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Anisotropic exchange couplings, such as the Dzyaloshinskii-Moriya interaction (DMI), have played a vital
role in the formation and dynamics of spin textures. This work predicts an anisotropic conduction electron
spin density in metals with heavy magnetic impurities. The polarization of this Dzyaloshinskii-Moriya spin
density (DM-SD) is not collinear to the localized magnetic moments but rotated by the spin-dependent skew
scattering of heavy atoms. The DM-SD induces the DMI between magnetic moments in metals and, therefore,
it is the anisotropic extension of the Rutherman-Kittel-Kasuya-Yoshida spin density. Our model consists of two
localized magnetic moments, one with a large spin-orbit coupling (a lanthanide or rare earth), in a free electron
gas. The lanthanide spin controls the DM-SD strength and polarization, promising a flexible control mechanism
for anisotropic couplings.
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Introduction. Characterizing the exchange interaction [1,2]
has been fundamental for understanding magnetic properties
and textures. For example, the Dzyaloshinskii-Moriya interac-
tion (DMI), a type of anisotropic exchange coupling, has been
extensively studied for its capacity to tune magnetic charac-
teristics [2–4] and stabilize topological spin textures, such as
skyrmions [4–7] and merons [8]. Historically, the proposal of
an anisotropic exchange to explain the emergence of magne-
tization in certain antiferromagnets by Dzyaloshinskii [9,10]
was followed by Moriya’s derivation of the DMI Hamilto-
nian [9,11] from Anderson’s superexchange theory [12]. Fert
and Levy [13,14] created a model of two magnetic atoms in a
normal metal in the presence of a nonmagnetic impurity with
spin-orbit coupling (SOC). Subsequently, in a model based
on virtual-bound states [15] where Fe ions provide both the
exchange and the SOC, the DMI energy [16] was found to
depend on the relative directions and distances of the spins
of the three atoms. In rare earths in noble metals, a DMI en-
ergy expression was derived [17] from the spin-spin coupling
between impurities and conduction electrons and a fine-
structure-type SOC. This rare-earth DMI energy [17] is fourth
order in the spin-spin exchange and first order on the SOC
parameters. The applications of Fert and Levy’s model [13,14]
have been extended to interfaces [18–23] where the inversion
symmetry is naturally broken. Studies of the DMI in sys-
tems with Rashba [24–31] and Dresselhaus [25,31,32] SOCs
and ferroelectric materials [33,34] have been conducted. In
addition, the control of the DMI by electric fields, interface
coverage, and currents [35–39], as well as its origin in terms
of first-principles calculations [40] and equilibrium spin cur-
rents and Berry curvature [41–43], and orbital-momentum
anisotropy [44], have also gathered substantial attention.

Here we study the conduction-electron spin density around
two magnetic atoms, one of them with a large SOC. The po-

larization of this conduction-electron Dzyaloshinskii-Moriya
spin density (DM-SD) is not collinear to the localized mag-
netic moments but has a mutually orthogonal component (see
Fig. 1). Furthermore, the DMI energy emerges naturally when
a third atom locally interacts with the DM-SD. Therefore,
the DM-SD is responsible for the DMI in the same way
the Rutherman-Kittel-Kasuya-Yoshida (RKKY) [45–47] spin
density mediates the isotropic exchange between localized
spins. In our model, the metal is a free electron gas, and the
SOC source is a lanthanide atom; they interact via the spin-
dependent skew scattering of the Kondo Hamiltonian [48]
that deflects in opposite directions electrons with different
spins. Therefore, the coupling between conduction electrons’
trajectories and spins, i.e., the effective SOC, is well localized
around the lanthanide atom, while the rest of the metal is SOC
free.

Rare-earth impurities in a simple metal. Rare-earth (RE)
atoms are Sc, Y, and lanthanides. They are valuable spintronic
components that tune the magnetic properties in insula-
tors [49–54]. Lanthanides with large orbital momentum enrich
the phenomenology of metallic devices [55–57]. Furthermore,
interfacial DMI at RE-containing magnetic-insulator|heavy-
metal bilayers has been the subject of intense research in
the past few years [58–62]. Here we focus on the triposi-
tive RE ions: Ce3+, Pr3+, Nd3+, Pm3+, Sm3+, Tb3+, Dy3+,
Ho3+, Er3+, Tm3+, and Yb3+, that possess a substantial or-
bital momentum Lf that strongly couples to the RE spin Sf ,
forming a net angular momentum Jf = Lf + Sf . The origin
of such momenta is the well-localized and partially filled 4 f
subshell [63]. The SOC of 4 f electrons mediates the inter-
action between electronic, mechanical, and magnetic degrees
of freedom in lanthanide-based materials [1,2,53]. We model
the REs’ spin [Sf = (gJ − 1)Jf ] and orbital [Lf = (2 − gJ )Jf ]
momenta, with gJ being the Landé g factor, as classical vectors
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FIG. 1. Arrow representation of the Dzyaloshinskii-Moriya spin
density (DM-SD). The polarization of the DM-SD (small black ar-
rows) is orthogonal to the one of the spin sources S1 (at R1) and Sf

(at the origin). The latter has spin-orbit coupling mediated by the lan-
thanide orbital momentum Lf . In this figure Lf ‖ Sf ‖ Jf ≡ Lf + Sf ,
kF is the Fermi wave number of the host metal, and x and y are the
components of the position vector r.

with well-defined norms embedded in a free electron gas. The
latter is described by plane waves ψk(r) = eik·r/

√
V0, where

h̄k is the linear momentum, h̄ is the reduced Plank constant,
and V0 is the system volume. The magnetic part of the Kondo
Hamiltonian HKondo = HSs + HLl + HSsLl accounts for the in-
teractions between the RE and conduction electrons [48]. The
HSs ∝ Sf · σ term is the spin-spin interaction with exchange
constant J4 f (similar to the J3d parameter of transition-metal
ions), where σ is the vector of Pauli matrices. This interaction
produces a collinear, or RKKY [45–47], spin polarization
near the impurity. Next, the spin-independent skew scattering
HLl ∝ Lf · [k1 × k2] generates anomalous-Hall effect and an
equilibrium rotational current [57]. Finally, HSsLl is the spin-
dependent skew scattering that deflects in opposite directions
up and down spins, as illustrated by its matrix elements,

〈k1α|HSsLl |k2β〉 = − iξ

V0
(σαβ · Sf )(Lf · [k1 × k2]),

where α and β are spin labels, and ξ is the interaction
constant. The energy of the spin-dependent and spin-
independent [57] skew scatterings are similar [48], with
ξ h̄2k2

F ∼ 0.1 eV Å3 for an Al host metal. The scales of HLl

and HSsLl are at least one order of magnitude smaller than the
one of HSs. Therefore, our theory will neglect contributions
nonlinear in ξ .

The combined effects of the spin-spin exchange and the
SOC give rise to an anisotropic polarization in the conduction
electron spin density, as shown in the following paragraphs.

Dzyaloshinskii-Moriya spin density. Let us consider two
magnetic ions, one is a transition metal (without SOC) of
spin S1 located at R1 and the other is a RE with momenta
Sf , Lf , and Jf at the origin r = 0. If HLl = HSsLl = 0, then
the ensemble expectation value of the conduction-electron
spin density s(r), 〈s(r)〉 = Tr[ρs(r)], with ρ being the density
matrix and Tr the trace, reads

〈s(r)〉 ≈ J3dχ0(r − R1)S1 + J4 f χ0(r)S f , (1)

where the RKKY response function is

χ0(r) = DOS(kF )

4πr3

(
sin 2kF r

2kF r
− cos 2kF r

)
(2)
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FIG. 2. Function f , obtained from Eq. (3), along the x axis for
several angles θ between R1 and r (with the RE at the origin). The
normalization is f0 = ξJ3d m2

e k4
F h̄−2(2π )−4. The spatial dependence

of the DM-SD, 〈s(r)〉DM, is given by R̂1 × r̂ and the f profile. The
inset shows the spatial extent of the DM-SD in the x-y plane.

and r = |r|, the density of states is DOS(kF ) = mekF /(π h̄)2,
me is the electron mass, and kF is the Fermi wave number.
It is worth noting that the approximation of Eq. (1) retains
terms proportional to J3d or J4 f , as given by the Kubo formula.
If, on the other hand, HSsLl 
= 0 and terms of order J3dξ are
admitted, the Dzyaloshinskii-Moriya spin density (DM-SD)
〈s(r)〉DM emerges and is added to Eq. (1), as shown in the
Supplemental Material [64]:

〈s(r)〉DM = − f (r, R1, r1)Sf × S1Lf · (R̂1 × r̂),

f (r, R1, r1) = ξJ3d m2
e

(2π )4h̄2

F (R1, r, r1)

R1rr1
, (3)

where r̂ = r/r, r1 = |r − R1|, and

F (R1, r, r1)

= −3
[
k2

F (r − r1 + R1)2 − 2
]

sin[kF (r − r1 + R1)]

(r − r1 + R1)4

− 3
[
k2

F (−r + r1 + R1)2 − 2
]

sin[kF (r − r1 − R1)]

(−r + r1 + R1)4

+ kF
[
k2

F (−r + r1 + R1)2 − 6
]

cos[kF (r − r1 − R1)]

(r − r1 − R1)3

+ kF
[
k2

F (r − r1 + R1)2 − 6
]

cos[kF (r − r1 + R1)]

(r − r1 + R1)3
.

Figure 2 exemplifies the spatial dependence of the DM-SD.
This type of spatial map may be a valuable tool for engi-
neering interfaces with large DMI. Note that the spin density
at r vanishes if (R1 × r) ⊥ Lf or r = |r − R1|, as illustrated
by Fig. 1. In addition, 〈s(r)〉DM ∝ Sf × S1 and then the RE
angular momentum rules the strength and orientation of the
DM-SD.

Within our model, the relative importance of the DM-SD
and the RKKY spin density is given by the ratio ξ h̄2k5

F /EF ∼
10−1, with EF = h̄2k2

F /(2me) being the Fermi energy of the
host metal.

The s-d exchange coupling of another transition-metal im-
purity of spin S2 at R2 to 〈s(r)〉DM (see the Supplemental
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FIG. 3. Spin chain in the presence of the Dzyaloshinskii-Moriya
spin density (DM-SD). Atomic spins locally interact with the DM-
SD (background color around the rare-earth angular momentum Jf ),
which favors a tilting from the fully parallel state. The orientation of
the magnetic moments is the result of the competition between the
RKKY spin density and the DM-SD, as well as other interactions,
including anisotropies. In this figure, the tilting is exaggerated in the
x axis for pedagogical reasons. The zones above (white) and below
(gray) the spin chain could be interpreted as different materials.

Material [64]) is

HDMI = −J3d S2 · 〈s(R2)〉DM = D f
12 · (S1 × S2),

D f
12 = f̄ (R1, R2, |R1 − R2|)S f [Lf · (R̂1 × R̂2)], (4)

with f̄ (R1, R2, r12) = J3d Sf [ f (R1, R2, r12) + f (R2, R1, r12)]
and r12 = |R2 − R1|. The above expressions provide a
simple interpretation of the DMI that goes beyond the RE
physics, i.e., an atomic spin-orbit coupling rotates the RKKY
spin density. This tilted spin density (see Figs. 1 and 2),
or Dzyaloshinskii-Moriya spin density, couples to other
local moments via the s-d or s- f exchange interaction,
giving rise to an anisotropic exchange. Therefore, the spin
density is the entity that mediates the DMI. This intuitive
picture is similar to the RKKY spin polarization resulting
in the exchange between two magnetic particles. The DMI
favors noncollinear textures, as exemplified by Fig. 3,
where a DM-SD tilts the orientation of local magnetic
moments in an anisotropic fashion. In this figure, the
magnetic moments (arrows) point towards the local spin
density.

In the model by Fert and Levy [13,14], the DMI energy
has the form R1 · R2(R1 × R2) · (S1 × S2). The R1 · R2 dot
product arises from using virtual-bound states around the
heavy impurity [15]. Therefore, the DMI strength, mediated
by virtual-bound states, is proportional to sin(2θ ), where θ

is the angle between R1 and R2. Thus, this DMI expression
vanishes if R1 ⊥ R2. In the study of Fe or REs in noble
metals [16,17], an additional energy term proportional to R1 ·
R2(R1 × R2) · S3(S1 × S2) · S3 was found, where S3 is the
spin of the third atom. Meanwhile, the DMI energy in Eq. (4)
has some similarities with previous results [17], including the
order of magnitude, our work aims to predict and character-
ize the formation of a conduction-electron spin density that
couples magnetic particles. As it occurs with the RKKY spin
density, the DM-SD will modify the spin and charge flow at
interfaces or mediate interactions between different magnetic
media. In our model, the spin-dependent skew scattering of

the Kondo Hamiltonian is the cause of the tilted spin density
〈s(R2)〉DM or DM-SD that locally interacts with a third local
magnetic moment. This contact skew interaction does not
require the formation of virtual-bound states. Therefore, the
DMI energy is of third order in the perturbation Hamiltonian
(∼J2

3dξ ) instead of the fifth-order expression (∼J4
3dλ, where λ

is the SOC parameter).
Furthermore, since our results do not depend on the

formation of the virtual-bound state, the DMI strength is
proportional to sin(θ ) and is finite when the positions of the
interacting magnetic moments are perpendicular, R1 ⊥ R2,
with the SOC source being the center of coordinates. To
illustrate this difference, let us consider a lanthanide at the
origin with Sf = Lf = 3h̄ez, and two light magnetic atoms
at R1 = aex, R2 = aey, with a = 5 Å, and spins S1 = 5h̄ex
and S2 = 5h̄ey. Within Fert and Levy theory, there is no DMI
in this system because R1 · R2 = 0. However, in our case the
DMI is finite and can be estimated as HDMI ∼ 10−22 J, or, in
terms of the DMI density [65], D ≡ 2HDMIa−2 ∼ 1 mJ/m2

for J3d = 50 eV Å3 h̄−2 and kF = 1.75 Å−1. Finally, it is
worth noting that the DMI of magnetic insulators [66,67]
originates on a different mechanism than the one of met-
als. However, in magnetic insulators, the DMI vector has
the Fert-Levy term ∝ sin(2θ ), as well as the one found
here, ∝ sin(θ ). The exact determination of the relative impor-
tance of the two terms in metallic systems requires ab initio
characterization.

Concluding remarks. In this work we have studied the
formation of a spin density around two magnetic atoms, one
a transition metal and another a lanthanide or rare earth
(RE). The spin density has a component parallel to the
magnetic moments and another perpendicular to them. We
name the latter Dzyaloshinskii-Moriya spin density (DM-
SD). When this spin density couples with a third magnetic
atom, the Dzyaloshinskii-Moriya interaction (DMI) emerges.
The physical origin of our predictions is the spin-dependent
skew scattering of the Kondo Hamiltonian. This mecha-
nism requires no virtual-bound state and therefore has a
different parametric dependence on the positions of the
magnetic atoms and the exchange and spin-orbit coupling
constants.

While we have considered a RE atom as the spin-orbit
coupling source, the DM-SD also emerges in systems with
heavy nonmagnetic atoms, such as Pt. The advantage of using
REs is their large orbital angular momentum that offers the
possibility of controlling the DM-SD by reorienting RE’s mo-
menta in, e.g., bilayers composed of a transition-metal-based
and a RE-based magnetic materials. We expect this work to
open new avenues to understand magnetic interactions and
have applications in spintronics devices and topological tex-
ture properties.
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