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Texture-induced spin-orbit coupling and skyrmion-electron bound states in a Néel antiferromagnet
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We derive an effective-mass electron Hamiltonian for a Néel antiferromagnet in the presence of a smooth
texture of the staggered magnetization. For certain locations of electron band extrema, the texture produces a
peculiar and anomalously strong spin-orbit coupling of the scale Ziv/L, with v the Fermi velocity and L the
characteristic length scale of the texture. For a skyrmion texture, this coupling generates electron bound states,
whose energy scale is given by the gap A in the electron spectrum. With dopant carriers, such bound states turn
the skyrmion into a charged particle, that can be manipulated by electric field.
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I. INTRODUCTION

Topological textures such as domain walls, vortices and
skyrmions appear prominently in diverse areas of physics,
from cosmology and string theory [1] to QCD, the physics of
hadrons, and condensed matter physics [2]. In solid state mag-
netism alone, topological textures bring together fundamental
and applied science, from novel states of matter such as
skyrmion crystal to prototype spintronic devices that employ
skyrmions and domain walls to process information [3]. While
early spintronics research largely focused on ferromagnetic
materials [4-6], an ever increasing effort has been turning
to antiferromagnets [7,8] and to topological textures therein
[9,10]—in view of their technologically attractive properties
such as shorter characteristic timescales of the Néel state and
its lack of net magnetization [11].

In order to usefully employ topological textures, it is cru-
cial to understand their interplay with other subsystems of a
solid, first and foremost—with band electrons. For ferromag-
nets, much work has been done to understand the influence of
a texture on electric current and vice versa [12,13]. Soon after,
this effort has been expanded to antiferromagnets [8,14—16].

An important step in this direction has been undertaken by
R. Cheng and Q. Niu [17], who studied electron motion in the
presence of a texture in a Néel antiferromagnet, using coupled
quasiclassical equations of motion for the electron momen-
tum, coordinate and spin. Here we address the same problem
fully quantum-mechanically, by deriving the effective-mass
Hamiltonian—and show how, for certain locations of electron
band extrema, the texture generates a peculiar and anoma-
lously strong spin-orbit coupling, a key result of this work.

It is at this point that we find ourselves following in the
footsteps of Solomon Pekar and Emmanuel Rashba [18]. Back
in 1964, Pekar and Rashba observed that a nonuniform mag-
netic field as well as nonuniform magnetization M(r) give
rise to a spin-orbit coupling: exchange interaction M(r) - o
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couples the electron coordinate r to its spin ¢ via r depen-
dence of M (r)—that is, simply by virtue of inhomogeneity.

The observation above appears to suggest nondegenerate
bands, split by exchange M(r) - o. Yet symmetry can void
this argument by restoring the double degeneracy, as it does
for a centrosymmetric Néel antiferromagnet in its uniform
state: here, magnetization M (r) changes sign upon translation
T, by a lattice period a as well as upon time reversal 6. As
a result, combined anti-unitary symmetry /6T,, with I the
inversion operator, guarantees double degeneracy of Bloch
eigenstates throughout the Brillouin zone [19].

A localized texture breaks such a degeneracy-protecting
symmetry. Below we illustrate this by a texture in a Néel
antiferromagnet, and by an unusual spin-orbit coupling that
it produces. Moreover, for a skyrmion texture, this spin-orbit
coupling creates electron bound states with energy scale given
by the gap A in the electron spectrum. With dopant carriers,
such bound states turn the skyrmion into a charged particle,
another key result of this work.

The paper is organized as follows. In Sec. II, we be-
gin by deriving the low-energy electron Hamiltonian for a
centrosymmetric Néel antiferromagnet in the presence of a
texture. Then we specify the Hamiltonian for a particular
location of the electron band extrema—and point out the
appearance of a peculiar spin-orbit coupling. In Sec. III,
we present our main example: a texture in the form of a
single Belavin-Polyakov skyrmion [20,21]. We show that
the texture-induced spin-orbit coupling produces skyrmion-
electron bound states, and study their evolution as a function
of the skyrmion radius. In Sec. IV, we discuss the implications
of our results in the light of the pioneering work [18] of Pekar
and Rashba. Finally, Appendices discuss the connection of our
results with some of the earlier studies, and outline the validity
range of the approximations we used.

II. ELECTRON IN THE PRESENCE OF A TEXTURE

Consider a Néel antiferromagnet on a square-symmetry
lattice with period a. In the uniform state, its ordered mo-
ment changes sign upon elementary translation, and couples
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electron states at any two momenta p and p + Q, separated
by the Néel wave vector Q = (7, £7). The coupling has
the form of exchange (A - o), with A proportional to the
staggered magnetization, and o the triad of Pauli matrices,
representing electron spin. Since p and p + 2Q are equivalent
in the Brillouin zone (BZ), the Hamiltonian 7 can be written
as acting on a bispinor ¥ = (v, ¥p4q) [22]:

Hz[sm) m~w}

(A-0) e(p+Q) M

where e(p) is the electron dispersion in the absence
of Néel order. The spectrum E, of #H is doubly-

degenerate, E, = ¢.(p) £ ,/|A]> + &2 (p), where e,.(p) =

%[e(p):l:e(p—i—Q)]; it has a gap A = |A|, which turns a
half-filled metal into an insulator.

In the presence of a texture A, = fi; A, unit vector fi, be-
comes a smooth function of the coordinate r and carriers near
the extrema of E}, at momenta pp and po + Q admit a low-
energy effective-mass description [23]. To derive it, in Eq. (1),
we replace uniform A by A, and substitute p = —ihV for the
momentum dependences &, (P) and p,+o(P) of £(p) near py
and po + Q.

Now perform a spin rotation U, that makes A, uniform:
Uj(ﬁr -0)U; = o, [24]. This generates a Peierls substitution
pi— Pi+ (A 0) in &p,(P) and ep,o(P). With (A;-0) =
Afo, = —ihUrTa,-Ur. Vector potential AY carries real-space
indices i = x,y and spin indices o = x,y,z. While differ-
ent components of (A -o) do not commute, U, is defined
only up to a nonuniform spin rotation V7 = ¢X around %:
U — U,VZ, which is an abelian transformation. This gauge
transformation acts on (A - o) in a peculiar way, elucidated by
first-order expansion in infinitesimal y:

3(A; - 0) = hodix + x[(A; - 0),0,]. (2)

That is, A} transforms as electromagnetic vector potential
(A7 = 1o;x), while A” (A7, A’ ) rotates around Z by angle
2. This observation Wlll prove useful below.

Next, we split the bispinor W into two spin—% compo-
nents, for states at energies near +A, respectively—and thus
take the 4 x 4 (‘Dirac’) Hamiltonian (1) to its 2 x 2 (‘“Pauli-
Schrodinger”) low-energy limit [25,26]. Here, we focus on the
conduction band (energies E near +A) and, to first order in
E-A « 1, find the effective-mass Hamiltonian Hp, near po,

A
with Ep)+Q (D) = 0:€p,+0(P)o::

€py(B) + Epyr(P) n [epy (B) — Epor@(P)I
2 8A '

Hpo = 3)

The explicit form of Hamiltonian (3) depends on that of
ep,(P) and ep,+q(P), in its turn defined by the symmetry of
momenta pg and po + Q in the BZ. Hereafter we focus on the
extrema at midpoints X of the magnetic Brillouin zone (MBZ)
boundary in Fig. 1. At point ¥, the momentum expansion of
ep,(P) and &p 1o(P) begins with £v-p + p?/2m;, with the
paramagnetic-state Fermi velocity v at X pointing along the
local p, in Fig. 1, and m; = m,, m, the paramagnetic-state
effective masses along and normal to the MBZ boundary.
Truncating the momentum expansion of Eq. (3) at quadratic

FIG. 1. The Brillouin zone (BZ) of a square-lattice Néel antifer-
romagnet with wave vector Q = (£Z, £%). The large square shows
the BZ in the paramagnetic state, the shaded square depicts the Bril-
louin zone in the Néel state (MBZ). The band extrema are assumed
to lie at face centers ¥,-X4 of the MBZ. The p,, p, are the local
momentum axes near X, as used in the main text. The ellipses sketch
the equal-Ej, lines near X;-%,. The bold arrows centered at X-X,4
show the electron spin polarization of low-energy conduction-band
bound states in each valley, for a large BP skyrmion of Néel type
(see main text).

terms [27], we find

@+M@f+mw

Hs =
> 2m?* 2m;

+v(A] - 0). )

Hamiltonian (4) is gauge-invariant: as per Eq. (2), the A in
the kinetic energy transforms as electromagnetic vector poten-
tial, while A|| (A}, A)) in the remaining terms transforms by
rotation around Z. Moreover, the terms above are the only ones
allowed by symmetry to second order in momentum, keeping
in mind symmetry under reflection x — —x [28]. The astute
reader will also notice that the second term in Hamiltonian (4)
is small relative to the third one as long as the characteristic
length scale of the texture remains large compared with the
lattice spacing, that is as long as the continuum description of
the texture applies. The concrete problem we treat in Sec. 11
confirms this observation.

The nonuniformity of a texture appears in Hamiltonian
(4) via the vector potential (A - o) that couples the electron
spin to its orbital motion. However, obeying different gauge
transformation rules as per Eq. (2), the z-component Afo, and
the “in-plane” spin components (Al', - 0) produce spin-orbit
coupling differently: The former induces “gauge” spin-orbit
coupling via the Peierls substitution in the kinetic energy,
while v(AH -0) acts as a texture-induced Zeeman field. In
Sec. IV, we will discuss the peculiarities of this spin-orbit
coupling in relation to the work [18] of Pekar and Rashba.

Finally, note that m} in Eq. (4) is renormalized relative to

my in the expansmn of ep,(P) and ep, 1o (P), as per (m*)‘

(my)~ ! + % - Therefore my is small against my: Z—: ~ ; <

1, while mx =m, is of the order of band electron mass

m or greater [29]. Such a mass anisotropy arises for any

(not only Néel) (%, %) order with a gap A K €p = myvz.
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Electron-doped cuprates at low-to-optimal doping provide
a prominent example [30-32], even if the nature of their
ordering remains controversial, with experimental evidence
presented both against [33-36] and for [37-42] the presence
of (quasi)static Néel order.

III. A TRACTABLE EXAMPLE:
BELAVIN-POLYAKOV SKYRMION

Having obtained Hamiltonian (4), let us turn to a con-
crete problem: the (A -o) defined by a single skyrmion.
Consider a centrosymmetric isotropic antiferromagnet with
stiffness J and continuum-limit energy density J(Vf,)?. In the
topological sector with winding number Q@ =0, +1, £2, ...,
the lowest-energy solution is the Belavin-Polyakov (BP)
skyrmion [20,21] defined by a single length scale: the radius
R. The energy 47J| Q| of the BP skyrmion is independent of R
by virtue of scale invariance of energy J [ d’r(Vi,)*. Being
defined by a single length scale makes the BP skyrmion the
simplest case to analyze, which leads us to study Hamiltonian
(4) for a @ = 1 BP skyrmion. We focus on a configuration
fi, = (sin 6 cos ¢, sin O sin ¢, cos ) with the polar angle 6 de-
pending only on the distance r = /x% + y? to the skyrmion
center, and ¢ = arctan )XC being the azimuthal angle in the
(x,y) plane. The energy density J(Vi,)? of such a configu-
ration is invariant under shifting ¢ by a constant y, usually
called “helicity” [10]. Moreover, for the BP skyrmion, the
helicity drops out of the electron problem up to the direction
of the resulting spin polarization. This allows us to reduce
the setting to the y = 0 pattern above, commonly called the
“Néel” skyrmion.

Note that the latter has its own localized eigenexcitations
[43], which, generally, shall be treated on an equal footing
with the electron degrees of freedom. However, for a suf-
ficiently small single-ion anisotropy and a not too large BP
skyrmion, the proper skyrmion frequencies are small against
those of electron motion (see Appendix A). In this limit,
treating the electron problem as if the skyrmion were perfectly
static is a reasonable first approximation that we now focus on.

To proceed, we need to fix the gauge, that is to select a
concrete U,. We do so by choosing

U, = (my - 0), )

with unit vector m, pointing along the bisector between Z
and A;. Being equivalent to 7 rotation around my, such a U;
brings A, to point along Z [12].

The Q = 1 BP skyrmion profile is sin6 = ]fzz with z =
% [20,21] (in passing, notice that 6[R] = 7). In the chosen
gauge, calculation of spin-z components A7 in the first term of
Eq. (4) yields

—h
L A= (©)

AL ~V=R2+r2'

YT R 2
Thus the skyrmion produces geometric flux +2x% for the
spin-up and spin-down components of the wave function:
¢ Aidl; = 27 h, with the integral taken along a large contour

of radius r > R [44]. Such a flux induces topological spin
Hall effect [45-47].

The last term in Hamiltonian (4) takes the form

vAl gy = P % \E o %)
» 7O RI14z2 TR14ZY
where, by analogy with superconductivity, we choose to call
& = hv/A the antiferromagnetic coherence length. This term
couples the electron spin to its orbital motion and produces
an attractive potential for the spin-up component of the wave
function along the X axis [48].
Finally, the second term in Eq. (4) creates a repulsive
potential

AN R 1 1
@ _ [ } ®)

2m; 2R Lmye " omy [(14 227

Comparing the terms (8) and (7), we see that the latter is an
a/R < 1 fraction of the former. That is, the repulsion (8) is
negligible relative to the spin-orbit term (7) as long as the
continuum description of the skyrmion is valid.

The term (7) is precisely the “texture-induced Zeeman”
part of the spin-orbit coupling that we discussed below Eq. (4).
Direct inspection shows that, for a large (R > &) skyrmion,
the right-hand side (r.h.s.) of Eq. (7) overwhelms all the
other terms with AY in Eq. (4) [49], and creates nondegen-
erate skyrmion-electron bound states, a key result of our
work. At R > &, the low-lying bound states are shallow and
spin-polarized in each of the four ¥ valleys as shown in
Fig. 1 [50].

Note that this polarization is opposite to the one expected
from Eq. (7). This is a result of undoing the transformation
U, of Eq. (5) to restore the original spin axes. While U, is
substantially nonuniform, the reader will see that, for R > &,
it does remain nearly constant over the spatial extent of the
low-lying bound states: U, = (m, - 0) ~ o,. That is, for low-
lying bound states, undoing the U, amounts to a spin rotation
by 7 around Z, which simply inverts the spin polarization
relative to the one dictated by Eq. (7). Notice that for smaller
skyrmions low-lying bound states are no longer uniformly
spin-polarized: instead, their spinor structure varies substan-
tially over the wave function range.

The mass anisotropy - ~ ﬁ « 1 of Hamiltonian (4)
makes the y coordinate “fast” relative to x, and the energies of
low-lying bound states can be readily evaluated in the Born-
Oppenheimer approximation [51]. For R >> £, the energies
€, of the bound states generated by the conduction band and
labeled by quantum number n can be evaluated by expanding
the r.h.s. of Eq. (7) to first order in z> and finding the spectrum
of the ensuing harmonic oscillator with respect to y:

c®y~-nl1— [ (s ]
€,(R) ~ AR|:1 R(n+2>:|. ®

Subsequent account of the “slow” coordinate x generates
energy levels that we label with quantum number &, with

the effective oscillator frequency of the order of %g—' <1
relative to the one above:
c®~-ns1— 2 e D) [0 (4 L
€ ~—-A=|1—/—{|n+= —— = .
nk R R 2 my & 2
(10
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g(R)

FIG. 2. Energy €{(R) of BP skyrmion-electron bound state, gen-
erated by the conduction band, and of its valence-band counterpart
€y (R) (the highest filled state), sketched as a function of the BP
skyrmion radius R. In region I (R > & = %), the bound state is de-
scribed by low-energy Hamiltonian (4). The €§(R) is given by Eq. (9)
and shown by solid line. In region IT (R < R < &), the low-energy
approximation breaks down, and the bound state (dashed line) must
be found from the full Hamiltonian of a kind (1) in the presence of
the skyrmion, which goes beyond the scope of this work. In region
III (narrow range R — R < R), the bound state, shown by solid line,
becomes shallow again. Its disappearance at R = R can be described
by low-energy Hamiltonian (4) (see main text). Pale lines sketch the
higher bound states.

Needless to say, this “fine” structure is much more prone to
effects of proper eigenexcitations [43] of the skyrmion than
the r.h.s. of Eq. (9), see Appendix A.

For R > &, the bound states (9) and (10) are shallow
(leg] < A), and the low-energy approximation of Hamiltoni-
ans (3) and (4) remains valid. However, with R decreasing, |€§|
grows to attain the order of A at R ~ &, where the low-energy
approximation breaks down along with Hamiltonians (3) and
(4), as sketched in Fig. 2.

Now we will show that, with R decreasing further below
&, the bound state becomes shallow again, and vanishes at an

R~/ :%«/E a. To make this length scale manifest, we elimi-
nate Aj from the first term in Eq. (4) by gauge transformation

arctan

)= —— Ly
VI+ 32 VI+RE

where ¥ = £ and § = 1%. As aresult, Hamiltonian (4) takes the

R
form
p? 12 (A o Aze )2
¥ Py A; + Ao
Hy = = +v(A) a)—i—( 7 (Pt Ao) a2
2 y mz zmx
where A2 = A% 4 9, and
(A_H - 0) =A‘y‘.[0x cos2y +oysin2y].

In terms of the “fast’ coordinate y, Hamiltonian (12) describes
a particle in a one-dimensional potential U/, (y), parametri-
cally dependent on the “slow” variable x, which again invites
the Born- Oppenheimer pproximation. Comparing the char-

acteristic value & = = A of the second term in Eq. (12)

R

m?ZRZ ~ A(;%)2 of the trapped
electron, we see that the former is indeed small against
the latter for R < &, the range in question. The effective
bound-state energy is thus defined by the integrated potential
u(x) = f U, (y)dy [52]. Contribution of the second term in

Eq. (12) to u(x) is

with typical kinetic energy

sin ( 2
ui(x)oy = —v / dy(/i‘y‘. -a) = Fwaxy. (13)

The third term in Eq. (12) is an § < 1 fraction of the sec-
ond, thus its contribution to u(x) can be neglected as long as

continuum description of the skyrmion applies (R > a). By
contrast,

up(x) =

fdy( i2)?, (14)

arising from the last term, requires care since (A2)? remains
finite as y — oo:

X

i [ )2)

R2 (1 +5x2)%

which makes uy(x) diverge. We remedy this by writing
(A2)? = [(A2)* — A’(x)] + A%(x). The term in the square
brackets then gives a finite contribution to u(x), which is
suppressed relative to u;(x) by a factor ﬂﬁ, and hence re-
mains negligible within continuum description (R >> a). The
resulting bound-state energy w_(x) at a given x is thus defined

[52] by u;(x) alone:
2 %

2 9 "',2_
A*(0) = lim (A2)? =

X

my
w_(x) = T @) = -5 2 (15)
It competes with the repulsive contribution of A% (x):
A2(x) P /21
wi(x) = = (16)

2m,  2mR% (14 32)3

As per Egs. (6) and (11), Afc is odd with respect to y, thus the
cross-term {py, A2, }/2m, averages out upon integration over
y. As aresult, upon switching to the dimensionless coordinate
X = %, the Hamiltonian %, reads

202 nx
3 é sin [ o :|
2 72 '

_ i d?
H, = —
2m,R?

[ /27
x> (1+ )?2)3i|

a7)
Taken alone, the last term above is obviously beyond the
low-energy approximation. However, with decreasing R, the
repulsion grows relative to attraction, and overcomes it at an

R~ /%«/éa « &. Thus Hamiltonian (17) is valid only in

a narrow range R — R <« R, where the bound state becomes
shallow to disappear at R = R. Notice that R > a as long as
the ratio = is not too small (— > F)

Note that neither the bound state becoming shallow in a
narrow range near R nor its disappearance at R rely on the
mass anisotropy: the same behavior obtains for a perfectly
isotropic mass, where the Hamiltonian can be diagonalized
by solving a single equation for the radial wave function.

Described in this section, the bound-state behavior at large
and small skyrmion radii has several implications. These are
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convenient to illustrate at half-filling, where the total num-
ber of states (itinerant plus bound) generated by the valence
band in the presence of the skyrmion equals the number of
electrons—that is, the number of unit cells in the sample.
By particle-hole symmetry, every bound state €;,(R), split off
the conduction band, has a valence-band counterpart € (R) =
—eS(R), as shown in Fig. 2. Therefore, for any R, the num-
ber of negative-energy states equals the number of electrons.
Hence, at zero temperature, all the positive-energy states are
empty while all the negative-energy states are filled. Last but
not least, notice that the negative-energy bound states rise
above the top of the valence band, thus increasing the energy
cost of the skyrmion. Qualitatively, the energy €;(R) of the
highest filled state behaves as sketched in Fig. 2.

IV. DISCUSSION AND CONCLUSIONS

The skyrmion-electron bound states of Sec. III owe their
existence to the ‘texture-induced Zeeman’ part of the spin-
orbit coupling, the last term of Hamiltonian (4). Unlike the
‘gauge’ term, arising from the Peierls substitution in the
kinetic energy [12,24], this term has no equivalent in a fer-
romagnet. At the same time, it hinges on the lower symmetry
of ¥ points in the Brillouin zone: at the corner points X or at
the center point I" in Fig. 1, such a term is not allowed.

Notice that, in the effective-mass Hamiltonian of Pekar and
Rashba, the spin-orbit coupling is linear in momentum (see
Egs. (4) and (5) of Ref. [18]), as is the “gauge” spin-orbit
term in Hamiltonian (4). By contrast, the “texture-induced
Zeeman” spin-orbit coupling does not involve electron mo-
mentum and hence is qualitatively different.

It is instructive to compare the latter term with other known
spin-orbit couplings. To gain perspective, recall that the text-
book Pauli spin-orbit coupling appears in the Schrédinger
Hamiltonian only as a relic of relativity, in second order of
the expansion in the inverse speed of light 1/c [25]. Remark-
ably, in antiferromagnets subject to magnetic field, spin-orbit
coupling may appear in first order in 1/c, via a substantial
momentum dependence of the g-tensor [42,53,54]. In contrast
to all of the above, the texture-induced spin-orbit coupling
of Eq. (4) does not involve 1/c, or the fine-structure con-
stant o = % ~ 1/137, at all. Instead, the energy scale of the
‘texture-induced Zeeman’ spin-orbit term v(Aﬂ -0)~ hv/L
is defined by the relevant length scale L of the texture and by
the Fermi velocity v ~ Wa/h, with W the electron bandwidth
and a the lattice spacing. For the Belavin-Polyakov skyrmion
we analyzed in Sec. III, L is given by the skyrmion radius
R. Compared with W, the “texture-induced Zeeman” term
is small only in the measure of L being large against a:
v(Aﬂ -0) ~ W (recall that continuum description is limited
to L > a). Relative to the gap A, the term is small in the
measure of L being large against the Néel coherence length
£="1 thatis v(Al - 0) ~ A%

The skyrmion-electron bound states are nondegenerate.
Being limited by the gap, their energy scale is given by A. In
this regard, the texture-induced spin-orbit coupling in Eq. (4)
is a real-space analog of large band-splitting effects, discussed
for certain types of antiferromagnets [18,55-58].

We have shown that, in a Néel antiferromagnet with certain
locations of the electron band extrema, a skyrmion produces

nondegenerate electron bound states. In each X valley, low-
lying bound states are spin-polarized as shown in Fig. 1. By
virtue of charge neutrality, at half-filling the bound states do
not produce a charge density modulation. However, doping
the half-filled antiferromagnetic insulator by an extra carrier
turns the skyrmion into a charged particle. This effect does not
rely on the BP profile we used as an illustration, and appears
for any credible shape such as that of a domain-wall skyrmion.

Finally, a brief comment on how disorder may limit the
validity of our results. A crude bound becomes evident upon
comparing the energy 7v/R of the low-lying bound states with
the disorder-induced scattering rate 1/t of an electron: for a
BP skyrmion of radius R >> &, the leading term in Eq. (9) is
valid as long as the electron mean free path [ = vt is large
compared with R.

Pekar and Rashba showed [18] how a nonuniformity of
magnetization couples electron spin to its orbital motion.
However, the analysis of the preceding sections involved no
magnetization at all—not even locally. The only quantity
present was the staggered (Q = (%, )) magnetization and
its inhomogeneity. Thus Pekar’s and Rashba’s insight holds
beyond their original statement: in a general magnetically
ordered system, inhomogeneity begets spin-orbit coupling.

Skyrmion-electron bound states are a new arrival in the
family of electron states, localized on topological defects such
as dislocations [59], vortices in superconductors [60], or soli-
tons in organic materials [61,62]. Becoming charged in the
presence of dopant carriers, the skyrmion can be manipulated
by electric field, which may open new possibilities for its use
in devices. We hope that our results stimulate further work
both on fundamental and applied aspects of this phenomenon.

Note added. Finally, we thank G. Baskaran for pointing
out to us earlier studies [63,64] that found skyrmion-electron
bound states in an exotic spin liquid (see Appendix B).
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APPENDIX A: WHEN CAN ONE TREAT THE
BELAVIN-POLYAKOV SKYRMION AS STATIC?

For R 2 &, treating the BP skyrmion profile as static in-
put to the electron problem requires the bound-state level
spacing fiw, ~ A(%)% in Eq. (9) to be large against the ener-
gies of high-frequency localized eigenmodes of the skyrmion.
These are bound from above by the spin wave gap /2
of the bulk magnon spectrum [43]. In the relevant limit of
small single-ion anisotropy K < J, the behavior iy ~ +/KJ
[65,66] translates the condition w, > € into A(f—e)y2 >
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+/KJ, which means that a sufficiently large BP skyrmion can
no longer be treated as static. For a weak enough anisotropy,
this limits our treatment to radia

AN/ \1/3
R<<-§<7> (E) .

Inequality (A1) is meaningful only if its r.h.s. is large com-
pared with &, that is if

(AD

(A2)

Now, the conditions (Al), (A2) define the possibility
of treating the skyrmion as static when dealing with y,
the “fast” coordinate of the electron. As per Eq. (10), for
the “slow” coordinate, x, the relevant frequency is fhw] ~
A /Z— \/g (%)% « hw,. As a result, the condition for treating

the skyrmion as static when dealing with x is more stringent
than (A1):

A 1/3 m 1/3 A 2/3 J 1/3
y
R<<f(;) (z) (7) (E) -

Inequality (A3) makes sense only if its r.h.s. is large compared
with &, that is if

(A3)

K AN’ my A
- < <—> 2— (A4)

J J) myep

Put otherwise, the levels emerging from quantizing the elec-
tron motion along the “slow” coordinate x define the “fine”
structure of the bound-state spectrum as opposed to the
“gross” structure arising from quantization along the “fast”
coordinate y. This fine structure can be treated in the static-
skyrmion approximation under conditions (A3), (A4) that are,
naturally, much more stringent than similar inequalities (A1),
(A2) for the gross structure of Eq. (9). At the same time, no
matter how small the w, /€2 ratio, a sufficiently large number
of skyrmion eigenexcitations would eventually influence the
excited electron bound states (at an appropriately high order
of perturbation theory).

APPENDIX B: EARLIER WORK [17,63,64,67-69]

In this section of Appendix, we discuss some of the rele-
vant early work.

S. John and A. Golubentsev [63,64] studied the Hubbard
model on a square lattice in a topological spin liquid state,
defined by two key properties: (i) checkerboard Néel order,
and (ii) antiperiodicity of the electron wave function along
closed path around any elementary plaquette of the lattice.
As a consequence, the unit cell in such a state quadruples
relative to the underlying square lattice, and the electron wave
function is thus a 4-spinor. The model band extrema fall at
the very same points ¥ = (£7, £7) that we focused on, and
all the four points X are equivalent in the “ordered” Brillouin
zone. The resulting “Dirac” electron spectrum near X is thus
isotropic by symmetry.

As opposed to the above, in the Néel state of our interest
the unit cell doubles rather than quadruples and, therefore, the

electron wave function is a bispinor rather than a 4-spinor.
Contrary to being all equivalent in the spin liquid state, in
the Néel phase the four points ¥ split into two inequiva-
lent pairs ¥;, and X34, shown in Fig. 1. In contrast to the
spin-liquid state, the symmetry of the Néel state does not
require the electron spectrum near the X points to be isotropic.
Quite to the contrary, it tends to be strongly anisotropic,
consistently with experimental findings [30-32] in a number
of cuprates.

Lastly, the skyrmion-electron bound states we found are
nondegenerate. In each of the four ¥ valleys, low-lying bound
states are spin-polarized as shown in Fig. 1, whereas the bound
states of Refs. [63,64] are doubly degenerate as a consequence
of the elevated symmetry of the spin-liquid state.

To summarize, the similarities between the skyrmion-
electron bound states of our work and those found by John and
Golubentsev arise from Néel order being an ingredient of the
spin liquid studied in Refs. [63,64]. Such similarities include
the shallow character of bound states at large BP skyrmion
radia, although John and Golubentsev have not explored the
low-energy limit, instead opting for solving their full 8 x 8
Hamiltonian numerically.

The differences between our results and those of John and
Golubentsev stem from the features of their spin liquid that
are not inherent to a generic Néel state that we studied, such
as (i) an elevated symmetry of the spin liquid and (ii) the
wave function antiperiodicity under translation around any
elementary plaquette of the square lattice. Such differences
lead to double degeneracy of the bound states found by John
and Golubentsev, while ours are nondegenerate.

Now we turn to the work [17] by R. Cheng and Q.
Niu, who derived coupled quasiclassical equations of mo-
tion for the electron momentum, coordinate and spin in an
antiferromagnetic texture. By construction, such a descrip-
tion holds only for large quantum numbers and, in fact, the
equations of Cheng and Niu become singular at the MBZ
boundary (¢ — 0), see the r.h.s. of Eq. (8c) of Ref. [17].
By contrast, our effective electron Hamiltonian (3-4) covers
both the quasiclassical regime and the extreme quantum limit
as long as the electron energies are close to the gap edge
(EA <« ).

Finally, we would like to mention the work [67,68] on
different versions of the #-J model of high-temperature super-
conductivity. These studies were performed on small clusters
in the atomic limit, with exchange integrals substantial or
even large compared with the hopping matrix elements. The
authors of both Refs. [67,68] reach a conclusion that is, in a
way, reciprocal to ours (“a skyrmion produces electron bound
states”): namely, that introducing a dopant carrier into a single
CuO plane renders a skyrmion [67] or a half-skyrmion [68]
configuration energetically favorable [69]. When applied to
a single dopant carrier bound to a skyrmion, this conclusion
stems from neglecting the valence band giving rise to filled
bound states, whose energy increases rather than decreases
(see Fig. 2), and thus overwhelms the energy gain found in
Refs. [67,68]. A more technical difference with respect to
our work is that the studies [67,68] were performed in the
atomic limit, and thus produced skyrmion sizes of the order
of the lattice spacing, where the continuum description is not
applicable.
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