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CP2 skyrmion crystals in an SU(3) magnet with a generalized Dzyaloshinskii-Moriya interaction
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We study CP2 skyrmion crystals in the ferromagnetic SU(3) Heisenberg model with a generalization of the
Dzyaloshinskii-Moriya interaction and the Zeeman term. The model possesses two different types of skyrmion
crystals with unit skyrmions that can be interpreted as bound states of two half-skyrmions or four quarter-
skyrmions. Our study on CP2 skyrmion crystals opens up the possibility for useful future applications since
CP2 skyrmions have more degrees of freedom than the usual CP1 (magnetic) skyrmions.
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I. INTRODUCTION

Skyrmions in their original incarnation were invented by
Skyrme as a simple topological model of nuclei [1], but were
first taken more seriously after Witten showed that they are
the baryons of large-Nc quantum chromodynamics (QCD)
[2] and have led to many qualitative results [3,4]. Insights
for the interactions of skyrmions at large separations were
subsequently found in a two-dimensional toy model, called
the baby-Skyrme model [5–7]. Recently, similar topological
structures known as magnetic skyrmions [8,9] have received
quite intensive focus due to their realizations in the laboratory
in chiral [10–12] or noncentrosymmetric [13–16] magnets
and their possible applications as components for data stor-
age with low-energy consumption [17] (see Ref. [18] for a
review).

Skyrmions in two-dimensional materials are topological
solitons with the target of a 2-sphere, which is parametrized
by a magnetization vector of fixed length. The topological
charge or degree comes from considering only finite-energy
configurations, which forces the magnetization vector to be
a constant at asymptotic distances and therefore the topol-
ogy is that of maps between two spheres: π2(S2) = Z � N .
Nontrivial topology, however, does not ensure that skyrmions
are actually realizable in a material. It is also necessary that
there is some stabilizing mechanism at work. Skyrmions in
chiral magnets are stabilized by the Dzyaloshinskii-Moriya
(DM) interaction term—stemming from spin-orbit coupling
(SOC)—which stabilizes skyrmions with one chirality, but not
the other. Skyrmions in chiral magnets have a fixed vector
chirality [10], whereas this is a degree of freedom in noncen-
trosymmetric materials and the stabilizing mechanism at work
is also different. In the latter materials, the stabilization of
skyrmions is due to frustration, magnetic anisotropy [19–21],

and multiple-spin interactions mediated by itinerant electrons
[22–24], instead of the DM term.

A two-dimensional sphere (S2) can also be viewed as a
complex projective plane (CP1). Although planar skyrmions
cannot be topologically stable with higher-dimensional
spheres Sn, n > 2, for their target space, they can be topo-
logical for CPn with n � 1. The CPn model was proposed
about half a century ago [25–27] and has been studied in
quantum field theory, as the (1+1)-dimensional CPn model
shares various properties with (3+1)-dimensional gauge the-
ories, such as a dynamical mass gap, asymptotic freedom, and
instantons (spacetime analogs of planar skyrmions) [28,29]. In
condensed matter physics, the CPn model has been studied for
a new quantum phase transition called deconfined criticality
[30,31], and proposed to be realized in ultracold atomic gases
[32], multiband superconductors [33–35], and S = 1 spin sys-
tems [36–42] where solitons (skyrmions) [43–47] and vortices
[43,48–52] can emerge. A physically relevant and interesting
minimal extension is the case of the CP2 target space, which
appears as the order parameter space of an effective model of
the spin-1 Bose-Hubbard model [45,53]. In addition, an SU(3)
SOC can be induced by applying a laser beam to ultracold
atomic gases [54–58]. Therefore, ultracold atom systems offer
a promising candidate to realize CP2 skyrmions.

Skyrmions realized in nature are often in the form of
crystals. Skyrmion crystals were first considered in the three-
dimensional Skyrme model [59,60] and at finite (large)
density, there is a transition from unit skyrmions to half-
skyrmions [61]. Arrays or crystals of magnetic skyrmions for
normal CP1 skyrmions are also realized in magnets [10–16].
On the other hand, such magnetic skyrmion crystals have
been considered in classical spin systems or CP1 magnets.
Since skyrmions with CP2 target space are also topological,
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but have more internal structure, the realization of a CP2

skyrmion crystal in some material may have useful future
applications.

The purpose of this Letter is to propose the possibility of
skyrmion crystals with the degrees of freedom of CP2. We
find that there are two different crystal types, depending on a
single free parameter. The parameter has to be small enough
(below a critical value) for the skyrmions to exist and not be
energetically disfavorable to the ferromagnetic phase.

II. MODEL

We consider a low-energy effective Hamiltonian of the
spin-1 Bose-Hubbard model with an SU(3) SOC on a square
lattice [62]. Let Ŝa

i (a = x, y, z) and T̂ α
i (α = 1, 2, . . . , 8) be

the spin-1 and SU(3) spin operators defined on site i, respec-
tively. In terms of the operators, the Hamiltonian is given by

Ĥ = ĤSU(3) + ĤDM + ĤZeeman, (1)

ĤSU(3) = J

2

∑
〈i, j〉

8∑
α=1

T̂ α
i T̂ α

j , (2)

ĤDM = J
∑
〈i, j〉

8∑
α,β,γ=1

fαβγ Aα
i, j T̂

β
i T̂ γ

j , (3)

ĤZeeman = −h
∑

i

Ŝz
i , (4)

where ĤSU(3), ĤDM, and ĤZeeman are the ferromagnetic SU(3)
Heisenberg term (J < 0), the generalized DM interaction
term [63], and the Zeeman interaction, respectively. Here,
the sum 〈i, j〉 is taken over the nearest-neighbor sites, fαβγ

are the structure constants of SU(3) defined as fαβγ =
− i

4 Tr(λα[λβ, λγ ]) where λα (α = 1, 2, . . . , 8) are the Gell-
Mann matrices, and Aα

i, j = 1
2 Tr(λαAi, j ) is the SU(3) gauge

potential. The SU(3) spin operator can be written as a product
of spin-1 operators, and inversely spin-1 operators can be
defined by SU(3) spin operators. In this Letter, we use the
defined defining the spin-1 operators as

Ŝi =
(

T̂ 1
i + T̂ 6

i√
2

,
T̂ 2

i + T̂ 7
i√

2
,

T̂ 3
i + √

3T̂ 8
i

2

)
. (5)

To study skyrmion crystals in this model, we employ the
variational approach with an SU(3) coherent state,

|Z〉 = ⊗i|Zi〉, |Zi〉 = Zm
i |m〉i such that Z†

i Zi = 1. (6)

Here, |m〉i ≡ |S = 1, m〉i (m = 0, ±1) are the eigenstates of
Ŝz

i , and Zi = (Z1
i , Z0

i , Z−1
i )T . The state represents an arbitrary

spin-1 state. The classical Hamiltonian to be minimized is
given by the expectation value of the quantum Hamiltonian
(1) in the coherent state,

H = 〈Z|Ĥ |Z〉

= J

2

∑
〈i, j〉

[
8∑

α=1

nα
i nα

j +
8∑

α,β,γ=1

2 fαβγ Aα
i, jn

β
i nγ

j

]

− h

2

∑
i

(
n3

i +
√

3n8
i

)
, (7)

where the field nα
i is the expectation value of the SU(3) spin

operator on the lattice site i defined as

nα
i = Z†

i λαZi. (8)

The field nα
i satisfies

8∑
α=1

nα
i nα

i = 4

3
,

8∑
α,β=1

dαβγ nα
i nβ

i = 3

2
nγ

i , (9)

where dαβγ = 1
4 Tr(λα, {λβ, λγ }) are the symmetric symbols

of SU(3).
For the SU(3) gauge potential Ai, j , we use the form

Ai,i±x̂ = ±κ

J
(λ1 + λ6), Ai,i±ŷ = ±κ

J
(λ2 + λ7), (10)

where x̂ and ŷ denote the bond vectors of the length of the
lattice spacing, and κ is a constant. The SU(3) SOC with
Eq. (10) can be recognized as a generalization of the Rashba
SOC, which can be engineered in cold atom systems [54,64].

Skyrmions are topological solitons with an integer topolog-
ical charge that is the degree of the map from two-dimensional
space R2 to the CP2 target space: π2(CP2) = Z � N . The
topological charge N can be computed by integrating the
topological charge density

N = i

32π

∫
d2x ε jk Tr(n[∂ jn, ∂kn]), (11)

with the color field n = ∑8
α=1 nαλα , for a continuous limit

of the field nα
i . In the lattice model, the topological charge

density is analogously given by N = ∑
i Ni with

Ni = − 1

16π

8∑
α,β,γ=1

fαβγ nα
i

(
nβ

i+x̂ − nβ

i−x̂

)(
nγ

i+ŷ − nγ

i−ŷ

)
. (12)

The topological charge density Ni can also be interpreted as
the SU(3) scalar spin chirality.

In this Letter, we set J = −1 without loss of generality.
In addition, for studying long-wavelength excitations such as
skyrmions, it is reasonable to fix one more parameter, because
if we take the continuum limit, we can scale away two cou-
pling constants. Therefore, we here fix κ = 0.2 and let h be
the free parameter.

A. Numerical method

Our numerical method is described as follows. We first
perform the minimization of the Hamiltonian (7) with peri-
odic boundary conditions using an unbiased, single-update
simulated annealing method with randomly generated initial
configurations, increasing the inverse temperature β by a fac-
tor of 1.01 at every 104–105 Monte Carlo steps, until β reaches
βmax ∼ 102–104. After that, we use the nonlinear conjugate
gradients method to solve the equations of motion

∂nα
i

∂ Re Zm
i

∂H

∂nα
i

− ωi Re Zm
i = 0,

∂nα
i

∂ Im Zm
i

∂H

∂nα
i

− ωi Im Zm
i = 0, (13)

to obtain configurations with precise energies. The parameters
ωi are Lagrange multipliers at each lattice site i.
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FIG. 1. Phase diagram showing typical skyrmion crystal con-
figurations of SkX1 and SkX2 types. (b) and (d) show the energy
density of SkX1 and SkX2, respectively, whereas (c) and (e) show
the topological charge distribution. The simulations depicted here are
made using 322 lattice sites.

III. CP2 SKYRMION CRYSTALS

We are now ready to explore skyrmion crystals in the
model (7), which after fixing the parameters only possesses
one free parameter, i.e., h. Varying h, we find three types of
configurations: a skyrmion crystal of the first kind (SkX1),
a skyrmion crystal of the second kind (SkX2), and the fer-
romagnetic state (FM) (see Fig. 1). We can see from the
figure that SkX1 on a square lattice is almost a honeycomb
lattice of half-skyrmions, whereas SkX2 consists of a triangu-
lar lattice of skyrmions with unit topological charge.

For convenience, we have subtracted off a constant from
the energy so as to render the energy of the FM phase equal to
zero. More precisely, we compute the energy as

E = H −
∑

i

(
4

3
J − h

)
, (14)

with the Hamiltonian H . We determine the critical value of
h for the phase transition to the FM phase by calculating the
skyrmion energy. The critical value hcrit ≈ 0.612 is the value
of the Zeeman coupling for which the energy of the skyrmion
becomes positive. On the other hand, SkX1 and SkX2 are
connected via a crossover. In order to determine how they are
distinguished, we propose to compute the configurational en-
tropy (CE) of the energy and the topological charge densities,
respectively [65–68]:

SE (N ) = −
∑

l

fE (N )(ql ) log fE (N )(ql ),

fE (N )(ql ) = |FE (N )(ql )|2∑
i |FE (N )(qi )|2 . (15)

Here, FE and FN are the discrete Fourier transform of the
energy and topological charge densities, respectively, i.e.,
FE (N )(ql ) = N−1 ∑

j E j (Nj )eiql ·r j , where ql is the momentum

FIG. 2. Configurational entropy of the energy density SE and
topological charge density SN .

conjugate to rl and N is the number of lattice sites. We show
a plot of CE of the energy and topological charge density in
Fig. 2.

We find that the minimum of the CE signals a change in the
unit skyrmion’s local structure. In particular, starting at small
values of h, both the energy and topological charge densities
have two peaks close to their respective minima. These two
peaks break up into four peaks, which we may interpret as
half-skyrmions becoming quarter-skyrmions in SkX2. This
transition happens for smaller values of h for the topological
charge density (viz., hSkX1/2

crit ≈ 0.18) as compared to the same
happening for the energy density (viz., hSkX1/2

crit ≈ 0.31), see
Fig. 2. Hence, there is not a clear-cut critical value of h for the
transition between SkX1 and SkX2, but rather a range with a
kind of crossover between the two CP2 skyrmion crystals.

We will now discuss some further properties of the
skyrmion crystals (see Fig. 3 for the evolution of the two types
of skyrmion crystals as functions of h, where the energy and
topological charge densities are shown as the top and bottom
rows of the figure). For the final properties, we define

X (q) = N−2
∑

j,k

〈X̂ j〉 · 〈X̂k〉eiq·(r j−rk ), (16)

where X = S (with X̂ = Ŝ) is the dipole structure factor and
X = Q (with X̂ = Q̂) is the quadrupole structure factor. Here,
the expectation value of the quadrupole operator Q̂i is given
by

〈Q̂i〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

〈Q̂x2−y2

i 〉〈
Q̂r2−3z2

i

〉
〈
Q̂xy

i

〉
〈
Q̂xz

i

〉
〈
Q̂yz

i

〉

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

n4
i√

3n3
i −n8

i
2

n5
i

n1
i −n6

i√
2

n2
i −n7

i√
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (17)

where Q̂ab
i = Ŝa

i Ŝb
i + Ŝb

i Ŝa
i − 4δab/3 [41]. The middle of

Fig. 4 shows the dipole structure factor S (q) and quadrupole
structure factor Q(q). As usually observed in CP1 skyrmion
crystals, S (q) shows the sharp peak at the � point and small
triple-q structures with |q| ≡ qS under a magnetic field. On
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FIG. 3. The energy and topological charge densities of configurations for h = 0.15, 0.18, 0.25, 0.31, and 0.35. The upper panels represent
the energy density and the lower ones show the topological charge density.

the other hand, as the characteristic feature of CP2 skyrmion
crystals, sharp triple-q structures with |q| = qS appear in
Q(q). One can also see that SkX1 has a higher triple-q struc-
ture with |q| > qS in S (q). Another difference between SkX1
and SkX2 is the position of higher triple-q peaks with |q| > qS

in Q(q).
Figure 4 also shows the magnetization vector as well as the

toric CP2 diagram with the 2-cycle of the skyrmions charted
out as white points. Since the 2-cycle is not concentrated on a
single straight line on the toric CP2 diagram, we can see that
the skyrmions are genuine CP2 skyrmions and not simply a
CP1 skyrmion embedded into CP2. In SkX1, the magnetiza-
tion vectors are longest at the core of fractional skyrmions and
point in the ẑ direction, whereas they have vanishing length in
SkX2.

IV. CONCLUSION AND DISCUSSION

In this Letter, we have proposed the possibility of CP2

skyrmion crystals and have found two different types of

crystals in an SU(3) spin system with Zeeman and the gener-
alized DM terms as the stabilizing agent. To obtain additional
information on the unit skyrmion’s local structure, we have
computed the configurational entropy of the energy and topo-
logical charge densities. Their minima correspond to bound
states of two half-skyrmions and four quarter-skyrmions. As
a characteristic feature of CP2 skyrmion crystals, we have
found a triple-q structure in the quadrupole structure factors.
Since CP2 skyrmions have more internal structures than CP1

skyrmions, it is of great interest to explore emergent phenom-
ena in CP2 skyrmion crystals and consider their applications
in future nanotechnology. In addition, we expect that CP2

skyrmion crystals are relevant even in high-energy physics,
e.g., dense quark matter possessing SU(3) ferromagnetism
[69].

While we have studied skyrmion crystals in a low-energy
effective model of the simplest spin-1 Bose-Hubbard model
with artificial gauge potentials and the Zeeman interaction,
we expect that the skyrmion crystals survive even if we
slightly introduce the spin-dependent interaction in the spin-1

FIG. 4. Magnetization vector, dipole structure factor S(q), quadrupole structure factor Q(q), and configurational 2-cycle of the skyrmions
shown on the toric diagram of CP2. The upper panels show the case of SkX1 with h chosen as h = 0.05, and the lower panels show SkX2
with h = 0.45. The color of the magnetic vectors illustrates their length, whereas the background color corresponds to the energy density. The
color of the toric diagram represents instead the value of the third spin-1 component, i.e., 〈Ŝz〉 = (n3 + √

3n8)/2.

L100406-4



CP2 SKYRMION CRYSTALS IN AN SU(3) … PHYSICAL REVIEW B 106, L100406 (2022)

Bose-Hubbard model that appears in the system of spinor
BECs [70,71]. To show this, is the most important future prob-
lem. While we have considered the linear Zeeman term, the
quadratic Zeeman term splits even a singly isolated skyrmion
into fractional skyrmions (merons) [72], and thus investigat-
ing a skyrmion crystal with the quadratic Zeeman term would
be an interesting future direction of research. It is also of great
interest to consider skyrmion crystals appearing in a pseu-
dospin system, i.e., a mixture of three species of bosons [73].
Other interesting directions are to investigate the properties at
finite temperature [52,74–76] and to study skyrmion crystals
in the antiferromagnetic SU(3) Heisenberg model with a gen-
eralized DM interaction, of which the continuum counterpart
is a nonlinear sigma model on the flag manifold SU(3)/U(1)2

[47,77–80].
Note added. Recently, we became aware of Ref. [81],

which has some overlap with our results, in particular, the
proposal to realize CP2 skyrmion crystals, albeit in differ-
ent physical systems. In particular, while Ref. [81] utilizes

frustration to stabilize the skyrmions, we considered the gen-
eralized DM interaction on a square lattice.
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