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Anisotropic superconducting spin transport at magnetic interfaces
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We present a theoretical investigation of anisotropic superconducting spin transport at a magnetic interface
between a p-wave superconductor and a ferromagnetic insulator. Our formulation describes the ferromagnetic
resonance modulations due to spin current generation depending on spin-triplet Cooper pair, including the
frequency shift and enhanced Gilbert damping, in a unified manner. We find that the Cooper pair symmetry
is detectable from the qualitative behavior of the ferromagnetic resonance modulation. Our theory paves the way
toward anisotropic superconducting spintronics.
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Introduction. Use of spin-triplet Cooper pairs as carriers
for spin currents in the emergent field of superconducting
spintronics is challenging [1,2]. Previous studies have demon-
strated spin transport mediated by spin-triplet Cooper pairs
that formed at the s-wave superconductor (SC)/ferromagnet
interfaces of Josephson junctions. The spin-singlet pairs in
SCs are converted into spin-triplet pairs in half-metallic CrO2

[3]. However, previous studies on spin-triplet pairs at mag-
netic interfaces have been limited to cases induced by the
proximity effect.

One promising candidate material system for investiga-
tion of spin-triplet currents to enable more active use of
spin-triplet pairs is the p-wave SC/ferromagnetic insulator
(FI) bilayer thin film system [4,5]. Tunneling of the spins
is driven by the magnetization dynamics excited by ferro-
magnetic resonance (FMR) in the ferromagnetic material via
interfacial exchange coupling between the magnetization in
the FI and the electron spins in the p-wave SC, and a spin-
triplet current is expected to be generated. Furthermore, as
a backaction of spin injection, both the FMR frequency and
the Gilbert damping of the FI should be modulated [6–8].
Although similar scenarios have already been studied vig-
orously in s-wave SC/ferromagnet systems, most previous
studies have focused on the Gilbert damping modulation due
to spin injection [9–22]. To gain an in-depth understanding
of the spin-triplet transport mechanisms, the FMR modulation
processes, including both the frequency shift and the enhanced
Gilbert damping, should be formulated microscopically in a
systematic manner.

Determination of the pairing symmetry of the spin-triplet
p-wave SCs within the same framework is also desirable.
Despite many years of research based on several experimen-
tal techniques that detect the pairing symmetry, including
nuclear magnetic resonance [23], polarized neutron scatter-
ing [24–26], and muon-spin resonance techniques [27], there

are few established candidate systems for spin-triplet SCs
[28–32]. The FMR modulation has been observed in various
nanoscale magnetic multilayers. Accordingly, the technique
is widely used to investigate a spin transport property in a
variety of nanoscale thin film systems because it is highly
sensitive. Thus one can expect that the FMR measurements
in p-wave SC/FI bilayer systems provide useful information
about pairing symmetry.

In this Letter, we investigate anisotropic superconducting
spin transport at the magnetic interfaces of hybrid systems
composed of p-wave SC/FI thin films theoretically, as illus-
trated in Fig. 1(a). The two-dimensional bulk SC is placed
on the FI, where the FMR occurs. The precession axis is
rotated by an angle θ from the direction perpendicular to the
interface. Here, we use two coordinate systems: (x, y, z) and
(X,Y, Z ). The z axis is perpendicular to the interface and the
x and y axes are along the interface. The (X,Y, Z ) coordinate
is obtained by rotating the angle θ around the y axis, so that
the precession axis and the Z axis are parallel. Figure 1(b)
shows a schematic image of the spin-triplet Cooper pairs for
the chiral and helical p-wave SCs considered in this work.
Figure 1(c) shows a schematic image of the FMR signal in the
FI monolayer and the SC/FI bilayer. The FMR frequency and
linewidth in the SC/FI bilayer are both modulated because of
the spin transfer occurring at the interface.

Using the nonequilibrium Green’s function method, we
formulate the FMR modulations due to the backaction of the
spin-triplet transport process systematically. The main advan-
tage of using the nonequilibrium Green’s function is dealing
with both a spectral function and a nonequilibrium distribu-
tion function. Indeed, the interface spin current is given by
the expression using the nonequilibrium distribution function,
which shows that the interface spin current by the spin pump-
ing and the enhanced Gilbert damping are proportional to
each other. Furthermore, as an advantage of field theoretical
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FIG. 1. Mechanism of FMR modulation due to anisotropic su-
perconducting spin transport at magnetic interfaces. (a) Precession
axis located on the x-z plane, where the angle between the precession
axis and the z axis is θ (where 0 � θ � π/2). (b) Two types of
spin-triplet Cooper pairs considered in this work. (c) FMR signal
modulation in the SC/FI bilayer system compared with the signal in
the FI monolayer.

treatment, the frequency shift and the enhanced Gilbert damp-
ing are both described in a unified manner. Additionally, it
is shown that the symmetry of the spin-triplet pairs can be
extracted from the FMR modulations. The results presented
here offer a pathway toward development of anisotropic su-
perconducting spintronics.

Model Hamiltonian. The FMR modulation due to the SC
adjacent to the FI is calculated microscopically using the spin
tunneling Hamiltonian method [9–11,33–38]. The effect of
the SC on the FI is treated as a perturbation and suppression
of ferromagnetism with the onset of superconductivity is as-
sumed to be negligible, which is consistent with the results of
spin pumping experiments in magnetic multilayer thin films.
The details of the model Hamiltonians and the formulations
are described in the Supplemental Material [39]. In the main
text, we focus on giving an overview of the model Hamiltoni-
ans and the formulations.

The total Hamiltonian H (t ) comprises three terms

H (t ) = HFI(t ) + HSC + Hex. (1)

The first term HFI(t ) describes the bulk FI,

HFI(t ) =
∑

k

h̄ωkb†
kbk − h+

ac(t )b†
k=0 − h−

ac(t )bk=0, (2)

where b†
k and bk denote the creation and annihilation operators

of magnons with the wave vector k = (kx, ky, kz ), respec-
tively. We assume the parabolic dispersion h̄ωk = Dk2 −
h̄γ H , where γ (< 0) is the electron gyromagnetic ratio. The
coupling between the microwave radiation and the magnons
is given by h±

ac(t ) = h̄γ hac
√

SN/2e∓iωt , where hac and ω are
the amplitude and the frequency of the microwave radiation,
respectively. S is the magnitude of the localized spin and N is
the number of sites in the FI. Note that the precession axis for
the localized spin is fixed along the Z axis [see Fig. 1(a)].

The second term HSC describes the two-dimensional bulk
SCs,

HSC = 1

2

∑
k

c†
kHBdGck, (3)

where we use the four-component notations

c†
k = (c†

k↑, c†
k↓, c−k↑, c−k↓), (4)

ck = (ck↑, ck↓, c†
−k↑, c†

−k↓)T. (5)

Here, c†
ks and cks denote creation and annihilation operators,

respectively, of electrons with the wave vector k = (kx, ky )
and the z component of the spin s =↑,↓. The Bogoliubov–de
Gennes Hamiltonian HBdG is a 4 × 4 matrix given by

HBdG =
(

ξkσ
0 �k

−�∗
−k −ξkσ

0

)
, (6)

where ξk represents the energy of the electrons as measured
from their chemical potential, σ 0 is a 2 × 2 unit matrix, and
the pairing potential �k is also a 2 × 2 matrix. We consider
three pairing potential types, including the spin-singlet s-
wave pairing �k = �iσ y and two spin-triplet p-wave pairings
�k = (dk · σ)iσ y, where their d vectors are given by

dk =
{
�(0, 0, eiφk ) : chiral p wave,
�(− sin φk, cos φk, 0) : helical p wave,

(7)

where φk = arctan(ky/kx ) is an azimuth angle. The phe-
nomenological form of the gap function is assumed,

� = 1.76kBTc tanh(1.74
√

Tc/T − 1), (8)

with Tc the superconducting transition temperature. By di-
agonalizing HBdG, the quasiparticle energy is given by Ek =√

ξ 2
k + �2 for all SCs considered here. Therefore, one can-

not distinguish them by the energy spectrum alone, and they
are simple models suitable for studying the difference of the
magnetic responses due to the pairing symmetry [40].

The third term Hex represents the proximity exchange cou-
pling that occurs at the interface, which describes the spin
transfer between the SC and the FI [10,33],

Hex =
∑
q,k

(Jq,kσ
+
q S−

k + H.c.), (9)

where Jq,k is the matrix element for the spin transfer pro-
cesses, σ±

q = (σ X
q ± iσY

q )/2 represent the spin-flip operators

for the electron spins in the SCs, and S−
−k = √

2Sb†
k and S+

k =√
2Sbk represent the Fourier component of the localized spin

in the FI. Note that the precession axis is along the Z axis, so
that the Z component of the spin is injected into the SC when
the FMR occurs. Using the creation and annihilation operators
of electrons and magnons, Hex is written as

Hex =
∑

q,k,k′,s,s′
(
√

2SJq,kσ
+
ss′c†

k′sck′+qs′b†
−k + H.c.). (10)

From the above expression, one can see that Hex describes
electron scattering processes with magnon emission and ab-
sorption.
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Modulation of FMR. The FMR modulation can be read
from the retarded component of the magnon Green’s function
[33], which is given by

GR
k (ω) = 2S/h̄

ω − ωk + iαω − (2S/h̄)�R
k (ω)

, (11)

where the Gilbert damping constant α is introduced phe-
nomenologically [41–43]. In the second-order perturbation
calculation with respect to the matrix element Jq,k, the self-
energy caused by proximity exchange coupling is given by

�R
k (ω) = −

∑
q

|Jq,k|2χR
q (ω), (12)

where the dynamic spin susceptibility of the SCs is defined as

χR
q (ω) :=

∫
dt ei(ω+i0)t i

h̄
θ (t )〈[σ+

q (t ), σ−
−q(0)]〉. (13)

The pole of GR
k (ω) indicates the FMR modulation, i.e.,

the shift of resonance frequency and the enhancement of the
Gilbert damping. By solving the equation

ω − ωk=0 − (2S/h̄)Re�R
k=0(ω) = 0, (14)

at a fixed microwave frequency ω, one obtains the magnetic
field at which the FMR occurs. The imaginary part of the
self-energy gives the enhancement of the Gilbert damping.
Consequently, the frequency shift and the enhanced Gilbert
damping are given by

δH = 2S

γ h̄
Re�R

k=0(ω), δα = − 2S

h̄ω
Im�R

k=0(ω). (15)

From the above equations and Eq. (12), one can see that the
FMR modulation provides information about both the inter-
face coupling properties and the dynamic spin susceptibility
of the SCs.

The form of matrix element Jq,k=0 depends on the details
of the interface. In this work, we assume the interface with
uncorrelated roughness. |Jq,k=0|2 is given by

|Jq,k=0|2 = J2
1

N
δq,0 + J2

2 l2

NA
, (16)

where the first and second terms describe averaged uniform
contribution and uncorrelated roughness contribution, respec-
tively [39]. J1 and J2 correspond to the mean value and
variance, respectively. A is the area of the interface, which is
equal to the system size of the SC. l is an atomic scale length.
Using Eq. (16), the self-energy for the uniform magnon mode
is given by

�R
k=0(ω) = −J2

1

N
χR

uni(ω) − J2
2 l2

NA
χR

loc(ω), (17)

where the uniform and local spin susceptibilities are defined
as

χR
uni(ω) := lim

|q|→0
χR

q (ω), χR
loc(ω) :=

∑
q

χR
q (ω). (18)

The self-energy �R
k=0(ω) consists of two terms originating

from the uniform and roughness contributions, so that both
χR

uni(ω) and χR
loc(ω) contribute to δH and δα.

Here, we discuss the FI thickness dependence on the FMR
modulation [44]. From Eqs. (15), and (17), one can see that

FIG. 2. Frequency shift δH and the enhanced Gilbert damp-
ing δα as a function of temperature and frequency normalized
by the characteristic values δH1 = −SJ2

1 DF /(Nγ h̄) and δα1 =
SJ2

1 DF /(NkBTc ) in the normal state. DF (∝ A) is the density of states
at the Fermi level in the normal state. We set θ = 0 and �/kBTc =
0.05. The sign of δH corresponds to the sign of ReχR

uni(ω), which can
be positive and negative at low and high frequencies, respectively. In
contrast, δα is positive at any frequency.

the FMR modulation is inversely proportional to the FI thick-
ness (∝A/N) because χR

uni(ω) ∝ A and χR
loc(ω) ∝ A2. This

is consistent with the experiments on the spin pumping in
Y3Fe5O12/Pt heterostructures [45]. In order to observe the
FMR modulation experimentally, it is necessary to prepare a
sample that is sufficiently thin, e.g., typically, the thickness of
several tens of nanometers.

Numerical results. In the following, we consider a flat
interface where J2 = 0, so that the behavior of the FMR mod-
ulation is determined by χR

uni(ω). The roughness contribution
proportional to χR

loc(ω) is discussed later. Figure 2 shows the
frequency shift δH and the enhanced Gilbert damping δα as
a function of temperature and frequency. Here, we set θ = 0
and �/kBTc = 0.05, where � is a constant level broadening of
the quasiparticle introduced phenomenologically [39].

First, we explain the qualitative properties of δH and δα

for the chiral p-wave SC. In the low frequency region, where
h̄ω/kBTc � 1, δH is finite and remains almost independent of
ω near the zero temperature and δα decreases and becomes
exponentially small with the decrease of the temperature. In
the high frequency region, where h̄ω/kBTc � 1, a resonance
peak occurs at h̄ω = 2� for both δH and δα. The qualitative
properties of δH and δα for the helical p-wave SC are the
same as those of the chiral p-wave SC.
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FIG. 3. Frequency shift and the enhanced Gilbert damping as a
function of temperature at angles of θ = 0, π/4, π/2. The upper and
lower panels show the characteristics for the chiral and helical p-
wave SCs, respectively.

Next, we explain the qualitative properties of δH and δα for
the s-wave SC. In the low frequency region, where h̄ω/kBTc �
1, both δH and δα decrease and become exponentially small
with the decrease of the temperature. In the high frequency
region, where h̄ω/kBTc � 1, both δH and δα vanish.

The p-wave SCs show two characteristic properties that
the s-wave SC does not show: a finite δH at T = 0 and a
resonance peak of δH and δα. These properties can be un-
derstood by the analogy between SCs and band insulators as
follows. The uniform dynamic spin susceptibility consists of
contributions from intraband transitions within particle (hole)
bands and interband transitions between particles and holes.
In the low temperature or high frequency region, the intraband
contribution is negligible and the interband contribution is
dominant. In the case of the s-wave SC, the interband tran-
sitions are forbidden because the Hamiltonian and the spin
operator commute. As a result, there is no spin response in
the low-temperature or high-frequency regions. In contrast,
the Hamiltonian for the p-wave SCs and the spin operator
do not commute. Therefore, δH has a finite value near-zero
temperature due to the interband contribution. In addition, a
resonance peak occurs when h̄ω = 2� because the density of
states diverges at the band edge E = ±�. A detailed proof
of the above statement is given in the Supplemental Material
[39].

The angle dependences of δH and δα are distinct for chiral
and helical p-wave SCs, as shown in Fig. 3. In both cases, we
set h̄ω/kBTc = 3.0 as the typical values at high frequencies,
where the main contribution of the uniform spin susceptibility

TABLE I. FMR modulation properties for the flat SC/FI inter-
face where J1 �= 0 and J2 = 0.

Pairing symmetry s Chiral Helical

δH in the limit of T → 0 0 Finite Finite
Resonance peak of δH , δα � �
∂θ (δH ), ∂θ (δα) 0 Negative Positive

is the interband transitions. In the chiral p-wave SC, δH and
δα tend to decrease and are halved at a fixed temperature
when θ increases from 0 to π/2. Conversely, in the helical
p-wave SC, the qualitative behavior shows the opposite trend.
δH and δα both tend to increase and become 1.5 times larger
at a fixed temperature when θ increases from 0 to π/2. In
fact, the angle dependences are approximately obtained to be
∝1 + cos2 θ and 1 + (sin2 θ )/2 for chiral and helical p-wave
SCs, respectively [39]. Therefore, the spin configuration of the
Cooper pair can be detected from the θ dependence data for
the FMR modulation.

The FMR modulation properties of the three SCs are
summarized in Table I. All SCs considered here can be dis-
tinguished based on three properties: the frequency shift in
the low temperature limit, the presence of their resonance
peak, and their θ dependence. For the s-wave SC, δH becomes
exponentially small in T → 0, while for the p-wave SCs, δH
is finite in T → 0. For the s-wave SC, δH and δα show no res-
onance and no θ dependence, while for the chiral and helical
p-wave SCs, both δH and δα exhibit a resonance at h̄ω = 2�

and a θ dependence. In addition, these two p-wave SCs can
be distinguished from their θ dependences of δH and δα,
which are characterized by ∂θ (δH ) and ∂θ (δα), respectively.
Here, it should be emphasized that the pairing symmetry can
be characterized by the sign of ∂θ (δH ) and ∂θ (δα). These
properties are summarized in the Table I.

Spin-triplet current generation. The relationship between
the enhanced Gilbert damping discussed above and the
spin-triplet current generation must also be discussed. The en-
hancement of the Gilbert damping is known to originate from
the spin current generation at the magnetic interface [6,33].
The interface spin current induced by FMR 〈IS〉SP is given
by [39]

〈IS〉SP = N (h̄γ hac)2

2α

[−ImGR
k=0(ω)

]
δα. (19)

One can see that 〈IS〉SP and δα are proportional to each other.
In our setup, the enhanced Gilbert damping δα will lead to the
generation of both the Cooper pair spin-triplet current and the
quasiparticle spin current. Since the angular dependence of δα

reflects the direction of the Cooper pair spins, it is expected
that the spin-triplet current can be controlled by varying the
magnetization direction of the FI.

Discussion. We have considered a flat SC/FI interface. In
the presence of roughness, the correction term proportional
to χR

loc(ω) contributes to the FMR modulation, as shown in
Eq. (17). In the rough limit, J2

1 
 J2
2 , χR

loc(ω) dominates to
make the FMR modulation isotropic, due to the angle average
by summation over q. Namely, the anisotropy peculiar to p-
wave SC is smeared by the roughness. The detailed behavior
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of χR
loc(ω) is shown in the Supplemental Material [39]. This re-

sult implies that it is crucial to control the interface roughness.
In principle, the roughness of the interface can be observed
using transmission electron microscopy of interfaces [46–48]
and it is possible to detect whether the interface of the sample
is flat or rough. More detailed spectroscopy can be obtained
from the FMR modulation by using a flat interface.

Our results show that the pairing symmetry can be detected
by the sign of ∂θ (δH ) and ∂θ (δα) around the in-plane mag-
netic field (θ ∼ π/2), where the vortices are negligible. When
the external magnetic field has a large out-of-plane compo-
nent, the vortex formation may cause problems in observing
the angular dependence. The qualitative behavior is expected
to change when the out-of-plane magnetic field approaches
the upper critical field (H ∼ Hc2 ∼ 1 T). This is because the
coherence length of the Cooper pair and the distance between
the vortices can become comparable. Indeed, it has been ex-
perimentally reported that the vortex formation suppresses
the characteristic properties in the spin pumping into SCs
[20]. Therefore, the out-of-plane magnetic field should be as
small as possible when FMR measurements are performed for
H ∼ Hc2.

Recent experiments have reported that UTe2 is a candidate
material for spin-triplet p-wave SCs [31], which has attracted
a great deal of attention. Various experiments, including spec-
troscopic measurements, are now in progress to investigate
the pairing symmetry of UTe2 and indicated that the super-
conducting transition temperature is about 1 K ∼ 30 GHz.
Therefore, the resonance condition h̄ω = 2� shown above is
accessible to recent broadband FMR measurements.

In addition, experiments on spin pumping into
d-wave SCs have recently been reported [49] and a
theoretical investigation of the enhancement of the
Gilbert damping in a d-wave SC/FI bilayer system

has recently been presented [50]. Thus anisotropic
superconducting spintronics can be expected to develop
as a new research direction.

We should emphasize two important aspects of the FMR
method presented here: the spectroscopic probe method for
the p-wave SC thin films and the versatile spin injection
method. First, the FMR measurement procedure can provide
a new spin-sensitive measurement method that will comple-
ment other measurement methods to enable a breakthrough in
the discovery of spin-triplet SCs. Second, the FMR method
represents a promising way to generate spin-triplet currents in
p-wave SC thin films.

Conclusions. We have investigated the anisotropic super-
conducting spin transport at magnetic interfaces composed
of a p-wave SC and an FI based on a microscopic model
Hamiltonian. The FMR signal in these p-wave SC/FI bi-
layer systems is modulated via spin transfer at the interface,
which generates spin-triplet currents. We have shown that
the pairing symmetry of the SCs can be extracted from the
FMR modulation characteristics. Our approach provides a
unique way to explore anisotropic superconducting spintron-
ics, which will be useful for application to emerging device
technologies.

Note added. Recently, we became aware of a closely related
work, where a way to convert spin-triplet currents to magnon
spin currents in SC/FI bilayer systems is discussed [51].
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