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The unique nonreciprocal responses of superconductors, which stem from the Cooper pairs’ quantum
condensation, have been attracting attention. Recently, theories of the second-order nonlinear response in
noncentrosymmetric superconductors were formulated based on the Bogoliubov–de Gennes theory. In this
paper, we study the mechanism and condition for second-order optical responses of time-reversal symmetric
superconductors. The numerical results show the characteristic photocurrent and second harmonic generation in
the superconducting state. However, the superconductivity-induced nonlinear optical responses disappear under
some conditions on pair potential. We show that the coexistence of intraband and interband pairing is necessary
for the second-order superconducting optical responses. In addition, the superconducting Berry curvature factor,
which is related to a component of Berry curvature in the superconducting state, is essential for the nonlinear
responses. Thus, we derived the microscopic conditions where the superconducting nonlinear response appears.

DOI: 10.1103/PhysRevB.107.024513

I. INTRODUCTION

Various optical measurements have been used to reveal
the complex ordered states of quantum materials. Especially,
nonlinear responses yield rich information such as symmetry
and geometric properties of quantum phases [1]. For example,
the second-order optical response is a useful tool for probing
the microscopic parity breaking in complex ordered states
because the second-order response requires broken space in-
version symmetry [2,3]. Furthermore, in the application field,
the nonlinear response is expected to be a new basis of the
photoelectron converter. Therefore, nonlinear optics in quan-
tum materials have been attracting attention from fundamental
science to technology due to their various applications.

A leading nonlinear response is represented by the second-
order optical response. The formula of the second-order
nonlinear response is generally given by

〈J α (ω)〉(2) =
∫

d�

2π
σα;βγ (ω; �,ω − �)Eβ (�)Eλ(ω − �).

(1)

In particular, the second-order optical responses for a
monochromatic light are comprised of the second harmonic
generation and the photogalvanic effect, which are denoted
by the nonlinear conductivity σ (2ω; ω,ω) and σ (0; ω,−ω),
respectively.

The second harmonic generation, which is a frequency
doubling of the light through interaction with media, is
particularly sensitive to the microscopic space inversion par-
ity (P) breaking in materials. In the multiferroic materials
science, indeed, the second harmonic generation has been
introduced as a probe for magnetic structures [4]. Moreover,
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the second harmonic generation experiments have revealed
exotic states breaking the symmetry in correlated electron
systems such as cuprate high-temperature superconductors
[2,3].

The photogalvanic effect, which is a photoinduced direct
current (photocurrent), is also influenced by various prop-
erties of the system such as spatially inhomogeneous and
asymmetric structures. Interestingly, the intrinsic photogal-
vanic effect is related to the geometric property of the Bloch
wave function. Therefore, topological materials are potential
candidate systems for a new dc photoelectric converter [1,5].
In addition, it has been shown that time-reversal (T ) sym-
metry breaking may enhance the photogalvanic effect [6,7].
Indeed, parity-breaking magnets are expected to be tunable
photoelectric converters due to the switchable magnetic order
[8,9].

It has been widely known that superconductors show
remarkable electromagnetic properties such as the zero re-
sistivity and the Meissner effect. Superconductors also host
unique nonlinear and nonreciprocal responses stemming from
the Cooper pairs’ quantum condensation. For example, the
Higgs mode, the amplitude mode of the order parameter, gives
rise to the third-order optical response [10,11]. In addition,
the superconducting fluctuation [12,13] and the dynamics of
vortices [14,15] enhance the nonreciprocal electric transport,
such as the magnetochiral anisotropy. Recently, a supercon-
ducting diode effect, which means zero resistivity in a current
direction while a finite resistivity in the opposite direction, has
been observed in a noncentrosymmetric superconductor [16]
and intensively studied theoretically [17–19].

From the above perspectives, in this paper, we focus
on the second-order nonlinear optical response of non-
centrosymmetric superconductors. The noncentrosymmetric
superconductors have been attracting attention as a platform
for exotic quantum phenomena such as the mixed singlet
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FIG. 1. Schematic illustration of the transitions which contribute to the second-order nonlinear responses. εi and Ei are band energy
in the normal state and positive band energy in the superconducting state, respectively. (a) In the normal state, ε1 ↔ ε2 transition dominantly
contributes to the second-order nonlinear responses. (b) In the superconducting state, the type A and type B transitions contribute to the second-
order nonlinear responses. The type A is Ei ↔ −Ej (i �= j) transition and the type B is Ei ↔ −Ei transition. (c) Type A transition is similar
to the ε1 ↔ ε2 transition. Thus, the normal nonlinear response, which stems from the type A transition, appears even in the superconducting
state. The type B transition gives rise to the superconducting nonlinear response.

and triplet pairing [20–23] and topological superconductivity
[24,25]. For example, the characteristic spin-momentum-
locked electronic structure may boost the upper critical field
beyond the Pauli-Clogston-Chandrasekhar limit [22,26,27].
In particular, Ising superconductivity has been reported in
transition-metal dichalcogenides, such as gated MoS2 [28,29],
NbSe2 [30], and TaS2 [31], in which the broken inversion
symmetry leads to a large spin-orbit coupling and huge up-
per critical field. Recently, the effect of parity breaking was
observed in the nonlinear optics of an s-wave superconduc-
tor thin film, where the P symmetry is broken not by the
crystalline structure but by the supercurrent [32]. Thus, the
second-order nonlinear response in superconductors is devel-
oping, and theoretical studies are desirable. In recent theories,
the second-order nonlinear response was formulated based
on the Bogoliubov–de Gennes Hamiltonian [33,34]. However,
it is still unclear how superconductivity influences nonlinear
optical properties. In particular, the microscopic condition for
superconducting nonlinear optical responses remains elusive.
Thus, it is desirable to perform a comprehensive analysis
based on a canonical model. Our goal is to elucidate the
exotic properties of noncentrosymmetric superconductors by
the nonlinear optics.

We theoretically investigate the second-order nonlinear
responses of T -symmetric superconductors with two-band
model Hamiltonian. The photocurrent and second harmonic
generation are demonstrated under various conditions on the
pair potential. In this paper, we show that the coexistence of
intraband and interband pairing is necessary for the second-
order nonlinear responses unique to the superconducting state.
The microscopic mechanism will be explained based on il-
lustration of Fig. 1. In the superconducting state, the type A
and type B transitions can contribute to the second-order non-
linear responses [Fig. 1(b)]. The normal nonlinear response
mainly stems from the type A transition, which is similar
to the transition in the normal state shown in Fig. 1(a). On
the other hand, the type B transition, which is unique to the
superconducting state, contributes to the superconducting
nonlinear response [Fig. 1(c)]. Our results show that the non-
linear response due to the type B transition is prohibited
when the pair potential does not contain either the intra-
band or interband components. In addition, we introduce
the superconducting Berry curvature factor that represents

the relation between the g vector of antisymmetric spin-
orbit coupling and the d vector of spin-triplet pairing. We
demonstrate that the second-order nonlinear responses are
suppressed when the superconducting Berry curvature factor
vanishes.

The outline of the paper is given below. In Sec. II, we
briefly explain the formulation of the nonlinear optical re-
sponse in superconductors. We review the superconductivity-
induced nonlinear optical responses. In Sec. III, the mi-
croscopic requirement in which the second-order nonlinear
optical responses are suppressed is discussed based on the
analytical calculations of the injection current. We show
a conjecture that the coexistence of intraband and inter-
band pairing and Berry curvature factors are essential for
the second-order nonlinear optical responses. In Sec. IV,
we confirm the conjecture and demonstrate the photocur-
rent and second harmonic generation characteristic of the
superconducting state by numerical calculations. In Sec. V,
we summarize the results of Sec. IV and discuss tuning the
photocurrent with varying the proportion of intraband and
interband pairing. The contents are concluded, and future
research is discussed in Sec. VI. Throughout this paper, we
present formulas with the unit h̄ = 1 (Dirac constant) and
q = 1 (electron charge).

II. FORMULATION OF NONLINEAR OPTICAL
RESPONSES IN SUPERCONDUCTORS

A. General formula for nonlinear conductivity

We consider a superconducting system described by the
Bogoliubov–de Gennes (BdG) Hamiltonian [34]

HBdG = 1

2

∑
k

�†
kHBdG(k)�k + const, (2)

where Nambu spinor is �†
k = (c†, cT ) with the creation (c†)

and annihilation (c) operators of electrons. The BdG Hamil-
tonian HBdG consists of the normal-state Hamiltonian HN(k)
and the pair potential �k,

HBdG(k) =
(

HN(k) �k

�
†
k −[HN(−k)]T

)
. (3)
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With the velocity gauge E = −∂t A(t ), the couplings to external electric fields are introduced by the minimal coupling
prescription HN(k) → HN(k − qA). Thus, the vector potential A dependence of the BdG Hamiltonian is given by

HBdG(k, A) =
(

HN(k − qA) �k

�
†
k −[HN(−k − qA)]T

)
. (4)

Following the standard perturbative treatments, we evaluate the expectation value of the electric current density as

〈J α (ω)〉 =
∑
n=1

〈J α (ω)〉(n), (5)

where 〈J α (ω)〉(n) is the electric current of the nth order in A. The formula for the second-order nonlinear conductivity is given
by

σα;βγ (ω; ω1, ω2) = 1

2(iω1 − η)(iω2 − η)

∑
k

⎡
⎣∑

a

1

2
Jαβγ

aa fa +
∑
a,b

1

2

(
Jαβ

ab Jγ

ba fab

ω2 + iη − Eba
+ Jαγ

ab Jβ

ba fab

ω1 + iη − Eba

)

+
∑
a,b

1

2

Jα
abJβγ

ba fab

ω + 2iη − Eba
+

∑
a,b,c

1

2

Jα
ab

ω + 2iη − Eba

(
Jβ

bcJγ
ca fac

ω2 + iη − Eca
− Jβ

caJγ

bc fcb

ω2 + iη − Ebc

)

+
∑
a,b,c

1

2

Jα
ab

ω + 2iη − Eba

(
Jγ

bcJβ
ca fac

ω1 + iη − Eca
− Jγ

caJβ

bc fcb

ω1 + iη − Ebc

)⎤⎦, (6)

where indices a, b, c are spanned by the energy eigenvalues
Ea of the unperturbed BdG Hamiltonian HBdG(k, A = 0) and
the energy difference is Eab = Ea − Eb. We introduced the
Fermi-Dirac distribution function fa = (eβEa + 1)−1 and de-
fined fab = fa − fb. The infinitesimal positive parameter η

appears due to the adiabatic application of the external fields.
The generalized electric current operators are defined by

Jα1...αn (k) = (−1)n ∂nHBdG(k, A)

∂Aα1 . . . ∂Aαn

∣∣∣∣
A=0

. (7)

The first- and second-order ones (n = 1, 2) are called para-
magnetic and diamagnetic current operators, respectively.

B. Generalized Berry connection and paramagnetic current
operator

We begin with the discussion of the normal state and later
consider the superconducting state. Following discussions are
useful to distinguish the optical responses of the normal and
superconducting states.

In the normal state, the Berry connection is related to
the paramagnetic current operator Jα . With the Hellmann-
Feynman theorem, the paramagnetic current operator is
obtained as

Jα
ab(k) = ∂

∂kα

Eaδab + iEabξ
α
ab(k), (8)

with the Berry connection

ξα
ab(k) = i

〈
ua(k)

∣∣∣∣∂ub(k)

∂kα

〉
, (9)

defined with the periodic part of the Bloch states {|ua(k)〉}.
This relation is essential for a remarkable simplification of for-
mulas for transport and optical phenomena in the normal state
[6,34–36]. The relation between the Berry connection and the
paramagnetic current operator originates from the equivalence

of differentiation with respect to the vector potential A and
with respect to the momentum −k, which is justified due to
the minimal coupling p → p − qA.

In contrast to the normal state, the Hellmann-Feynman re-
lation in Eq. (8) fails in the superconducting state. In the BdG
formalism, particles with opposite charges, that is electron and
hole, are treated on equal footing. Thus, a naive treatment
based on the minimal coupling p → p − qA is not justified.
However, we obtain similar relations between the Berry con-
nection and paramagnetic current operator by introducing
vector potential parametrization [34]. Bearing the minimal
coupling in mind, we introduce the variational parameter λ

by

HBdG(k, A = 0) → Hλ(k) = HBdG(k,λ). (10)

Since the vector parameter λ plays the same role as the
(spatially uniform and time-independent) vector potential, we
obtain the relation

Jα
ab(k) = − lim

λ→0
〈aλ| ∂Hλ

∂λα

|bλ〉. (11)

The Hellmann-Feynman relation for the vector potential
parametrization is obtained from

〈aλ | ∂Hλ

∂λα

| bλ〉 = ∂Ea(λ)

∂λα

δab − i[ξλα , Hλ]ab, (12)

where we defined the connection ξλα with the replacement
∂kα

→ ∂λα
in Eq. (9):

ξ
λα

ab = i

〈
aλ

∣∣∣∣ ∂bλ

∂λα

〉
. (13)

The relation between the paramagnetic current operator
and Berry connection is as follows:

Jα
ab = lim

λ→0

[
− ∂Ea(λ)

∂λα

δab − iEab(λ)ξλα

ab

]
. (14)
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This is the generalized Hellmann-Feynman relation in the
superconducting state and plays an essential role in simpli-
fying the optical conductivity formulas. The linear optical
conductivity and photocurrent response have been decom-
posed into the normal and anomalous contributions with using
the vector potential parametrization [34].

C. Normal and anomalous photocurrent responses

We discuss the photocurrent response given by the
second-order nonlinear conductivity σα;βγ (0; −�,�) in this
subsection. In the gapful superconductors at low temperatures,
the total photocurrent conductivity is decomposed into the two
components

σ = σn + σa. (15)

The former is a normal photocurrent which is a counterpart
of the photocurrent in the normal state, while the latter is
an anomalous photocurrent unique to the superconducting
state. The detailed derivation of the normal and anomalous
photocurrent from Eq. (6) was explained in the previous work
[34], and we review the results below.

The normal photocurrent consists of the four contributions

σn = σEinj + σMinj + σshift + σgyro, (16)

which are termed electric injection current, magnetic injection
current, shift current, and gyration current, respectively. The
formulas have been obtained as

σ
α;βγ

Einj = − iπ

8η

∑
a �=b

(
Jα

aa − Jα
bb

)
�

λβλγ

ba Fab, (17)

σ
α;βγ

Minj = π

4η

∑
a �=b

(
Jα

aa − Jα
bb

)
g
λβλγ

ba Fab, (18)

σ
α;βγ

shift = −π

4

∑
a �=b

Im
[
[Dλα

ξλβ ]abξ
λγ

ba + [Dλα
ξλγ ]abξ

λβ

ba

]
Fab,(19)

σα;βγ
gyro = iπ

4

∑
a �=b

Re
[
[Dλα

ξλβ ]abξ
λγ

ba − [Dλα
ξλγ ]abξ

λβ

ba

]
Fab,(20)

where Fab = fabδ(� − Eba) means the Pauli exclusion princi-
ple at the optical transition. We also defined the geometric
quantities such as the Berry curvature (�λαλβ

ab ) and quan-

tum metric (gλαλβ

ab ), and the covariant derivative (Dλα
). The

covariant derivative is associated with the U(N )-Berry con-
nection Aα of N-fold energy-degenerate bands. When the pair
potential is zero, we can easily reproduce the photocurrent
conductivity in the normal state by replacing λ with k in the
normal photocurrent. On the other hand, superconductivity
may give a unique contribution to the normal photocurrent
through the characteristic transition process, such as the type
B in Fig. 1. We will analyze such photocurrent in details later.

Because of the nonequivalence of λ and k, the anoma-
lous conductivity appears in the superconducting state. The
anomalous photocurrent consists of two contributions

σa = σNRSF + σCD, (21)

which are termed nonreciprocal superfluid density term, and
conductivity derivative term, respectively. The formulas are
given by

σ
α;βγ

NRSF = lim
λ→0

− 1

2�2
∂λα

∂λβ
∂λγ

Fλ, (22)

σ
α;βγ

CD = lim
λ→0

1

4�2
∂λα

⎡
⎣∑

a �=b

Jβ

abJγ

ba fab

(
1

� − Eab
+ 1

Eab

)⎤⎦.

(23)

In Eq. (22), Fλ is the free energy of the BdG Hamiltonian.
A unique property of nonlinear optical responses of su-

perconductors is the low-frequency divergence. Indeed, the
anomalous photocurrent shows divergent behaviors in the
low-frequency regime. First, let us discuss the contribution
from the nonreciprocal superfluid density. While the second-
order derivative of the free energy is the superfluid density
ραβ

s = limλ→0 ∂λα
∂λβ

Fλ, the nonreciprocal correction to the
superfluid density ραβ

s is introduced as the nonreciprocal su-
perfluid density f αβγ = limλ→0 ∂λα

∂λβ
∂γ Fλ. An anomalous

photocurrent in Eq. (22) is rewritten by

σ
α;βγ

NRSF = − 1

2�2
f αβγ , (24)

which shows the �−2 divergence at low frequencies. Second,
the conductivity derivative term (23) in the low-frequency
limit (� → 0) is reduced to the λ derivative of the total Berry
curvature

∑
a εβγ δ�

λδ
a fa:

σ
α;βγ

CD → σ
α;βγ

sCD = lim
λ→0

i

4�
εβγ δ∂λα

(∑
a

�λδ

a fa

)
(25)

= i

4�
εβγ δBαδ

d . (26)

Thus, the conductivity derivative term in the static limit
(σα;βγ

sCD ) is represented by Berry curvature derivative B̂d and
shows the �−1 divergence. Therefore, we expect that the
anomalous photocurrent responses enable the giant photo-
electric conversion for the low-frequency light. The diverging
behaviors are absent in normal metals and insulators and
unique to superconductors.

In Eqs. (17)–(20) and (22)–(26), the real and imaginary
parts denote the photocurrent conductivity induced by the
linearly polarized and circularly polarized lights, respectively.
Moreover, the contributions of photocurrent conductivity are
classified in terms of the temporal T and PT symmetries of
the systems [6,34–38]. For the anomalous photocurrent, the
nonreciprocal superfluid density term is prohibited in the T -
symmetric system, while the Berry curvature derivative term
disappears in the PT -symmetric system. This is because the
nonreciprocal superfluid density f̂ shows the odd parity under
the T -symmetry operation, whereas the even parity under the
PT operation. In contrast, the Berry curvature derivative B̂d

is T even and PT odd.

D. Anomalous contribution to general nonlinear responses

The low-frequency divergent behavior also emerges in
other nonlinear responses such as the second harmonic gen-
eration. The anomalous parts of nonlinear responses have
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been obtained by the Green function method [34]. The low-
frequency anomalous contribution reads as

σα;βγ
a (ω1 + ω2; ω1, ω2) = σ

α;βγ

NRSF(ω1 + ω2; ω1, ω2)

+ σ
α;βγ

CD (ω1 + ω2; ω1, ω2), (27)

where O(ωa
1ω

b
2) terms are suppressed (a + b � 0). The for-

mulas of the nonreciprocal superfluid density and static
conductivity derivative are obtained as

σ
α;βγ

NRSF = 1

2ω1ω2
f αβγ , (28)

σ
α;βγ

sCD =− i

4

[
1

ω1

(
Dβ;αγ

d + εαγ δBβδ

d

)+ 1

ω2

(
Dγ ;αβ

d + εαβδBγ δ

d

)]
.

(29)

In Eqs. (28) and (29), the nonreciprocal superfluid density
f̂ , Berry curvature derivative B̂d , and Drude derivative D̂d are
defined in terms of Green function [34]. In contrast to the
Berry curvature derivative, the Drude derivative is forbidden
by the T symmetry though allowed in the PT -symmetric
systems.

Here, we consider the low-frequency anomalous contri-
bution in a T -symmetric two-dimensional superconductor,
which we focus on later. The nonreciprocal superfluid density
and Drude derivative are forbidden by the T symmetry and,
thus, the anomalous contribution in the low-frequency limit
reads as

σα;βγ
a (ω1 + ω2; ω1, ω2) → − i

4

(
1

ω1
εαγ δBβδ

d + 1

ω2
εαβδBγ δ

d

)
.

(30)

The photocurrent conductivity σ
α;βγ

PC and the second har-
monic generation coefficient σ

α;βγ

SHG are obtained as σ
α;βγ

PC =
σα;βγ (0; −�,�) and σ

α;βγ

SHG = σα;βγ (2�; �; �). The indices
α, β, γ are x or y in the two-dimensional system. We obtain
the following relations of nonlinear optical responses in the
low-frequency regime:

σ x;xx(ω1 + ω2; ω1, ω2) = σ y;yy(ω1 + ω2; ω1, ω2) = 0, (31)

σ
x;yy
PC = σ

y;xx
PC = 0, (32)

σ
y;yx
SHG = −σ

y;yx
PC = − 1

2σ
x;yy
SHG, (33)

σ
x;xy
SHG = −σ

x;xy
PC = − 1

2σ
y;xx
SHG. (34)

These relations are helpful in distinguishing the normal and
anomalous contributions.

III. NONLINEAR OPTICAL RESPONSES IN
NONCENTROSYMMETRIC SUPERCONDUCTORS

In the previous section, we have overviewed the formula-
tion of second-order nonlinear responses in superconductors.
In this section, we discuss the conditions where superconduct-
ing nonlinear responses appear.

Based on the formulation in Sec. II, we can classify
the nonlinear optical responses unique to superconductors.
One is the contribution from resonant transitions. In the
gapful superconductor, the resonant photocurrent is de-
scribed by Eqs. (16)–(20). The normal photocurrent in these

equations contains the factor Fab = fabδ(� − Eba) which
means the Pauli exclusion principle at the optical transition.
Thus, the resonant contribution can be classified into type
A and type B contributions corresponding to the optical
transitions illustrated in Fig. 1, and the type B transition is
unique to superconductors because it is absent in the normal
state. Therefore, the second-order nonlinear optical responses
unique to superconductors appear from the resonant contri-
butions, although they are called normal photocurrent. Other
superconducting nonlinear responses arise from nonresonant
contributions, which we call anomalous contributions and dis-
cussed in Secs. II C and II D.

In this section, we analyze the resonant contribution, for
which we can distinguish the normal and superconducting re-
sponses by comparing the frequency dependence of nonlinear
conductivity and joint density of states (see Sec. IV). Then, we
clarify the conditions in which the superconducting nonlinear
optical responses appear from the type B transition. In the next
section, the numerical results support the conclusion, and the
anomalous contributions appear under the same conditions.

A. Model Hamiltonian

In the following part, we investigate two-dimensional
noncentrosymmetric superconductors with T symmetry. The
model Hamiltonian consists of spinful fermions on the
two-dimensional square lattice. By using the tight-binding
approximation, the normal part HN of the BdG Hamiltonian
HBdG is given by

HN(k) = ξk + gk · σ, (35)

at each crystal momentum k. The first term is kinetic energy
measured from a chemical potential μ, and the second term is
an antisymmetric spin-orbit coupling. Pauli matrices σ denote
the spin degree of freedom. Kinetic energy is assumed as

ξk = −2t1(cos kx + cos ky) + 4t2 cos kx cos ky − μ.

The parity-mixed pair potential consists of the s-wave
component ψk and the p-wave component dk. Assuming the
T -symmetric parity-breaking superconductor, we have the
pair potential in the (s+p)-wave form

�k = (ψk + dk · σ )iσy. (36)

The symmetry of the system constrains the form of the
g vector gk and the d vector dk. We consider the two types
of the forms, namely, s+p model and extended s+p model,
which are allowed under the my symmetry. Here, the my

symmetry denotes the mirror symmetry whose mirror plane
is perpendicular to the y axis. We do not assume other crys-
talline symmetry. When the two-dimensional system on the xy
plane has the symmetry of twofold rotation along the z axis,
the second-order nonlinear responses disappear. To calculate
the finite second-order nonlinear response, it is necessary to
choose a system that does not have twofold rotation symmetry.

In the s+p model, gk and dk are assumed as

gk = (α1 sin ky, α2 sin kx, α3 sin ky), (37)

dk = (d1 sin ky, d2 sin kx, d3 sin ky), (38)
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while the extended s+p model defines them as

gk = (α1 sin 2ky, α2 sin kx, α3 sin ky), (39)

dk = (d1 sin 2ky, d2 sin kx, d3 sin ky). (40)

Although these models are similar to each other, there is
an important difference: in the normal state the second-order
optical responses are absent in the s+p model while present
in the extended s+p model. As we show below, the second-
order conductivity in the normal state σN disappears in the
s+p model for arbitrary α1, . . . , α3, but it can be finite in
the extended s+p model. Therefore, the second-order optical
responses of the s+p model essentially originate from the
superconductivity.

B. Berry curvature factor

In this subsection and next subsection, we discuss the mi-
croscopic condition for the nonzero photocurrent conductivity
of the two-dimensional T -symmetric systems. Conditions
beyond symmetry arguments are obtained below. In this sub-
section, we show a conjecture in terms of the g vector gk and
d vector dk.

First, we discuss the condition in the normal state. In the
zero-temperature limit T → 0, the electric injection current
of the normal state is written as

σ
α;βγ

Einj = −iπ

4η

∑
k

(∂αgk · ĝk)
[(∂βgk × ∂γ gk) · ĝk]

g2
k

× �(gk − ξk)δ(� − 2gk). (41)

The step function � appeared due to the zero-temperature
limit. Here, ĝk and ∂α means a unit vector defined as ĝk =
gk/|gk| and kα derivative ∂kα

, respectively. Equation (41) im-
plies that the condition

(∂βgk × ∂γ gk) · ĝk �= 0 (42)

is essential for the nonzero injection current. The factor
[(∂βgk × ∂γ gk) · ĝk] is derived from the Berry curvature,
which we call normal Berry curvature factor. The normal
Berry curvature factor is also essential for the total photocur-
rent conductivity as shown below.

When the normal Berry curvature factor is zero, the total
photocurrent conductivity σ

α;βγ

N is given by

σ
α;βγ

N = −
∑

k

π

4g2
k

[(∂αβgk × ∂γ gk) · ĝk]�(gk − ξk)

× δ(� − 2gk), (43)

where ∂αβ = ∂kα
∂kβ

(Appendix A). According to Eq. (16),
this contribution is given by the shift current. In the cases
of the s+p and extended s+p models, the factor [(∂αβgk ×
∂γ gk) · ĝk] vanishes under the condition that the normal Berry
curvature factor is zero. Thus, the photocurrent conductivity
is nonzero only when the normal Berry curvature factor is
nonzero. The same rule applies to other simple models as well.
Thus, the normal Berry curvature factor is important for the
photocurrent conductivity in the normal state.

Next, we discuss the condition for the nonzero photocur-
rent conductivity in the superconducting state. As we show

below, an approximate calculation of the electric injection cur-
rent implies that the factor [(∂βgk × ∂γ gk) · d̂k] is an indicator
for nonlinear optical responses. Again we consider the electric
injection current, which is rewritten as

σ
α;βγ

Einj = π

4η

∑
k

∑
a,b

[
Jα

aa(k) − Jα
bb(k)

]Jβ

ba(k)Jγ

ab(k)

Eba
2

× fabδ(� − Eba). (44)

Here, we approximate eigenstates and eigenvalues of the
Hamiltonian to treat Eq. (44) analytically. We decompose the
normal part of BdG Hamiltonian

HN(k) = ξk + g‖k · σ + g⊥k · σ = H̃N (k) + g⊥k · σ, (45)

where the decomposition of gk is defined by

gk = g‖k + g⊥k, g‖k × dk = 0, g⊥k · dk = 0. (46)

The approximate BdG Hamiltonian H̃BdG is defined by

H̃BdG(k) =
(

H̃N (k) �k

�
†
k −[H̃N (−k)]T

)
, (47)

where the pair potential manifests only the intraband compo-
nents in the band representation for the Hamiltonian H̃N (k).
Using the eigenvalues Ẽa and eigenvectors |ãλ〉 of H̃BdG, we
approximate the velocity operator Jα

ab(k) by

J̃α
ab(k) = − lim

λ→0
〈ãλ | ∂Hλ

∂λα

| b̃λ〉. (48)

This approximation is used only in this section. Now an
approximate formula for the electric injection current,

σ
α;βγ

Einj 	 π

4η

∑
k

∑
a,b

[
J̃α

aa(k) − J̃α
bb(k)

] J̃β

ba(k)J̃γ

ab(k)

Ẽ2
ba

× f̃abδ(� − Ẽba), (49)

can be analytically calculated, where f̃ab is the difference of
Fermi-Dirac distributions between the eigenvalues Ẽa and Ẽb

(Appendix B 3). In this approximation, we obtain the analytic
formula for the electric injection current σ̃

α;βγ

Einj as

σ̃
α;βγ

Einj = − iπ

4η

∑
k

[F̃+(−ψk + dk) + F̃−(ψk + dk)]2

Ẽ+Ẽ−F̃+F̃−(Ẽ+ + Ẽ−)2

× (∂αgk · d̂k)[(∂βgk × ∂γ gk) · d̂k]

× δ(� − (Ẽ+ + Ẽ−)), (50)

where we defined Ẽ± and F̃± as

Ẽ± =
√

(ξk ± gk · d̂k)2 + (ψk ± dk)2, (51)

F̃± = Ẽ± + ξk ± gk · d̂k. (52)

According to Eq. (50), the approximate electric injec-
tion current vanishes when [(∂βgk × ∂γ gk) · d̂k] is zero. This
analytical result implies that the factor [(∂βgk × ∂γ gk) · d̂k],
which we call superconducting Berry curvature factor (SC
Berry curvature factor), is essential for the electric injection
current. This factor is derived from the Berry curvature (see
Appendix B). Similarly to the normal state responses, the SC
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Berry curvature factor is also essential for other nonlinear
optical responses. In Sec. IV, the close relation between the
SC Berry curvature factor and nonlinear optical conductivities
such as the total photocurrent and second harmonic genera-
tions is numerically supported, although the finite SC Berry
curvature factor is not the necessary condition for the super-
conducting nonlinear optical response.

C. Necessary condition: Intraband and interband pairing

In this subsection, we show that the coexistence of the
intraband and interband pairing is necessary for the nonlinear
responses unique to the superconducting state in the electric
injection current. A pair potential �k consists of intraband and
interband pairing, which can be captured by the superconduct-
ing fitness [39,40]. The intraband superconducting fitness FA

and interband superconducting fitness FC are defined as

FA(k)(iσy) ∝ H ′
N (k)�(k) + �(k)H ′∗

N (−k), (53)

FC (k)(iσy) ∝ H ′
N (k)�(k) − �(k)H ′∗

N (−k), (54)

where H ′
N (k) = HN (k) − ξk. Tr[FA(k)†FA(k)] quantifies the

presence of intraband pairing, while Tr[FC (k)†FC (k)] quan-
tifies the interband pairing. In our models, these quantities are
obtained as

Tr[FA(k)†FA(k)] ∝ 4
[
(αgk · dk)2 + ψ2

k α2g2
k

]
, (55)

Tr[FC (k)†FC (k)] ∝ 8α2|dk × gk|2. (56)

We notice that the intraband components of the pair poten-
tial are ψk and d‖k, while the interband one is d⊥k with the
decomposition of dk defined as

dk = d⊥k + d‖k, d‖k × gk = 0, d⊥k · gk = 0. (57)

When the pair potential consists of only intraband com-
ponents, namely, d⊥k = 0, the electric injection current is
exactly obtained as (see Appendix B 1)

σ
α;βγ

Einj = − iπ

4η

∑
k

[F+(−ψk + d‖k) + F−(ψk + d‖k)]2

E+E−F+F−(E+ + E−)2

× (∂αgk · ĝk)[(∂βgk × ∂γ gk) · ĝk]

× δ[� − (E+ + E−)], (58)

where we defined E± and F± as

E± =
√

(ξk ± gk)2 + (ψk ± d‖k · ĝk)2, (59)

F± = E± + ξk ± gk. (60)

On the other hand, when the pair potential consists of
only interband components ψk = 0 and d‖k = 0, the electric
injection current is given by (see Appendix B 2)

σ
α;βγ

Einj =−iπ

4η

∑
k

ξk(∂αgk · ĝk)

ukg2
k

(
1 − d2

⊥k

uk(uk + ξk)

)

× [(∂βgk × ∂γ gk) · ĝk]

× �

(
gk −

√
ξ 2

k + d2
⊥k

)
δ(� − 2gk), (61)

with

uk =
√

ξ 2
k + d2

⊥k. (62)

From Eqs. (41), (58), and (61), we find similarity of the
electric injection current between the normal state and the
purely intraband or interband pairing state. When either an
intraband component or interband component of pair potential
is absent, the normal Berry curvature factor must be nonzero
to obtain a finite injection current. This condition has also
been shown for the normal state. Furthermore, the injection
current contributions in Eqs. (58) and (61) arise from the
quasiparticle excitation labeled by the off-diagonal elements
in the Bogoliubov spectrum [type A transition in Fig. 1(b)].
When the pair potential is sufficiently small, the resonant
frequency is � ∼ 2gk as in Eq. (41) for the normal state.
These similarities imply that the electric injection current in
the purely intraband or interband pairing state [Eqs. (58) and
(61)] are similar to the photocurrent existing in the normal
state. In other words, coexistence of the intraband and inter-
band pairing is essential for the nonlinear optical responses
unique to the superconducting state. This statement is justified
in Sec. IV, where the relation between the pair potential and
nonlinear optical conductivities such as the total photocurrent
and second harmonic generations is verified numerically and
comprehensively.

IV. NUMERICAL RESULTS

In this section, we demonstrate various nonlinear op-
tical conductivities in noncentrosymmetric superconductors
with numerical calculations. We consider the s+p model
and the extended s+p model, assuming the T symme-
try and my symmetry of the system. Contributions unique
to superconductors appear in the numerical results of the
photocurrent generation and second harmonic generation.
We show that the coexistence of intraband and interband
pairing is a necessary condition for the nonlinear optical
responses unique to superconductors, consistent with discus-
sions in Sec. III C. Furthermore, the normal and SC Berry
curvature factors are useful as indicators of the nonlinear
optical responses because the responses can be suppressed
when the Berry curvature factors are absent, consistent with
Sec. III B.

In the numerical calculations, the parameters are set as
μ = −0.8, t1 = 1, and t2 = 0.2. For a quantitative estima-
tion, we set t1 = 1 eV and calculate the response coefficients
in the SI unit. Thus, the numerical results of the nonlin-
ear conductivity are given in the unit A V−2. Numerical
calculations are performed on the N2-discretized Brillouin
zone (N = 3000). For numerical convergence, we introduce
a phenomenological scattering rate γ = 5.0 × 10−4 and a fi-
nite temperature T = 10−4 for the Fermi-Dirac distribution
function.

A. General property of s+p model and extended s+p model

Before showing the main results of this section, we dis-
cuss some general properties of the nonlinear responses in
the models. There are some constraints for the photocurrent
conductivity σ

α;βγ

PC and second harmonic generation σ
α;βγ

SHG .
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FIG. 2. Frequency dependence of the photocurrent generation and second harmonic generation in the s+p model. (a) Real part Re[σα;βγ

PC ]
and (b) imaginary part Im[σα;βγ

PC ] of the photocurrent generation. (c) Real part Re[σα;βγ

SHG ] and (d) imaginary part Im[σα;βγ

SHG ] of the second
harmonic generation. We take the parameter set of No. 1 in Table I, α1 = 0.3, α2 = 0.8, α3 = 0.1, ψ0 = 0.07, d1=0.04, d2=0.02, and d3=0.05.
Note that σ x;xy = σ y;xx = σ y;yy = 0 as those components are prohibited by the my mirror symmetry.

The first constraint

σ
α;βγ

PC = (
σ

α;γ β

PC

)∗
, σ

α;βγ

SHG = σ
α;γ β

SHG (63)

has to be satisfied. This constraint requires Im[σα;ββ

PC ] = 0.
The s+p model and extended s+p model are characterized by
the my mirror symmetry. This symmetry allows the nonlinear
conductivity σ x;xx, σ x;yy, and σ y;yx in the two-dimensional
system.

Figure 2 plots the photocurrent conductivity σ
α;βγ

PC =
σα;βγ (0; −�,�) and second harmonic generation σ

α;βγ

SHG =
σα;βγ (2�; �,�) in the s+p model, which satisfy the above
constraints. The divergent nonlinear responses are observed
in the low-frequency regime. The static conductivity deriva-
tive σ

α;βγ

sCD , which is allowed by the T symmetry, causes

the anomalous divergent behaviors in the imaginary part
of σPC and σSHG. Although the real part also shows a di-
verging behavior, this contribution is artificial and comes
from the phenomenological treatment of the scattering rate
[34].

In the following subsections, we discuss the relationship
between the nonlinear optical responses and the presence of
intraband and interband pairing. In the s+p and extended s+p
models, the photocurrent and second harmonic generation
unique to the superconducting state can appear when the pair
potential includes both intraband and interband pairing com-
ponents. Comparison to the joint density of states indicates
that E ↔ −E transition (type B in Fig. 1) dominantly con-
tributes to the superconducting nonlinear optical responses.

TABLE I. The parameter set (α1, α2, α3), ψ0, and (d1, d2, d3) adopted in Fig. 3 and the existence or nonexistence of nonlinear optical
responses. The first and second right columns show the superconducting and normal response, respectively. In the s+p model, the second-order
nonlinear responses vanish in the normal state [see Sec. III B and Eq. (64)]. Thus, the “Normal response” is zero in the table for all the cases.
The fifth right column shows whether the SC Berry curvature factor is zero or nonzero.

(α1, α2, α3) ψ0 (d1, d2, d3) SC Berry curvature �intra �inter Normal SC response
No. factor response

1 (0.3, 0.8, 0.1) 0.07 (0.04, 0.02, 0.05) nonzero nonzero nonzero zero nonzero
2 (0.3, 0.8, 0.1) 0 (0.04, 0.02, 0.05) nonzero nonzero nonzero zero nonzero
3 (0.2, 0.9, 0.1) 0.01 (0.06, 0.05, 0.03) zero nonzero nonzero zero zero
4 (0.7, 0.2, 0.3) 0.09 (0.03, 0, -0.07) nonzero nonzero nonzero zero nonzero
5 (0.7, 0.2, 0.3) 0 (0.03, 0, -0.07) nonzero zero nonzero zero zero
6 (0.4, 0.1, 0.6) 0.09 (0, 0, 0) undefined nonzero zero zero zero
7 (Normal) (0.3, 0.2, 0.6) 0 (0, 0, 0) undefined zero zero zero zero
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(a) (b)

FIG. 3. Frequency dependence of the imaginary part of (a) photocurrent conductivity σ
y;yx
PC and (b) second harmonic generation σ

y;yx
SHG in the

s+p model with varying the parameters (α1, α2, α3), ψ0, and (d1, d2, d3). Table I shows the parameter sets of the cases (1)–(7). Presence or
absence of the nonlinear optical responses are summarized in Table I.

B. s + p model

Here, numerical analysis of the photocurrent conductiv-
ity and second harmonic generation in the s+p model is
presented in details. We compare the numerical results with
varying conditions about normal and SC Berry curvature
factors and spin-singlet and spin-triplet components of pair
potential. In the s+p model, the normal and SC Berry curva-
ture factors are given by

∂xgk × ∂ygk · ĝk = 0, (64)

∂xgk × ∂ygk · d̂k ∝ α2(d1α3 − d3α1) sin ky cos kx cos ky,

(65)

respectively. As shown in Eq. (64), the normal Berry curvature
factor vanishes in the s+p model and, therefore, the nonlinear
optical responses are absent in the normal state (No. 7 case in
Table I). Furthermore, the SC Berry curvature factor also dis-
appears when the pair potential consists of only the intraband
pairing component, that is, dk is parallel to gk.

Figure 3 plots the photocurrent conductivity σ
y;yx
PC and sec-

ond harmonic generation σ
y;yx
SHG for various parameter sets of

the spin-orbit coupling, (α1, α2, α3), and the pair potential,
ψ0 and (d1, d2, d3). The parameter sets labeled as Nos. 1–7
and whether the second-order nonlinear response is zero or
nonzero are summarized in Table I. In the Nos. 1, 2, and 4
cases, the nonlinear optical responses appear and show diverg-
ing behavior in the low-frequency region. On the other hand,
the photocurrent and second harmonic generation disappear
in the No. 3 case, where the SC Berry curvature factor is
zero. Thus, the nonzero SC Berry curvature factor is essential
for the second-order nonlinear responses in the s+p model.
This condition has been analytically derived for the injection
current in Sec. III B. The numerical results imply that the
condition applies to the total nonlinear conductivity as well.

Next, we discuss the roles of intraband pairing and in-
terband pairing. The Nos. 1, 2, and 4 cases, in which the
nonlinear responses are nonzero, have both the intraband and
interband pairing components of the pair potential. On the
other hand, the second-order nonlinear responses disappear
in the No. 5 case, though the difference from the No. 4 case
is only the absence of the spin-singlet pairing component ψ0.
Note that the spin-singlet pairing component is not necessarily

required for the nonlinear optical responses to appear as they
indeed appear in the No. 2 case. The essential difference of
the No. 5 case from the Nos. 2 and 4 cases is the absence
of the intraband pairing components in the pair potential,
namely, d‖k and ψ0. Thus, it is indicated that the intraband
pairing is required for the second-order nonlinear responses.
The interband pairing is also needed because the SC Berry
curvature factor is zero when the pair potential consists of only
the intraband pairing components. Therefore, both intraband
and interband pairing are necessary for the photocurrent and
second harmonic generations unique to superconductors. This
is one of the main conclusions of this paper.

Figure 4 shows the frequency dependence of the imaginary
part of photocurrent conductivity σ

y;yx
PC and the joint density

of states. The joint density of states JB1(�), JB2(�), and
JA(�) are defined as JB1(�) = ∑

k δ(� − 2E1k), JB2(�) =∑
k δ(� − 2E2k), and JA(�) = ∑

k δ(� − E1k − E2k), where
E1k and E2k are positive eigenenergies of Bogoliubov quasi-
particles (E1k � E2k � 0) in the superconducting state. The
subscripts A and B correspond to the type A and type B
transitions in Fig. 1, respectively. We see that σ

y;yx
PC and JB2(�)

share the peak position. Thus, it is indicated that the frequency
dependence of the photocurrent conductivity is roughly deter-

FIG. 4. (Upper panel) Frequency dependence of the imaginary
part of the photocurrent conductivity σ

y;yx
PC in the s+p model. Pa-

rameters are the same as the No. 1 case in Table I. (Lower panel)
Joint density of states for each transition process. JB1(�), JB2(�), and
JA(�) are the joint density of states for E1 ↔ −E1, E2 ↔ −E2, and
Ei ↔ −Ej (i �= j) transition, respectively. E1 and E2 are positive
eigenenergies of Bogoliubov quasiparticles (E1 � E2 � 0).
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FIG. 5. (Upper panel) Frequency dependence of the real part
of the second harmonic generation. (Middle panel) Joint density
of states JB1(�) and JB1(2�), and (lower panel) JB2(�), JB2(2�),
JA(�), and JA(2�). Parameters are the same as the No. 1 case in
Table I.

mined by the joint density of states JB2(�). This result implies
that the type B transition (E ↔ −E ) dominantly contributes
to the photocurrent generation under the circularly polarized
light [33]. The excitation channel E ↔ −E is unique to the
superconducting state and does not have the counterpart in
limit of the zero pair potential, namely, the normal state.
The diverging response also appears in the subgap regime
due to the anomalous photocurrent mechanism and is almost
unrelated to the joint density of states.

In Fig. 5 we show the frequency dependence of the real
part of the second harmonic generation σ x;xx

SHG, σ x;yy
SHG, σ y;yx

SHG with
the joint density of states. Contrary to the photocurrent, not
only the transition �E ∼ � but also �E ∼ 2� is important
for the second harmonic generation, where �E is a differ-
ence of energies between transition bands [33]. Thus, we also
show JB1(2�), JB2(2�), and JA(2�), which correspond to
the joint density of states about �E ∼ 2� transitions. We
can find that JB2(�) and JB2(2�) share some peak positions
with the second harmonic generation coefficients. It is indi-
cated that the frequency dependence of the second harmonic

generation is roughly determined by not only JB2(�), but also
JB2(2�). From these comparisons, we confirm the conclu-
sion that E ↔ −E (type B) transition, which is unique to
the superconducting state, dominantly contributes to the
second-order nonlinear optical responses.

C. Extended s+p model

Next, the photocurrent conductivity and second harmonic
generation in the extended s+p model are presented. An es-
sential difference between the s+p and extended s+p models
is the normal Berry curvature factor, which can be nonzero
in the extended s+p model. Therefore, the nonlinear optical
responses may appear in the normal state of extended s+p
model (No. 6 case in Fig. 6 and Table II), in contrast to the
s+p model. The normal and SC Berry curvature factors in the
extended s+p model are given by

∂xgk × ∂ygk · ĝk ∝ α1α2α3 cos kx

× (sin 2ky cos ky − 2 sin ky cos 2ky), (66)

∂xgk × ∂ygk · d̂k ∝ α2 cos kx(d1α3 sin 2ky cos ky

− 2d3α1 sin ky cos 2ky). (67)

When none of α1, α2, α3 are zero, the normal Berry curva-
ture factor is finite.

Figure 6 plots the photocurrent conductivity σ
y;yx
PC with

varying the parameters (α1, α2, α3), ψ0, and (d1, d2, d3). The
parameter sets and whether σ

y;yx
PC is zero or nonzero are sum-

marized in Table II. First, the photocurrent conductivity can
be finite even when the SC Berry curvature factor vanishes
(No. 3 case in Table II), although the SC Berry curvature
factor is essential in the s+p model. Thus, implication from
the approximate analysis of the injection current in Sec. III B
does not necessarily apply. This is probably because the ex-
tended s+p model is more complicated than the s+p model.
Nevertheless, we can use the SC Berry curvature as an in-
dicator because the nonlinear optical responses disappear in
some cases where the SC Berry curvature is zero (see No. 2
case).

Next, we focus on the cases with finite normal Berry cur-
vature factor and compare the photocurrent conductivity of
the Nos. 1, 5, and 6 cases. The parameters for the spin-orbit

FIG. 6. Frequency dependence of the imaginary part of photocurrent conductivity σ
y;yx
PC in the extended s+p model. Table II shows the

parameter sets of the cases (1)–(8). (a) Shows the high-frequency range 0.05 < � < 2.0, and (b) shows the low-frequency range 0 < � < 0.05.
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TABLE II. The parameter set (α1, α2, α3), ψ0, and (d1, d2, d3) adopted in Fig. 6 and the existence or nonexistence of nonlinear optical
responses. The first and second right columns show the superconducting and normal response, respectively. When the normal Berry curvature
factor is zero, the nonlinear responses vanish in the normal states (as discussed in Sec. III B). Thus, the “Normal response” is zero in the Nos.
2, 3, 4, 7, and 8 cases. For Nos. 6, 7, and 8, reasons for the presence or absence of the superconducting nonlinear response are explained in the
main text. The sixth and fifth right columns show whether the normal and SC Berry curvature factors are zero or nonzero, respectively.

(α1, α2, α3) ψ0 (d1, d2, d3) Normal Berry SC Berry �intra �inter Normal SC
No. curvature curvature response response

1 (0.8, 0.2, 0.6) 0.08 (0.01, 0.05, 0.06) nonzero nonzero nonzero nonzero nonzero nonzero
2 (0, 0.6, 0.4) 0.02 (0, 0.08, 0.07) zero zero nonzero nonzero zero zero
3 (0.4, 0, 0.3) 0.06 (0.05, 0.09, 0.07) zero zero nonzero nonzero zero nonzero
4 (0.8, 0.5, 0) 0.06 (0.01, 0.03, 0.04) zero nonzero nonzero nonzero zero nonzero
5 (0.8, 0.2, 0.6) 0.06 (0.04, 0.01, 0.03) nonzero nonzero nonzero zero nonzero zero
6 (Normal) (0.8, 0.2, 0.6) 0 (0, 0, 0) nonzero undefined zero zero nonzero zero
7 (0.2, 0.8, 0) 0.04 (0, 0, 0.03) zero nonzero nonzero nonzero zero nonzero
8 (0.2, 0.8, 0) 0 (0, 0, 0.03) zero nonzero zero nonzero zero zero

coupling (α1, α2, α3) are equivalent in these cases. The No.
6 case represents the normal state because the pair potential
is zero, while the Nos. 1 and 5 cases represent the supercon-
ducting state. The pair potential in the No. 1 case consists of
intraband and interband components, while interband pairing
is absent in the No. 5 case. For additional information, in
Fig. 7, we show the real part of photocurrent conductivity σ

y;yx
PC

in these cases and the joint density of states in the No. 1 case.
Figures 7(a) and 6 reveal that the photocurrent conductivity
is almost the same in the frequency region 1 < � < 2.5.
Furthermore, we see that the real part of σ

y;yx
PC and JA(�)

share the peak position. Thus, the frequency dependence of
the photocurrent conductivity is roughly determined by the
joint density of states JA(�), in contrast to the s+p model dis-
cussed in the previous subsection. These results imply that the
photocurrent generation for 1 � � � 2.5 mainly stems from
the normal photocurrent mechanism even in the supercon-
ducting state, which arises from Ei ↔ −Ej (i �= j) transition
(type A in Fig. 1).

On the other hand, we also find that the nonlinear optical
responses can be drastically modified by superconductivity.
Figure 7(b) shows a sizable photocurrent conductivity around
� = 0.015 only in the No. 1 case. Such a large photocurrent
generation does not appear in the No. 6 case and, therefore,
it is unique to the superconducting state. Comparison with
the No. 5 case, in which the pair potential does not have an
interband component, implies that coexistence of interband
pairing and intraband pairing is necessary for the photocurrent
generation unique to the superconducting state. We can
distinguish the superconducting nonlinear optical responses
from the normal ones in this way, and summarize the presence
or absence of the responses with superconducting origin in
Table II.

Finally, we compare the Nos. 7 and 8 cases, in which the
normal Berry curvature factor is zero. In Figs. 6 and 8, we see
that the photocurrent conductivity σ

y;yx
PC vanishes in the No. 8

case, while finite in the No. 7 case. The difference between
the two cases is the presence or absence of the spin-singlet
pair potential ψ0. In both cases, the spin-triplet pair potential
dk does not contain an intraband component. Therefore, dis-
appearance of the photocurrent conductivity in the No. 8 case
is attributed to the absence of the intraband pairing. It is again

confirmed that the coexistence of intraband pairing and inter-
band pairing is essential for the second-order nonlinear optical

(a)

(b)

FIG. 7. (a) The upper panel shows the real part of the photocur-
rent conductivity σ

y;yx
PC , and the lower panel shows the joint density of

states for each transition process in the extended s+p model. A high-
frequency region 1 < � < 2.5 is shown. (b) The same quantities
are plotted in a low-frequency region 0 < � < 0.3. The parameter
sets in the Nos. 1, 5, and 6 cases of Table II are adopted for the
photocurrent conductivity. Note that the lines of Nos. 5 and 6 are
almost overlapped. The normal Berry curvature factor is finite in
these parameter sets. The parameters for the joint density of states
are the No. 1 case.
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responses unique to superconductors. In Fig. 8, we compare
the imaginary part of σ

y;yx
PC with JB2(�) and see that they share

the peak position. Thus, the photocurrent generation in the No.
7 case is attributable to the type B transition unique to the
superconducting state. The comparison between Nos. 7 and 8
is summarized in Table II.

V. DISCUSSION

In this paper, we have investigated the mechanism and
conditions of the second-order nonlinear optical responses
which appear in the superconducting state. This section sum-
marizes the results of the models for noncentrosymmet-
ric superconductors, namely, the s+p and extended s+p
models.

First, we discuss the relation between the nonlinear
responses and the Berry curvature factors. In the supercon-
ducting state of the s+p model, a nonzero SC Berry curvature
factor is essential for the second-order nonlinear responses
to appear. Comparison with the joint density of states shows
that the photocurrent and second harmonic generations stem
from the type B optical transition in Fig. 1. On the other hand,
finite Berry curvature factors are not necessarily required for
the nonlinear responses in the extended s+p model. In the
No. 3 case of Table II, where the normal and SC Berry cur-
vature factors vanish, the photocurrent and second harmonic
generation occur. However, the nonlinear responses are not
independent of the Berry curvature factors. In the No. 2 case
the second-order nonlinear responses disappear accompanied
by the disappearance of Berry curvature factors. Therefore,
we conclude that the second-order nonlinear optical responses
unique to the superconducting state are closely related to the
SC Berry curvature factor.

Next, we discuss the effects of intraband and interband
pairing on the nonlinear optical responses. In the s+p model,
the second-order nonlinear responses are absent in the normal
state. Moreover, the photocurrent and second harmonic gener-
ations are absent in the superconducting states when the pair
potential does not contain either the intraband or interband
components. The same results are obtained in the extended
s+p model when the normal Berry curvature factor is zero.
When the normal Berry curvature factor is finite, then the
second-order nonlinear responses appear in the superconduct-
ing states without interband pairing. However, such responses
are almost equivalent to those in the normal state. Therefore,
coexistence of intraband and interband pairing is a necessary
condition for the emergence of the second-order nonlinear
optical responses unique to the superconducting state. This
is one of the main conclusions and applies to all the cases
studied in this paper.

We also conclude that the type B transition mainly gives
rise to the resonant contributions to the optical response
unique to the superconducting state. In this paper, we have
shown that the joint density of states for the type B transition
and the second-order nonlinear conductivity share the peaks.
This finding implies that the type B transition contributes to
the superconducting nonlinear response. Considering the con-
dition where the superconducting nonlinear response appears,
we suppose that the coexistence of intraband and interband
pairing is important for the type B transition in our models. In

FIG. 8. (Upper panel) The imaginary part of the photocurrent
conductivity σ

y;yx
PC . (Middle panel) Joint density of states JB2(�).

(Lower panel) JB1(�) and JA(�). The parameters in the No. 7 case
are adopted for the joint density of states. Photocurrent conductivity
is calculated for the Nos. 7 and 8 cases in Table II, where the normal
Berry curvature factor is zero.

addition, it is known that a unique contribution to the linear
optical response through the type B transition is forbidden
in the T -symmetric superconductor when the pair potential
contains only the intraband components [41]. Further ana-
lytical discussion about the correspondence of nonlinear re-
sponses and microscopic transition processes is left for future
work.

From the results obtained above, it is expected that a
mixture of intraband and interband pairing is important to
maximize the second-order nonlinear optical response. To
verify this expectation, we calculate the photocurrent conduc-
tivity in the s+p model with varying the ratio of intraband
and interband pairing. We define �intra and �inter to represent
the intraband and interband pairing components in the pair
potential,

�intra = [ψk + d‖k · σ]iσy, �inter = [d⊥k · σ]iσy, (68)

and take the parameters as

d‖k = (0.03 sin ky, 0.02 sin kx, 0.04 sin ky), (69)

d⊥k = (0.08 sin ky, 0,−0.06 sin ky), (70)

ψk = 0.06, (α1, α2, α3) = (0.3, 0.2, 0.4). (71)

The other parameters are the same as those in Sec. IV.
Figures 9(a) and 9(b) plot the imaginary part of photocurrent
conductivity σ

y;yx
PC with varying the parameter r for the ratio

of intraband and interband pairing, which defines the pair
potential

�k = (1 − r)�intra + r�inter. (72)

At r = 0 and 1, the photocurrent generation vanishes as ex-
pected because the mixture of intraband and interband pairing
is absent. The photocurrent conductivity is maximized near
r 	 0.9 and drastically changes around r = 0.9.

We also show Fig. 9(c) to clarify the dependence on the
magnitude of the pair potential. Here, we adopt �k = s�̃k
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FIG. 9. Change in the photocurrent conductivity Im[σ y;yx
PC ] in

the s+p model with varying the parameter r of the ratio of intra-
band and interband pairing. (a) 0.9 � r � 1.0 and (b) 0 � r � 0.9.
(c) Im[σ y;yx

PC ] in the s+p model with various amplitudes of the pair
potential. The pair potentials adopted in the figure are described in
the main text.

with �̃k = [ψ̃k + d̃k · σ]iσy and

ψ̃k = 0.06, d̃k = (0.07 sin ky, 0.02 sin kx, 0.01 sin ky).
(73)

Note that the normal Berry curvature factor vanishes in this
case. The photocurrent conductivity is zero at s = 0 because
the pair potential is zero and the model represents the normal
state. With increasing the amplitude of the pair potential, the
behavior of the photocurrent conductivity shifts in parallel
to the higher-frequency side. This is reasonable because the
magnitude of the superconducting gap increases with the pair
potential.

VI. CONCLUSION

This paper elaborated on the second-order nonlinear op-
tical responses of noncentrosymmetric superconductors. In
particular, we performed detailed analysis of typical models
for superconductors with T symmetry and clarified micro-
scopic conditions for the nonlinear responses beyond the
symmetry constraints. Our analytic calculations imply that the
normal and SC Berry curvature factors indicate the normal
and superconducting responses, respectively, and the mixture
of intraband and interband pairing is a necessary condition
of photocurrent and second harmonic generations unique to
superconductors. This implication has been justified in the
numerical calculations.

In the numerical analysis of the s+p model and extended
s+p model, first, we revealed that the second-order nonlinear
responses are suppressed when the Berry curvature factors are

zero. Especially, the SC Berry curvature factor is related to
the contributions characteristic of the superconducting state.
Second, we clarified that the second-order nonlinear responses
unique to the superconducting state originate from a mixture
of intraband and interband pairing. Finally, we found that
the photocurrent generation can be maximized by tuning the
mixture of intraband and interband pairing. Combining the an-
alytical and numerical results, we conclude that the SC Berry
curvature factor and the mixture of intraband and interband
pairing are essential for the second-order nonlinear optical
responses in T -symmetric superconductors. The analytical
understanding of the relation between the Berry curvature
factor and the superconducting nonlinear responses is left for
future work.

Among various mechanisms to break space inversion
symmetry in superconductors, the most typical and ubiqui-
tous class is the noncentrosymmetric superconductors lacking
the inversion symmetry in the crystal structure. Examples
range from heterostructures [28–31,42,43] to bulk compounds
[22,23]. Unless an external field such as the magnetic field
is applied, this class of superconductors preserves T symme-
try. Thus, our study analyzing such superconductors would
be helpful for future developments in superconductivity and
nonlinear optics. Interestingly, the nonlinear optical responses
may signify the parity mixing of Cooper pairs. Although
the even-parity spin-singlet pair potential and odd-parity
spin-triplet one can coexist in noncentrosymmetric supercon-
ductors [20–23], an unambiguous observation for the parity
mixed Cooper pairs has been awaited for a long time. This
is because most of the characteristic properties of noncen-
trosymmetric superconductors, such as boosted upper critical
field [26–31], arise from the spin-momentum locking even
when the parity mixing does not occur. On the other hand,
as we discussed in this paper, the superconducting nonlin-
ear optical responses are sensitive to the structure of pair
potential and need spin-triplet pairing. Because most super-
conductors are spin-singlet superconductors, the observation
of nonlinear optical responses would indicate the presence of
spin-triplet Cooper pairs originating from the parity-mixing
phenomenon.

From the engineering perspective, the ratio of intraband
pairing to interband pairing is an important parameter to con-
trol the nonlinear responses unique to the superconducting
state. The intraband pairing is expected to be dominant since
the interband pairing hardly contributes to the thermodynamic
stability of superconductivity. However, the interband pairing
inevitably appears when we adopt a strong coupling theory
for superconductivity [22,44], and therefore, it is expected
to be finite in realistic superconductors. In particular, it has
been proposed that a significant interband pairing appears
when the spin-orbit coupling has topological defects in the
momentum space, such as Weyl points [22,44]. Based on
these arguments, superconducting WTe2 is predicted to be
a candidate for significant nonlinear optical responses. The
symmetry of the models studied in this paper is consis-
tent with the bilayer WTe2 [45]. The study of this class of
materials [46] will be interesting for future research. Fur-
thermore, it is expected that the nonlinear responses, which
are not uncovered in this paper, may appear in T -symmetry
breaking superconductors [34]. It is also expected that the
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extra degree of freedom of electrons such as orbital and
valley freedom induces a new superconducting nonlinear re-
sponse contribution. Thus, exploring other superconducting
nonlinear responses will also be a promising route for future
research.
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APPENDIX A: PHOTOCURRENT CONDUCTIVITY
IN THE NORMAL STATE

In this Appendix, we derive the photocurrent conductivity
of the two-dimensional T -symmetric system in the normal
state. The Hamiltonian is given by

HN(k) = ξk + gk · σ. (A1)

The first term is kinetic energy measured from a chemical
potential μ and the second term is an antisymmetric spin-orbit
coupling. As follows, we omit the subscript k for simplicity.
The normal photocurrent conductivity consists of the four
contributions

σN = σBCD + σIFS(E) + σEinj + σshift, (A2)

which are termed Berry curvature dipole term, intrinsic
Fermi surface term, electric injection current term, and shift
current term, respectively [6,34]. Each term is formulated
as

σ
α;βγ

ISF(E) = i

4

∑
a �=b

�
βγ

ab P
1

� − Eab
∂α fab, (A3)

σ
α;βγ

BCD = − i

2�

∑
a

(
εαβδ∂γ �δ

a − εαγ δ∂β�δ
a

)
fa, (A4)

σ
α;βγ

Einj = − iπ

4η

∑
a �=b

(
Jα

aa − Jα
bb

)
�

βγ

ba fabδ(� − Eba), (A5)

σ
α;βγ

shift = −π

4

∑
a �=b

Im
[
[Dαξβ]abξ

γ

ba + [Dαξγ ]abξ
β

ba

]
× fabδ(� − Eba), (A6)

where we defined geometric quantities such as the Berry con-
nection ξα

ab, Berry curvature �
αβ

ab , and the covariant derivative
Dα . The sign “P” in Eq. (A3) means the principal integral over
the frequency �. We also introduced the Berry curvature for
the ath band as

�γ
a = 1

2

∑
b( �=a)

εαβγ �
αβ

ab . (A7)

Here, we derive the Berry curvature �
αβ

ab . The Hamiltonian
in the coordinate ẑ ‖ g has the form

H (k) = diag(E+, E−) = diag(ξ + g, ξ − g). (A8)

In this coordinate, the paramagnetic and diamagnetic cur-
rent operators are given by

Jα (k) = ∂αH (k) =
(

∂αξ + ∂αgz ∂αgx − i∂αgy

∂αgx + i∂αgy ∂αξ − ∂αgz

)
, (A9)

Jαβ (k) = ∂αβH (k) =
(

∂αβξ + ∂αβgz ∂αβgx − i∂αβgy

∂αβgx + i∂αβgy ∂αβξ − ∂αβgz

)
,

(A10)

where ∂αβ... means the k derivative ∂kα
∂kβ

. . . for short-
hand notation. With the Hellmann-Feynman relation, the
Berry connection and Berry curvature for a �= b are given
by

ξα
ab = iJα

ab

Eab
, (A11)

�
αβ

ab = − 2

E2
ab

Im
[
Jα

abJβ

ba

]
. (A12)

From Eq. (A9), we obtain

Im
[
Jα

abJβ

ba

] = [(∂αg × ∂βg) · ez]

(
0 1

−1 0

)
ab

. (A13)

Therefore, the Berry curvature is obtained as

�
αβ

ab = − 2

E2
ab

Im
[
Jα

abJβ

ba

] = (∂αg × ∂βg)z

2g2

(
0 −1
1 0

)
ab

= (∂αg × ∂βg) · ĝ
2g2

(
0 −1
1 0

)
ab

. (A14)

We defined the unit vector ĝ = g/g. When the normal Berry
curvature factor is (∂αg × ∂βg) · ĝ = 0, the Berry curvature
�

αβ

ab disappears in the normal state. In the two-dimensional
systems, only the component (∂xg × ∂yg) · ĝ = −(∂yg × ∂xg) ·
ĝ can be finite.

Next, we derive the photocurrent conductivity in the con-
dition (∂xg × ∂yg) · ĝ = 0. From Eqs. (A3)–(A5), we obtain
σIFS(E) = σBCD = σEinj = 0. Therefore, we have only to eval-
uate the shift current term. In the two-band system, we obtain

[Dαξβ]ab = iJβ

ab

�α
ab

E2
ab

+ iJα
ab

�
β

ab

E2
ab

− i
Jαβ

ab

Eab
, (A15)

where we define the difference of group velocity �α
ab = Jα

aa −
Jα

bb and obtain as

�α
ab = 2∂αgz

(
0 1

−1 0

)
ab

. (A16)

From Eq. (A11), we obtain

Im
(
[Dαξβ]abξ

γ

ba + [Dαξγ ]abξ
β

ba

)
= 1

E3
ab

[
�α

abIm
(
Jβ

abJγ

ba + Jβ

baJγ

ab

) + �
β

abIm
(
Jγ

baJα
ab

)

+ �
γ

abIm
(
Jβ

baJα
ab

)] − 1

E2
ab

[
Im

(
Jαβ

ab Jγ

ba

) + Im
(
Jαγ

ab Jβ

ba

)]
.

(A17)

The first term is calculated as

Im
(
Jβ

abJγ

ba + Jβ

baJγ

ab

) = Im
[
Jβ

abJγ

ba + (
Jβ

abJγ

ba

)∗] = 0. (A18)
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From Eqs. (A13) and (A16), the second term is evaluated
as[
�

β

abIm
(
Jγ

baJα
ab

)]
ab = −2(∂βg · ĝ)[(∂γ g × ∂αg) · ĝ]

(
0 1

−1 0

)

= 0, (A19)

where we used ez ‖ ĝ and (∂xg × ∂yg) · ĝ = 0. The third term
�

γ

abIm(Jβ

baJα
ab) also vanishes. From Eqs. (A9) and (A10), the

fourth term is calculated by

Im
[
Jαβ

ab Jγ

ba

]
ab = [(∂αβg × ∂γ g) · ez]

(
0 1

−1 0

)
ab

= [(∂αβg × ∂γ g) · ĝ]

(
0 1

−1 0

)
ab

, (A20)

Im
[
Jαγ

ab Jβ

ba

]
ab = [(∂αγ g × ∂βg) · ez]

(
0 1

−1 0

)
ab

= [(∂αγ g × ∂βg) · ĝ]

(
0 1

−1 0

)
ab

. (A21)

Thus, the shift current is obtained as

σ
α;βγ

shift = − π

8

∑
k

1

g2
[(∂αβg × ∂γ g) · ĝ + (∂αγ g × ∂βg) · ĝ]

× �(g − ξ )δ(� − 2g). (A22)

Here, we differentiate the condition (∂βg × ∂γ g) · g = 0 by
∂α and obtain

(∂αβg × ∂γ g) · g + (∂βg × ∂αγ g) · g + (∂βg × ∂γ g) · ∂αg = 0.

(A23)

In the two-dimensional system, the third term must vanish,
(∂βg × ∂γ g) · ∂αg = 0. Using these results, we can rewrite the
normal photocurrent conductivity as

σ
α;βγ

N =σ
α;βγ

shift = −π

4

∑
k

1

g2
[(∂αβg × ∂γ g) · ĝ]

× �(g − ξ )δ(� − 2g). (A24)

This formula is shown in the main text.
Finally, we derive the electric injection current in the nor-

mal state when the normal Berry curvature factor is finite.
From Eqs. (A14) and (A16), the electric injection current is
given by

σ
α;βγ

Einj = − iπ

4η

∑
a �=b

(
Jα

aa − Jα
bb

)
�

βγ

ba fabδ(� − Eba) (A25)

= − iπ

4η

∑
k

(∂αg · ĝ)
[(∂βg × ∂γ g) · ĝ]

g2
�(g − ξ )δ(� − 2g),

(A26)

where we use Eba = � � 0 due to δ(� − Eba).

APPENDIX B: ANALYTICAL SOLUTIONS OF ELECTRIC INJECTION CURRENT IN THE SUPERCONDUCTING STATE

In this Appendix, we derive the electric injection current of the T -symmetric superconductor under various conditions on the
pair potential. The BdG Hamiltonian is given by

HBdG(k) =
(

HN(k) �(k)

�†(k) −[HN(−k)]T

)
, (B1)

where HN(k) = ξk + gk · σ is the Hamiltonian in the normal state, and �(k) = [ψk + dk · σ]iσy is the pair potential of supercon-
ductivity. Under appropriate gauge, ψk and dk are real valued due to the T symmetry. The BdG Hamiltonian in the coordinate
ẑ ‖ ĝ has the form

HBdG(k) =

⎛
⎜⎜⎜⎝

ξ + g 0 −dx + idy ψ + dz

0 ξ − g −ψ + dz dx + idy

−dx − idy −ψ + dz −ξ + g 0

ψ + dz dx − idy 0 −ξ − g

⎞
⎟⎟⎟⎠, (B2)

where indices of d are based on the new coordinates. We see that ψ and dz represent intraband pairing, while dx and dy are
interband pairing. Electric injection current is given by

σ
α;βγ

Einj = − iπ

8η

∑
a �=b

(
Jα

aa − Jα
bb

)
�

λβλγ

ba fabδ(� − Eba), (B3)

where the Berry curvature is defined as

�
λαλβ

ab = − 2

E2
ab

Im
[
Jα

abJβ

ba

]
. (B4)

The paramagnetic current density operator is obtained as

Jα =

⎛
⎜⎜⎜⎝

∂αξ + ∂αgz ∂αgx − i∂αgy 0 0

∂αgx + i∂αgy ∂αξ − ∂αgz 0 0

0 0 ∂αξ − ∂αgz −∂αgx − i∂αgy

0 0 −∂αgx + i∂αgy ∂αξ + ∂αgz

⎞
⎟⎟⎟⎠. (B5)
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We derive the electric injection current under the condition of vanishing interband pairing (dx = dy = 0) and under the
condition of vanishing intraband pairing (ψ = dz = 0) in the following subsections.

1. Zero interband pairing condition

First, we calculate the electric injection current of superconductors in the absence of the interband pairing. By an appropriate
permutation of the bases, the BdG Hamiltonian and paramagnetic current density operator are rewritten as

HBdG(k) =

⎛
⎜⎜⎝

ξ + g ψ + dz 0 0
ψ + dz −ξ − g 0 0

0 0 ξ − g −ψ + dz

0 0 −ψ + dz −ξ + g

⎞
⎟⎟⎠, (B6)

Jα =

⎛
⎜⎜⎝

∂αξ + ∂αgz 0 ∂αgx − i∂αgy 0
0 ∂αξ + ∂αgz 0 −∂αgx + i∂αgy

∂αgx + i∂αgy 0 ∂αξ − ∂αgz 0
0 −∂αgx − i∂αgy 0 ∂αξ − ∂αgz

⎞
⎟⎟⎠. (B7)

We can diagonalize the diagonal block of the BdG Hamiltonian

U †

(
ξ + g ψ + dz

ψ + dz −ξ − g

)
U =

√
(ξ + g)2 + (ψ + dz )2σz = uσz, (B8)

V †

(
ξ − g −ψ + dz

−ψ + dz −ξ + g

)
V =

√
(ξ − g)2 + (ψ − dz )2σz = vσz, (B9)

by using unitary operators

U = 1√
2u(u + uz )

⎛
⎝ ux

uy

uz + u

⎞
⎠ · σ, u =

⎛
⎝ψ + dz

0
ξ + g

⎞
⎠, (B10)

V = 1√
2v(v + vz )

⎛
⎝ vx

vy

v + vz

⎞
⎠ · σ, v =

⎛
⎝−ψ + dz

0
ξ − g

⎞
⎠. (B11)

We carry out the unitary transformation of the paramagnetic current density operator

U †
totJ

αUtot =
(

U † 0
0 V †

)(
Aα Bα

(Bα )† Cα

)(
U 0
0 V

)
=

(
U †AαU U †BαV

V †(Bα )†U V †CαV

)
, (B12)

where A, B, and C are defined as

Aα = (∂αξ + ∂αgz )σ0, Bα = (∂αgx − i∂αgy)σz, Cα = (∂αξ − ∂αgz )σ0. (B13)

The off-diagonal block of the transformed current density operator is obtained as

U †BαV = ∂αgx − i∂αgy

2
√

uv(u + uz )(v + vz )

⎛
⎝ (v + vz )ux + (u + uz )vx

0
uv + uzv + vzu + uzvz − uxvx

⎞
⎠ · σ ≡ B̃α. (B14)

Since A and C are invariant under unitary operation, we obtain Ã ≡ U †AU = A and C̃ ≡ V †CV = C. The factors Im[Jα
abJβ

ba]
of the Berry curvature are given in the matrix representation by

(
Im

[
Jα

abJβ

ba

])
ab

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 ãα × ãβ · ez Im
[(

b̃α
0 + b̃α

z

)(
b̃β∗

0 + b̃β∗
z

)]
Im

[(
b̃α

x − ib̃α
y

)(
b̃β∗

x + ib̃β∗
y

)]
−ãα × ãβ · ez 0 Im

[(
b̃α

x + ib̃α
y

)(
b̃β∗

x − ib̃β∗
y

)]
Im

[(
b̃α

0 − b̃α
z

)(
b̃β∗

0 − b̃β∗
z

)]
−Im

[(
b̃α

0 + b̃α
z

)(
b̃β∗

0 + b̃β∗
z

)]
−Im

[(
b̃α

x + ib̃α
y

)(
b̃β∗

x − ib̃β∗
y

)]
0 c̃α × c̃β · ez

−Im
[(

b̃α
x − ib̃α

y

)(
b̃β∗

x + ib̃β∗
y

)]
−Im

[(
b̃α

0 − b̃α
z

)(
b̃β∗

0 − b̃β∗
z

)]
−c̃α × c̃β · ez 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

(B15)

where we use the representation Ã = ã0 + ã · σ, B̃ = b̃0 + b̃ · σ, and C̃ = c̃0 + c̃ · σ. The matrix element b̃α
x − ib̃α

y of Jα is
obtained from Eq. (B14),

b̃α
x − ib̃α

y = b̃α
x = (∂αgx − i∂αgy)[(v + vz )ux + (u + uz )vx]

2
√

uv(u + uz )(v + vz )
, (B16)
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and we obtain

Im
[(

b̃α
x − ib̃α

y

)(
b̃β∗

x + ib̃β∗
y

)] = [(v + vz )ux + (u + uz )vx]2

4uv(u + uz )(v + vz )
[(∂αg × ∂βg) · ez]. (B17)

The diagonal block of Eq. (B15) vanishes because ã = c̃ = 0. From Ã = (∂αξ + ∂αgz )σ0 and C̃ = (∂αξ − ∂αgz )σ0, the
velocity difference (Jα

aa − Jα
bb) is given by

(
Jα

aa − Jα
bb

)
ab =

⎛
⎜⎜⎜⎝

0 0 2∂αgz 2∂αgz

0 0 2∂αgz 2∂αgz

−2∂αgz −2∂αgz 0 0

−2∂αgz −2∂αgz 0 0

⎞
⎟⎟⎟⎠. (B18)

Operating the unitary transformation, we obtain the diagonalized BdG Hamiltonian H̃BdG(k) = diag(u,−u, v,−v). Taking
the zero-temperature limit, we obtain the formula of the injection current,

σ
α;βγ

Einj = iπ

4η

∑
k

∑
a �=b

(
Jα

aa − Jα
bb

) Im
[
Jβ

baJγ

ab

]
E2

ab

fabδ(� − Eba) (B19)

= − iπ

4η

∑
k

[(u + uz )vx + (v + vz )ux]2

uv(u + uz )(v + vz )(u + v)2
(∂αgz )[(∂βg × ∂γ g) · ez]δ[� − (u + v)], (B20)

where we used Eqs. (B3), (B15), (B17), and (B18). We fixed the ẑ ‖ ĝ coordinate, and then we can rewrite

σ
α;βγ

Einj = − iπ

4η

∑
k

[F+(−ψk + dk) + F−(ψk + dk)]2

E+E−F+F−(E+ + E−)2
(∂αgk · ĝk)[(∂βgk × ∂γ gk) · ĝk]δ[� − (E+ + E−)], (B21)

where we defined

E+ = u =
√

(ξk + gk)2 + (ψk + dk · ĝk)2, (B22)

E− = v =
√

(ξk − gk)2 + (ψk − dk · ĝk)2, (B23)

F± = E± + ξk ± gk. (B24)

2. Zero intraband pairing condition

Next, we derive the electric injection current of superconductors in the absence of intraband pairing. By an appropriate
permutation of the bases, the BdG Hamiltonian and paramagnetic current density operator are given by

HBdG(k) =

⎛
⎜⎜⎝

ξ + g −dx + idy 0 0
−dx − idy −ξ + g 0 0

0 0 −ξ − g dx − idy

0 0 dx + idy ξ − g

⎞
⎟⎟⎠ =

(
h 0
0 −h

)
, (B25)

Jα =

⎛
⎜⎜⎝

∂αξ + ∂αgz 0 0 ∂αgx − i∂αgy

0 ∂αξ − ∂αgz −∂αgx − i∂αgy 0
0 −∂αgx + i∂αgy ∂αξ + ∂αgz 0

∂αgx + i∂αgy 0 0 ∂αξ − ∂αgz

⎞
⎟⎟⎠. (B26)

We can diagonalize the BdG Hamiltonian(
U † 0
0 U †

)(
h 0
0 −h

)(
U 0
0 U

)
= diag(g +

√
ξ 2 + d2, g −

√
ξ 2 + d2,−g −

√
ξ 2 + d2,−g +

√
ξ 2 + d2), (B27)

where we define the unitary operator U as

U = 1√
2u(u + uz )

⎛
⎝ ux

uy

u + uz

⎞
⎠ · σ, u =

⎛
⎝−dx

−dy

ξ

⎞
⎠. (B28)

We carry out the unitary transformation of the paramagnetic current density operator

U †
totJ

αUtot =
(

U † 0
0 U †

)(
Aα Bα

(Bα )† Aα

)(
U 0
0 U

)
=

(
U †AαU U †BαU

U †(Bα )†U U †AαU

)
, (B29)
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where A and B are defined as

A =
(

∂αξ + ∂αgz 0
0 ∂αξ − ∂αgz

)
, B =

(
0 ∂αgx − i∂αgy

−∂αgx − i∂αgy 0

)
. (B30)

We obtain the off-diagonal block of the transformed current density operator as

B̃α = U †BαU = b̃ · σ, b̃
α =

⎛
⎝ i∂αgy

−i∂αgx

0

⎞
⎠ + i(d × ∂αg)z

u(u + ξ )

⎛
⎝ −dx

−dy

u + ξ

⎞
⎠. (B31)

The matrix element b̃α
x − ib̃α

y is given by Eq. (B31),

b̃α
x − ib̃α

y = −(∂αgx − i∂αgy) − i(d × ∂αg)z

u(u + ξ )
(dx − idy), (B32)

and we obtain

Im
[(

b̃α
x − ib̃α

y

)(
b̃β∗

x + ib̃β∗
y

)] =
(

1 − d2
x + d2

y

u(u + ξ )

)
[(∂αg × ∂βg) · ez]. (B33)

Since b̃α
x and b̃α

y are pure imaginary, the relation between components of the Berry curvature is obtained as

Im
[(

b̃α
x + ib̃α

y

)(
b̃β∗

x − ib̃β∗
y

)] = −Im
[(

b̃α∗
x − ib̃α∗

y

)(
b̃β

x + ib̃β
y

)] = −Im
[(

b̃α
x − ib̃α

y

)(
b̃β∗

x + ib̃β∗
y

)]
= −

(
1 − d2

x + d2
y

u(u + ξ )

)
[(∂αg × ∂βg) · ez]. (B34)

The diagonal block of the transformed current density operator is

Ãα = U †AαU = aα
0 + ãα · σ, aα

0 = ∂αξ, ãα =
⎛
⎝ 0

0
−∂αgz

⎞
⎠ + ∂αgz

u

⎛
⎝ −dx

−dy

u + ξ

⎞
⎠. (B35)

A component ãα × ãβ · ez in Eq. (B15) is zero. From Eq. (B35), the group velocity difference (Jα
aa − Jβ

bb) is given by

(
Jα

aa − Jα
bb

)
ab = ξ∂αgz

u
×

⎛
⎜⎜⎝

0 1 0 1
−1 0 −1 0
0 1 0 1

−1 0 −1 0

⎞
⎟⎟⎠. (B36)

Taking the zero-temperature limit, we obtain

σ
α;βγ

Einj = iπ

4η

∑
k

∑
a �=b

(
Jα

aa − Jα
bb

) Im
[
Jβ

baJγ

ab

]
E2

ab

fabδ(� − Eba) (B37)

= − iπ

4η

∑
k

ξ∂αgz

ug2

(
1 − d2

x + d2
y

u(u + ξ )

)
[(∂βg × ∂γ g) · ez]�(g −

√
ξ 2 + d2)δ(� − 2g), (B38)

where we used Eqs. (B3), (B15), (B34), and (B36), and � is a step function. We fixed the ẑ ‖ ĝ coordinate, and we can rewrite

σ
α;βγ

Einj = −iπ

4η

∑
k

ξk(∂αgk · ĝk)

ukg2
k

(
1 − d2

k

uk(uk + ξk)

)
[(∂βgk × ∂γ gk) · ĝk]�

(
gk −

√
ξ 2

k + d2
k

)
δ(� − 2gk), (B39)

where we defined uk as

uk =
√

ξ 2
k + d2

k . (B40)

3. Approximate formula for electric injection current

Finally, we derive an approximate formula for the electric injection current when both intraband and interband pairing are
present. First, we approximate the eigenstates and eigenvalues of the Hamiltonian. We decompose the normal part of BdG
Hamiltonian

HN(k) = ξk + g‖k + g⊥k = H̃N + g⊥k, (B41)
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where the decomposition of gk is performed as

gk = g‖k + g⊥k, g‖k × dk = 0, g⊥k · dk = 0. (B42)

The approximate BdG Hamiltonian H̃BdG is defined by

H̃BdG(k) =
(

H̃N(k) �(k)

�†(k) −[H̃N(−k)]T

)
. (B43)

We obtain the eigenvalues Ẽa and eigenvectors |ãλ〉 of H̃BdG and approximate the velocity operator Jα
ab(k):

J̃α
ab(k) = − lim

λ→0
〈ãλ | ∂Hλ

∂λa
| b̃λ〉. (B44)

Here, we approximately evaluate the injection current σ
α;βγ

Einj by using the eigenvalues Ẽa and eigenvectors |ãλ〉:

σ
α;βγ

Einj 	 −π

4η

∑
k

∑
a,b

[
J̃α

aa(k) − J̃α
bb(k)

] J̃β

ba(k)J̃γ

ab(k)

Ẽ2
ba

f̃abδ(� − Ẽab), (B45)

where f̃ab is the difference of Fermi-Dirac distributions between the eigenvalues Ẽa and Ẽb. Equation (B45) is almost the same
as the electric injection current in the case of vanishing interband pairing. Indeed, we obtain

σ
α;βγ

Einj = − iπ

4η

∑
k

[F̃+(−ψk + dk) + F̃−(ψk + dk)]2

Ẽ+Ẽ−F̃+F̃−(Ẽ+ + Ẽ−)2
(∂αgk · ĝ‖k)[(∂βgk × ∂γ gk) · ĝ‖k]δ(� − (Ẽ+ + Ẽ−)), (B46)

where Ẽ± and F̃± are defined as

Ẽ+ = u =
√

(ξk + g‖k)2 + (ψk + dk · ĝ‖k)2, (B47)

Ẽ− = v =
√

(ξk − g‖k)2 + (ψk − dk · ĝ‖k)2, (B48)

F̃± = Ẽ± + ξk ± g‖k. (B49)

Using the relationship that g‖k is parallel to dk, we finally obtain

σ
α;βγ

Einj = − iπ

4η

∑
k

[F̃+(−ψk + dk) + F̃−(ψk + dk)]2

Ẽ+Ẽ−F̃+F̃−(Ẽ+ + Ẽ−)2
(∂αgk · d̂k)[(∂βgk × ∂γ gk) · d̂k]δ(� − (Ẽ+ + Ẽ−)), (B50)

where Ẽ± and F̃± are obtained as

Ẽ± =
√

(ξk ± gk · d̂k)2 + (ψk ± dk)2, (B51)

F̃± = Ẽ± + ξk ± gk · d̂k. (B52)
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