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Dissipation-induced flat bands

Spenser Talkington©” and Martin Claassen ®
Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, Pennsylvania 19104, USA

® (Received 21 March 2022; revised 7 October 2022; accepted 10 October 2022; published 19 October 2022)

Flat bands are an ideal environment to realize unconventional electronic phases. Here, we show that fermionic
systems with dissipation governed by a Bloch Lindbladian can realize dispersionless bands for sufficiently
strong coupling to an appropriately engineered bath. These flat bands emerge in a “dark space” of the system-
environment coupling and are long-lived by virtue of symmetry protection from dissipation. We exhibit the
robustness of this mechanism for general one- and two-band models with and without spin, and discuss condi-
tions for their experimental realization such as in a two-dimensional material on a superconducting substrate.

DOI: 10.1103/PhysRevB.106.L161109

I. INTRODUCTION

Flat bands are a fascinating environment in which to re-
alize unconventional quantum phases. With kinetic energy
quenched, the behavior of electrons at partial filling of such
bands is exclusively governed by Coulomb interactions and
can lead to remarkable quantum collective behaviors, rang-
ing from unconventional superconductivity to the fractional
quantum Hall effect. While flat bands have long been appre-
ciated to emerge from kinetic interference, as exemplified by
the kagomé [1] and Lieb lattices [2], the discovery of ener-
getically isolated almost-dispersionless bands in magic-angle
twisted bilayer graphene [3,4] and other moiré heterostruc-
tures has garnered much recent attention as an experimentally
accessible and highly tunable platform for flat bands. Very
recent efforts have focused on cataloguing and classifying
flat bands of crystalline materials [5,6] and engineering the
quantum geometry of flat bands [7-11].

In this Letter, we present an alternate pathway to re-
alizing flat bands that is independent of the underlying
lattice structure and instead relies on the dissipative cou-
pling of a lower-dimensional quantum system—for instance a
two-dimensional (2D) material or 1D nanowire—to a higher-
dimensional substrate, which acts as a bath. Central to our
work, whereas the presence of a substrate is typically treated
as an obstacle, we find that incoherent particle exchange with
an appropriately engineered substrate can induce “singular”
and spectrally isolated flat bands that counterintuitively are
long-lived in the limit of strong dissipation. Their origin can
be traced to the emergence of a “dark space” of the system-
bath coupling which is symmetry-protected from dissipation.

We formulate a generic theory of such dissipation-induced
long-lived flat bands for electronic systems. We then apply
this theory to the most general spinless two-band model
and illustrate our results for a paradigmatic example of a
2D topological insulator, and to the most general inversion
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symmetric time-reversal symmetric one-band model with spin
and illustrate our results for a triangular lattice, which could
correspond to the isolated topmost band in a twisted bilayer
transition metal dichalcogenide (TMD) such as WSe, [12,13].

Over the last decade, combined dissipation and external
driving has emerged as a way to drive systems into desired
states [14—16]. Much emphasis has been placed on topolog-
ically classifying non-Hermitian Hamiltonians [17-20]. Flat
bands due to kinetic interference [21] and non-Hermitian par-
ticle hole symmetry [22] have been studied in bosonic systems
exhibiting classical gain and loss processes via non-Hermitian
Bloch Hamiltonians.

In quantum systems, a minimal model for dissipation that
properly accounts for quantum jumps is provided by the Lind-
blad master equation i% p = L[p] [23-25] for the reduced
density matrix p, where

r
Llp) =H, p] = i ;«J;Jm, o} — 2,007y (1)

describes the joint evolution under a coherent Hamiltonian
H, together with dissipative processes governed via quan-
tum jumps J, induced by the bath. These jump processes
encode the fundamentally quantum processes of dissipation:
measurement (collapse) processes and decoherence towards
a thermal state over time—processes that are not captured
by non-Hermitian Hamiltonians which exhibit the inherently
classical phenomena of gain and loss. Here, the overall dissi-
pation rate is parameterized by an energy scale I', and details
of the quantum jumps are encoded in the form of operators J,,,
with unit norm. This can be “vectorized” so that £ - p = i % P
in which case £ permits a matrix representation [26,27].

In this Letter, we focus on the simple but conceptually rich
scenario of a noninteracting system

H(k) =Y hapk)cy cup )
o,p
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subjected to dissipative tunnel coupling to a bath. In their most
general form, the corresponding quantum jump operators

In®0) =" ana®)ckq + bualoc’, , &)

a

are linear in both electronic creation and annihilation oper-
ators, corresponding to particles tunneling in (a,, ) and out
(b)) of the system. In particular, jump operators with a@ # 0
and b # 0 for the same m are crucial to the emergence of
a flat band as discussed below. These operators could arise
from a superconducting or squeezed state bath [28-30]. The
resulting master equation admits a tractable solution in terms
of noninteracting fermionic (superoperator) normal modes
[31,32], constituting a dissipative generalization of a band
Hamiltonian to modes with finite lifetime. A recent work by
Lieu et al. in Ref. [33] classified the symmetry classes of
such quadratic Lindbladians, and alternative classifications by
entanglement eigenvalue crossings were proposed [34]. Gold-
stein et al. have considered using dissipation to drive systems
into an almost flat band with nontrivial Chern number [16],
studied transport properties in these bands [35], and studied
localization-delocalization transitions in these bands [36].

II. FORMALISM

We introduce a set of superoperator fermions that
act on the left and right of the density matrix £ ,p =
CrapP and rk,a,oz,oc,i o P, with fermion parity P =

exp(in Zkﬁa c;ack,a). These operators can be viewed as a
complex-fermion version of Prosen’s third quantization al-
gebra [31]; however, they permit a treatment of even and
odd parity sectors on equal footing. The operators obey the
standard fermionic anticommutation relations {Zk’a, E;,.a,} =

s r;/’a,} = Sk Saer and (& 4o Ly V=1 oo ) =0
We note that this decomposition can be viewed as operators
acting on forward and backward Keldysh contours [28].

The Lindbladian can now be succinctly expressed
as an operator L = ®[Leon(k) — iLgis(k)]® in terms of
fermionic fields ®, = (¢, r,, lik, rik) where boldface £’s
and r’s denote vectors £, = (Ek,l’ Ek,]’ el Ek,N) represent-
ing N orbitals. The coherent and dissipative contribu-
tions take a 4N x 4N single-particle matrix form Lo, =
diag(Hy, Hy, —H',, —H",) and

Lgis
Ar — By —2By C—CT, 2CT,
| 24 Bi—44 —2Ck G —Cl,
~2\¢f-cr,  —2cr, BT, -AT, 247,
i i
2C, G, —C*, 2BT, AT, —BT,
(4)
respectively, with N x N dimensional blocks
(Aa.p = dy, o (K)am, g k), (5)
(Bi)a.p = bm.a(—K)by, 5(—F), (6)
(C)ar.p = oy o (k)b p (k) )

determined by the jump operator amplitudes of Eq. (3), and a
sum over m is implicit.

The quadratic Lindbladian is of standard, albeit non-
Hermitian, Bogoliubov—de Gennes (BdG) form and can be
diagonalized by a set of single-particle fermionic normal
modes in analogy to a non-interacting Hamiltonian (see
Supplemental Material [37] ). Introducing a pseudospin rep-
resentation for particles/holes and left/right contours in
terms of Pauli matrices n and 7 makes the symmetries
of the Lindbladian manifest. Analogous to a conventional
BdG Hamiltonian, the Lindbladian is invariant under charge
conjugation (£,r) — (£, r") represented by C~'LT (k)C =
—L(—k)for L = Lo, — iLgis [38], where C = 11 ® 19. Hence,
if |Yg) is a right eigenvector of L with eigenvalue e,
one can construct a left eigenvector (Y| = (|¢z))"C with
eigenvalue —e.

Furthermore, L obeys a “contour reversal” symmetry

T=m®n, (8

where T ~![iL(k)]*T = iL(—k). This defines a time-reversal
(TR) like symmetry that squares to one and guarantees an
eigenvalue —e* for each eigenvalue € of L. Notably, as the
quadratic Lindbladian accounts for both left and right con-
tours propagating forward and backward in time, it always
exhibits a TR symmetry that exchanges contours even if the
underlying Hamiltonian is not TR symmetric. Conversely, a
TR symmetric system entails an additional TR symmetry that
acts only on a single contour (i.e., on £, r fermions individu-
ally). Combined with charge conjugation, this implies that all
eigenvalues of L come in quadruplets +Re(¢) + i Im(¢), with
the particle-like modes (with negative imaginary part) repre-
senting the physical excitation spectrum with finite lifetimes
ii/|Im(e)|. Finally, the combination of charge conjugation and
TR forms a chiral symmetry S~'[iL(k)]'S = —iL(k) with
S= i773 ® 12.

II1. DISSIPATIVE DARK SPACE

Remarkably, imposing one additional unitary symmetry
D = n3 ® 11, that commutes with L can now be shown to
dictate the emergence of a dissipationless “dark space”—the
dissipationless subspace of the purely dissipative Lindbladian
that describes coupling to the bath—which guarantees the per-
sistence of long-lived bands of the system even in the limit of
strong system-bath coupling. Exceeding a critical system-bath
coupling strength necessitates the formation of a long-lived
flat band. We will see that this symmetry is naturally sat-
isfied for coupling to a superconducting substrate. Whereas
the coherent contribution trivially commutes with D from its
pseudospin representation [39]

Leon = Re(H)n3 ® 1o + i Im(H)np @ 10, 9)

D imposes strong constraints on the form of the system-
bath coupling by demanding that Ay = By and G, = ka. An
ansatz that fulfills this symmetry is

L] bWL,N)T = eis(am,ls ..

(b1, - - )’ (10)
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where § is any real, symmetric matrix [40]. In this case, the
dissipative part of the Lindbladian can be written as

Lgis = —T'(Re(A)n3 @ 71 +iIm(A)n ® 7
+Im(C)n; ® 12 + Re(C)n2 ® 12) (1D

for the simplest inversion symmetric case where A = Ay =
A_y and C = C;, = C_y; for the general case see the Supple-
mental Material [37]. Remarkably, one finds that Lg;s becomes
a Hermitian operator due to the dark space symmetry con-
straint.

Invariance under D has important consequences for the
eigenspectrum of the dissipative part of the Lindbladian.
The latter can be shown using a unitary rotation U =
diag(1, —1, 1, 1) to decompose as

at (a k)

T (k)b (k
zumuf=—rn®( ”()()> (12)
b (k)a(k)

b (k)b (k)

where (@], = amas [Bln.e = bmo are N x N matrices that
parametrize the jump operators, and we used the fact that
D symmetry guarantees [af (—k)a(—k)]* = b' (k)b(k) and
[a”(Ob()]* = b’ (k)a(k).

The tensor decomposition illustrates that each eigenmode
of the right-side (2N x 2N) operator with energy € comes
with a charge-conjugate mode with energy —e, as expected.
More importantly, however, the eigenspectrum of the right-
side operator guarantees, for an N-band system, there are
exactly N zero modes. These zero modes span a “dark
space” that is protected from dissipation; explicitly, they read
|¢ii) = U"(u;, v;, +u;, £v;), where & indexes particle-like
and hole-like modes, and u;, v; are N-dimensional vectors
in orbital space that compose the ith solution of the equation
au; + bv; = 0, and hence depend on details of the jump oper-
ators. The remaining eigenmodes of Lg;s have a finite lifetimes
proportional to 1/T". However, further zero modes are possible
if the number of jump operators is M < N; then a and b have
rank M, guaranteeing an additional set of N — M zero modes,
similar to a Hermitian case discussed in Ref. [41,42]. Overall,
one obtains 2N — M particle-like zero modes, and an equal
number of hole-like zero modes.

IV. FLAT BANDS FROM DISSIPATION

We now turn to implications of this “dark space” on the
spectrum of the full Lindbladian L., — iLgis. Let the dark
space be spanned by a set of particle-like zero modes |¢;)
of L4, and suppose that the overall dissipative coupling I'
is large with respect to the coherent energy scales of the band
Hamiltonian. In this limit, L., can be treated as a “coherent”
perturbation on Lgs. The lowest-order contribution follows
from projecting Loy into this (at least N-dimensional) dark
space. Diagonalizing the resulting effective Lindbladian L;; =
(@ilLconlj) yields N bands with infinite lifetime, which are
generically dispersive.

However, contour reversal symmetry 7 [Eq. (8)], which
commutes with dark space symmetry and obeys 72 = 1, im-
poses a strong constraint, as each band e(k) projected into
the dark space must come with a conjugate partner —e*(—k).
If the system additionally obeys inversion symmetry Z, this
guarantees a partner state —e* (k) for each state €(k); if the

dimension of the dissipative dark space (which in general
equals the number of bands, as argued above) is odd, contour
reversal symmetry thus necessitates a single “dangling” mode
at zero energy € = O that remains invariant under 7 Z. This
mode hence forms a stable flat band for all Bloch momenta.

Second-order corrections in L.y, attribute a finite lifetime
to this dissipation-induced flat band. As such processes scale
as 1/I", a strong dissipative coupling I" counter-intuitively
ensures a long lifetime t o« I for the flat band [43]. This
is because second-order corrections necessarily involve an
intermediate state with short lifetime 1/I" that couples the
dissipationless dark space to the dissipative subspace so the
two subspaces decouple in the strong dissipation limit.

The above mechanism readily generalizes to account for
electron spin. Here, each contour is individually invariant un-
der spinful time-reversal symmetry (TRS) 7 with 7;& =—1.
Crucially, Tys commutes with contour reversal 7. Modes that
span the dissipative dark space now come in Kramer’s pairs
€,(k), e5(—k), where v, U denote spin-orbital indices; if the
system again also obeys inversion Z, the dark space splits into
two degenerate subsectors of opposite spin for each k, anal-
ogous to spin-degenerate bands in a centrosymmetric system
with TRS. For each spin sector, the same rules of zero-mode
counting apply, and a stable flat band again forms for all
Bloch momenta if the number of bands (or more precisely,
the dimension of the dark space) per spin is odd.

V. EXAMPLE: GENERIC SPINLESS TWO-BAND MODEL

As a first candidate, consider a generic two-band Hamilto-
nian H (k) = d(k) - ¢ where o; are the Pauli matrices. Now,
the simplest form of dissipation that satisfies Eq. (10) is

J = o+ (13)

with m =1 or 2. This jump operator describes the
creation/annihilation of a Majorana fermion in the electronic
system. As the number of bands is even, we choose a single
jump operator to ensure an odd-dimensional dark space via
rank deficiency. A natural physical realization would be a
system with an in-plane and out-of-plane orbital, with only
the latter coupled to the substrate.

The resulting single-particle modes of L can be found
exactly and break into two groups: the modes of the dissipa-
tionless system, €}, = :|:|3|, and

€is = iF\/IJIZ/FQ —24+2\/1-[dP/T2  (14)

The €° states are stable and the €* states acquire a finite
lifetime with I' > 0.

As an example, we consider the Qi-Wu-Zhang model of a
two-dimensional Chern insulator [44], for which

c?(k) = t[sin(ky), sin(ky), m + cos(k,) + cos(ky)],  (15)

with hopping strength ¢ and mass term m. Then

; (m—+2)2t2 (m+2)*?
Qizir/—ﬁﬁ———2121—~—Fr— (16)

at k =0, and so we identify I', = (m 4+ 2)t at and above
which isolated flat bands form. Figure 1 depicts the resulting
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(a) Real Band Structure
X

(b) Imaginary Band Structure

(c) Lifetime and Bandwidth as Dependent on y
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FIG. 1. Band structures and lifetimes of the Qi-Wu-Zhang model dissipatively coupled to a bath (m = 1) for a variety of dissipation rates.
(a) In the zero dissipation limit, only dispersive bands are present. The bandwidth of the bands coupled to the bath narrows with increasing
dissipation. (b) For zero dissipation, all bands have zero imaginary part and are long-lived, while, for finite dissipation, bands coupled to the
bath acquire an imaginary part and finite lifetimes. In the strong dissipation limit, there are “long-lived” bands whose imaginary parts tend to
zero, and “short-lived” bands whose imaginary parts tend to negative infinity. (c) Lifetime of the dissipative states as a function of dissipation
(units 7i/t). The solid lines are at (k,, k,) = (0, 0), the blue region encapsulates the lifetimes of the “long-lived” flat bands, whose lifetimes
increases linearly with I" for large I, and the orange region encapsulates the lifetimes of the “short-lived” flat bands, whose lifetimes decreases
as 1/T" for large I'. The dashed gray line is the bandwidth (units #) of the dissipative bands which is zero for I' > T'..

band structure as a function of I' for m = 1, for which the
Chern number in the zero dissipation limit is 1. As the band
width is maximal at k =0, for ' < I'. the dispersion can
be seen to vanish already in regions of the Brillouin zone
(BZ) with narrower band gap. The lifetime, 7 = 7i/|Im(e€)|,
decreases as 1/I" for €f_ and grows as I' for €}, which
follows from Taylor expansion of the square root. Conse-
quently, a stable flat band spanning the entire BZ emerges for
strong dissipation I" >> I'.. We note that the Berry connec-
tion vanishes for I' > I'. and the Chern number is zero (see
Supplemental Material [37]). A general classification of the
topology of these flat bands remains an open question.

VI. EXAMPLE: SPINFUL ONE-BAND MODEL WITH TRS

Consider now the general time-reversal symmetric, in-
version symmetric Hamiltonian for a single band with spin
H (k) = d(k)og where d(k) = d(—k). A straightforward spin-
ful generalization of Eq. (13) is of Majorana form

Jo = Ck,o +CT_k,_as (]7)

with 0 = 1 and |, and taking both J; and J; to ensure
time-reversal symmetry. The modes of L are the same as in

- 3t VT
Eq. (14) but with |d|*> — |d|?>. We see that the real part is zero r=0 3 T
for T2 > |d (k)|?, which defines a critical ', = max - |d (k)| 2t T

above which flat bands form. As in the spinless model, half
of the modes are long-lived and half are short-lived. These
modes remain stable when adding a U(1) conserving spin-
orbit coupling term A(k)o3.

form

d(k) = t[cos(ky) + cos(ky) + cos(k; — k»)], (18)

where €, and ¢ set the energy scales of the model, k; = k - a;
and a; = (1,0)a, a, = (1/2, \/§/Z)a and lattice constant a.
Figure 2 shows the influence of the dissipation on the band
structure of the quadratic Lindbladian. As expected, the band
flattens with increasing dissipation strength and is dispersion-
less for all k above ...

VII. SUPERCONDUCTING SUBSTRATES

Having revealed a generic mechanism for flat band forma-
tion in Lindbladian systems, we see that the essential property
to engineer the substrate is that jump operators obey the form
Eq. (3) with both a and b nonzero. For electrons, a supercon-
ductor is such a substrate, and the simplest scenario to realize
these flat bands entails a 2D material with an isolated band
layered on top of a bulk superconductor.

The resulting jump processes involve electrons/holes
jumping from the system into the superconducting bulk. If

t T~ == Y=Y

0 L

—t

Notably, these flat bands emerge in the large I" limit which ]
is most reasonably obtained when the electronic bandwidth -2t
is small compared to the system-bath coupling. This suggests 3t
TMD moiré heterostructures with a twist-tunable bandwidth y K M 5

as a platform for realization. For instance, a system with an
isolated energy band near the Fermi energy with a bandwidth
~10 meV is twisted bilayer WSe, with a twist angle ~2°
[12,13]. The moiré superlattice of this system is triangular,
so the nearest-neighbor hopping tight binding model takes the

FIG. 2. Band flattening by dissipation in a spinful one-band
model on a triangular lattice with nearest neighbor hopping terms
for a variety of dissipation rates, corresponding for instance to WSe,
bilayers. Both electron and hole bands are plotted.
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the bandwidth is large compared to the superconducting gap,
flat bands will emerge, but with shortened lifetimes for elec-
tronic states above the superconducting gap. If, however, the
electronic band lies within the substrate’s superconducting
gap, jump processes from sufficiently strong system-substrate
hybridization arise solely through particle exchange processes
via intermediate pair breaking states. For states of the 2D
material near the center of the superconducting gap, these
processes retain approximately equal electron and hole ampli-
tudes. The corresponding jump operator thus takes the form
of Eq. (17) and realizes a flat band with long lifetime.

VIII. CONCLUSION

We have shown a robust route for realizing dispersion-
less bands in generic low-dimensional quantum systems via
strong coupling to a bath. The underlying mechanism can be
traced to the emergence of a dissipationless dark space of

the system-bath coupling, and applies generically for systems
with an odd number of valence bands with or without spin.
We argued that in a fermionic system a superconductor could
serve as such a bath. An intriguing followup question concerns
whether analogous considerations can be utilized for bosons,
such as photonic systems coupled to a squeezed bath [29,30].
More broadly, flat bands can host a panoply of interesting un-
conventional quantum phases, as electronic behavior becomes
exclusively governed by Coulomb interactions. Our results
suggest substrate engineering as a promising alternate route
towards formation or control of these phases.
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