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In this paper, we used symmetry analyses and first-principles calculations to discover seven Cs-Te binary
systems that have different crystal structures and can host symmetry-enforced topologically nontrivial phonons:
P212121-Cs2Te, Pbam-CsTe, Pnma-Cs2Te, Pm3m-CsTe, Cmcm-Cs2Te5, Cmc21-Cs2Te3, and P21/c-CsTe4.
These phonons include charge-two Dirac point phonons, charge-one Weyl point phonons, quadratic contact
triple point phonons, triple point phonons, butterflylike Weyl nodal line phonons, Dirac nodal line phonons, Weyl
nodal loop phonons, multiple straight Weyl nodal line phonons, nodal cage phonons, one-nodal surface phonons,
two-nodal surface phonons, and three-nodal surface phonons. Furthermore, the relationship between the crystal
structure and the topological properties was thoroughly investigated in this study. More importantly, the Cs-Te
binary systems clearly exhibit phononic arc-shaped, phononic nodal-line-shaped, phononic drumheadlike, and
phononic torus surface states, which benefit experimental detections. Our theoretical results not only propose
various experimentally prepared Cs-Te binary systems with exotic topological phonons and phononic surface
states but also explain the structure-property relationship for Cs-Te binary systems based on symmetry analyses.
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I. INTRODUCTION

Over the last decade, various topological quasiparticles
in 3D crystalline solids [1], such as nodal points [2–10],
nodal lines [11–20], and nodal surfaces [21–25], have re-
ceived widespread attention because of their unique physical
properties and potential applications. Topological quasipar-
ticles have been discovered to exist in spinless systems,
such as phonons and various artificial periodic systems (e.g.,
acoustic/photonic crystals, electric circuit arrays, and me-
chanical networks) [25–30]. Recently, the study of topological
quasiparticles in phonons [31–36], which describe the atomic
lattice vibrations in solids, has received significant interest.

Several researchers have used first-principles calculations
and symmetry analyses to propose nodal point phonons with
different numbers of degeneracies (e.g., twofold degener-
ate Weyl point phonons [37–44], threefold triple point (TP)
phonons [45,46], fourfold degenerate Dirac point phonons
[47,48], and sixfold degenerate nodal point phonons) [49–51],
different topological charges [37,39], and different orders
of dispersion around a band degeneracy [37,39] (such as
quadratic contact TP (QCTP) phonons, quadratic Dirac point
phonons, quadratic Dirac point, and quadratic TP phonons).
Interestingly, Miao et al. [38] verified the presence of double-
Weyl point phonons in FeSi using inelastic x-ray scattering.
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Nodal line phonons with different degeneracy types [52],
dispersion types [53,54], quadratic orders of dispersion [53],
and geometric shapes (such as nodal chain phonons [55–58],
nodal box phonons [56], nodal net phonons [59,60], nodal link
phonons [60,61], nodal cage phonons [62], and straight nodal
line phonons [63]) have been proposed in theory. Remarkably,
Zhang et al. [64] demonstrated that helical nodal lines exist in
the phonon dispersion of MoB2 by combining first-principles
calculation and meV-resolution inelastic x-ray scattering. Fur-
thermore, Liu et al [65] and Xie et al. [66,67] proposed
one-nodal surface phonons, two-nodal surface phonons, and
three-nodal surface phonons. It is worth noting that three-
nodal surface phonons can be used to achieve the beyond
no-go-theorem Weyl phonons [67].

In this paper, we focused on the topological phonons
and related phononic surface states in realistic Cs-Te sys-
tems. No theoretical study has systematically investigated
the topological phonons in Cs-Te systems. The following
are the reasons why we chose Cs-Te phases as targets for
studying topological phonons: (1) There are numerous stable
and metastable phases for Cs-Te systems [68] that can be
studied for their topological phonons. (2) Experiments have
advanced greatly in the investigation of the phase diagram
of Cs-Te materials [69]. Herein, we present seven Cs-Te
binary systems with different crystal structures and space
groups (P212121-Cs2Te, Pbam-CsTe, Pnma-Cs2Te, Pm3m-
CsTe, Cmcm-Cs2Te5, Cmc21-Cs2Te3, and P21/c-CsTe4) and
discuss their related topological phonons in detail.

The topological phonons in these Cs-Te systems have the
following advantages: (i) Almost all of these Cs-Te systems
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can support the coexistence of topological phonons in differ-
ent dimensions. It should be noted that it would be interesting
to study the entanglement between zero-dimensional, one-
dimensional, and 2D topological phonons if they coexisted
in a single solid-state material. For example, P212121-Cs2Te
hosts zero-dimensional nodal point phonons and 2D nodal
surface phonons. Pbam-CsTe hosts zero-dimensional nodal
point phonons, one-dimensional nodal line phonons, and 2D
nodal surface phonons. (ii) These Cs-Te systems notably ex-
hibit almost all types of phononic surface states, including
phononic arc-shaped, drumheadlike, torus-shaped, and nodal-
line-shaped surface states. Hence, Cs-Te systems are ideal
platforms for further investigating the physical properties of
these phononic surface states. Different types of phononic sur-
face states may attract various phononic device applications.
(iii) Our theoretical findings not only propose various Cs-Te
systems that can exhibit magically topological phonons but
also provide structure-property relationships for Cs-Te binary
systems based on symmetry analyses.

II. METHODS

The first-principles calculations have been performed
within the framework of density functional theory [70],
and the projected augmented wave method is applied
as implemented in the VIENNA AB INITIO SIMULATION

PACKAGE (VASP) [71]. We employed the generalized gradient
approximation with the Perdew-Burke-Ernzerhof formalism
for the exchange-correlation function [72] and used the
projector-augmented wave method to deal with the core-
valence interactions [73]. For C2/m-Cs5Te3 (P21/c-CsTe4/

P212121-Cs2Te/Cmc21-Cs2Te3 /Pbam-CsTe/Pnma-Cs2Te /

Cmcm-Cs2Te5/Pm3m-CsTe), the energy cutoff of 500 eV
was set for the plane-wave basis and a k mesh of 5 × 5 × 3
(4 × 5×2/6 × 3× 3/5 × 5×4/5 × 3×7/3 × 6×3/5 × 5×3/

7 × 7×7) Monkhorst-Pack grid was sampled for the first
Brillouin zone. For the structure relaxation and self-consistent
iteration, the calculation is fully converged until the total
residual force per atom is less than −0.01 eV/Å and the total
energy variation per atom is smaller than 1 × 10−6 eV.

We used the density functional perturbation theory to ob-
tain the force constants for phonon spectrum calculations,
and then we used the PHONOPY package [74] to calculate
the phonon dispersion spectrum. We obtained the phonon
Hamiltonian of the tight-binding model and the surface local
DOSs with the open-source software WANNIER TOOLS [75]
and surface Green’s functions [76].

III. STABILITY AND CONVEX HULL

The structural stability of Cs-Te systems can be evaluated
from the formation energy defined as follows [68]:

Eform (CsxTe1−x ) = E (CsxTe1−x ) − [xE (Cs)+(1 − x)E (Te)],
(1)

where E (CsxTe1−x ) is the energy per atom of the binary com-
pound while E (Cs) and E (Te) are its counterparts for the most
stable elemental phases. Note that the phase diagram of Cs-Te
materials has already been constructed based on experimental
data in Ref. [69]. The six synthesized phases reported in the
phase diagram of Ref. [69], including C2/m-Cs5Te3 [SG 12],

FIG. 1. Formation energies (Eform), including the convex hull
versus relative Cs concentration.

P21/c-CsTe4 [SG 14], Cmc21-Cs2Te3 [SG 36], Pbam-CsTe
[SG 55], Pnma-Cs2Te [SG 62], and Cmcm-Cs2Te5 [SG 63]
are located at the convex hull in our calculations. As shown
in Fig. 1, we exhibited the formation energies for eight Cs-Te
phases, and these values are obtained from DFT total energies
in the VASP code. Furthermore, the corresponding values ex-
tracted from the Open Quantum Materials Database (OQMD)
[77] are also displayed in Fig. 1 as well. Obviously, the values
of the Eform calculated in this paper are in good agreement
with the values in the OQMD. The Pm3m-CsTe [SG 221] is
a metastable phase; however, the P212121-Cs2Te [SG 19] is a
stable phase.

Moreover, we calculated all the band structures for
the eight Cs-Te phases, including C2/m-Cs5Te3 [SG 12],
P21/c-CsTe4 [SG 14], P212121-Cs2Te [SG 19], Cmc21-
Cs2Te3 [SG 36], Pbam-CsTe [SG 55], Pnma-Cs2Te [SG 62],
Cmcm-Cs2Te5 [SG 63], and Pm3m-CsTe [SG 221]. All eight
Cs-Te phases are semiconductors. The band structures and
the related band gaps are shown in Figs. S1 and S2 (see
Supplemental Material (SM) [78]).

In the following sections, we come to investigate
the topological signatures in the phonon dispersions for
P212121-Cs2Te [SG 19], Pbam-CsTe [SG 55], Pnma-Cs2Te
[SG 62], Pm3m-CsTe [SG 221], Cmcm-Cs2Te5 [SG 63],
Cmc21-Cs2Te3 [SG 36], and P21/c-CsTe4 [SG 14] one by
one. Note that the phonon dispersion for C2/m-Cs5Te3 [SG
12] is shown in Fig. S3 in the SM [78], and no obvious
topological signatures can be found.

IV. CHARGE-TWO DIRAC POINT PHONONS,
CHARGE-ONE WEYL POINT PHONONS, THREE-

NODAL SURFACE PHONONS, AND PHONONIC ARC-
SHAPED SURFACE STATES IN P212121-Cs2Te

Figure 2(a) depicts the crystal structure of P212121-Cs2Te.
One unit cell contains eight Cs atoms and four Te atoms, with
optimized lattice constants of a = 5.883 Å, b = 9.608 Å, and
c = 11.643 Å, which are similar to the experimental lattice
constants of a = 5.867 Å, b = 9.109 Å, and c = 11.486 Å
reported by Maeda et al. [79] in 2009. Figure 2(c) depicts
the phonon dispersion of α-Cs2Te along high-symmetry paths
[see Fig. 2(b)].

Figure 2(c) shows that all the phonon bands along the
X -S-R-U -X , S-R-T -Y -S, and U -Z-T -R-U paths (see the gray
background) are doubly degenerate, forming three-nodal sur-
face phonons on the ki = π (i = x, y, and z) planes. The
three-nodal surface phonons in α-Cs2Te with space group
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FIG. 2. (a) Crystal structure of P212121-Cs2Te; (b) 3D bulk
and 2D surface Brillouin zones (BZs). (c) Phonon dispersion
of α-Cs2Te along the �-X -S-Y -�-Z-U -R-T -Z|X -U |Y -T |S-R high-
symmetry paths. The phonon bands with a gray background in
(c) can form nodal surface phonons.

P212121 are symmetry dominated, and such a nodal surface
is protected by the combination of a time-reversal symmetry
(T ) and twofold screw rotation symmetry (S2i).

Consider S2i along the z axis as a typical example with-
out losing generality. This is equivalent to S2z: (x, y, z) →
(−x,−y, z + 1

2 ) with a half translation in the lattice con-
stant along its rotation axis. It also affects the momentum
space: S2z: (kx, ky, kz ) → (−kx,−ky, kz ), thereby only pre-
serving the momentum along kz. The spin-orbit coupling
(SOC) for phonon systems is not considered, and S2

2z =
T100 = e−ikz (where T100 is the translation along the z direc-
tion). Moreover, T 2 = 1, which is antiunitary and inverses the
momentum k. Consequently, T S2z is also antiunitary. Addi-
tionally, (T S2z )2 = e−ikz |kz=±π = −1 on the kz = ±π planes,
reflecting the appearance of a Kramer-like degeneracy on
these planes. Therefore, all the phonon bands on the ki = ±π

(i = x, y, and z) planes must become twofold degenerate, re-
sulting in three-nodal surface phonons in α-Cs2Te with space
group P212121.

Thereafter, we focused on the frequency region around
2.0 THz, and the enlarged figure of the phonon bands in this
region is exhibited in Fig. 3(a). Note that P212121-Cs2Te with
chiral space group 19 can host both charge-two Dirac point
phonons and charge-one Weyl point phonons. As shown in
Fig. 3(a), the crossing of Nos. 29-32 phonon bands formed
a fourfold degenerate Dirac point at the R high-symmetry
point, whereas the crossing of Nos. 30 and 31 phonon bands
formed twofold degenerate Weyl points on X ′-�-X paths. The
3D plots of the phonon bands around the Dirac point and the
pair of Weyl points are also exhibited in Figs. 3(b) and 3(c).
Note that there are no other phonon band crossings around
1.96 THz besides the Weyl and Dirac points, indicating that
the topological nodal point phonons in P212121-Cs2Te are
very clean and ideal. Hence, P212121-Cs2Te can be viewed
as an ideal platform for realizing the coexistence of Dirac and
Weyl phonons. More importantly, the Dirac and Weyl points
are topologically nontrivial because they host nonzero Chern
numbers. The evolution of the sum of WCCs for the Weyl
point and Dirac point are shown in Figs. 3(d) and 3(e), re-
spectively, to determine the topological charges for the points.
Notably, the Dirac point at R and the Weyl point on �-X have

FIG. 3. (a) Enlarged phonon dispersions around 1.95 THz. The
3D plots of (b) the Dirac point with a topological charge of +2
and (c) the pair of Weyl points with a topological charge of −1.
The evolution of the sum of the Wannier charge centers (WCCs)
on the sphere that encloses the (d) Weyl point and (e) Dirac point,
respectively.

topological charges of 2 and −1, respectively. Figure 3(c)
shows that there is an equivalent Weyl point with a topological
charge of −1 on the X ′-� path; thus, one charge-two Dirac
point (topological charge = +2 and two charge-one Weyl
points (topological charge = −1) coexist in P212121-Cs2Te.
The Nielsen-Ninomiya no-go theorem is satisfied [80,81] be-
cause P212121-Cs2Te has zero net topological charges.

Figure 4(a) depicts the phonon local density of states
(LDOSs) projected on the P212121-Cs2Te (010) surface.
There are visible phononic arc-shaped surface states that con-
nect the Dirac point and Weyl point projections. Figures 4(b)
and 4(c) show the isofrequency surface contours of the
(010) surface at various frequencies (1.966 THz, 1.969 THz,
1.967 THz, and 1.965 THz). The phonon surface arcs termi-
nated at R̄ [the red balls located at the corner in Figs. 4(b)
and 4(c)] are shared by another charge-one Weyl point in the

FIG. 4. (a) Phonon local density of states projected on the (010)
surface of P212121-Cs2Te. (b), (c) Isofrequency surface contours of
the (010) surface at different frequencies (1.966 THz, 1.969 THz,
1.967 THz, and 1.965 THz). The phononic arc-shaped surface states
are indicated by arrows.
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FIG. 5. (a) Crystal structure of Pbam-CsTe and (b) 3D bulk
and 2D surface BZs. (c) Phonon dispersion of α-CsTe along the
Y -S-�-X -S-R-U -Z-T -Y -�-Z|T -R|X -U high-symmetry paths. The
phonon bands with a gray background in (c) can form nodal surface
phonons.

neighboring BZ, which is constrained by topological chiral
charges.

V. TWO-NODAL SURFACE PHONONS, DIRAC POINT
PHONONS, BUTTERFLY-LIKE WEYL NODAL LINE
PHONONS, AND PHONONIC NODAL-LINE-SHAPED

SURFACE STATES IN Pbam-CsTe

We investigated the topological phonons and related
phononic surface states in Pbam-CsTe. Figure 5(a) depicts
the crystal structure of α-CsTe. Note that the lattice con-
stants obtained from the first-principles calculation were a
= 6.322 Å, b = 11.819 Å, and c = 5.103 Å, which agree
well with previous experimental results [82] (a = 6.131 Å,
b = 11.164 Å, and c = 4.976 Å). Figure 5(c) depicts the
phonon dispersion of the α-CsTe primitive cell along the
Y -S-�-X -S-R-U -Z-T -Y -�-Z|T -R|X -U paths [see Fig. 5(b)].
A supercell of 2 × 2 × 2 is adopted for the calculation of
force constants. The phonon bands along the Y -S-R-T -Y and
X -S-R-U -X paths are twofold degenerate and highlighted
with a gray background. Note that the phonon bands along
the symmetry paths of the ki = ±π (i = x and y) planes are
doubly degenerate because the Y -S-R-T -Y and X -S-R-U -X
paths belong to the kx/y = π plane. In other words, two-nodal
surface phonons appear on the kx = ±π and ky = ±π planes
because of the presence of two twofold rotation symmetries
(S2x and S2y) in the Pbam space group.

Here, we discuss the topological signature of the phonon
bands around 1.22 THz [see the red dotted box in Fig. 5(c)].
The enlarged phonon dispersion of the bands in this box is
exhibited in Fig. 6(a). Notably, the phonon bands along the
S-� and X -� paths host four doubly degenerate band-crossing
points [see Fig. 6(a)]. Note that the doubly degenerate band-
crossing points along �-S and �-X are not isolated and they
belong to multiple Weyl nodal lines on the kz = 0 plane [see
Fig. 6(b)]. Moreover, we selected a series of symmetry points
between � and Y points, namely, g, h, i, and j, which are
equally spaced between Y and �. Figures 6(c)–6(f) depict
the calculated phonon dispersions along the S-g, S-h, S-i, and
S- j paths, which manifest four crossing points (highlighted
with different colors). These four open Weyl nodal lines have
a butterflylike shape, and their jointed point is a fourfold

FIG. 6. (a) Enlarged phonon dispersion along the Y -S-�-X paths
around 1.22 THz. (b) Schematic of four butterflylike Weyl nodal
lines (highlighted by different colors) on the kz = 0 plane. The four
butterflylike Weyl nodal lines were formed by the crossings of No.
8 and No. 9 phonon bands, No. 8 and No. 10 phonon bands, No.
7 and No. 9 phonon bands, and No. 7 and No. 10 phonon bands,
respectively. The jointed point on S-Y for these four Weyl nodal
lines is a Dirac point. (c)–(f) Enlarged phonon dispersions along the
selected k-paths. Four crossing points with different colors are visible
on these selected k paths.

degenerate Dirac point that is located on the Y -S path [see
Fig. 6(a)].

Figure 7(a) depicts the calculated phonon LDOSs projected
on the Pbam-CsTe (001) surface along the Y -S-�-X -S surface
paths. Interestingly, there are doubly degenerate surface-line
states along the Y -S and X -S surface paths. Figures 7(b)–
7(g) show a series of isofrequency surface arcs for different
phonon frequencies [see the dotted lines in Fig. 7(a)] to better
describe the degenerate surface-line mode along the above-
mentioned surface paths. Figures 7(b)–7(g) clearly exhibit
surface twofold degenerate points formed by the crossing of
two nondegenerate surface modes.

Note that the degenerate surface-line phonon mode in
Pbam-CsTe (with space group No. 55) along the Y -S and
X -S is symmetry dominated. This system hosts two inde-
pendent glide mirrors: M̃x : (−x + 1

2 , y + 1
2 , z) and M̃y : (x +

1
2 ,−y + 1

2 , z). The surface state along the X̄ − S̄ (kx = π axis)
is invariant under T M̃y. Remarkably, (T M̃y)2 = e−ikx = −1
on this surface, resulting in a Kramer-like degeneracy. Fur-
thermore, (T M̃x )2 = e−iky = −1 on the Ȳ − S̄ (ky= π axis),

FIG. 7. (a) Phonon LDOSs projected on the Pbam-CsTe (001)
surface along the Y -S-�-X -S surface paths. Isofrequency surface arcs
for (b), (c) 1.28 THz; (d), (e) 1.18 THz; and (f), (g) 1.16 THz. The
surface twofold degenerate crossing points in (b)–(g) are indicated
by arrows.
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FIG. 8. (a) Crystal structure of Pnma-Cs2Te. (b) 3D bulk and
2D surface BZs. (c) Phonon dispersion of Pnma-Cs2Te along the
�-X -S-Y -�-Z-U -R-T -Z|X -U |Y -T |S-R high-symmetry paths. (d) 3D
plot of the fourfold degenerate Dirac nodal line phonons along the
S-R path. The phonon bands with a gray background in (c) can form
nodal surface phonons.

demonstrating that each state on this path is at least double de-
generate because of the Kramer-like degeneracy. Thus, states
on the Ȳ − S̄ and X̄ − S̄ paths are doubly degenerate.

VI. THREE-NODAL SURFACE PHONONS, DIRAC NODAL
LINE PHONONS, AND PHONONIC TORUS SURFACE

STATES IN Pnma-Cs2Te

Pnma-Cs2Te can be prepared via the solid-gas reaction
described by Prins and Cordfunke [83], and its experimental
lattice constants are a = 9.110 Å, b = 5.871 Å, and c =
11.494 Å. The calculated lattice constants for Pnma-Cs2Te
were a = 9.599 Å, b = 5.901 Å, and c = 11.612 Å,
which are close to the experimental values. Figure 8(a)
depicts the crystal structure of Pnma-Cs2Te, in which Cs
and Te are located at 4c Wyckoff positions. The symme-
try operators for Pnma-Cs2Te are summarized as follows:
Two screw rotations, namely, C̃2z = {C2z| 1

2 0 1
2 } and C̃2y =

{C2y|0 1
2 0}, a spatial inversion P , and T with T 2 = 1 (because

it is a spinless system). Figure 8(c) depicts the calculated
phonon dispersion of the Pnma-Cs2Te primitive cell along
the �-X -S-Y -�-Z-U -R-T -Z|X -U |Y -T |S-R paths. A supercell
of 2 × 2 × 2 is adopted for the calculation of force con-
stants. Figure 8(c) shows that the phonon bands along the
X -U -R-S-X , S-R-T -Y -S and U -R-T -Z-U paths are at least
twofold degenerate; therefore, there are three-nodal surface
phonons on the ki = ±π (i = x, y, and z) planes. The fol-
lowing can be deduced as the cause based on the symmetry
analyses: Pnma-Cs2Te hosts three orthogonal twofold screw
rotation axes. By considering a combined antiunitary opera-
tion T C̃2i (i = x, y, z), it can be easily derived that (T C̃2i )2 =
eiki . Consequently, (T C̃2i )2 = −1 at the corresponding plane,
ki = π . That is, the phonon bands along all boundary planes
(kx/y/z = π ) are at least twofold degenerate.

FIG. 9. (a)–(d) Phonon LDOSs projected on the (100) surface
for Pnma-Cs2Te along the R̃-Ũ -X̃ -R̃, R̃-Ũ -X̃1-R̃, R̃-Ũ -X̃2-R̃ and
R̃-Ũ -X̃3-R̃ surface paths, respectively. The phononic torus surface
states are highlighted by arrows.

Interestingly, the phonon bands along the S-R path are
fourfold degenerate, reflecting the presence of multiple Dirac
nodal line phonons [see the box with red background in
Fig. 8(c)]. Figure 8(d) displays the 3D plot of the shape
of one Dirac nodal line phonons around 2.5 THz along the
S-R path as an example. The appearance of the Dirac nodal
line phonons can be determined from the aspect of symme-
try. Figure 8(d) shows that the Dirac nodal line lies at the
hinge between the kx = π and ky = π planes; it comprises
invariant subspaces of C̃2z and M̃y and a combined opera-
tion T C̃2x, where C̃2x = PC̃2zM̃y. The commutations between
them are expressed as C̃2zM̃y = T010M̃yC̃2z and M̃y(T C̃2x ) =
(T C̃2x )M̃y, where T010 is the translation along the y direction.

Furthermore, {C̃2z, M̃y} = 0 and [M̃y, (T C̃2x )] = 0 along
the S-R path. The Bloch states along this path can be cho-
sen as the eigenstates of M̃y. Without SOC, M̃y

2 = 1, such
that gy = ±1. The Bloch states can be characterized by
M̃y eigenvalues denoted as |gy = ±1〉. If |gy = 1〉 is used
as a typical example, then (T C̃2x )2 = −1 along this path,
which indicates a Kramer-like degeneracy. Thus, |gy = 1〉 and
T C̃2x|gy = 1〉 are degenerate and share the same eigenvalues.
Additionally, since C̃2zM̃y = T010M̃yC̃2z, the anticommutation
relationship also implies that |gy = 1〉 and C̃2z|gy〉 are de-
generate, which correspond to the opposite gy. Consequently,
{|gy = 1〉, C̃2z|gy = 1〉, T C̃2x|gy = 1〉, and T C̃2xC̃2y|gy = 1〉}
are degenerate along this path, indicating that there is indeed
a fourfold degenerate Dirac nodal line along the S-R path.

Figures 9(a)–9(d) depict the calculated (100)
surface states for Pnma-Cs2Te along the R̃-Ũ -X̃ -R̃, R̃-Ũ -X̃1-R̃,
R̃-Ũ -X̃2-R̃ and R̃-Ũ -X̃3-R̃ surface paths, respectively. Figure 9
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FIG. 10. (a) Crystal structure of Pm3m-CsTe. (b) 3D bulk and
2D surface BZs. (c) Phonon dispersion of Pm3m-CsTe along the
�-X -M-�-R-X |R-M high-symmetry paths. (d), (e) 3D plots of the
threefold degenerate TP and QCTP phonons. (f) Phonon LDOSs
projected on the (100) surface for Pm3m-CsTe. Phononic surface
states resulting from the projections of the TPs and QCTPs are
indicated by arrows.

shows that phononic surface states (marked by arrows) appear
along all the above-mentioned surface paths. In other words,
the phononic surface states will span over the entire (100)

surface BZ. Such phononic surface states can be referred
to as phononic torus surface states because the 2D BZ is a
torus. Note that the phononic surface states around X̃ and X̃1

surface points in Figs. 9(a) and 9(b) are somewhat covered
by the bulk states. However, the phononic surface states and
bulk states in Figs. 9(c) and 9(d) are well separated along the
R̃-Ũ -X̃2-R̃ and R̃-Ũ -X̃3-R̃ surface paths.

VII. TP AND QCTP PHONONS IN Pm3m-CsTe

Figure 10(a) exhibits the crystal structure of Pm3m-
CsTe [82]. Figure 10(c) shows the phonon dispersion of the
β-CsTe primitive cell along the �-X -M-�-R-X |R-M paths
[see Fig. 10(b)]. A supercell of 3 × 3 × 3 is adopted for the
calculation of force constants. There is a TP on �-X and a
QCTP at the R high-symmetry point. The QCTP is a zero-
dimensional threefold band degeneracy with a topological
charge of 0, and it features a quadratic energy splitting along
any direction in momentum space [see Fig. 10(e)]. The TP is
a zero-dimensional threefold degenerate point formed by the
crossing of one nondegenerate band and one twofold degen-
erate band along the �-X [see Fig. 10(d)].

The QCTP at the R point is an essential degeneracy for
Pm3m-CsTe with space group No. 221. The point group at the
R point is Oh, which is generated by S61, Mx, Mz, and C2c. This
point group has 3D irreducible representations, such as T1u.
Accordingly, the generating elements and T can be expressed
as follows:

S61 =
⎛
⎝0 0 1

1 0 0
0 1 0

⎞
⎠, Mx =

⎛
⎝1 0 0

0 −1 0
0 0 −1

⎞
⎠, Mz =

⎛
⎝−1 0 0

0 −1 0
0 0 1

⎞
⎠, C2c =

⎛
⎝0 0 1

0 −1 0
1 0 0

⎞
⎠, T =

⎛
⎝1 0 0

0 1 0
0 0 1

⎞
⎠K,

(2)

where K is the complex conjugation. Constrained by these operations, the effective model around the QCTP can be described
using another effective model:

HQCTP =
⎛
⎝Ak2

y + B(k2
x + k2

z ) Ckxky Ckzky

Ckxky Ak2
x + B(k2

y + k2
z ) Ckxkz

Ckzky Ckxkz Ak2
z + B(k2

x + k2
y )

⎞
⎠. (3)

This effective model clearly demonstrates that the dispersion around this point is quadratic.
Moreover, the TP on the �-X path has an accidental degeneracy between a double degeneracy and a single band,

namely, {E , A1}. Based on these two irreducible representations, the independent generating elements on this path, namely,
{C4y, Mx,PT }, can be expressed as

C4y =
⎛
⎝1 0 0

0 0 −1
0 1 0

⎞
⎠, Mx =

⎛
⎝−1 0 0

0 1 0
0 0 −1

⎞
⎠, PT =

⎛
⎝1 0 0

0 −1 0
0 0 −1

⎞
⎠K. (4)

Thus, the effective model that describes the TP on the �-X path can be expressed as

HT P = (c0 + c1ky)I3×3 +
⎛
⎝ 2c2ky ic3(kx − kz ) 0

−ic3(kx − kz ) −c2ky 0
0 0 −c2ky

⎞
⎠. (5)

Contrary to the QCTP, the TP exhibits a linear dispersion in all directions.

Figure 10(f) plots the phonon LDOSs projected on the
(100) surface for Pm3m-CsTe. The TPs located on the �-X
and �-X ′ paths and the QCTP at the R high-symmetry

point are projected onto the (100) surface. The arc-shaped
surface states that connect these projected crossing points are
visible.
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FIG. 11. (a) Crystal structure of Cmcm-Cs2Te5. (b) 3D bulk
and 2D surface BZs. (c) Phonon dispersion of Cmcm-Cs2Te5 along
the �-Y -C0|�0-�-Z-A0|E0-T -Y |�-S-R-Z-T high-symmetry paths.
(d) Enlarged phonon bands in the red dotted box in (c). The phonon
bands with a gray background in (c) can form nodal surface phonons.

VIII. MULTIPLE WEYL NODAL LOOP PHONONS,
ONE-NODAL SURFACE PHONONS, AND DIRAC

POINT PHONONS IN Cmcm-Cs2Te5

Next, we investigated the topological signatures for the
phonon bands of Cmcm-Cs2Te5. Microcrystalline Cs2Te5 [84]
can be obtained from stoichiometric batches of pure ele-
ments in supercritical ammonia. The experimental lattice
constants for Cmcm-Cs2Te5 are a = b = 7.723 Å, and
c = 10.12 Å, and the lattice constants determined from the
first-principles calculations were a = b = 7.748 Å, and
c = 10.336 Å. Figure 11(a) depicts the crystal structure of
the primitive Cmcm-Cs2Te5 cell. Figure 11(c) depicts the
phonon dispersion of the Cmcm-Cs2Te5 primitive cell along
the �-Y -C0|�0-�-Z-A0|E0-T -Y |�-S-R-Z-T paths. A super-
cell of 2 × 2 × 2 is adopted for the calculation of force
constants. The phonon bands along the Z-A0|E0-T -Z-R paths
with a gray background are twofold degenerate, reflecting
the presence of one-nodal surface phonons on the kz = ±π

planes. Thereafter, we focused on the phonon bands around
4.6 THz [see the red dotted box in Fig. 11(c)]. The enlarged
phonon dispersion is displayed in Fig. 11(d). Notably, one
fourfold degenerate Dirac point and four twofold degenerate
Weyl points can be found on the Z-T and �-Y paths, re-
spectively. As shown in Figs. 12(b)–12(e), the four twofold
degenerate Weyl points can also be found on the a-b, c-d ,
e- f , and g-h symmetry paths, confirming the presence of four
Weyl nodal lines on the kx = 0 plane. Figure 12(a) depicts
the schematic of the four �-centered Weyl nodal loops, in
which two fourfold Dirac points appear as the jointed points
of the multiple Weyl lines on the Z-T and Z ′-T ′ paths. Phonon
LDOSs projected on the (100) surface [see Fig. 11(b)] are
shown in Fig. 12(f). Note that the multiple Weyl nodal line
phonons in Cmcm-Cs2Te5 are closed and are considerably
different from the multiple open Weyl nodal line phonons in
Pbam-CsTe [see Fig. 6(b)].

FIG. 12. (a) Schematic of the four Weyl nodal loops (highlighted
by different colors) on the kx = 0 plane. In (a), a, c, e, and g (b, d ,
f , and h) are equally divided between T and Y (Z and �). (b)–(e)
Enlarged phonon dispersions along the a-b, c-d , e- f , and g-h paths,
respectively. (f) Phonon LDOSs projected on the (100) surface of
Cmcm-Cs2Te5. The arrows indicate phononic surface states resulting
from the projections of the Dirac point and Weyl points.

IX. ONE-NODAL SURFACE PHONONS, WEYL NODAL
LOOP PHONONS, AND PHONONIC DRUMHEAD-LIKE

SURFACE STATES IN Cmc21-Cs2Te3

We would like to emphasize that Weyl nodal loop phonons
can also be found in Cmc21-Cs2Te3, which is a realistic ma-
terial prepared by Böttcher in 1980 [85]. The experimental
lattice constants are a = b = 7.427 Å, and c = 8.68 Å,
and the lattice constants obtained from the first-principles
calculation were a = b = 7.607 Å, and c = 8.752 Å. We cal-
culated the phonon dispersion of the Cmc21-Cs2Te3 primitive
cell along the �-Y -C0|�0-�-Z-A0|E0-T -Y |�-S-R-Z-T paths
[see Fig. 13(b)] based on the relaxed crystal structures in
Fig. 13(a). A supercell of 2 × 2 × 2 is adopted for the cal-
culation of force constants. Figure 13(c) displays the results,
which reveal that one-nodal surface phonons can be found on
the kz = ±π planes.

More interestingly, a series of phonon crossing points can
be found around 4.4 THz. Specifically, two doubly degenerate
points are located on �-�0, and one doubly degenerate point is
located on the �-Z path [see Fig. 13(d)]. These three crossing
points are all located on the ky = 0 plane. Figures 14(a) and
14(b) show that the doubly degenerate crossing points occur
on the �-a/b/c/d/e/ f /g/h paths. Therefore, these doubly
degenerate points are not isolated, and they belong to multiple
Weyl nodal loops on the ky = 0 plane.

Figure 14(c) shows the phonon LDOSs projected on the
(010) surface of Cmc21-Cs2Te3. As shown in Fig. 13(b), some
crossing points of the Weyl loops are projected onto the (010)
surface. Figure 14(c) shows phononic drumheadlike surface
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FIG. 13. (a) Crystal structure of Cmc21-Cs2Te3. (b) 3D bulk
and 2D surface BZs. (c) Phonon dispersion of Cmc21-Cs2Te3 along
the �-Y -C0|�0-�-Z-A0|E0-T -Y |�-S-R-Z-T high-symmetry paths.
(d) Enlarged phonon bands in the red dotted box in (c). The phonon
bands with a gray background in (c) can form nodal surface phonons.

states arising from the projections of the crossing points of the
closed Weyl nodal loops. We would like to emphasize that the
visible drumheadlike surface states will benefit experimental
detections.

X. ONE-NODAL SURFACE PHONONS, MULTIPLE
STRAIGHT WEYL NODAL LINE PHONONS,

AND NODAL CAGE PHONONS IN P21/c-CsTe4

Figure 15(a) shows the crystal structure of P21/c-CsTe4,
which is monoclinic and can be obtained from a melting
reaction at 570 ◦C in sealed quartz tubes [86]. The experi-

FIG. 14. (a) Schematic of the Weyl nodal loops (highlighted by
different colors) on the ky = 0 plane. In (a), a, b, c, and d (e, f ,
g, and h) are equally divided between Z and A0 (A0 and �0). (b)
Enlarged phonon dispersions along the �-a/b/c/d/e/ f /g/h paths,
respectively. (c) Phonon LDOSs projected on the (010) surface of
Cmc21-Cs2Te3. The arrows indicate phononic surface states resulting
from the projections of the crossing points of the Weyl loops.

FIG. 15. (a) Crystal structure of P21/c-CsTe4. (b) 3D bulk BZ.
(c) Schematic of nodal cage phonons formed by the one-nodal sur-
face phonons and straight nodal line phonons. (d) Phonon dispersion
of P21/c-CsTe4 along the �-Z-D-B-�-A-E -Z-C-Y -� high-symmetry
paths. The phonon bands with a gray background in (d) can form
nodal surface phonons. The phonon bands with a blue background
can form straight Weyl nodal line phonons. (e) Enlarged figure of the
phonon bands marked by the red dotted box in (d).

mental lattice constants for P21/c-CsTe4 are a = 7.857 Å,
b = 7.286 Å, and c = 14.155 Å. Our theoretical lattice
constants were a = 8.158 Å, b = 7.359 Å, and c = 14.271
Å. Figure 15(d) depicts the calculated phonon dispersion of
P21/c-CsTe4 along the �-Z-D-B-�-A-E -Z-C-Y -� paths [see
Fig. 15(b)].

Figure 15(d) shows that the phonon bands (with a gray
background) along the Z-D-E -Z-C paths are doubly degener-
ate, indicating the appearance of one-nodal surface phonons
on the ky = ±π planes [see Fig. 15(c)]. Meanwhile, the
phonon bands [with a blue background in Fig. 15(d)] along
the D-B and A-E paths are doubly degenerate, indicating the
occurrence of straight Weyl nodal line phonons.

We studied the topological phonons for the phonon bands
around 4.57 THz as a typical example. Figure 15(e) depicts
the enlarged figure of the phonon bands with the red dot-
ted box in Fig. 15(d). Doubly degenerate phonon bands can
be found along the D-B and A-E paths [with red boxes in
Fig. 15(e)]. These phonon bands belong to straight Weyl nodal
lines [see Fig. 15(c)]. We also calculated the Berry phase
for the two closed loops surrounding the straight Weyl nodal
lines using the following equation: PB = ∮

L A(k)·dk, where
A(k) = −i〈ϕ(k)|∇k|ϕ(k)〉 is the Berry connection and ϕ(k)
is the periodic part of the Bloch function. Figure 15(c) shows
that the PB values for these straight Weyl nodal lines are
equal to ±π , indicating that they have topological nontrivial
signatures. The phonon bands along the Z-D and E -Z-C paths
are doubly degenerate [with black boxes in Fig. 15(e)], and
they belong to the one-nodal surface phonons on the ky =
±π planes. A nodal cage phonon is formed in the 3D BZ
[see Fig. 15(c)] when the one-nodal surface phonons on the
ky = ±π planes combine with the straight Weyl nodal line
phonons.
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XI. SUMMARY AND REMARKS

Herein, seven Cs-Te systems are proposed as candidates
that host topological phonons based on first-principles calcu-
lation and symmetry analyses: P212121-Cs2Te, Pbam-CsTe,
Pnma-Cs2Te, Pm3m-CsTe, Cmcm-Cs2Te5, Cmc21-Cs2Te3,
and P21/c-CsTe4. The main conclusions of this paper are as
follows:

(i) P212121-Cs2Te can host charge-two Dirac point
phonons, charge-one Weyl point phonons, and three-nodal
surface phonons. Contrary to the projections of conventional
Weyl pairs, which host only one surface arc, the projections
of the charge-two Dirac point and the two charge-one Weyl
points can be connected to form two surface arcs.

(ii) Pbam-CsTe can host two-nodal surface phonons,
Dirac point phonons, and butterflylike Weyl nodal line
phonons in the 3D BZ. Note that Pbam-CsTe is an ideal
candidate for investigating the entanglement between the
zero-dimensional, one-dimensional, and 2D topological ele-
ments in phonons. More importantly, a symmetry-dominated
degenerate surface-line phonon mode can be observed in
Pbam-CsTe (with space group No. 55) along the Y -S and X -S
surface paths. To the best of our knowledge, the degeneracy
of nodal lines in bulk states has been extensively studied in
various quasiparticle band structures, whereas the degener-
acy of surface lines has received less attention. Therefore,
Pbam-CsTe is an excellent candidate for further investigating
degenerate surface lines in phonon surface states.

(iii) Pnma-Cs2Te can host three-nodal surface phonons
and Dirac nodal line phonons. Moreover, unlike typical
phononic drumhead-like surface states, the phononic surface
states in Pnma-Cs2Te span over the entire (100) surface BZ.
Such phononic surface states can be referred to as phononic
torus surface states because the 2D BZ is a torus.

(iv) Pm3m-CsTe can host TP and QCTP phonons.
(v) Cmcm-Cs2Te5 can host one-nodal surface phonons,

multiple Weyl nodal loop phonons, and Dirac point phonons.
Note that the multiple Weyl nodal line phonons in
Cmcm-Cs2Te5 are closed, which is contrary to the open mul-
tiple Weyl nodal line phonons in Pbam-CsTe.

(vi) Cmc21-Cs2Te3 can host one-nodal surface phonons
and Weyl nodal loop phonons. Moreover, the projections
of the crossing points of the Weyl nodal loops result in

visible phononic drumheadlike surface states on the (010)
surface.

(vii) P21/c-CsTe4 can host one-nodal surface phonons
and multiple straight Weyl nodal line phonons in the 3D
BZ. Furthermore, the combination of the one-nodal surface
phonons and the multiple straight Weyl nodal line phonons
can result in a nodal cage phonon in the 3D BZ.

Before concluding, we would like to emphasize the follow-
ing two points:

(i) The experimental confirmation of the predicted topo-
logical phonons in Cs-Te systems is imminent. The bulk
phonon can be imaged by inelastic x-ray scattering [87] or
neutron scattering [88] in experiments. The surface phonon
modes can be verified by high-resolution electron energy-loss
spectroscopy [89], helium atom scattering [90], or THz spec-
troscopy [91] in experiments.

(ii) Topological phonons may affect observable physical
properties or effects of realistic materials. For example, Singh
et al. [45] proposed that the gapless topological phonon modes
in topological phononic materials can provide additional
scattering channels in the three phonon-phonon scattering
processes to decrease the mean-free path and suppress the
lattice thermal conductivity, and possibly enhance the ther-
moelectric performance. Zhang et al. [37] suggested that the
surface states of clean topological phonons may enhance the
electron-phonon coupling and possibly trigger the topological
superconductivity at the surfaces or interfaces. As mentioned
in the work of Zhu et al. [92], most catalytic processes occur
on the surfaces. In some cases, topological surface phonon
modes may promote catalysis if the phonon frequency is in
resonance with certain midsteps in the reaction. We hope the
reported Cs-Te systems with different topological phonons
and phononic surface modes can be used as targets to study
the related physical properties and possible applications in the
near future.
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