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Anomalous Shiba states in topological iron-based superconductors
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We demonstrate the formation of robust zero-energy modes close to magnetic impurities in the iron-based
superconductor FeSe1−xTex . We find that the Zeeman field generated by the impurity favors a spin-triplet
interorbital pairing as opposed to the spin-singlet intraorbital pairing prevalent in the bulk. The preferred
spin-triplet pairing preserves time-reversal symmetry and is topological, as robust, topologically protected zero
modes emerge at the boundary between regions with different pairing states. Moreover, the zero modes form
Kramers doublets that are insensitive to the direction of the spin polarization or to the separation between
impurities. We argue that our theoretical results are consistent with recent experimental measurements on
FeSe1−xTex .
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Introduction. Topological superconductivity (TSC) is a
quantum state that has been extensively explored [1–3], partic-
ularly due to its application for realizing Majorana zero modes
(MZMs) [4,5]. In recent years, the iron-based superconduc-
tor FeSe1−xTex (FST) emerged as a promising candidate for
TSC [6]. It was theoretically predicted that the band inversion
in the electronic structure of FST can lead to localized MZMs
at the end of vortex lines in the superconducting phase [7].
One of the appeals of superconducting FST is the compara-
ble energy scales between the superconducting gap and the
Fermi energy, which leads to a wide spectral resolution of
the vortex zero mode [8]. The experimental observation of
such vortex zero modes has led to extensive studies of FST
as a bulk TSC [9–13]. The interplay between topology, su-
perconductivity, and magnetism has also been investigated in
relation to surface states and generating new superconducting
order [14–19]. On the other hand, several of the properties of
FST, such as the existence of vortices with and without zero
modes in the same sample, have been puzzling [12,20–23].

Another type of in-gap states in superconductors are the
Shiba states, which form near magnetic impurities [24–26].
In certain regimes in-gap states can also be formed for
nonmagnetic impurity [27] even when the system respects
time-reversal symmetry [28,29]. In FST, in-gap states have
been observed near interstitial Fe atoms [30], which be-
have as magnetic impurities [31]. Interestingly, several of the
properties of these in-gap states are different from those of
conventional Shiba states. First, Shiba states generally have a
finite energy unless the microscopic properties of the super-
conductor and the coupling strength of the magnetic impurity
with the itinerant electrons are fine tuned [32]. Yet in FST the
in-gap states at many of the magnetic impurities are observed
at zero energy [30,33]. The other surprising property is the
absence of a hybridization gap in the Shiba-state energies of
two nearby magnetic impurities [30], which contrasts with the

standard behavior seen in conventional systems [34]. Scan-
ning tunneling microscopy (STM) measurements have further
shown that, while the energy of the in-gap state is zero when
the impurity is at the center of the unit cell, it becomes
finite when the impurity is pushed toward the edge of the
unit cell [33]. Proposals such as anomalous quantum vortices
forming at magnetic impurities [35] or effective π -phase shifts
at the impurity sites [36,37] have been put forward, but a
comprehensive description of the properties of these states is
still lacking.

In this Letter we present an alternative mechanism for the
formation of zero-energy states close to magnetic impurities
in FST. The key property of FST leading to the type of in-gap
states discussed in this Letter is the possible existence of mul-
tiple superconducting pairing instabilities energetically close
to each other. Near an impurity, the Zeeman field generated
by it strongly impacts this balance between different types of
pairing. In particular, by solving the linearized gap equations,
we find that the pairing state favored by the Zeeman field
in this region is topologically distinct from the pairing state
in regions farther than a multiple lattice spacing from the
magnetic impurity. As a result, a pair of zero-energy states
form in the boundary region between the two types of pairing.
The resulting zero-energy states form bubbles surrounding
the magnetic impurity, with a radius of the order of multiple
lattice spacing. Since these states arise from the topological
character of the superconducting state, their energy is gener-
ally pinned at zero.

When two impurities approach each other, the regions
around them where the topological superconductivity is dom-
inant merge. As a result, the zero modes surround a larger
area and do not become gapped. Furthermore, the type of
pairing that is preferred close to the impurity is determined
by the symmetries of the system. Therefore, the position of
the impurity in the unit cell can affect the type of pairing
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selected and, consequently, the development of zero modes.
Interestingly, the triplet superconducting pairing that forms
close to the magnetic impurity is time-reversal symmetric,
and the boundary states are Kramers pairs that are insensi-
tive to the direction of the spin polarization of the magnetic
impurity. The latter property is consistent with results from
spin-polarized STM measurements [38]. Recently, it has been
also shown that the magnetic impurities with strong enough
coupling can lead to a π phase shift in the regions close to
the impurity on the surface of the material. Such a phase
shift will then lead to the formation of a Kramers pair of
zero-energy states [36]. In contrast, the mechanism presented
in this Letter leads to the change of form of the pairing rather
than just the phase of the order parameter. Another feature
of the magnetic-impurity-induced in-gap state in FST is that
it becomes gapped once the magnetic impurity approaches
a magnetic vortex [33]. This is because the two zero modes
enclosing the magnetic impurity hybridize in the presence of
a Zeeman field. Therefore, due to the vortex hosting a sizable
magnetic field, it gaps out the zero modes.

Model Hamiltonian. FST is a member of the family of iron-
based superconductors [39] with nonsymmorphic P4/nmm
space group symmetry due to the buckling of the chalcogen
atoms inside the 2-Fe unit cell [40–42]. At the � point, the
P4/nmm space group is isomorphic to the D4h point group.
The generators of the D4h group can be taken to be πx,
πz, and πX reflection planes. Here, x and y connect nearest-
neighbor Fe atoms, whereas X and Y , rotated by 45◦ with
respect to x and y, connect next-nearest-neighbor Fe atoms.
The FeSe layers are stacked along z. The band structure
close to the � point mainly contains pz, dxz, and dyz orbitals
and the most general effective Hamiltonian including spin-
orbit coupling (SOC) can be constructed using the method
of invariants [43,44]. The inversion-odd pz orbital is essen-
tial for realizing band inversion along the �-Z direction and
thus the nontrivial topology of the band structure [7,42]. In
the basis ψk = (|d+ ↑〉, |d− ↑〉, |pz ↑〉, |d+ ↓〉, |d− ↓〉, |pz ↓
〉), where d± = (dyz ± idxz )T , the Hamiltonian is given by [42]

H (k) = σ0 ⊗ H0(k) + HSOC(k), (1)

where for small in-plane momentum

H0(k) =
⎛
⎝M1(k) βk2

+ δk−
βk2

− M1(k) −δk+
δk+ −δk− M2(k)

⎞
⎠, (2)

with k± = kx ± iky and Mn(k) = En + (k2
x + k2

y )/2mnx +
tnz[1 − cos(kz )].

The nonzero elements of the SOC Hamiltonian HSOC(k)
are H22

SOC(k) = H44
SOC(k) = −H11

SOC(k) = −H55
SOC(k) = λ1,

and H16
SOC(k) = H35

SOC(k) = √
2λ3 sin(kz ), as well as the

matrix elements related by Hermiticity. The parameters β, δ,
E1, E2, m1, m2, t1, t2, λ1, and λ3 were previously determined
using density functional theory [7].

Symmetries and pairing states. The types of pairing states
in FST can be classified according to irreducible representa-
tions of the D4h symmetry group of the underlying lattice [45].
D4h has five odd-parity and five even-parity irreducible repre-
sentations. We only consider pairing with zero center-of-mass
momentum. In the even sector, the standard pairing is intraor-

bital spin singlet that transforms as the A1g representation and
has the form 	1 : σ0 ⊗ 13. We use the standard Bogoliubov–
de Gennes (BdG) basis where the wave function has the form

k = (ψk, iσyKψk )T . Due to the presence of SOC, there is
a spin-triplet interorbital pairing involving the dxz and dyz

orbitals that also transforms as A1g, of the form σzdxzdyz. This
pairing state, favored by the Hund’s coupling [46], does not
pair the pz orbitals. Therefore, when the chemical potential is
close to the p-d band inversion point, the σzdxzdyz pairing state
is not energetically favorable.

On the other hand, there are four types of odd-parity
pairing states that are interorbital triplet and involve the pz

orbital. They are 	2± : σx pzdxz ± σy pzdyz, which transforms
as the A1u (+) or B1u (−) irreducible representation, and 	3± :
σy pzdxz ∓ σx pzdyz, which transforms as A2u (+) or B3u (−). In
the d± basis, these gap functions generate the Bogoliubov–de
Gennes mean-field pairing terms,

H	{2,3},+ = 	{2,3},+i{0,1}τx

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 0
0 0 ∓1 0 0 0

±1 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠,

(3)

H	{2,3},− = 	{2,3},−i{0,1}τx

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 −1 0 0
0 0 ∓1 0 0 0
0 0 0 0 0 0
0 ±1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠,

(4)

where the upper (lower) signs refer to 	2 (	3) and the Pauli
matrix τ j acts in Nambu particle-hole space. The overall
phase was chosen such that both 	2,± and 	3,± respect time-
reversal symmetry.

From a numerical analysis, we identify that all these pair-
ing states, except 	2+, are nodal. The structure of the pairing
gaps has important implications for the topological character
of the superconducting state. Indeed, a time-reversal and odd-
parity pairing is topological if it is gapped and encloses an odd
number of time-reversal invariant momenta [47]. The space
group P4/nmm has nonsymmorphic symmetry operation in-
version followed by half translation, which at the � point
corresponds to the inversion symmetry operation of D4h [41].
As a result, the triplet pairings of FST identified above, 	2±
and 	3±, have odd parity. Since only 	2+ has a full gap, it
is the only one among those four that can be in a topological
superconducting state, as long as it encloses an odd number of
time-reversal invariant momenta.

Effect of the Zeeman field. To determine the dominant
pairing instability as a function of the Zeeman field we utilize
the linearized gap equation [48]. We start by defining the finite
temperature superconducting susceptibilities,

χlm = −T

N

∑
ωnp

Tr

[
H†

	l

	l
G0(iωn, p,	Z )

× H	m

	m
G0(−iωn, p,−	Z )

]
, (5)
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where H	l is the pairing Hamiltonian, N is the number of
momentum points, and G0(iωn, p,	z ) = ∑

j P jp	Z /(iωn −
ε jp	z ) is the normal state Green’s function. j runs through
the bands, ωn is the Matsubara frequencies, and P j,p	Z is
the projection operator onto band j at momentum p. The
Zeeman-field energy splitting is 	Z . Finally, the subscripts l
and m label the five pairing states discussed above: the singlet
	1 and the triplets 	2±, 	3±. The linearized gap equations,
which determine the critical temperature Tc for each pairing
instability, take the form

− 1

gs
− χ11 = 0, (6)

− 2

3gt
− χtt = 0, (7)

where gl are the superconducting coupling constants aris-
ing from the microscopic interactions, with s = 1 and t =
±2, ±3. In deriving these expressions, we ignored mixing
between different pairing channels, e.g., 	2+ and 	2−, that
is allowed by the Zeeman field. We will justify this later.

To proceed, we need to discuss the coupling constants gl .
We assume, without specifying a mechanism, that there is an
attractive interaction in the singlet channel, since this is the
state realized in the bulk. As for the triplet states, according to
what we discussed above, only 	2+ can correspond to a topo-
logical pairing state, which can display zero-energy modes.
It is therefore crucial to identify the microscopic interactions
that favor g2± over g3±. We start from a generalized Hubbard-
Kanamori interacting Hamiltonian [49–51] for the pz, dxz, and
dyz orbitals, which includes anisotropic Hund’s terms J1, J2,
and J3. We find a simple condition under which there is an
effective attractive interaction only for the 	2± states (see
Supplemental Material [52]): J1 > J2 and J3 + J1 − J2 < V <

J3 + J2 − J1, where V is the interorbital Hubbard repulsion.
We assume this condition is satisfied, set g2± = gt , and focus
hereafter on the 	2± and 	1 states only.

Figure 1(a) shows the phase boundaries for the different
pairing states in the parameter space of Zeeman splitting and
the coupling constant ratio gt/gs. The Zeeman field is taken in
the ẑ or x̂ (in-plane) direction. The phase boundaries between
	2+ and 	2− are quite separated, such that 	2+ dominates for
small values of the coupling constant ratio, regardless of the
field direction. This not only shows that 	2+ is the favored
pairing state for larger Zeeman coupling, but also that the
Zeeman-induced mixing with 	2− should be small, which
justifies dropping this term in the gap equations. Figure 1(a)
shows that the phase boundary is almost insensitive to the
direction of the Zeeman field.

To show that 	2+ pairing is robust with respect to changes
in the chemical potential, Figs. 1(b) and 1(c) show the small
changes experienced by the 	2+-	1 phase boundary for four
different values of μ. Therefore, upon increasing the Zeeman
coupling, the pairing state will transition from intraorbital
singlet 	1 to interorbital triplet 	2+.

While the preferred pairing is robust with respect to the
chemical potential modification, its topological nature de-
pends on the chemical potential. The relevant time-reversal
invariant momenta are at the � and Z points. For μ >

−0.577 eV, the Fermi surface at the Z point is filled, whereas

FIG. 1. (a) Phase boundary between different interorbital triplet
(	2±) and intraorbital spin-singlet (	1) pairing states for μ = 0 eV
when the Zeeman field is along the ẑ or x̂ direction. Singlet (triplet)
pairing emerges in the light gray (light red) region, following the
phase boundary for the Zeeman field along the ẑ direction. (b) Band
structure in the �-Z direction. The selected chemical potentials are
those for which the phase boundaries between 	2+ and 	1 are shown
in (c). The Zeeman field is in the ẑ direction for (c).

for μ < 0.07 eV, all three bands at � are empty. Therefore,
in this range of μ, the 	2+ pairing state is topological. Con-
sequently, in Figs. 1(c) and 1(d), only two chemical potential
values μ = 0 eV and μ = 0.05 eV correspond to a topologi-
cal superconductor. The cases μ = 0.075 eV and μ = 0.1 eV
are generally nontopological. For μ = 0.075 eV, the lowest
band at the � point is quite close to the Fermi energy. As a
result, a topological phase transition can be induced by in-
creasing the pairing amplitude or further tuning the chemical
potential. Since this requires considerable tuning, difficult to
achieve experimentally, we focus on values of the chemical
potential where 	2+ is strictly topological.

When the chemical potential is in the band-inversion gap,
the normal state itself is topological [7] [see Fig. 1(c)]. This
is manifested by Majorana bound states at the end of the
vortex cores where they cross the sample boundary [10,53].
In this case, the bulk pairing state is intraorbital spin-singlet
	1 which is not topological in the bulk, but it also induces
topological superconductivity on the surface [53]. Since our
interest is in the vicinity of bulk impurities, we will not discuss
surface effects.

Majorana modes. Having identified the dominant pairing
state in the presence of Zeeman coupling, we now examine the
possible boundary mode localized between regions with 	2+
and spin-singlet 	1 pairings. Since for a considerable range
of chemical potential values the 	2+ pairing is topological,
the presence of zero-energy edge modes is expected. The 	2+
pairing respects time-reversal symmetry, therefore the zero
modes are Kramers pairs with opposite spin.

Figures 2 and 3 depict the structure of zero modes for
single and double magnetic impurities. Figures 2(a) and 2(b)
show the case of a single Fe impurity. The effective magnetic
field generated by the magnetic impurity modifies the super-
conducting order parameter in its surroundings, such that 	2+
pairing is realized. The boundary with the bulk singlet pairing
features zero-energy modes. Therefore, scanning tunneling
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FIG. 2. (a) Schematic representation of the interstitial Fe atom
and its surrounding triplet pairing state, separated from the spin-
singlet pairing realized away from the atom. (b) Corresponding
total probability distribution, along the ẑ direction, for the zero-
energy mode Kramers pair. The system size is 600 lattice sites,
divided into three regions of singlet/triplet (topological)/singlet pair-
ings with 200 sites each. The chemical potential is μ = 0 meV,
and kx = ky = 0.

spectroscopy close to the interstitial iron atom should detect a
robust zero-bias peak [30,33,38]. The observed zero mode is
different from usual Shiba state observed next to a magnetic
impurity [32], whose energy depends on the amplitude of the
exchange interaction and requires special tuning to be fixed at
zero energy. In contrast, in our case, as long as the magnetic
field is sufficiently large to favor topological 	2+ pairing, the
zero-energy mode is robust.

Figure 3 shows the evolution of the zero modes when the
two impurities are brought close to each other. As shown in
Fig. 3(b), while two of the zero modes are gapped out, the ones
located on the outer edge of the two-impurity region remain
robust. This is consistent with the experimental observation
in Ref. [30] and is different from the expected hybridization
between Shiba states when the two impurities are brought
close to each other. This shows that the corresponding zero
modes form bubbles around the magnetic impurities, which
combine into a single bubble enclosing both atoms when the
impurities are close to each other.

Finally, we comment on the size of the bubble formed
around the interstitial magnetic impurity. Analyzing the
Friedel oscillations from neutron scattering data, Ref. [31]
used a five-orbital Hubbard model to estimate that the nearest-
neighbor spin exchange between the interstitial and the
surrounding Fe atoms is about 70 meV. This is an order of
magnitude larger than the Zeeman field required to observe
the triplet pairing state and the topological superconducting
region around the magnetic impurity (see Fig. 1). Therefore,
despite the exchange interaction being short ranged, we expect
the radius of the bubble to be in the range of a multiple lattice
spacing, consistent with experimental observations [30].

Conclusions. We have shown that the peculiar features
of the zero-bias peak experimentally observed at interstitial
iron atoms in FST can be reconciled if we consider the
modification of the superconducting order parameter close to

FIG. 3. (a) Schematic representation of bringing two interstitial
Fe atoms closer. (b) Dependence of the in-gap energy states on the ef-
fective two-impurity separation in the ẑ direction. The two-impurity
state is simulated by a five-region sandwich with superconducting
pairings singlet/triplet/singlet/triplet/singlet; the distance between
the boundaries of the two triplet regions is NS sites. (c), (d) Cor-
responding total probability when two Fe atoms are farther apart
and closer to each other, respectively. For (c) and (d) the system is
the same as in (b) with NS = 25 for (c) and NS = 40 for (d). The
chemical potential is μ = 0 meV and kx = ky = 0.

the impurity. We have shown that the Zeeman field prefers
interorbital triplet pairing which, for a certain range of chem-
ical potential values, is topological. As a result, zero-energy
modes naturally occur at the boundary between interorbital
triplet and intraorbital singlet pairings. These modes are ro-
bust and do not get modified by changes in the exchange
interaction, contrary to the conventional Shiba states. It has
been experimentally observed that the zero modes are not
spin polarized [38], a feature that is also consistent with our
theoretical model. The obtained triplet pairing state near the
impurity respects time-reversal symmetry, such that the zero
modes are always doubly degenerate and have opposite spin
due to the Kramers theorem. This mechanism is also capable
of explaining the robustness of the zero modes when two
impurities are brought close to each other, since in this case
only two out of four modes get hybridized.
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