cos(9) sin(0)?
Re [M;7] = y : (C24)

Inserting Eq. (C24) into Eq. (C3), we can find
—€4E VT 2w 2
Orpn = PN / dd/ dQ/ d(kov + d sin(0))

x sin(20)’R, 2w — 2d)8(d — ). (C25)

The only term that has a finite contribution is the term pro-
portional to ko, and the rest vanish due to the angular integral.
Thus we find

e*E_kom?vt
GZZpZII = —WRV(ZCO — Z,bL) (C26)
Also by using Re[Mf;ZH] =— iRe[Mﬁfu] for afﬁl we can find
the following expression:
e*E ko ?v*t
oy = EW—ZRV (w —21). (C27)

In the zxx direction, M7} vanishes explicitly, but M, is
not explicitly zero. However the angular integral makes this
term vanish. Thus the only contributors come from M’ f;f}‘l and
MZ;I‘I. By changing the'z variables [Eq. (C22)] we can simply
write the two contributions as follows:

€4E VT e’} 2 2 ]
ofy = szz/o dd/o d@/o d¢(kov + d sin(9))

x sin(20)? sin(¢)’R, 2w — 2d)8(d — ), (C28)
4E 0o 2 2
ol = % /O dd /0 do /O dp(kov + d sin(0))
x c0s(0)*( — 3 4 cos(26)) sin(¢)*
X R, (w — 2d)8(d — ). (C29)
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By evaluating the integrals we find

oI e4EZr7t2k0v2R ) ) C30
2P n — 2h3(1)2 )/( w — M), ( )
rx —56*E, t % kov?

Gl[},[l = WR},((D - 2/,L) (C31)

The same approach can be used to find the SHG in the xxz
and xzx directions, for which we find the following expres-
sions:

e*E, 1 %kyv?
Ty = O =~ Ry 20 = 21), (C32)
e 3¢*E, T2 kov?
Tipn = Oipn = WRV (@—=2p).  (C33)

APPENDIX D: DEFINITIONS AND THE SHG AND SHIFT
CURRENT RELATION

1. Definitions

A Hamiltonian is defined as

3
H(k) = do(k)oy, (D1)

where o1 = 0, 02 = 0y, and 03 = o are Pauli matrices.
Shift conductivity is defined as

Ze

zjm
qh]ﬂ (0 w,

f KT fo1 (0 — w10),  (D2)

where 1 and 0 denote the conduction band and the valence
band, respectively, and for tensor I;j" we have (we ignore the

index 10 for the I;]" tensor for simplicity)
S | . .
1" = 5 Im [r{or(’,”l;i + ri’})rél;i]. (D3)

Here, 15y, = 975 — i(El, — &} )ri is the generalized deriva-
tive. To see the effect of Berry curvature, we can expand the /
tensor

17" = 3o |76 (8 (@7 + ¢™) —2(55 — £11)) cos(@’ — ¢™)

\rm| 3 (' 4 |> sin(¢’ — ¢™), (D4)

7%l

where ¢/ = arg(r{o). We can see when j and m are in the same
direction, then the sine term vanishes, and the first term be-
comes the shift VCCt?I‘ definition R, = @’ — (&g — &11)-

We can define /" in terms of the Hamiltonian terms as
follows:

iim _1 d, m
Iy" = 843 Z |:d7’d01ejdﬂ,il71 — dy jdp idy

+( <« m)]
afy

X €apy> (D5)
or equivalently we can write the I/ tensor as

i Jom
Jiim — 1 Im( ”10[”01”11]+
=
10

1 m j . im
o + 5(”01“)10 + v(j)1w10)>

(Do)

Proof 1. In Proof 1 we show that Eq. (D3) is equal to
Eq. (D6). To find r! ., we can start with taking the derivative
of the Hamiltonian

nm’

0, (nHm) = € (dnlm) + (|0 H|m) + €, {n|dgm) = 0
(for n # m). (D7)
By using the fact that (9y,n|m) = —(n|dy,m) and using the

definition that r,,, = i{(n|d,m) and vflm = %(n|8kiH |m) we can
find

vnm

(D8)

Fym = .
W — Wy
Now we can take the derivative of Eq. (D8), in which we have
J j
. v s 1))
] nm;t nm
lrlim;i = - ak Dpm - (D9)
a)nm

nm

We can define the derivative of the element of the velocity
operator as follows:

O Vam = O, ({n|Dm)) = (9 n|D|m) + (n| 0y, D|m) + (n|0|df,m).
(D10)
By inserting the identity operator we can find
vl =w 4+ (dnn)v! + Z(&k nip)v,,
p#n
+ Y v, (pldgm) + vl (mldgm). (D11)

pF#Em

Thus we have

akx erLm = wtlljm + I(Enn - %'rftm

"Zv Eﬁm+lzgnp Vpm-

pFm p#n
(D12)

Using the definition of the generalized derivative, we have

vijlml ak: vim - i(gnn - Emm)

nm = wilJm —i Z U %_pm + i Zé:np pm; (DlS)
ptm p#n
also, using the fact that ir},, = Z}"’ for n # m for a two-band
system, we have
v, (v], = v}
sy = i+ ) (D14)

wo1

Inserting Eq. (D14) into Eq. (D9) for a two-band system, we

have
J (i i i (/) J
Y Vi — U v Vi — U
wo1 wo1

: J
la)01r0] "

Finally, by inserting Eq. (D15) into Eq. (D3) we can find
Eq. (D6).

Proof 2. In Proof 2 we show that (D6) is equal to (D5). Let
us consider only the following part:

1 —vi vl ™ 1 . .
—I 10701711 +_v] wtm )

o’ |: w10 5 Vo110
The other terms will be generated by (j <> m). We can
simplify the above expression using the definitions v;,, =

(D16)
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Lo Hlm), vi = +(n|dy,d,Hlm), and wio = 2d/h, in
Wthh we find
1

i |:2dakd Ok, dp(1|0010)(0log|1) Ok, dp (1o, [1)

(D17)

m

1
+ 5 9k, a0k, 0y d,s<0|0a|1><1I0,s|0>]

Using the following identities, we can simplify the above
equation:

d,d d,
(1log10)(Olog|1) = (80,5 e ﬂ) + leaﬂy , (D18)

do

log|l) = —.

(Hou[l) = —

Here, €,4, is the Levi-Civita symbol. Now by considering the
imaginary part of Eq. (D17) we find

1
4d?
By changing the @ and 8 indices in the first term and using

the 1dent1ty d;or d; = doy d we can find

m m

(D19)

dyd d
[ ey Yo, di — akmakidﬂadaﬁ}aﬂy. (D20)

— d,m
7 Z [dyda, jdp.im — da, jdﬂ,,-dyT]eaﬂy, (D21)
afy

which is the first term in Eq. (D21).

2. SHG and shift current relation

Let us look at the general case of US'{{/G Because of the

symmetry of the Hamiltonian between x and y in our model,
we consider i and j to be z or x only. For the SHG response in
the ijj direction we have

My = vy wij, (D22)
—8vi vl vl
Méjpjn — 0110711 , (D23)

w10

oé’}{G(Zw; W, w) =

e Janiou

Using Egs. (D28) and (D29), we can find that
3

Re [0l 2w, w, w)| = ——
[ SHG( )] 2h2(1)2

/ [dk](w}y (=317 + 21771820 — wig) + 27T for;

ijj ij o
MlpI = Zwmvlo, (D24)
v 20i v v
ijj 01 10 11 11V10%1
Mlp[l =4 — . (D25)
w10 w10

Here, 0 and 1 denote the valence band and the conduction
band, respectively. Now we consider two cases: first, the case
that i # j and, second, the case that i = j. For the first case,
in our system, wy;; vanishes because there is no crossing term
such as kyk, in the Hamiltonian. Also the imaginary part of
the second term in Eq. (D24) vanishes because it is fully real.

Now let us look at the shift conductivity in the ijj and jij
directions.

—2vi vl v .
wjplV =Tm | —0 4y i | (D26)
10 01 W10
w10
Jooi o JoJ i
—v{ vh v vlvl v
a)%olf” — Im 1Y% VioVo1Vnn
w10 w10
Loyt Yi i D27
+ 5”01’”10 + 5”01’“10 ( )

Here, we can see that the second term in Eq. (D27) is
completely real, and the third term vanishes because, in our
system, we do not have crossing terms (i # j). Thus we can
see that we can simplify the above equations as follows:

1 .
EIm [Mljpjll]

Y AN S |
— Im V10V01 %11
- 9
w10

Im [M7] = Im [vhwi}] = 205,077 + wf, I/, (D29)

i _ —1 ijj
ol = vy Im [szpjn] =

(D28)

Now we are able to find the SHG as follows:

EJPJI)S(Z(‘) wio) + Miﬁ;’n8(w — w10)) for.- (D30)

(D31)

we can simplify the w? term in the denominator using the delta function (note that it gives a factor of 4 for the two-photon

resonance processes)
Re [0 (2w;
e |ogtig Cw; w, w)

and thus by the definition of the shift conductivity we have

Re [0l Qw; w, )] = =30} (03 20, —2w) + 2047 (0; 20,

3
= Te f [dK1(2(=317 + 2171820 — w10) + 1) fo,

(D32)

—20) + 1ol (0; 0, —w). (D33)

For the case that i = j, Egs. (D22) and (D25) vanish because both are real. For the remaining terms we have

Im [M3)] =
Thus we have

Re [0dic Qo w, )] =

I [Mm

ne3
Yo / [dKk] (7] 82w — wi0) — 207)I"8(w — w10)) for,

] = whyl, (D34)

1pl

(D35)
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and we can simplify the w? term in the denominator using the delta function, in which we find

Re [0{i Qw; 0, )] = 04 (0; 20, —2w) — 3044 (0; @, —w). (D36)

APPENDIX E: SHG IN THE LENGTH GAUGE

It is well known that the calculation of nonlinear responses in the velocity gauge might give rise to unphysical divergences at
zero frequencies using the finite-band approximation. However, there is no evidence of finding these unphysical divergences in
the length gauge calculation. In this Appendix, for the consistency of this paper we are going to compute the singular behavior
of the SHG in the length gauge and compare it with the velocity gauge.

The SHG response in the length gauge can be written as follows [51,52]:

2 rUC ré’nrn'l) 2 vc nc vn
;Il—ychmter(zw 0, w) = we’ /[dk [ ]+( f + f + f w>, (ED)

. Wpy — Wep Wey — 20) Wpe — @ Wy —
ahc mll‘a(za) w, a)) we /[dk] Zf [;ra Vb + ;ra rb
SHG cv(wcv _ 260) ve! cvie wcv(wcv — w) veehew
1 1 4 « b pC 1 , N .
X = - P AN — — ———F o
C()%U Wey — W Wey — 2w ve' cv =T cv zwcv(wcv _ a)) veia Tey

The two contributions comes from interband and intraband scattering, respectively.
Since the diagonal part of r,, is zero, for two-band systems, the contribution from interband scattering vanishes. We use the
following identity for the generalized derivative:
ra Ab + rb A¢ i wab
(r}};m).a — Tam B mn nm~—mn + 21 (wlerlrlbm _ a)nlrglrlhm) + -
’ Wpm Wpm nm

(E3)

Since we focus on a two-band system and since the diagonal parts of r,,, and w,, are zero, we can ignore the second term (the
sum over all the other bands) in Eq. (E3).

We can write the two-photon and one-photon contributions individually for the symmetric case of o*®° as follows:
abb b a Ab ab_.b
OlpSHG = /[ wcv(a)w — )(errvLA | ‘ AL+ lwwrm> (E4)
2we* —8ra rb AL 2iw?
0,abb — f dk - vel'cv _ cv've . E5
o = 5 [f1am1r (0 —20) Gl — ) )

Models

In this section we investigate the singular behavior of the SHG in nodal line semimetals in the length gauge. The most singular
behavior has been seen in the zzz direction for SHG; thus we only focus on this direction in this section.
By using the relation ir,, = 2= we can simplify the conductivity in the following way:

3 2A
. we foe [VZ, 17 A z
o lI;bSHG ) / [dk] w? (Cl)cvv - a))( Wey ot wﬁi”h-)» =0
2w’ 8ug.vZ, AL, 2iwg vy
abb ve Ycv cv_vc
= —— | [dk]fe : E7
O2p,SHG 72 / [dk1f, ( 0} (0o — 20) + w?, (e — 260)) =7

The structures of Eqs. (E6) and (E7) are closely related to the structures of Egs. (C6)—(C9).
For a nodal line Hamiltonian [Eq. (16)] we can simplify the above equation as follows:

2
abb 2we? /[dk]ZE 9 ARG _4(\/I{§Tky2_k0) g ]
%2p.SHG = T3 pooeoke de(k) [(m—ko) +k2]

By using the variable change in Eq. (B4) we simplify the equation to find the behavior of the SHG

b 4E T 2 2 5
T e / dd / do / d(kov + d sin(0)) sin(26)°R, 2w — 2d)3(d — 1), (E9)
in which
e*E kyv’t
o3 G };—(ZzRy(zw —2u) (E10)

has the same behavior as SHG in the velocity gauge.
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