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Possible quantization and half-quantization in the anomalous
Hall effect caused by in-plane magnetic field
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In this paper we propose that quantized and nearly half-quantized intrinsic anomalous Hall effect can be
induced by in-plane external magnetic field through the Zeeman coupling in nonmagnetic two-dimensional
(2D) systems with sizable spin-orbital coupling but without twofold rotational symmetry. An analytical result
is derived for the 2D electron gas model with C3v symmetry. Further, based on the k · p Hamiltonian derived
from first principle calculations, we find that the quantized and nearly half-quantized Hall conductance can be
observed in Sb2Te3 thin film in the clean limit with strong in-plane magnetic field B > 20 T and low temperature
T < 100 mK.
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Introduction. The Hall effect, where the transverse voltage
is induced by the longitudinal current, is one of the fun-
damental effects for metallic systems. It contains both the
ordinary and anomalous parts of contribution, where the for-
mer is caused by the Lorentz force under an external magnetic
field and the latter is due to the spin-orbital effect in sys-
tems with magnetic order that breaks time reversal symmetry.
The anomalous contribution to the Hall effect is called the
anomalous Hall effect (AHE), which can be further divided
into intrinsic and extrinsic mechanisms [1]. For the intrinsic
mechanism, when an electric current is passing though the
sample, the Bloch electrons acquire an additional anomalous
velocity [2] along the perpendicular direction, which causes
the Hall current. Such a mechanism is an intrinsic property of
the Bloch states in a perfect crystal without time reversal sym-
metry. In contrast, the extrinsic mechanism originates from
the scattering from disorder.

Among these contributions, the intrinsic AHE has received
great attention [3–6] in these years because it is one of the
intrinsic properties for band structure of crystal, which can
be obtained by integrating the Berry curvature over all the
occupied Bloch states. The intrinsic AHE conductance in two
dimensions can be obtained as [1]

σxy = −e2

h

∑
n

∫
d2k
2π

f (εn(k))bn(k), (1)

where bn(k) is the Berry curvature of the nth band and
f (εn(k)) is the Fermi-Dirac distribution function. For systems
with time reversal symmetry T , the net contribution described
by Eq. (1) has to be zero, because the Berry curvature con-
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tributed by each particular Bloch state |n, k〉 will be exactly
canceled by its time reversal partner T |n, k〉. In ferromagnetic
metals, for which the AHE is mostly studied, the magneti-
zation M breaks the time reversal symmetry and induces the
net contribution to the Hall conductance. Moreover, the in-
trinsic AHE conductance can be possibly quantized to realize
the quantum anomalous Hall effect (QAHE) [7] when the
chemical potential lies in a band gap, and the resulting band
structure can be characterized by a topological index called
Chern number [8,9].

Besides the ferromagnetic metal, the AHE can also be
found in nonmagnetic metals or semiconductors, where the
time reversal symmetry is broken not by spontaneous magne-
tization but the Zeeman effect caused by an external magnetic
field [10,11]. When the field is applied along the z direction,
the Zeeman effect is always coexisting with the Lorentz force
or its quantum version, the Landau quantization, which makes
it difficult to distinguish the two types of contributions. How-
ever, if we consider a two-dimensional (2D) system and apply
the field within the xy plane, the Lorentz force or Landau
quantization will not exist and the Hall conductance detected
in such a case (if any) will be completely caused by the
Zeeman effect.

In the present paper, we will focus on such an in-plane
AHE caused by the Zeeman effect which has not received the
attention it deserves. Based on the symmetry analysis, we first
conclude that this in-plane AHE is ubiquitous in 2D metal-
lic systems without twofold rotational symmetry C2z [12,13].
Additionally, this in-plane AHE is more likely to be observed
in systems with strong spin-orbit coupling (SOC), in which
the Zeeman effect may be significantly enhanced in magni-
tude over free electrons [14,15]. Like the AHE in magnetic
semiconductors, the in-plane AHE can also be quantized if the
in-plane Zeeman effect opens a gap for the system or be nearly
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half quantized if the main Berry curvature contribution of a
single massive Dirac point is isolated with electric field and
in-plane Zeeman field. The in-plane magnetization induced
QAHE has been first discussed by Liu’s group in magnetic
topological insulator (TI) thin films [16]; however, studies
of in-plane magnetic field induced sizable AHE, quantized
AHE, and half-quantized AHE based on actual parameters
(especially g factors) of materials are still lacking.

We will propose two typical 2D metallic or semimetallic
systems to study this in-plane AHE. The first system is the
2D electron gas (2DEG) with strong SOC under point group
symmetry C3v . As we will introduce below, in such a sys-
tem the SOC terms consist of both the linear Rashba term
[17,18] and the cubic hexagonal warping term [19], which
leads to large and nearly half-quantized in-plane AHE. This
example establishes that in systems without C2z symmetry the
in-plane AHE emerges once the high order terms are taken
into account. The second system discussed in detail will be
the TI thin films. For these materials, we will first apply the
first principle calculation to compute their g factors for the
magnetic field using the method developed in our group [20],
which indicates a very large in-plane Zeeman effect for the
bulk material already. We then calculate the subband structure
under the in-plane field for the Sb2Te3 thin film using the
k · p model with its parameters being extracted from the first
principle calculations, based on which the Hall conductance
under the in-plane field can be obtained using Eq. (1). We
demonstrate that for such a system by adjusting two different
gates on both top and bottom surfaces both the quantized and
nearly half-quantized in-plane AHE can be possibly reached
under strong magnetic field and low temperature.

Nonmagnetic 2D electron gas. Nonzero in-plane AHE can
only exist in systems without C2z symmetry. The reason is
that the in-plane magnetic field breaks both the C2z and T but
preserves the combination of them, namely C2zT symmetry,
and the Hall conductance changes sign under this C2zT sym-
metry operation which makes it zero. Hence let us focus on
the 2DEG with C3v point group symmetry. The Hamiltonian
of such a 2DEG can be written as

H = h̄2k2

2m
+ λ(k × σ) · ẑ + δ

2
(k3

+ + k3
−)σz + μB

2
gσ · B‖,

(2)

where the first term is the kinetic term with m being the
effective mass, the second term is the linear Rashba coupling,
the third term is the generic hexagonal warping term which
breaks the C2z symmetry with k± = kx + iky, and the last term
is the Zeeman coupling with μB being the Bohr magneton, g
being the in-plane effective g factor, and B‖ being the in-plane
magnetic field. The hexagonal warping term [19] breaks not
only the continuous rotation symmetry in the z direction down
to C3z but also the vertical mirror symmetry from along all in-
plane directions down to three discrete directions only. Since
the vertical mirror symmetry also excludes the AHE [16], the
external magnetic field has to be applied along the direction
that breaks the mirror symmetry.

Any two band Hamiltonian can be decomposed by Pauli
matrices as H (k) = ε(k) + d(k) · σ, with which the intrinsic

AHE can be formulated in [21,22]

σxy =
∫

d2k
4π

( f+ − f−)
(
∂kx d̂ × ∂ky d̂

) · d̂, (3)

where d̂(k) = d(k)/d (k) is the normalized d vector and f+
( f−) is the Fermi-Dirac distribution function for the positive
(negative) energy band. After some detailed calculation given
in the Supplemental Material (SM) [22], we obtain that, when
the chemical potential is large μ � E∗ (E∗ is the middle
point of the Dirac gap), the leading term of the in-plane AHE
conductance at the zero temperature limit is

σxy ≈ −δμ3
Bg3B3

‖
16μλ3

sin 3θ, (4)

where θ is the angle between B‖ and x̂. In contrast, when the
chemical potential is tuned at the center of the Dirac gap μ =
E∗, the leading terms are

σxy ≈
⎧⎨
⎩

− 1
2 sgn(sin 3θ ) + δμ2

Bg2B2
‖

16λ3
sin 3θ√
1/γ 2−1

, if γ < 1,

− 1
2γ

sgn(sin 3θ ), if γ > 1,
(5)

where γ ≡ h̄2μBgB‖
2mλ2 is a dimensionless quantity. When γ 	 1,

which is a common case for materials with large SOC con-
stant λ under accessible field strength [23], the conductance
approaches half-quantized value σxy → − 1

2 sgn(sin 3θ ). As
shown in Figs. 1(a) and 1(b), numerical results are in good
agreement with our analytical results in these limits. We also
calculate the conductance versus the magnetic field strength
with fixed electron density n at the zero temperature limit as
shown in (c) and (d) and at 1 K temperature as shown in (e)
and (f). Nearly half-quantized plateaus appear in (c) and (e).

The appearance of such a nearly half-quantized plateau
in Hall conductance can be understood as follows. The Zee-
man coupling caused by the in-plane field shifts the Dirac
point away from the 
 point to k∗ ≡ μBg

2λ
(ẑ × B‖) [19], and

the hexagonal warping term then opens a small gap 2�∗ ≡
2δk∗3 sin 3θ at the Dirac point and turns it into an anticrossing
point as illustrated in the inset of Fig. 1(a). In the vicinity
of the anticrossing point k∗, the band structure can be de-
scribed by a titled 2D Dirac model with a small mass term
H∗ ≈ E∗ + (h̄2/m)k∗ · k̃ + λ(−k̃yσx + k̃xσy) + �∗σz with k̃
being measured with respect to k∗, where the Berry curva-
ture is concentrated around k∗ as b ≈ �∗λ2/2(λ2k̃2 + �∗2)3/2

and integrated to π if the outer Fermi surface kF is much
larger than the typical scale for the Berry curvature distribu-
tion kF � �∗/λ, which provides the half-quantized plateau
feature to the Hall conductance. Of course the contribution
from the area away from the anticrossing point k∗ will cause
deviation from the exact half-quantized value. But our numer-
ical result using the reasonable parameters introduced above
strongly suggests that in the cleaning limit we can get a very
close half-quantized value with accessible field strength.

Further, our result shows that the Hall conductance has a
nearly half-quantized plateau for n � n0, but not for n � n0.
Here n0 is the electron density when chemical potential is at
the Dirac point in the absence of magnetic field. The reason is
that the kinetic term makes E∗ increase as the field increases
E∗ = h̄2k∗2/(2m) and E∗ is smallest at zero field. Therefore,
if n < n0, the chemical potential would not be inside the gap
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FIG. 1. Intrinsic AHE conductance of nonmagnetic 2DEG with
C3v point group symmetry. Numerical values are indicated by solid
lines and analytical values are indicated by red dashed lines. The
Hamiltonian’s parameters are taken as h̄2/(2m) = 2 eV Å2, λ =
0.5 eV Å, δ = 0.8 eV Å3, μBgBx/2 = 0 eV, and μBgBy/2 = 0.05 eV.
Panels (a) and (b) show the conductance versus the chemical poten-
tial and the angle of in-plane magnetic field, respectively. In the first
inset of (a), the conductance shows a nearly half-quantized plateau
around E∗. The evolution of band structure caused by an in-plane
magnetic field is shown in the last two insets of (a). The zero tem-
perature Hall conductance versus magnetic field strength with fixed
electron density n are shown in (c) for n � n0 and (d) for n � n0,
respectively, where n0 is the electron density when the chemical
potential is at the Dirac point in absence of the magnetic field. The
insets show the position of the chemical potential in the band struc-
ture correspondingly when no magnetic field is applied. In contrast,
panels (e) and (f) show the Hall conductance at 1 K temperature.

for any value of the magnetic field. It is worth noting that, in
real materials, the warping and Zeeman terms are both rela-
tively much smaller than the Rashba SOC term; then the Hall
conductance will be very close to the half-quantized value as
indicated by Eq. (5), Figs. 1(c) and 1(e). At the same time, the
gap size is tiny and the half-quantized plateau is very narrow,
which can only be seen under a very low temperature.

Sb2Te3 thin film. The Bi2Se3 family of compounds in-
cluding Bi2Se3, Bi2Te3, Sb2Te3 [24–27], Bi2Se2Te, Bi2Te2Se,
Bi2Te2S [28,29], BiSbTeSe2 [30–33], and Sb2Te2Se [34,35]
are all three-dimensional strong TIs with large bulk band
gap predicted by first principle calculations and confirmed
by experiments. The crystal structure of these materials is
rhombohedral with layered structure. As discussed in [24,36],
with symmetry principles and analysis of the atomic orbitals,
the model k · p Hamiltonian up to the third order of k around
the 
 point can be constructed as follows:

H0 = ε + Mσz + Bkzσy + A(kysxσx − kxsyσx )

+R1szσx + R2σy + R3xsxσx − R3ysyσx, (6)

FIG. 2. Subband structure and in-plane AHE of Sb2Te3 thin film
at the zero temperature limit. (a) Energy levels of subband at 


point versus film thickness. (b) The minimum in-plane magnetic
field strength to achieve QAHE versus thin film thickness, where the
field is fixed in the y direction. (c) The AHE conductance versus
chemical potential and field strength in the y direction. (d) The AHE
conductance versus field strength in both x and y direction, in which
the chemical potential is set as −3.2 meV. Both in (c) and (d), the
thickness is 110 Å and the Hall conductance reaches the quantized
value in the regime enclosed by the white line.

where ε(k) = C0 + C1k2
z + C2k2

‖ , M(k) = M0 + M1k2
z +

M2k2
‖ , A(k) = A0 + A2k2

‖ + A3k2
z , B(k) = B0 + B2k2

z + B3k2
‖ ,

R1(k) = R1
k3
++k3

−
2 , R2(k) = R2

k3
+−k3

−
2i , R3x = R3

(k2
++k2

− )kz

2 ,

R3y = R3
(k2

+−k2
− )kz

2i , and k2
‖ = k2

x + k2
y . And the Zeeman

coupling is

Hz = μB

2
[g̃1zBzsz + g̃1p(Bxsx + Bysy)

+ g̃2zBzσzsz + g̃2pσz(Bxsx + Bysy)], (7)

where g̃1z = (g1z + g2z )/2, g̃1p = (g1p + g2p)/2, g̃2z = (g1z −
g2z )/2, and g̃2p = (g1p − g2p)/2. In this work we have cal-
culated all the parameters of this model together with the g
factors using the first principle method developed previously
by our group [20] for all of the Bi2Se3 family of compounds
listed above, which are summarized in Table S1 in the SM
[22]. Here we have used the generalized gradient approxima-
tion and employed the crystal structure parameters given in
the corresponding cited references. Among these materials,
Bi2Te2Se has the largest out of plane g factor being 74.7 and
Sb2Te3 has the largest in-plane g factor being 19.9. Due to
the large in-plane g factor and hexagonal warping term in
Sb2Te3, we will take it as an example in the following to show
that the quantized and nearly half-quantized in-plane AHE
can be realized in these materials. The subband Hamiltonian
is derived by treating the thin film as a quantum well with
infinite potential barrier as discussed in Ref. [37].

As shown in Fig. 2(a), due to quantum confinement, the
two lowest energy subbands with opposite parity cross each
other repeatedly with the reduction of the film thickness
[37–40]. This oscillatory behavior allows us to tune the sub-
band gap by the thickness. When the field is applied in the y
direction, which is the bisector between the two neighboring
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FIG. 3. Evolution of band structure and in-plane AHE conduc-
tance induced by gate tuning. Schematic plot (a) shows the evolution
of subband structure induced by gate tuning. Panel (b) shows the
crossover from quantized to nearly half-quantized in-plane AHE
conductance induced by gate tuning for 110 Å thick Sb2Te3 thin film
at the zero temperature limit.

mirror planes, the required in-plane field strength to realize
QAHE also oscillates with the thickness and reaches zeros at
those subband level crossing points as shown in Fig. 2(b), and
for film thickness around 4 nm, 8 nm, or 11 nm we have the
best chance to realize QAHE by in-plane Zeeman effect under
a feasible field strength. The in-plane AHE conductance of
110 Å thick thin film at the zero temperature limit as a func-
tion of magnetic field strength and chemical potential is shown
in Figs. 2(c) and 2(d), in which the Hall conductance reaches
the quantized value in the parameter regime enclosed by the
white line [22]. The mechanism behind the Chern insulator
phases here can still be ascribed to the band inversions at the

 point. The Zeeman splitting induced by the strong in-plane
magnetic field will overcome the gap and invert only a single
pair of bands with opposite parity at 
 leading to nonzero
Chern number as illustrated in more detail in Ref. [41]. The
QAHE discussed here is caused by the in-plane magnetic field
through the Zeeman effect and not the in-plane magnetization
as proposed in Ref. [16]. In order to realize such an effect,
we do not need to dope the thin films with the magnetic ions
so the effect can be studied in a wider range of topological
insulator thin films without C2z symmetry and with much
cleaner samples. The lack of magnetic dopants also provides
us with much higher prediction power for the calculations of
the real material systems as illustrated in the present paper on
the Sb2Te3 thin films.

Further, in those systems realizing QAHE, we can intro-
duce a vertical electric field by setting different gate voltage
on top and bottom surfaces to break the inversion symmetry,
which makes the two Dirac gaps deviate from each other
in energy and reduces the point group from D3d to C3v . As
shown in Fig. 3(a), the subband structure of the two con-
duction bands resembles the 2DEG with C3v symmetry given
above. Consequently the quantized conductance plateau splits
into two nearly half-quantized plateaus at different energy,
as shown in Fig. 3(b). In calculations, the electric field is
taken into account by adding a diagonal zeEgate term in the
quantum well Hamiltonian. And most importantly, unlike the
quantized AHE discussed above, we find that half-quantized
AHE still can be realized under much feasible field strength.
Taking the 60 Å thick thin film as an example [22], the
in-plane AHE conductance as a function of chemical po-
tential and field strength are shown in Figs. 4(a) and 4(b),
from which we conclude that with strong in-plane magnetic

FIG. 4. In-plane nearly half-quantized AHE conductance for
60 Å thick Sb2Te3 thin film. Panel (a) is the in-plane AHE con-
ductance versus chemical potential with different field strength and
temperature, respectively. Panel (b) is the in-plane AHE conductance
versus field strength with different electron density and temperature,
respectively. The gate tuning is set as Egate = 0.002 V Å−1 and the
magnetic field is applied along the y direction.

field B > 20 T and low temperature T < 100 mK the nearly
half-quantized conductance can be observed in such a thin
film.

Discussion and conclusion. In this Letter, we propose that
the in-plane Zeeman effect induced AHE commonly exists
in 2D materials systems with strong SOC but without C2z

symmetry. By tuning the field strength and chemical potential,
not only quantized but also nearly half-quantized AHE can
be realized in these 2D systems, which have not received
the attention they deserve in condensed matter physics. Two
material examples have been chosen to carry out calculations.
The first one is the 2DEG with Rashba type SOC and threefold
rotational symmetry. The large in-plane AHE can be realized
in such a generic 2D metallic system with the highest in-plane
Hall conductance being close to the half-quantized value,
which can be approached by tuning both the field strength
and the carrier density. The second material example is the
Bi2Se3 family of thin films, among which we find that Sb2Te3

has the largest in-plane Zeeman effect. Then we numerically
studied the in-plane Hall effect in Sb2Te3 thin film in detail
and show that both the quantized and nearly half-quantized
AHE conductance can be reached. At last, we would clarify
that the nearly half-quantized AHE discussed here is simply
due to the existence of a 2D Dirac point in Rashba systems,
which can be gapped under in-plane magnetic field. Such a
half-quantization has no topological protection and is very
different with half-quantization on the surface of topologi-
cal or axion insulators discussed recently in Refs. [42–44].
Despite the simple physics behind it, such a nearly half-
quantized AHE caused by the in-plane magnetic field has been
overlooked for a long time and we have the great chance to
see it in some realistic 2DEG systems under sufficiently low
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temperature, low enough impurity density, and proper carrier
density, which may have a stimulating impact on condensed
matter and semiconductor experiments.
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